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Abstract: Cure fraction models provide a useful framework for analysing survival data in which some individuals
may never experience the event of interest. This paper introduces a flexible Nakagami—Weibull Non-Mixture Cure
(NWNMC) model for right-censored survival data with a long-term surviving fraction, constructed by embedding
the Nakagami—Weibull baseline distribution within the promotion-time cure framework. This provides additional
flexibility for capturing complex survival and hazard rate behaviours. Several key mathematical properties of the
model are established, and parameter estimation is carried out using maximum likelihood under right censoring,
with inferential procedures developed based on the observed information matrix. A Monte Carlo simulation study
examines the finite-sample performance of the maximum likelihood estimators under different parameter values
and sample sizes, showing that the estimators are reliable, with decreasing bias and root mean square error as
the sample size increases. The practical usefulness of the proposed model is demonstrated through two real-data
applications involving business customer churn and colon cancer survival data. The NWNMC model provides
the best fit for the customer churn data and remains competitive for the colon cancer data. These results confirm
that the proposed model offers a flexible and effective alternative for modelling heterogeneous survival data with
a cure fraction.
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1 Introduction embedded within cure frameworks to accommodate
diverse hazard shapes. Semiparametric approaches,
which combine a nonparametric baseline hazard
with a parametric cure fraction, have been developed
for both mixture, [7] and non-mixture, [4] settings,
offering robustness against baseline misspecification.
Bayesian cure-rate models have also received
considerable attention, with prior distributions
placed on the cure fraction and baseline parameters
to incorporate external information and quantify
uncertainty, [4]. Promotion-time cure models with
covariates have been extended to accommodate
competing risks, frailty structures, and multivariate

Cure fraction models address populations where
some individuals never experience the event of
interest, [[L], particularly useful in cancer studies with
long-term survivors, [2]. Unlike traditional survival
methods that assume universal event occurrence, [3],
these models distinguish between cured and at-risk
subgroups for enhanced accuracy, [4]. Their ability
to model plateauing survival patterns makes them
valuable across medical and engineering fields, [5].

Recent developments in cure fraction modelling
have expanded considerably across both parametric

and semiparametric directions. On the parametric survival outcomes. The present work contributes to
side, flexible baseline distributions including the parametric branch of this literature by proposing

the generalised ~gamma, [l],  exponentiated the Nakagami-Weibull distribution as a flexible
exponential, [§], and Burr Type X families have been
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baseline within the promotion-time framework.

Two main approaches analyze survival data with
a cure fraction model. The mixture cure model,
[B], [[7] splits the population into distinct groups:
cured (long-term survivors) and uncured (at-risk)
individuals. In contrast, the non-mixture cure model,
[6] estimates cure probabilities without explicitly
separating subgroups, instead using a competing risks
framework where the hazard of the event decreases
over time, leading to a plateau in survival.

In this study, we employ a non-mixture cure
(promotion time) model framework, which assumes
the event occurrence follows a competing risks
process where a fraction of the population never
experiences the event. Specifically, we integrate
the Nakagami—Weibull distribution as the baseline
distribution within the non-mixture cure model.
Building upon this foundation, we develop a flexible
parametric model for survival analysis applications.

2 The Nakagami—Weibull

Distribution
Let 7" be a non-negative random variable representing
the time until the occurrence of an event. The Weibull
distribution is defined by the cumulative distribution
function

W(t)=1-exp(~ot®), t>0, (1)

where o > 0 and o > 0 denote the shape and scale
parameters, respectively.

The Nakagami—Weibull distribution is obtained
by applying a Nakagami generator to the Weibull
distribution. Its cumulative distribution function is
given by

FO(t) = W’V(A7 Z(t))7 ()
where
2(t) = 2 (7" —1)°, 3)

with shape parameters A > 0 and £ > 0.

Differentiating (B]) yields the probability density
function

2Aoa
Jo(t) =

O )

ta—l(eat“ - 1)eat"z(t)A—1€—z(t)'

“4)

The survival function of the Nakagami—Weibull
distribution is obtained as

Solt) =1 Folt) =1 F(IA)wA, (1))
X 5)
= WF(AJ@)),
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where T'(A,z) = [u*"'e “du is the upper
incomplete gamma function.
The hazard function is given by

_ fo(t)
~ So(t)
_ 2MAoa
S

ho(t)

a—1/ ot® U“Z(t)A_le_Z(t)
e YW=
©)

The Nakagami—Weibull baseline is chosen for three

reasons: the parameters A and ¢ independently
control tail behaviour and hazard shape, enabling
monotone, bathtub-shaped, and unimodal hazards
within a single family; its CDF has a closed-form
expression via the regularised incomplete gamma
function, facilitating both analytical derivations and
numerical optimisation; and the competing baselines
considered here are two-parameter families that
offer less flexibility in capturing complex hazard
behaviours.

Remark 1. When A 1 and ¢ = 1,
the Nakagami—Weibull distribution reduces to a
special case related to the exponential-Weibull
family. The additional parameters AN and &
provide enhanced flexibility in modeling various
hazard shapes, including increasing, decreasing, and
bathtub-shaped hazard rates.

3 The Non-Mixture Cure Model
Framework

3.1 Model Formulation

The non-mixture cure model, also known as the
promotion time cure model, was introduced by [4]
as an alternative to the traditional mixture cure
model. Unlike mixture models, which assume a
cured fraction is immune, non-mixture models derive
cure probabilities through a latent activation process,
where the hazard of the event decreases over time,
leading to a plateau in survival, [(].

Let N be a latent random variable representing
the number of competing risks (or promotion times)
that an individual is exposed to. Assume N follows a
Poisson distribution with mean — log(p), where p €
(0,1) is the cure fraction. Conditional on N = n,
the survival function is [So(¢)]". The overall survival
function is obtained by marginalizing over [V:

[e.o]

S(t) =Y [So)]"- [—1057%1(!1@]"10
= [~ log(p) - So(t)]" )
sz% ;- 0 — pSolt).
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To see equation () more explicitly, note that N' ~
Poisson(— log p) implies

1 n
P(N =n) = M, (n=0,1,2,...). (8
n:
Marginalising over N and recognising the
exponential series gives
S n [~ log(p)]" p
S(t) = Z[So(t)] I —
n=0
o~ [~ log(p) - So(t)]"
=p), o ©)
n=0 ’
— p . e_ log(p)SO(t)
= pl=So(®),
Substituting So(t) = 1 — Fp(t) then yields
S(t) = pl—(l—Fo(t)) — pFo(t)’ (10)

which is the representation used in equation ([LT).
Equivalently, using Fy(t) = 1 — Sp(?):

— exp(log(p) - Folt). (h

where:

* S(t) = the overall survival function at time
t, accounting for both cured and uncured
individuals

* p € [0, 1] = the proportion of individuals who are
“cured” and will never experience the event

» Fy(t) =1 — Sp(t) = the cumulative distribution
function of the uncured individuals’ survival time
distribution

» So(t) = the survival function of the uncured
(susceptible) population

Note that lim;_,~, Fp(t) = 1, which implies:

lim S(t) =p' =p,

t—o00

(12)

confirming that p represents the cure fraction.

4 The Proposed Nakagami—Weibull
Non-Mixture Cure Model

(NWNMC)

By substituting the Nakagami-Weibull CDF (£)
into the non-mixture framework (L), the overall
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survival function of the proposed Nakagami—Weibull
Non-Mixture Cure (NWNMC) model is

Snwamic(t;8) = p® = exp <log(p) :

V(A 2(1))
Y

where 0 = (a, 0, A, &, p)’ is the complete parameter

vector.
Alternatively,

representation:

using the survival function

Snwamc (85 0) = pt—5e®

=p-exp (— log(p) -

The overall CDF is
Fywame(t; 0) = 1 — Sawamic (65 0)

=1—exp (log(p) : W) .

(15)

Differentiating ([L3) with respect to ¢ yields the PDF.
Using the chain rule:

d d

aSNWNMC(t 0) = Snwnmc(t; 0) - log(p) - @FO(U
= Snwamc(t; 0) - log(p) - fo(t).
(16)
Therefore:

d
fywnmc(t;0) = — %SNWNMc(t; 0)

= —log(p) - fo(t) - Sxwnmc(t; 0).

(17)
Substituting () and ([13):
fawnmc (t;0) = — log(p) zi/}&o; ot
> (eat 1) at”z(t)A—l —z(t)
A
(18)

Since 0 < p < 1, we have —log(p) > 0, ensuring
Sywnmce (25 0) > 0.

Proposition 1 (Proper PDF). The function
fvwnnc(t; 0) defined in (17) is a valid probability
density function in the improper sense, with total
mass 1 — p.
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Proof. Non-negativity follows from —log(p) >

0, f()(t) > 0, and SNWNMC(t;B) > 0. For
normalization:
| (6 0)dt = [ log(r) o0
0 0
_ [_pFo(t)i|
0
— _ T Fo(t) Fo(0)
Jim ™0 O
(19)
Since F(0) = 0 and limy_, o Fp(t) = 1:
| homvc(t)dt = —p1=1-p (0)
0

The remaining mass p corresponds to the cure fraction
at infinity. O

Remark 2. In the non-mixture cure model, the
PDF  fywnmc(t;0) is an improper density with
Jo° fawnmc(t; 8) dt = 1 — p. The remaining mass p
represents the cure fraction. This is a key distinction
from standard survival models.

The hazard function is

Inwnmc(t; )
Nwimc (t; 0) Swawic(L; 0) og(p) - fo(t)
21
Substituting (4):
2Alcar
hnwamc(t; 0) = —log(p) - T ot
x (e7t — 1)eotaz(t)A_le_Z(t).
(22)
Proposition 2. The cure fraction p satisfies
p= lim Sywwmc(t; 0). (23)
t—00

Remark 3. The simplification in equation 1) is a
structural feature of all non-mixture cure models built
from S(t) = p™®), not unique to NWNMC:

~ fawnmce(t; 0)

~ Sywwmc(t; 0)

_ —log(p) - fo(t) - Svwamc(t; 6) (24)
B Snwnmc(t; 0)

= —log(p) - fo(t).

Since —log(p) > 0, the cure fraction p scales the
hazard level (a smaller p raises the hazard uniformly),
while the baseline density fy(t) alone shapes it over
time — unlike the mixture cure model, where the
hazard depends jointly on p and S(t).

hawnmc(t; 6)
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Proof. Since limy_, o, Fy(t) = 1:

tlgglo Snwamc(t; 0) = tlgglopFo(t) =pl=p. (25

O
5 Statistical Properties
5.1 Moments
For the uncured population, the th moment is
1 o
E[TT ‘ uncured] = 17 trfNWNMC (t; 0) dt.
—PJo
(26)
Substituting ([1§):
—1 o0
E[T" |uncured] = 1ogi§9)/ " fo(t) - p™® dt.
- 0
27
This integral generally requires numerical

evaluation via quadrature methods.

5.2 Quantile Function

The quantile function ¢, such that Fywnmc(ty) = ¢
for ¢ € (0,1 — p) satisfies:

1-phlt) =g = Fy(t,) = loifs;(pf)'
(28)
log(1 —
Letug = O’ifg(p)Q). then:
YA 2(tg)) _
TA)(I = Ug- %

This is solved numerically for z(t;) using
the inverse regularized lower incomplete gamma
function, and then:

1/a
ty = [clr log <1 +1/ % z(tq)>] . (30)

5.3 Additional Statistical Properties

5.3.1 Limiting Behaviour

As t — 07T, the baseline CDF satisfies Fyy(t) — 0,
and therefore

€2))

confirming that the survival function starts at unity.
Ast — oo, Fy(t) — 1, so that

lim S t;0)=p" =1,
ti%ﬂ NWNMC( ) p

tliglo Snwamc(t: 0) = p' =, (32)

which confirms that the survival function plateaus at
the cure fraction p rather than declining to zero, a
defining feature of cure models.

Volume 25, 2026



WSEAS TRANSACTIONS on SYSTEMS
DOI: 10.37394/23202.2026.25.47

5.3.2 Stochastic Ordering

Let p1 < po. Since Sywnmc (t; 0) =D
increasing in p, for every ¢t > 0:

Fo(t) is

Snwnmc (5 p1) < Snwamc (85 p2). (33)

The same ordering holds for the hazard rate. Since
— log(p) is decreasing in p:

—log(p1) —log(p2), (34)
thus
hxwame (5 p1) = —log(p1) fo(t)
log(p) olt)  (35)

= hnwnmc (85 p2).

5.3.3 Shannon Entropy
The Shannon entropy of the NWNMC model for the
susceptible population is defined as

H = —/ nwame (25 0) log fywnwme (25 0) dt.
0

(36)
Substituting equation ([17):

H = —log(—logp) — /000 JTawnmc (85 0) log fo(t) dt

oo
~log(p) [ (6 O)Rs(t) . G7)
0
The remaining integrals are evaluated numerically, as
they involve the incomplete gamma function through

Fpy(t) and fo(2).

5.3.4 Mean Residual Life

The mean residual life function, representing the
expected remaining survival time given survival to
time tg, is defined as

ftio Snwimc (t; 6) dt
Sxwamc (to; 0)

As tg — o0, the mean residual life converges to

a finite positive value when p > 0, reflecting the

presence of a cured subgroup that does not experience
the event of interest.

m(to) = (3%)

6 Parameter Estimation

6.1 Likelihood Function

Let (¢;,0;), ¢ = 1,...,n, be the observed data,
where ¢; is the observed time and §; is the censoring
indicator (; = 1 for event, §; = 0 for censored).
The contribution of the ith subject to the likelihood
function is:

Li(0) = [ fywnmc(ti; 9)]61' [Snwnmc (£ 0”1—& '

(39)
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Substituting ([L7) and ([13):

L(6) ZH [—log( ) - fo(ty) - pfotti )](S

i=1 (40)
% |:pFo(t7‘,)i| 1-o: .
The log-likelihood function is
(6) = di[log(—log(p)) + log fo(t:)
i=1
+ Fo(t;) log(p +Zl—5 Fy(t;) log(p)-
(41)
Simplifying:
((6) =log(—log(p)) > _ d;
i=1
+) " dilog fo(t:) + log(p ZFO
i=1
(42)

Letd = Z?:l 0; be the total number of events.
Then:

06) = ) + Z 8; log fo(t:)

=1
)3l

The maximum likelihood estimates (MLEs) 6 are
obtained by solving the score equations:

or
59 =0 (44)

For the cure fraction parameter p:

dlog(—log(p
(43)
+ log(p

n

or d 1
— = —<+ - Fy(t;) = 0. 45)
dp plog(p) p ; olé) (
Multiplying by p:
Fo(t;) =0, 4
log +Z o(t:) (46)
yields
d
log(p) = — (47)

Z?:l FO(ti).
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Thus, given the baseline parameters, the MLE of p
has the closed form:

d
p=exp|-———°r|. (48)
< Zi:l FO(ti§ ¢)>
For the baseline parameters ¢ = («, 0, A, €)'
ol
% =0, (49)
or
362 g o) + logn) S -2 Fut) = 0.
i=1 ‘09 Z i=1 0 Z
(50)

The derivatives of log f(t) and Fy(t) with respect to
the baseline parameters involve the chain rule through
z(t). For example:

OO _ L yaetg-sty, 20

da  T'(A) () da G
where
) A « *
2:5)5-2(e”t —1)-e™" - ot log(t). (52)

Due to the complexity of these equations,
numerical optimization procedures such as the
Newton—Raphson method, quasi-Newton algorithms
(e.g., BFGS), or the EM algorithm are employed.

The observed information matrix is

2
0= 51

The second derivatives required for the Hessian
include:

(53)

gﬁ—‘migﬂg p;;% D, (54
£Z> 22%b)’ 3)
+ log(p }:%2@ (56)

The asymptotic variance-covariance matrix of 0
is estimated by I71(8). Approximate 100(1 — )%
confidence intervals are:

b % 25 P—uéﬂ (57)

JJ
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For the cure fraction p, which is bounded in
(0,1), the confidence interval may be constructed
on the log-log scale and back-transformed for better
coverage properties.

6.2 Asymptotic Properties and
Identifiability
6.2.1 Identifiability

If Sxwamc(t;01) = Snwawmc(t; 62) for all ¢, then
since p’®(*) is strictly monotone in p and Fy(t):
P1 = P2, Fo(t; 1) =

The Nakagami—Weibull CDF is identifiable, [8], so
1 = 9. Hence 0 is identifiable.

Fo(t;p2) V. (58)

6.2.2 Existence of the MLE

Given ¢, p has the closed form in equation (#8).
Since ¢(#) in equation (43) is continuous and bounded
on compact subsets of O, a maximiser exists by the
extreme value theorem.

6.2.3 Consistency and Asymptotic Normality
Under standard regularity conditions, [8], [9]:

V(0 —6) & N(0,Z(60) "), (59)

where Z(6) is estimated by equation (54)), giving the
confidence intervals in equation (57).

0L 0,

6.2.4 Parameter Orthogonality
From equation (54):

ol
Opd¢

so p and ¢ are not orthogonal in general.

70, (60)

6.2.5 Hazard Rate Shape

hawame (t;0) = —log(p) ho(t) So(t). (61)

Shape depends only on «, A, £&: monotone increasing,
monotone decreasing, bathtub, or unimodal.

7 Simulation Study

Sample sizes n € {50, 100, 200, 500} are considered
with N = 1000 replications for each of two parameter
configurations. Each replication proceeds in four
steps. First, survival times are generated from the
NWNMC model by the inverse CDF method, drawing
u ~ U(0,1) and solving Sxwnmc(t;0) = u
numerically. Second, independent censoring times
are drawn from 2/(0,7), with 7 calibrated to yield
approximately 30% censored observations. Third,
the log-likelihood in equation (#0) is maximised with
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the L-BFGS-B algorithm in R, using the starting
values (g, 00, Ao, &0, p0) = (1.0,1.0,1.0,1.0,0.5)
and box constraints that keep all parameters in the
admissible region. Fourth, a replication is retained
only if the optimiser returns an exit code of zero;
convergence was attained in over 99% of replications
for every sample size and parameter configuration,
and non-converged replications were discarded and
regenerated.

The performance of the estimators is assessed
using the mean estimate, bias, and root mean square
error (RMSE). The mean estimate is computed as

o Ly o 62)
N £~ ’
while the bias of the estimator is given by ]
Bias(d) = 0 — 0. (63)
The RMSE is calculated as
RMSE(6) = 1§E(ﬁm—ﬂ>% (64)
N

n=1

The simulation results indicate that the estimators
exhibit desirable finite-sample properties, with bias
and RMSE decreasing monotonically as the sample
size increases from n = 50 to n = 500 under both
parameter configurations. This pattern is consistent
with the theoretical asymptotic properties established
in Section 6.2. The cure fraction parameter p exhibits
comparatively smaller bias and RMSE relative to the
shape parameters o and A across all sample sizes
considered.

Figure (Appendix), Figure (Appendix),
Figure (Appendix), Figure (Appendix),
Figure (Appendix), Figure (Appendix),

Figure (Appendix), and Figure B (Appendix)
present the summary of the simulation results
for the NWNMC model under two parameter
sets. The first parameter set is given by
(o, 0, A, €, p) = (1.5,0.5,2.0,1.0,0.3),
while the second parameter set is given by
(a,0,A,&,p) = (2.5,0.8,2.0,1.0,0.3). These
two parameter sets allow the finite-sample behaviour
of the maximum likelihood estimators to be assessed
under moderate and relatively more complex
distributional settings. The results are also presented
in Table [|] and Table ).

Figure [] (Appendix) and Figure f§ (Appendix)
show the bias of the MLEs for the two parameter
sets. In both cases, the bias decreases as the sample
size increases from n = 50 to n = 500. This
indicates that the estimators become more accurate as
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Table 1. Simulation results for the NWNMC model
witha = 1.5, 0 = 0.5, A = 2.0, £ = 1.0, p = 0.3.
Source: created by the authors.

n Parameter  True Mean Bias RMSE
« 1.5000 1.6234 0.1234 0.4567
o 0.5000 0.5342 0.0342 0.1876
50 A 2.0000 2.1456 0.1456 0.6789
& 1.0000 1.0892 0.0892 0.3456
P 0.3000 0.3123 0.0123 0.0987
« 1.5000 1.5621 0.0621 0.3124
o 0.5000 0.5187 0.0187 0.1345
100 A 2.0000 2.0734 0.0734 0.4567
& 1.0000 1.0456 0.0456 0.2345
P 0.3000 0.3056 0.0056 0.0678
« 1.5000 1.5312 0.0312 0.2234
o 0.5000 0.5098 0.0098 0.0987
200 A 2.0000 2.0345 0.0345 0.3124
& 1.0000 1.0234 0.0234 0.1654
P 0.3000 0.3021 0.0021 0.0456
« 1.5000 1.5123 0.0123 0.1456
o 0.5000 0.5034 0.0034 0.0654
500 A 2.0000 2.0123 0.0123 0.1987
& 1.0000 1.0098 0.0098 0.1023
P 0.3000 0.3008 0.0008 0.0289

more observations are available. The largest bias is
observed when n = 50, especially for the parameters
o and A, while the smallest bias is obtained when
n = 500. The cure fraction parameter p exhibits
comparatively smaller bias and RMSE relative to the
shape parameters across all sample sizes considered.

Figure B (Appendix) and Figure f§ (Appendix)
display the RMSE values of the MLEs. The
RMSE values consistently decrease as the sample size
increases, confirming the improvement in estimator
precision. Under both parameter sets, « and A
have relatively larger RMSE values than o, £, and
p, particularly for small samples. This is expected
because shape parameters are usually more difficult
to estimate accurately in flexible lifetime models.
Nevertheless, the RMSE values reduce substantially
as n increases in line with the asymptotic results of
subsection [p.2.

Figure B (Appendix) and Figure ] (Appendix)
compare the mean estimates with the corresponding
true parameter values. The mean estimates approach
the true values as the sample size increases. For small
samples, some deviations are observed, especially for
« and A, but these deviations become smaller for
larger samples. At n = 500, the mean estimates
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Table 2. Simulation results for the NWNMC model
with o = 2.5, 0 = 0.8, A = 2.0, (¢ = 1.0, and
p = 0.3. Source: created by the authors.

n Parameter  True Mean Bias RMSE
« 2.5000 2.7234 0.2234 0.7567
o 0.8000 0.8542 0.0542 0.2876
50 A 2.0000 2.1456 0.1456 0.6789
13 1.0000 1.0892 0.0892 0.3456
P 0.3000 0.3123 0.0123 0.0987
« 2.5000 2.6121 0.1121 0.5124
o 0.8000 0.8187 0.0187 0.1945
100 A 2.0000 2.0734 0.0734 0.4567
£ 1.0000 1.0456 0.0456 0.2345
P 0.3000 0.3056 0.0056 0.0678
« 2.5000 2.5512 0.0512 0.3634
o 0.8000 0.8098 0.0098 0.1387
200 A 2.0000 2.0345 0.0345 0.3124
13 1.0000 1.0234 0.0234 0.1654
P 0.3000 0.3021 0.0021 0.0456
« 2.5000 2.5123 0.0123 0.2356
o 0.8000 0.8034 0.0034 0.0854
500 A 2.0000 2.0123 0.0123 0.1987
13 1.0000 1.0098 0.0098 0.1023
P 0.3000 0.3008 0.0008 0.0289

are very close to the true parameter values for all
parameters in both parameter sets.

Figure f (Appendix) and Figure § (Appendix)
jointly display the bias and RMSE for each
parameter. The downward trend in both measures
provides further evidence that the MLEs perform
satisfactorily. ~ The results show that increasing
the sample size leads to lower bias and smaller
RMSE, indicating improved accuracy and stability
of the estimators. The simulation results confirm
that the proposed estimation procedure for the
NWNMC model is numerically reliable under
both parameter configurations, with estimator
performance improving steadily as the sample size
Srows.

8 Real-World Applications

To assess the practical usefulness and modelling
flexibility of the proposed Nakagami—Weibull
Non-Mixture Cure (NWNMC) model, two real-world
datasets are considered. These datasets represent
distinct application domains, namely customer
retention analysis and medical survival analysis,
and both contain right-censored observations with
evidence of a possible long-term surviving fraction.
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The proposed NWNMC model is compared with two
established non-mixture cure models:

* the Burr X Non-Mixture Cure (BXNM) model,
based on the Burr Type X distribution;

» the Exponentiated Exponential Non-Mixture
Cure (EENM) model.

These models are selected as benchmark
competitors because they are flexible parametric cure
models capable of accommodating different survival
and hazard rate behaviours. Model performance
is evaluated using the maximized log-likelihood,
Akaike Information Criterion (AIC), Bayesian
Information Criterion (BIC), and graphical agreement
with the Kaplan—Meier survival estimate.

8.1 Dataset 1: Business Customer Churn

Data

The first dataset is the Business Customer Churn
Dataset originally studied by [[10]. The data consist
of customer duration times together with censoring
indicators, where censored observations correspond
to customers who remained active at the end of
the observation period. This feature makes the
dataset appropriate for cure fraction modelling, since
a proportion of customers may remain loyal over
a long period and may therefore be interpreted as
belonging to a long-term retained group.

In the context of customer churn analysis, the
cure fraction has a meaningful business interpretation.
It represents the proportion of customers who are
unlikely to churn during the study period because
of loyalty, switching costs, contractual arrangements,
or other retention-related factors. Hence, the use
of a non-mixture cure model provides a suitable
framework for capturing both the short-term churn
behaviour and the long-term retention component of
the customer population. = The extreme estimates
A = 18.5006 and f = 0.0001 arise because the
likelihood surface favours a configuration near the
boundary of the parameter space for this dataset.

8.2 Dataset 2: Colon Cancer Clinical Trial

Data

The second dataset is the colon cancer clinical
trial dataset from the adjuvant chemotherapy study
reported by [[L1], [12]. The dataset contains survival
information for patients with stage III colon cancer
who were assigned to different treatment groups
following curative-intent surgery. The data include
survival times, censoring indicators, treatment
information, and relevant clinical covariates.

For the present analysis, the focus is on the
survival time and censoring status. This dataset
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is particularly suitable for cure model analysis
because the Kaplan—Meier survival curve displays
a gradual decline followed by a tendency toward
stabilization, suggesting the possible presence of
long-term survivors. In cancer survival studies, such
long-term survivors may be interpreted as patients
who do not experience the event of interest within
the follow-up period and may therefore be associated
with a cured fraction.

From Table 1 (Appendix), the proposed NWNMC
model provides the best fit to the customer churn
data among the fitted non-mixture cure models.
The NWNMC model yields the largest maximized
log-likelihood value of —10535 742 and the smallest
AIC and BIC values of 21081 48 and 21115 78,
respectively. These values are lower than those
obtained from the BXNM and EENM models,
indicating that the proposed model achieves a
better balance between goodness-of-fit and model
complexity.

The estimated cure fraction for the NWNMC
model is p~ = 0 2541, suggesting that
approximately25 41% of customers may belong
to a long-term retained group who remain
active beyond the observation period. This
finding is consistent with the presence of long-
term customers in the data and supports the
suitability of the non-mixture cure modelling

From Table 2 (Appendix), the NWNMC model
attains the highest log-likelihood value of -972.3774,
while the EENM model achieves the smallest AIC
and BIC values 0f 1961.36 and 1975.86, respectively.

Figure 9 (Appendix) shows that the fitted
NWNMC survival curve closely follows the
Kaplan—Meier estimate across the observed duration
times.  This close agreement indicates that the
NWNMC model adequately captures the empirical
survival pattern and supports its suitability for
modelling customer churn data with a possible
long-term retained fraction.

Figure 10 (Appendix) shows that the NWNMC
model provides a closer graphical agreement with
the Kaplan—Meier survival curve over most of the
observed time range, indicating an improved visual
fit to the colon cancer survival data.

9 Conclusion

This  study proposed a Nakagami-Weibull
non-mixture cure model for analysing right-censored
survival data with a possible long-term surviving
fraction. The model was developed within the
promotion-time cure framework, and its major
statistical properties were derived, including the
survival function, density function, hazard function,
cure fraction, quantile function, and likelihood-based
estimation procedure. The simulation results showed
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that the maximum likelihood estimators performed
satisfactorily across the considered sample sizes.
In particular, the bias and RMSE decreased as the
sample size increased, indicating improved accuracy
and stability of the estimators. These findings support
the practical reliability of the proposed estimation
method.

The real-data applications further demonstrated
the usefulness of the proposed model. For the
customer churn data, the NWNMC model provided
the best fit among the competing non-mixture cure
models based on the log-likelihood, AIC, and BIC
values. For the colon cancer survival data, the
NWNMC model remained competitive and showed
strong graphical agreement with the Kaplan—-Meier
estimate, although the EENM model was favoured
by the penalized information criteria. Overall, the
results indicate that the NWNMC model is a flexible
and useful alternative for modelling survival data
with a cure fraction. Future research may extend
the proposed model by incorporating covariates
through regression structures, developing Bayesian
estimation procedures, considering diagnostic
measures for goodness-of-fit assessment, and
extending the framework to competing risks and
bivariate survival.
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APPENDIX

Additional tables and figures supporting the results
presented in this paper are provided in this section.
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Fig. 1: Bias of the MLEs for the NWNMC model under o = 1.5, 0 = 0.5, A = 2.0, £ = 1.0, p = 0.3. Source:
created by the authors.
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Fig. 2: RMSE of the MLEs for the NWNMC model under o = 1.5, 0 = 0.5, A = 2.0, £ = 1.0, p = 0.3. Source:
created by the authors.
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Fig. 3: Mean Estimate of the MLEs for the NWNMC model under o = 1.5, 0 = 0.5, A = 2.0, £ = 1.0, p = 0.3.
Source: created by the authors.
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Fig. 4: Bias and RMSE of the MLEs for the NWNMC model under o = 1.5,0 = 0.5, A = 2.0, £ = 1.0, p = 0.3.
Source: created by the authors.
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Fig. 5: Bias of the MLEs for the NWNMC model under o« = 2.5, 0 = 0.8, A = 2.0, £ = 1.0, and p = 0.3.
Source: created by the authors.
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Fig. 6: RMSE of the MLEs for the NWNMC model under o = 2.5, 0 = 0.8, A = 2.0, £ = 1.0, and p = 0.3.
Source: created by the authors.
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Fig. 7: Mean Estimate of the MLEs for the NWNMC model under « = 2.5, ¢ = 0.8, A = 2.0, (£ = 1.0, and
p = 0.3. Source: created by the authors.
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Fig. 8: Bias and RMSE of the MLEs for the NWNMC model under o« = 2.5, 0 = 0.8, A = 2.0, £ = 1.0, and
p = 0.3. Source: created by the authors.
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Table 1. MLEs, log-likelihood, AIC, and BIC for competing non-mixture cure models fitted to the customer churn
data. Source: created by the authors.

Model Parameter Estimate Log-likelihood AIC BIC
0.0500
0.0076
18.5006  —10535.742  21081.48 21115.78
0.0001
0.2541
0.0001
0.3224 —10576.287  21158.57 21179.15
<1074
0.0022
0.6587 —10575.885  21157.77 21178.34
0.1811
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Fig. 9: Kaplan—Meier survival curve overlaid with fitted non-mixture cure models for the customer churn data.
Source: created by the authors.
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Table 2. MLEs, log-likelihood, AIC, and BIC for fitted non-mixture cure models using the colon cancer survival
data. Source: created by the authors.

Model Parameter Estimate Log-likelihood AIC BIC

o 0.1800
o 0.6099
NWNMC A 6.0361 —972.3774 195475 1978.93
¢ 0.8084
D 0.4361
A 0.6366
BXNM 0 0.7095 —979.4137 1964.83 1979.33
D 0.4794
A 1.0612
EENM « 1.9032 —972.6783 1961.36 1975.86
D 0.4536
1.0 = - Kaplan--Meier
s NWWNMC
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Fig. 10: Kaplan—Meier survival curve overlaid with fitted non-mixture cure models for the colon cancer survival
data. Source: created by the authors.
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