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1 Introduction covariances Q(k) and R(k), respectively. The initial

The Kalman Filter [1], [2] plays a fundamental role state X(0) is a Gaussian random variable with mean

in estimation theory, since it has been widely used in Xo and covariance Py.

various applications: object detection and tracking Kalman Filter produces iteratively the state

[3], robotic applications [4], electric load estimation ~ estimation x(k/k) and the estimation error

[5], weather forecasts [6], autonomous orbit covariance P(k/k) as well as the state prediction

determination [7], satellite orbit determination [8],  X(k+ 1/k) and the prediction error covariance

power generation prediction [9], cases prediction of P(k + 1/k) using the measurements z(k) till time k

Covid-19 [10], control effectiveness estimation on and the known Kalman Filter parameters:

airplanes [11], applications with time-correlated F(k), B(k), H(k), Q(k), R(Kk).

measurement errors [12], aircraft state estimation The time varying Kalman filter is summarized in

[13], GPS position estimation [14], multi-target  the following conventional form:

localization [15], stock price prediction [16]. time varying Kalman filter (conventional

The discrete time Kalman Filter is associated with form)

discrete time state space systems of the form: K(k) = P(k/k —1) - H" (k)

x(k+ 1) = F(k+ 1) - x(k) + B(k) - u(k) + w(k) (1) - [H(K) - P(k/k — 1) - HT (k) + R()] !
x(k/K) = [1 = K(K) - H(K)] - x(k/k — 1) + K(K) - z(k)

z(k) = H(K) * x(k) + v(k) ) P(k/k) = [I - K(k) - HK)] - P(k/k — 1)

x(k + 1/k) = F(k + 1) - x(k/k) + B(k) - u(k)

— . kT
where k> 0 is the discrete time, x(k) is the n Pl +1/1) = Q(k) + F(k + 1) - P(k/k) - FR(k + 1)

. . . . . fork=10,1,..
dimensional state, z(k) is the m dimensional
Fneasuremen.t,' u(k) is .the £ dlm'enswngl input, F(}() with initial conditions
is the transition matrix, B(K) is the input matrix, x(0/—=1) = xo, P(0/—1) = P
H(k) is the output matrix, w(k) and v(k) are the v 0
state noise and the measurement noise, respectively. K(K)is the Kalman filter gain. I denotes the

It is known [2] that {w(k)} and {v(k)} are

e ) . identity matrix. MT denotes the transpose of matrix
individually zero mean, Gaussian process with

M. Note that the existence of the inverse of the
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matrices required to compute the Kalman filter gain,
is ensured assuming that every covariance matrix
R(k) is positive definite; this has the significance
that no measurement is exact.

The time invariant Kalman filter is derived for
time invariant systems where all the Kalman filter
parameters are constant: F(k) = F, B(k) = B, H(k) =
H,Q(k) = QR(k) =R:

time invariant Kalman filter (conventional
form)

K(k) = P(k/k—1)-HT - [H-P(k/k — 1) - HT + R]*
x(k/K) = [1 - K(K) - H] - x(k/k — 1) + K(k) - z(K)
P(k/k) = [I — K(k) - H] - P(k/k — 1)
x(k+ 1/k) = F-x(k/k) + B-u(k)

P(k + 1/k) = Q + F- P(k/K) - FT
fork=0,1,..

with initial conditions
x(0/—1) = x,,P(0/—1) = P,

We rewrite the Kalman filter equations in order to
underline the fact that the state estimation depends
on the current measurement, the previous state
estimation and the previous input:
time varying Kalman filter (estimation form)
x(k/k) = K(k) - z(k)

+AK) - x(k — 1/k — 1)
+Ck—-1)-uk—1)
P(k/k) = [I - K(k) - H(k)]
[Qk— 1) +F() - P(k — 1/k = 1) - FT ()]
fork=1,2,..

where
K&) =[Qk—1)+ FXk)-P(k—1/k—1) - FT(k)]- HT(k)
“[H®) - [Q(k— 1) + F(k) - P(k — 1/k — 1) - FT(K)] - HT (k)
+R)]A(k) = [I = K(k) - H(k)] - F(k)
Ckk—1)=[1-K&k)  -HK)] -Bk-1)

with initial conditions
x(0/0) = [1- K(0) - H(O)] Xy + K(0) - z(0)
P(0/0) = [I = K(0) - H(0)] - P,

where
K(0) =P, - HT(0) - [H(0) - P, - HT(0) + R(0)]*

It is worth to note that the Kalman filter
coefficients K(k), A(k),C(k —1) can be computed
off-line, i.e. before the implementation of the filter.
This is feasible due to the fact that the estimation
error covariance can be computed iteratively off-line.

The time invariant Kalman filter is derived for
time invariant systems where all the Kalman filter
parameters are constant: F(k) = F,B(k) = B,H(k) =
H,Q(k) = Q R(k) =R:

time invariant Kalman filter (estimation form)
x(k/k) = K(k) - z(k)

+AK) -x(k—1/k—1)
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+Ck—1)-uk—1)
P(k/k) = [1—K(k)-H] - [Q+F-P(k—1/k — 1) - FT]
fork=1,2,..

where
K(k) =[Q+F-P(k—1/k—1)-FT]-HT
‘[H-[Q+F-P(k—1/k—1)-FT]-HT + R]*
AK) = [1-K(&)-H]-F
Ck—1) =[1-K&) -H]-B

with initial conditions
x(0/0) =[1— K(0) - H] - x, + K(0) - z(0)
P(0/0) =[1— K(0) - H] - P,

where
K(0) = Py-HT - [H: P, - HT + R]*

For time invariant systems, it is well known [2]
that if the signal process model is asymptotically
stable, then there exists a unique steady state value
P, of the prediction error covariance matrix. In this
case, the resulting steady state Kalman filter takes
the following form:
steady state Kalman filter

x(k/k) =K-z(k) +A-x(tk—1/k—1)+C-uk—1)
fork=1,2,..

where
A=[1-K-H]‘F
C=[1—-K-H]-B

with initial condition
x(0/0) = [I—K-H] - x, + K-z(0)

Note that the steady state Kalman filter
coefficients K, A,C are computed off-line, by first
solving the corresponding discrete time Riccati
equation [2]:

— .p .RT
P,=Q+F-P,'F

-1
—FP,-HT-[H-PB,-HT+R] "-H-P,-FT (3)

and then calculating the steady state gain K:
K=P, HT-[H-P,-HT+R] " (4

This paper investigates the participation of the
current measurement, the previous state estimation
and the previous input in the state estimation
computation. The novelty of the paper concerns a)
the off-line computation of the participation of the
current measurement, the previous state estimation
and the previous input in the state estimation
computation, b) the introduction of metrics for these
participations.
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2 Ratios Definition

Define the ratios concerning the participation of the
current measurement, the previous state estimation
and the previous input in the state estimation
computation:

K(k) - z(K) = A(K) - x (‘E‘) (5)
AK) -x(k—1/k—1) = M(K) - x(k/k)  (6)
Ck—1)-u(k—1) = N -x(k/K)  (7)

The ratios A(k), M(k), N(k) are diagonal matrices
with

A(k) + M(k) + N(k) =1 ®)

In addition, define the auxiliary ratios:

z(k+1) =§(K) - z(k) €))

uk +1) = ¢(k) - u(k) (10)
The ratios §(k), (k) are diagonal matrices.
Furtheremore, define the auxiliary ratios:
z(k) = y(k) -u(k)whenn > m (11)
u(k) = 6(k) - z(k)whenm > n (12)

Note that

y(k) =[I'(k) O(k)], I'(K) mXxm is diagonal
matrix and O(k) m X (n —m) is zero matrix and
8(k) =[A(k) O(k)], A(K) n X n is diagonal matrix
and O(k) n X (m — n) is zero matrix.

3 Ratios Off-Line Computation

In this section we compute off-line the ratios

concerning the participation of the current

measurement, the previous input and the previous

state estimation in the state estimation computation.

3.1 Time Varying and Time Invariant
Kalman Filter

For the general time varying case we present the

following derivations:

1 ratio Ak
an=m
Kk+1)-z(k+1) =AKk+1)-x(k+1/k+ 1)
>A1(k+1) Kk+1)-zk+1)
=Kk+1)-zk+1)+Ak+1)
-x(k/K) + C(K) - u(k)
> A1 k+1)-Kk+1)-EKk) - z(k)
= Kk + 1) - §(k) - z(k)
+A(k + 1) - x(k/K) + C(k) - u(k)
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S>A M k+1) - Kk+1)-EK) - y&K) - ulk)
=Kk + 1) - §(k) - z(k)
+Ak+ 1) - x(k/k) + C(K) - u(k)
=Kk+1)-&Kk) z(k) +Ak+ 1) - A7 (k) - K(k)
-z(k) + C(k) - u(k)
=Kk+1)-&Xk) -y&) -uk) + A(k+ 1) - A~1(k)
*K(K) - y(k) - u(k) + C(k) - u(k)
S>A M k+1)-Kk+1)-EKk) vk
=K(k+1)-§(k) - y(k)
+A(k+ 1) - A71(k) - K(K) - y(K)
+C(k)
Then
Atk+1D)=T1+Ak+1) -A1(K) Kk)

YR (KK + 1) - EK) -y ()

+C(0) - (K(k+ 1) - §K) - v(0))
b.m>n
Kk+1D-zk+1)=Ak+1) x(k+1/k+1)
S>A M k+1)Kk+1)-zk+1)
=Kk+1)zk+1) +Ak+1)
x(k/k) + C(k) - u(k)
=Kk+1)-zk+1D)+Ak+1D A1k K-zk)
+ C(K) - u(k)
=K-zk+1D+Ak+ 1D A 1K) K- E1(k)
2k + 1) + C(K) - 8(K) - z(K)
K(k+ 1)
=Kk+1)+Ak+1D- A1k K
571k + Ck) - 8(K) - E (k)
-z(k+ 1)
K(k+1)-Hk+ 1)
=K(k+1)-HEk+1)+Ak+1)
ATY(K) - K- £ 1K) -H(k + 1)
+C(K) - 8(K) - £1(k) - H(k + 1)

=>A1k+1):

>AYk+1)-

Thus
Atk+1D)=T1+AKk+1) A1k -Kk+1)
g7 1(k) - H(k + 1)
- (K(k+ 1) -H(k + 1)) "
+C(k) - 6(k) - E‘l(k) -H(k+ 1)
‘(K(kk+1)-Hk+ 1)1

2 ratio Nk
anz=m
Ck+1)-u(k+1)=Nk+1) x(k+ 1/k+ 1)
>N Ik+1):-Ck+1D)-uk+1)
=x(k+1/k+1)
=K-z(k+ 1) + A(k + 1) - x(k/K) + C(K) - u(k)
=K-y(k+1)-ukk+1)+Ak+1)-N1(k)
- C(K) - u(k) + C(k) - u(k)
=K-y(k+1-uk+1)+Ak+1)-N1(k)
*CK) T (K) ruk+ 1)
+C(K) - THK) ru(k + 1)

Volume 25, 2026



WSEAS TRANSACTIONS on SYSTEMS
DOI: 10.37394/23202.2026.25.39

=>N1(k+1)-Ck+1)
=Kk+1) yk+1)+Ak+1)
‘N7 k) - C(K) - T (k) + C(k)
(k)

Thus
N-1(k+1)
=Kk+1)yk+1)-C k+1)+Ak+1)
N R) - C(K) -7 (k)
Cl(k+1)
CK) Tk -CM(k+ 1)

b.m>n

Ck+1)-u(k+1)=Nk+1) x(k+ 1/k+ 1)

>N Ik+1)-Ck+1) uk+1)

=x(k+ 1/k+ 1)

Ck+1)-8Kk+1)-z(k+1)

=x(k+1/k+1)

=Kk+1) z(k+ 1) + Ak + 1) - x(k/K) + C(K)
-u(k)

=K(k+1)-z(k+1) +Ak+ 1) N1(k) - C(k)
u(k) + C(K) - u(k)

=Kk+1)-ztk+1) +Ak+1)-N"1(k)-C(k)
¢ ru(k + 1)

+CK) - T1(K) ruk + 1)

=Kk+1)-ztk+1) +Ak+1)-N"1(k)-C(k)
UK -8k + 1) - z(k+ 1)

+CK) - TR -8(k+ 1) - z(k+ 1)

>N 1k+1)-Ck+1)-8Kk+1)

=K(k+1)+Ak+1)-N"1(k) - C(k) - 71 (k)
8(k+1) +Ck)-T (k)
8k +1)

>N 1(k+1)-Ck+1)-8k+1)-Hk+1)

=K(k+1)-Hk+1) +Ak+1)-N"1(Kk)-Ck)
-CT1(k)-8(k+ 1) -H(k+ 1)

+C(K) - TH(K) - 8(k+ 1) - H(k + 1)

=>N1k+1)-

Thus
N1(k+1)=Kk+1)-Hk+1)
-(C(k+1)-8(k+1)-Hkk+ 1)
+AK+ 1) -N1(k) - C(K) - T1(K) - 8(k + 1)
“H(k+ 1)
(Ck+1)-8(k+ 1) - Hk+ 1)
+C(K) - T1(K) - 8(k + 1) - H(k + 1)
(Ck+1)-8(k+1) - Hk+ 1))

3 ratio Mk

an=m

AK) -x(k/k) =M(k+1)-x(k+1/k+ 1)

> M 1(k+1) “AK) - x(k/K) =x(k+1/k+ 1)

=>MYk+1) -A(k) -A‘l(k) - K(k) - z(k)
=x(k+1/k+1)
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=M L(k+1)-AK) - A"L(K) - KK) - y(&) - uk)
=Kk+1)-z(k+ 1) + Ak)
-x(k/K) + C(K) - u(k)

=Kk+1) z(k+1) +AK) - A"1(K) - K(K) - z(k)
+ C(K) - u(k)

=Kk+1) yk+1)-uk+1)+AK) -A"1(k)
“K(K) - y(k) - u(k) + C(k) - u(k)

=Kk+1) yk+1) -2k - uk) +AK) - A~1(K)
*K(K) - y(k) - u(k) + C(k) - u(k)

> M L(k+1)-AK) - A1(K) - K(K) - y(K)
=Kk+1) yk+1) -1k +AK)
AT (K) - K(K) (k) + C(k)

Thus
M~ 1(k+1)=Kk+1) - yk+1) k)

(AR - A1 (K) KK - y(K) T +1

+C) - (AK) - AL (k) - K(K) - y(K)

bbm>n

A(K) - x(k/K) = M(k+ 1) - x(k + 1/k + 1)

= M 1(k+ 1) -A(k) - x(k/k) = x(k+ 1/k + 1)

= M1k + 1) AK) - A1(K) - K(K) - z(K)
=x(k+ 1/k+ 1)

=M 1(k+1)-AK) - A1(k) - K(k) - E1(k)
-z(k+ 1)
=Kk+1)-z(k+ 1) + AKK)
x(k/k) + C(k) - u(k)

=Kk+1)-z(k+ 1) + Ak) - A1 (K) - K(K) - z(K)
+C(K) - u(k)

=Kk+1)-z(k+ 1) + Ak) - A~1(k) - K(k)
E1(K) - z(k + 1)

+C(K) - 8(K) - z(K)

=Kk+1)-zk+1)+AK) A1k KK
E1(K) - z(k + 1)

+C(K) - 8(K) - E 1K) - z(k + 1)

=M 1(k+ 1) AK) -A"1(K) - K&K) - 1K)

=Kk+ 1) +AK) - A71(K) - K(K) - 1K) + C(K)
- 8(k) - E1(K)

= M 1(k+ 1) AKk) - A"1(K) - K(K)
=Kk + 1) - £K) + A(K) - A71(K)
TK(K) + C(K) - 8(k)

=M 1(k+ 1) AK) -A"L(K) - KK) - HK)

=Kk + 1) - £(K) - H(K) + A(K) - A"1(K) - K(K)
“H(K) + C(k) - 8(k) - H(K)

Thus
M~ 1(k+1) =K(k+1)-§Kk)-HKk)
“(AK) - A(K) - K(k) - HK)) T+
+C(k) - 8(k) - H(k)
“(AK) - ATH(K) - K(K) - H(k) ™

For the time invariant case, the above

derivations hold with constant Kalman filter
parameters.

Volume 25, 2026



WSEAS TRANSACTIONS on SYSTEMS
DOI: 10.37394/23202.2026.25.39

It is clear that in the time varying as well as in
the time invariant cases, the ratios A(k), M(k), N(k)
depend on the measurements, the inputs and the
known system parameters. Thus, it is evident that we
are able to know the contribution of the
measurement, the input and the previous estimation
in the estimation computation.

3.2 Steady State Kalman Filter
For the steady state case we present the following
derivations:

1 ratio Ak

anz=m

K-z(k+1)=Ak+1)-x(k+1/k+ 1)

> A 1(k+1)-K-z(k+ 1)
=K-z(k+1)+A-x(k/k) +C
-u(k)

> A 1(k+ 1) K-EK) - z(k)
=K-&(k)-z(k) + A-x(k/k) +C
-u(k)

= A (k+1) - K- §(K) - y(k) - uk)
=K-&(k)-z(k) + A-x(k/k) +C
-u(k)

=K k) z(k) +A-A"1(k) - K-z(k) + C-u(k)

= K-§() - y(k) -uk) + A- A7 (k) - K- y(k) - u(k)
+ C-u(k)

= ANk +1) K- &) - y(k)
=K-§k) y(k)+A-A1(k)-K
-y(k) + C

Then
Alk+1D)=1+A-A1k)-K

YER(K-ER) - y(K) T +C
(K-EE) -y ()

b.m>n

K-z(k+1)=Ak+1) x(k+1/k+ 1)

>A1(k+1)-K-z(k+ 1)
=K-z(k+ 1)+ A-x(k/k) +C
-u(k)

=K-z(k+1)+A-A (k) K-z(k) + C-uk)

=K-z(k+1)+A-A1(K) K- E1(Kk) - z(k+ 1)
+ C-8(k) - z(k)

=>A1k+1)K
=K+A-A1k)-K-&1(k)+C
 8(k) £ (k) - 2(k + 1)

> AYk+1)-K-H
=K-H+A-A"1(k)-K-&3(k)-H
+C-8(k)-&T (k) -H
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Thus

Alk+1)=1+A-AYK K- (k) -H
“(K-H)™1+C-8K)-&1(k)-H
-(K-H)_l

2 ratio Nk

an=m

Cuk+1)=N&k+1) x(k+1/k+ 1)

>N Ik+1):-Cuk+1)=xtk+1/k+1)
=K-z(k+1)+A-x(k/k) + C-u(k)
=K-y(k+1)-uk+1)+A-N"1(K) - C-uck)
+ C-u(k)
u(k+1)+A-N1(k)-C-T(k)
uk+1D)+C-THk) -uk+1)
C
=K-y(k+1)+A-N1(k)-C
TR +C- TR

=K-y(k+1)-

=>N1k+1)-

Thus
N1k+1)=K-yk+1):-C1+A-NIk)-C
k) -CTPHC T ) -
b.m>n
Cu(k+1)=N&k+1) x(k+1/k+ 1)
>N 1k+1)-C-uk+1)=x(k+1/k+1)
>N 1k+1)-C-8k+1)z(k+1)
=x(k+1/k+1)
z(k+1) + A-x(k/k) + C-u(k)
z(k+ 1)+ A-N1(k)-C-u(k) + C-u(k)
zk+1D+ANK-C- 1K uk+1)
+C- Tk uk+1)
zk+1D)+ANK-C-T1k) - 6k+1)
cz(k+1)+C-THk)-8(k+ 1)
z(k + 1)
>N 1k+1)-C-8k+1)
=K+A-N"1(k)-C-T1(k)
Sk+1D)+C-THK S+ 1)
>N 1k+1)-C-86k+1)-H
=K-H+A-N"1(k)-C-T1(k)
S(kk+1)-H+C-T(k)
-8(k+1)-H

=K-
=K-
=K-

=K-

Thus
N '(k+1)=K-H-(C-8k+1)-H)?
+A-NYk)-C-T1(k)-8k+1)-H
-(C-8(k+1)-H)?
+C-TY(K)-8(k+1)-H
-(C-8(k+1)-H)?

3 ratio Mk

a.n=m

A-x(k/K) =Mk+1)-x(k+1/k+1)
>MYk+1) “A-x(k/k) =x(k+1/k+ 1)
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>MI(k+1)-A-A (k) -K-z(k)
=x(k+1/k+1)

>MI(k+1)-A-A 1K) - K-y(K) - uk)
=K-z(k+1)+A-x(k/k) + C
-u(k)

=K-z(k+1)+A-A1(k) - K-z(k) + C-u(k)

=K-yk+1D-uk+1)+A-A1K) - K- yk)
~u(k) + C-u(k)

=K-y(k+1)-qK) -uk) +A- A (K) -K-y(k)
‘u(k) + C-u(k)

>M(k+1)-A-A k) - K-y(k)
=K-y(k+1)-yk) +A-A1(k)
‘K-y(k) +C

Thus
M~ 1(k+1)=K-y(kk+1)-qk)
C(A-ATLR) K y(R) T I
+C- (A ALK K- y(0)
b.m>n
A-x(k/K) = M(k+ 1) -x(k+ 1/k + 1)
>MI(k+1)-A-x(k/k) =x(k+1/k+ 1)
>M(k+1)-A-A (k) -K-z(k)
=x(k+1/k+1)
>MIk+1)-A-A YK -K- 1K) z(k+ 1)
=K-z(k+1)+A-x(k/k) + C
-u(k)
=K-z(k+1)+A-A"1(k) - K-z(k) + C-u(k)
=K-z(k+ 1) +A-A1K) -K-E1(K) - z(k+ 1)
+C-8(K) - z(k)
=K-zk+1D)+A-ATK K- &1k -ztk+ 1)
+C-8(K) &K - z(k+ 1)
>M Y k+1)-A-A (k) K-E (k)
=K+A-A1Kk)-K-&1(k)+C
+8(k) - £ (k)
>MIYk+1)-A-A1(k)-K
=K-§K) +A-A1(k)-K+C
- 8(k)
>MY(k+1)-A-A1(k)'K-H
=K-§Kk)-H+A-A1(k)-K-H

+C-8(k)-H

Thus

M 1(k+1)=K-§Kk)-H-(A-A"1(k)-K-H)™?!
+I1+C-8k)-H

-(A-A1(k)-K-H)™?

The steady state case appears where the system
is time invariant and asymptotically stable. This is
the case for example of random walk, which is
presented in section 5. It is clear that in the steady
state case, the ratios A(k), M(k), N(k) depend on the
measurements, the inputs and the known system
parameters. Thus, it is evident that we are able to
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know the contribution of the measurement, the input
and the previous estimation in the estimation
computation.

3.3 No Input Case

In the case where there is no input, the discrete time

state space system (1)-(2) becomes of the form:
x(k+ 1) =Fk+1)-x(k) +w(k) (13)

z(k) = H(K) - x(k) + v(k) (14)
Then for the time varying case we have:

Al(k+1)=1+Ek+1)
M Y(k+1)=I1+E1(k+1)

where

Ek+1D)=Ak+1) A& Kk+1)-£1(k)
-H(k+ 1)
“(K(kk+1)-Hk+ 1)1

Of course

AK) + M(K) = 1

For the time
derivations
parameters.

invariant case, the above
hold with constant Kalman filter

In the steady state case, we have:
Al(k+1)=1+Ek+1)
M~ Y(k+1)=1+E1(k+1)

where
Ekk+1)=A-A1k)-K-&1(k)-H-(K-H)?!

Of course
Ak) + M(k) =1

3.4 Steady State Scalar Case
The scalar case appears when the state x(k) is scalar
(n=1) as well as the measurement z(K) is scalar
(m=1).

Assume z(k) # 0 (non zero measurements) and
u(k) # 0 (non zero inputs).

In the steady state scalar case, we have:

o = K209
) =am
CAx(k—1/k—1)

) =

y _C-u(k—l)
v =0
(1 _ K-z(1)

)= x(1/1)
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A x(0/0)
n) = (/D)
N = C-u(0)
v =T
Of course

AK) + p(k) + v(k) = 1

Then
B A z(k) C uk
Ak+D Ak zk+1D K zk+1)

1 AR zk+1) vk u®
nk+1) A z(K) A uk-1)
1 _ K.Z(k+1) A .u(k—l)

vk+1) ~ Cuk+1) vk u®

3.5 No Input Steady State Scalar Case
In the no input steady state scalar case, we have

Al = K- z(k)
() = x(k/K)
_A-x(k— 1/k—1)
nk) = x(</K)
Of course

AR +puk) =1

Then
_q A z(k)
W+ D T 2k+ D
1 B 1—H(k)_2(k+ 1)
uk+1) A z(k)
Setting
A . z(k)
we get
1
M+ D = I aF D
Kkt 1) = ek+1)
ke + )_1+£(k+1)
Note that
LA
;(k)f_ (k)
T0O0lI.
Ak+1) Kezk+1) K ozk+1)
nk+1)  A-x(k/k)  x(k/k) A

AR z(k+1) AR z(k+ 1)

~z2(k) A A z(k)
1

T ek+ D)
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Note that
1 _ A(kK) _ K- z(k)

ek) pk A-x(k—1/k—1)

4 Metrics

In this section we define the percentages concerning
the participation of the current measurement, the
previous state estimation and the previous input in
the state estimation computation.

At the end of the section, we propose the metrics
concerning the participation of the current
measurement, the previous state estimation and the
previous input in the state estimation computation.

4.1 Percentages for Time Varying and Time
Invariant Kalman Filter

For the general time varying case we define the

following percentages:

ey — 1K) 2(R)
M) = s DKo ztoT ek Duge ol ()
1
“r(k) — ||A(k).x(k_E_1)|| (16)
[[AG0x(k—3=1) | +1K () 200l +lICk=D-u(k=1)]|
V’(k) [IC(k=1)-uk-1)l (17)

~ [Tt x(k—1) [+ KGOz I+ IC D uCk-DI]

where ||[V|| denotes the norm-2 (Euclidean norm) of
vector V.

Of course

0<ANk <1
o<pk)<1
0<vik)<1

and
AR +p&k+Vvik =1 (18)

We also define the following auxiliary ratios:
_ G x(k—1/k= D

£(l) KG9 - 2G0

1o = 1409 (e~ 1/ DI
P ICk—1) - u(k — 1)]]
w2 I =D uCke— D

1K) - z(K)]

Then we have:
IACK) - x(k — 1/k — )|

N RO
1IAQ) - A (k— 1) K(k — 1) - 2(k — D]
= RO
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(1 = A - x(k = 1/k = D]
P IC— 1) - u(k — D]

A AT (k- 1) - K(k— 1) - z(k — D
- ICk— 1) - utk — 1)l

e =1 ulk— DI e

n(k) = =
IK(K) - z(K) | p(k)
and
A(k) =
(k) e(k) + 1+ mn(k)
1
Wk =———-7
vk =———F—
p(k) + 700 +1
For the time invariant case, the above
derivations hold with constant Kalman filter
parameters.

4.2 Percentages for Steady state Kalman
Filter
In the steady state case we define the following
percentages:
T IK-z(K)||
Ao = lAx(k=1/k=D)|+[IK-z()[[+]|C-uk—1)]| (19

T — lAx(k—1/k-1)||
O lAx(k=1/k=1)[|+[|K-z(K)[|+]|C-uk-1)]| (20)

ICuk-1)|l
lA-x(k—=1/k=D)[|+[[K-z)[|+]|C-uk-1)]| 2D

V'(K) =

where ||V|| denotes the norm-2 (Euclidean norm) of
vector V.

Of course

0<ANk)<1
o<u(k)<1
0<v((k) <1

and
Ak + (k) +Vv'(k) =1(22)

We also define the following auxiliary ratios:
lA-x(k—1/k—1)]|

IR-z(oll
MMZHJR?Q&P”

lic.: ud
"0 = KT
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Then we have:
A-xtk—1/k—-1
g - A Xk = 1/k= D)

IK-2Q0]
A AT k= 1) K- z(k - D]
TSP
1k
PO = cuk— D
A AT (k= 1) K- z(k— D]
ot oy E !
~u(k — €
S T )
and
N = e(k) +1+mnk
1
Wk = ——F——7
w0 T om0
v'(k) ——1
- 1
p(k) +@+ 1

4.3 No Input Steady State Scalar Case
For the no input steady state scalar case we define
the following percentages:

k) = K- 2(K)
IA-x(k— 1/k— 1)| + [K-z(K)|
A-x(k—1/k—1
o = A= 1/k= D)

|A-x(k—1/k—1)| + |K-z(k)|

where |c| denotes the absolute value of the scalar
quanity c.

Of course
0<ANk <1
o<pk)<1

and
MK +uk =1

Then, we derive

1 JAxk—1/k=1)|
v lK.Zg()l(k 1/k—1)
"l — 1/k —
=1+ K-z(k)
=1+ [e(k)]
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1 IK-z(k)|
Wk o JAx(k—1/k—1)]
i K - z(k)
B A-x(k—-1/k—1)
1 1+ [e®]

= el T M

Furtheremore, note that

1 1-p(k) . z(k+1)
1 CAMK+1) uaen A z(k)
ek+1) pk+1) ! 144 2K
A(k+1) A(k) z(k+1)
14200 20t Az AR 2kt D)
_ A z(k) A-z(k)
A z(k) ~ Az®+AK)z(k+1)

AR z(k+1) A(K)-z(k+1)
Mk z(k+ 1)

A z(k)
Then
A-z(k)
ek+1)  X@wzk+n
e(k) —  Az(k-1)
A(k-1)z(K)
~Mk—1) . z(k) . z(k)
) oMk zk+1) z(k—1)
w2z 2
T oztk+1) zk—1)
A(k-1)
_ 14e) . z(k) . z(k)
T 1+ek-1) zkk+1) z(k—1)
Thus

1+ (k) _ z(k) _ z(k)
1+ekk—1) ztk+1) zk—1)

e(k+1) =¢k)-

The percentages are computed as:

MO = e

el
HO =T o]

where

e(k+1) =ek) -

for k=23, ...

e(1) = u(1) A-x(0/0)
A1) K-z(D)

_w2) A-x(1/1)

A2 K-z(2)

1+e) oz z(K)
T+e(k—1) z(k+1) z(k—1)

£(2)

where
x(0/0) = (1 —K-H) -xy + K-z(0)
x(1/1) = A-x(0/0) + K-z(1)
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In the following we present another alternitive
computation of the percetages.

Y09 = T eml
vos le@®)]
09 = T ea0]
_u
S(k) = Tk)
1 _q A _ z(k)
W+ D TR Zk+ D
B 1—H(k)_Z(k+ 1)
nk+1) A z(k)
A1) = K-z(1)
)= x(1/1)
_ A-x(0/0)
Remark.
The percentages
N(K) = IK-z(k)|
A x(k—1/k—1)| + K- z(K)]
. |A-x(k—1/k—1)|
wk) =

|A-x(k—1/k—=1)| + |K-z(k)|
are defined using absolute values and lead to the
percentages ratio

, _)\'(k) _ |KZ(k)|
r'(k) = Wk A x(k—1/k—1)]

Let define the percentages without using absolute
values:

) = K - z(K)
( )_A-x(k—l/k—1)+K-z(k)
"y — A-x(k—1/k—1)

K0 = T~ 1/k= D + K- 2(0)

Of course

Ak <1

W'k <1

and

A1)+ () =1

Then the percentages ratio becomes
A"(k) K- z(k)
'’ (k) — —
Wik A-xtk—1/k—-1)
It is clear that
r'(k) = [r" (k)]

This percentage ratio characterizes the filter; the
non-use of absolute values does not add anything
more than the use of absolute values.

This remark can be extended in the input steady state
scalar case.
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4.4 Proposed Metrics

Finally, we propose the metrics concerning the
participation of the current measurement, the
previous state estimation and the previous input in
the state estimation computation.

We propose the mean values of the percentages
to be the metrics for the participation of the
measurement, the previous estimation and the input
in Kalman filter estimation. The proposed metrics
depend on the known measurements and inputs and
the known system parameters.

Analogous metrics can be defined for the state
prediction. This is feasible rewriting the Kalman
filter equations in order to underline the fact that the
state prediction depends on the current
measurement, the previous state prediction and
the previous input.

The prediction form of the time varying Kalman
filter has as follows:
time varying Kalman filter (prediction form)

x(k + 1/k) = C(k) - z(k) + A(k) - x(k/k — 1)
+B(k) - u(k)
P(k + 1/k) = Q(k)
+F(k+ 1) - [[1 - K&K) - HEK)] - P(k/k — 1] - FT(k + 1)
fork=0,1,..

where
K(k) = P(k/k — 1) - HT(k)
[H®) - P(k/k — 1) - HT(K) + R(k)]™*
Ak) =F(k+1)-[I-K(k) -H®)]
C(k) = F(k + 1) - K(k)

with initial conditions
x(0/—1) = x,,P(0/-1) = P,

The prediction form of the time invariant Kalman
filter has as follows:

time invariant Kalman filter (prediction form)
x(k + 1/k) = C(K) - z(k) + AK) - x(k/k — 1) + B - u(k)
P(k+1/k) = Q+F-[[I— K(k) - H] - P(k/k — 1)] - FT
fork=0,1,...

where
K(k) = P(k/k—1)-HT-[H-P(k/k— 1) -HT + R]™*
A) =F-[1-K(k) - H]

C(k) = F-K(k)

with initial conditions
x(0/—1) = x,,P(0/—1) = B,

The prediction form of the steady state time
varying Kalman filter has as follows:
steady state Kalman filter (prediction form)
x(k + 1/k) = C(K) - z(k) + A(k) - x(k/k — 1) + B - u(k)
fork=0,1,..
where
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A=F-[I-K-H]

C=F-K
with initial condition

x(0/-1) = x,
5 Examples

Example 1. Random walk. A scalar system without
input (u(k) = 0) which represents the random walk
movement is assumed in this example.

The system parameters are:
F=H=Q=R=1.

The steady state Kalman filter has been sumulated
for 100 time lags. The steady state Kalman Filter
coefficients are:

P, =1.618,K=0.618,A = 0.382.

Figure 1 shows the percentage contributions of
the current measurement and the previous state
estimation in the state estimation computation.

200

% measurements contribution
% previous estimation contribution

% contributions

-100

L
90

L
80

. . .
50 60 70
time

Fig. 1: Example 1. Percentage contributions
Source: created by the authors.

L L L L
0 10 20 30 40 100

The mean values of the percentages for the
participation of the measurement and the previous
estimation in Kalman filter estimation are:
mean % measurements contribution = 63.547%

mean % previous estimations contribution
36.453%

Example 2. Electric load estimation. A scalar
system without input which describes the hourly
electric load estimation model is assumed in this
example.

The system parameters are:
F=1,H=1,Q=0.235R = 0.655.
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The steady state Kalman filter has been simulated
for a week period (24h/day x 7days = 168days). The
steady state Kalman Filter coefficients are:

P, = 0.527,K = 0.446,A = 0.554.

Figure 2 shows the percentage contributions of
the current measurement and the previous state
estimation in the state estimation computation.

100

% measurements contribution
% previous estimation contribution | |

90 r

80 [
70
60 [

50

% contributions

40

30

20

10

0 . I I I .
100 120 140 160 180 200

time
Fig. 2: Example 2. Percentage contributions
Source: created by the authors.

0 20 40 60 80

The mean values of the percentages for the
participation of the measurement and the previous
estimation in Kalman filter estimation are:
mean % measurements contribution = 44.587%

mean % previous estimations contribution =
55.413%

Example 3. Free falling object. A system with
input which represents the movement of a free falling
object is assumed in this example.

The state vector consists of the height and the
h(k)]

velocity (n = 2) of the falling object: x(k) = [U k)

The measuement is the height with noise (m =
1).

The system parameters are:
1 —dt] o, _[1 O _
F‘[ 1 ]'B_[o 1/ud0 =

0
_1.5. dt2
[ 28 ],H=[1 01,Q=0,R=0.2,dt=
g-dt
0.01s.
The time invariant Kalman filter has been

simulted for a free falling object from a height of
h = 100m with zero initial velocity; then the falling

time is t = /2h/g = 4.515s, where g = 9.81m/s?
is the gravitational acceleration.
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Figure 3 shows the percentage contributions of
the current measurement, the previous state
estimation and the previous input in the state
estimation computation.

100

T

% measurements contribution
) % previous estimation contribution | |
/ % inputs contribution

90

80
70
60 {
50 -

40

% contributions

250 450
time

Fig. 3: Example 3. Percentage contributions
Source: created by the authors.

100 150 200

0 50

300 350 400 500

The mean values of the percentages for the
participation of the measurement, the previous
estimation and the input in Kalman filter estimation
are:
mean % measurements contribution = 5.292%

mean % previous estimations contribution =
94.568%
mean % inputs contribution = 0.140%

6 Conclusion

Kalman filter computes iteratively the estimation
using the current measurement, the previous
estimation and the previous input. We introduced
new percentage metrics for the participation of the
current measurement, the previous estimation and the
previous input in Kalman filter estimation. The
proposed metrics are valid for the time varying
Kalman filter, the time invariant Kalman filter and
the steady state Kalman filter. The proposed metrics
depend on the known measurements, inputs and
system parameters. They indicate how the
measurements, the inputs and the previous estimation
affect the Kalman filter estimation. A subject of
future research is to propose percentage metrics for
the participation of the measurements and the inputs
in the FIR form of the steady state Kalman filter.
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