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Abstract: - Continuous local polynomial splines are widely used in approximations, as well as in solving 
differential and integral equations.. In this paper, we consider the construction of continuously differentiable 
splines of the second-order of approximation. We construct continuously differentiable polynomial and non-
polynomial splines by smoothing continuous local approximations. The construction of smoothed non-
polynomial approximations is discussed using the example of constructing smooth trigonometric splines. 
Theoretical results are given. Results with numerical experiments are presented. Among the numerical 
experiments, the approximation on a non-uniform grid of nodes is considered, as well as the influence of 
introducing additional errors into the values of the function given at the grid nodes. 
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1 Introduction 
Currently, the application areas of polynomial and 
non-polynomial splines are expanding, 
encompassing ever-new application areas. 
Traditionally, splines are used to solve problems 
arising from mathematical modeling problems, 
including solving integral equations and boundary 
value problems. Below, we mention several recent 
publications that have used splines to numerically 
solve various emerging problems. 
     In paper [1], the nonlinear splines were used to 
forecast the construction costs index (CCI), which is 
an important macroeconomic indicator. 
     In paper [2], quadratic polynomial splines are 
used for free-form constructions on a planar 
Euclidean domain. 
     In paper [3], a new numerical method, based on a 
non-polynomial cubic spline algorithm, for solving 
a class of stochastic partial differential equations is 
presented. 
     Paper [4], introduces a novel and developed 
numerical technique that solves nonlinear time 
fractional differential equations. It combines finite 
difference and non-polynomial spline methods 
while using comfortable descriptions of fractional 
derivatives. 
     In paper [5], the non-polynomial B-splines are 
explicitly expressed in terms of non-polynomial 

divided differences of truncated power function are 
expressed. 
     In paper [6], the quintic spline collocation 
method, based on non-polynomial quintic spline 
functions, was used to construct the numerical 
solution of fourth-order fractional boundary value 
problems. 
     In paper [7], the approximate solutions to the 
mixed boundary value problem were developed by 
using non-polynomial spline functions. 
     In paper [8], a new general form for the non-
polynomial cubic spline function is introduced and 
used to approximate the solution of linear, 
nonlinear, and fuzzy Fredholm integral equations of 
the second kind. 
     Paper [9] introduces the fractional non-
polynomial spline method as a novel scheme for 
solving the time-fractional Korteweg-de Vries 
(KdV) equation. 
     In paper [10], a fourth-order exponential spline-
based scheme is developed to solve the coupled 
system of the benchmark problem. 
     In paper [11], the exponential cubic B-spline 
differential quadrature method was used to find the 
numerical solutions of the nonlinear Schrodinger 
(NLS) equation. 
     In paper [12], two different numerical techniques 
with the trigonometric B-spline and the exponential 
B-spline are employed to solve the Volterra partial 
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integro-differential equation (PIDE) with a weak 
singular kernel. 
     Paper [13], uses the quartic trigonometric B-
spline for solving the Lane–Emden–Fowler 
equation. 
     Paper [14], the quintic UAT tension B-spline 
collocation method was used for solving the one- 
and multi-dimensional cubic Ginzburg-Landau 
(CGL) equation. 
     In paper [15], Troesch’s problem was solved 
using the collocation method based on the cubic 
trigonometric B-Spline technique. 
     In paper [16], a new differential quadrature 
method (DQM) based on the Unified and Extended 
Trigonometric B-spline (UETB-spline) functions for 
the numerical approximation of 3D wave equations 
was proposed. 
     In paper [17], bivariate spline quasi-interpolants 
were used for solving the Fredholm integral 
equation of the second kind. 
     Thus, the task of processing experimental results 
arises when solving various problems. Many 
numerical methods for solving problems in 
mathematical physics involve calculating the 
framework of an approximate solution. Next, the 
obtained function values can be connected with a 
line or surface. This line (or a surface) can have 
certain specified properties. Some of these 
properties can include interpolation conditions, 
continuous properties, and/or continuous 
differentiability properties (in the case of surface 
construction, this means differentiability 
properties along a given direction). 
 

 

2 Problem Formulation and Problem 

 Solution 
Suppose {𝑥𝑗} is a set of ordered nodes on an interval 
[𝑎, 𝑏], such that 𝑎 = 𝑥0 < ⋯ < 𝑥𝑗 < ⋯ < 𝑥𝑛 = 𝑏. 
Suppose we are given the values 𝑓𝑗 of a function 
𝑓(𝑥) at nodes 𝑥𝑗, 𝑗 = 0,1, … , 𝑛. In the simplest 
problem, the set of nodes  {𝑥𝑗} is given with step 
ℎ = (𝑏 − 𝑎)/𝑛. Suppose the functions 
𝜑0(𝑥),  𝜑1(𝑥) form a Chebyshev system on the 
interval [𝑥𝑗,  𝑥𝑗+1].  

Basis splines on the interval [𝑥𝑗,  𝑥𝑗+1] are found 
from the condition 

 𝑈𝑘ℎ(𝑥) = 𝑢(𝑥),        𝑢 (𝑥) = 𝜑0(𝑥),  𝜑1(𝑥)   (1) 
 
Thus, we arrive at a system of approximation 
identities 

𝜑0(𝑥𝑗)𝜔𝑗(𝑥) + 𝜑0(𝑥𝑗+1)𝜔𝑗+1(𝑥) = 𝜑0(𝑥),

𝜑1(𝑥𝑗)𝜔𝑗(𝑥) + 𝜑1(𝑥𝑗+1)𝜔𝑗+1(𝑥) = 𝜑1(𝑥),

𝑥 ∈ [𝑥𝑗, 𝑥𝑗+1].

  (2) 

 
Here 𝜔𝑗(𝑥), 𝜔𝑗+1(𝑥) are the basis splines to be 
obtained,   𝑠𝑢𝑝𝑝 𝜔𝑗 = [𝑥𝑗−1, 𝑥𝑗+1]. 

𝜔𝑗(𝑥) =
𝜑0(𝑥)𝜑1(𝑥𝑗+1) − 𝜑1(𝑥)𝜑0(𝑥𝑗+1)

𝜑1(𝑥𝑗+1)𝜑0(𝑥𝑗) − 𝜑1(𝑥𝑗)𝜑0(𝑥𝑗+1)
    (3) 

 

𝜔𝑗+1(𝑥) =
𝜑0(𝑥)𝜑1(𝑥𝑗) − 𝜑1(𝑥)𝜑0(𝑥𝑗)

𝜑1(𝑥𝑗)𝜑0(𝑥𝑗+1) − 𝜑1(𝑥𝑗+1)𝜑0(𝑥𝑗)
 (4) 

 
Next we regard the construction smooth splines 

using the local continuous polynomial and non-
polynomial splines of the second order of 
approximation. 
 
2.1  Polynomial Case 
To construct a polynomial approximation of the 
second order of approximation we construct a basis 
spline 𝑤𝑗(𝑥)  such that supp 𝑤𝑗(𝑥) = [𝑥𝑗−1, 𝑥𝑗+1].  
 
The formula of the polynomial basis spline is the 
following: 
 

𝜔𝑗
𝑝(𝑥) =

{
 

 
𝑥 − 𝑥𝑗+1

𝑥𝑗 − 𝑥𝑗+1
,      𝑥 ∈ [𝑥𝑗, 𝑥𝑗+1],

𝑥 − 𝑥𝑗−1

𝑥𝑗 − 𝑥𝑗−1
,     𝑥 ∈ [𝑥𝑗−1, 𝑥𝑗],

     (5) 

         𝜔𝑗
𝑝(𝑥) = 0,  𝑥 ∉ [𝑥𝑗−1, 𝑥𝑗+1]. 

 
We denote 𝑓𝑗 = 𝑓(𝑥𝑗). On each grid interval 

[𝑥𝑗, 𝑥𝑗+1] we construct a linear spline approximation 
as follows: 
 

𝑆𝑗(𝑥) = 𝑓𝑗 𝑤𝑗(𝑥) + 𝑓𝑗+1 𝑤𝑗+1(𝑥),          (6) 
 
where 𝑤𝑗(𝑥),𝑤𝑗+1(𝑥) are the basis splines. These 
splines are constructed separately for each grid 
interval and can be obtained by solving a system of 
approximation relations. 
       
In the polynomial case, the basis splines are as 
follows: 

𝑤𝑗(𝑥) =
𝑥 − 𝑥𝑗+1

𝑥𝑗 − 𝑥𝑗+1   
,                        (7) 

 
𝑤𝑗+1(𝑥) =

𝑥 − 𝑥𝑗

𝑥𝑗+1 − 𝑥𝑗
 .                    (8) 

 
The plots of basis splines are given in Figure 1. 
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Fig. 1: The plots of basis splines  
Source: created by the authors 

 
The error of approximation with the splines is as 
follows, [18]: 

∥ 𝑓 − 𝑆𝑗 ∥𝐶[𝑥𝑗,𝑥𝑗+1]≤
1

8
ℎ2  ∥ 𝑓′′ ∥𝐶[𝑥𝑗,𝑥𝑗+1]  .   (9) 

 
 

Using the approximation on interval 
[𝑥𝑗, 𝑥𝑗+1] we construct the piece-wise function 𝑆(𝑥) 
on interval [𝑎, 𝑏] as follows: 

𝑆(𝑥) = {
𝑆0(𝑥), 𝑥 ∈ [𝑥0, 𝑥1] ,

…
𝑆𝑛−1(𝑥), 𝑥 ∈ [𝑥𝑛−1, 𝑥𝑛] .

         (10) 

 
According to our construction, approximation 

(10) is a continuous function on the interval [𝑎, 𝑏]. 
Our aim is to construct a smooth approximation on 
[𝑎, 𝑏]. We will show that after adding one 
component to approximation (6), we could construct 
a smooth approximation. We construct the smooth 
approximation on the interval [𝑥𝑗, 𝑥𝑗+1]  in the form:  

𝑍𝑗(𝑥) = 𝑓𝑗 𝑤𝑗(𝑥) + 𝑓𝑗+1 𝑤𝑗+1(𝑥) +

 𝑎𝑗𝑤𝑗(𝑥)𝑤𝑗+1(𝑥),      𝑥 ∈ [𝑥𝑗, 𝑥𝑗+1]. (11) 
 
Here 𝑎𝑗 is a parameter to be obtained such that the 
first derivative of 𝑍(𝑥):  

𝑍′(𝑥) = {
𝑍0
′(𝑥)
, 𝑥 ∈ [𝑥0, 𝑥1] ,

…
       𝑍′𝑛−1(𝑥), 𝑥 ∈ [𝑥𝑛−1, 𝑥𝑛] ,

  (12) 

is a continuous function. Here we denote 𝑍(𝑥) a 
piecewise function on the interval [𝑎, 𝑏].  
 

Thus, to receive a formula with a continuous 
first derivative, we calculate the first derivative of 
formula (11): 

𝑍𝑗
′(𝑥) = 𝑓𝑗 𝑤𝑗

′(𝑥) + 𝑓𝑗+1 𝑤𝑗+1
′ (𝑥) +

     𝑎𝑗 (𝑤𝑗(𝑥)𝑤𝑗+1
′ (𝑥) + 𝑤𝑗

′(𝑥)𝑤𝑗+1(𝑥)).            (13) 
 
In the interval [𝑥𝑗−1, 𝑥𝑗] we have a relation with an 
unknown parameter 𝑎𝑗−1: 

𝑍𝑗−1 = 𝑓𝑗−1 𝑤𝑗−1(𝑥) + 𝑓𝑗 𝑤𝑗(𝑥) +

 𝑎𝑗−1𝑤𝑗−1(𝑥)𝑤𝑗(𝑥),      𝑥 ∈ [𝑥𝑗−1, 𝑥𝑗].       (14) 
 
So, we have the relation for the first derivative: 

𝑍𝑗−1
′ (𝑥) = 𝑓𝑗−1 𝑤𝑗−1

′ (𝑥) + 𝑓𝑗 𝑤𝑗
′(𝑥) +

𝑎𝑗−1 (𝑤𝑗−1(𝑥)𝑤𝑗
′(𝑥) + 𝑤𝑗−1

′ (𝑥)𝑤𝑗(𝑥)),      (15) 

                                                          𝑥 ∈ [𝑥𝑗−1, 𝑥𝑗]. 
 
Thus, to fulfill the relation 

𝑍𝑗−1
′ (𝑥𝑗) = 𝑍𝑗

′(𝑥𝑗)                     (16) 
at each node 𝑥𝑗, 𝑗 = 1,…𝑛 − 1, the following 
expression should be fulfilled in the polynomial 
case: 

𝑎𝑗 = 𝑎𝑗−1(𝑥𝑗+1 − 𝑥𝑗)/(𝑥𝑗−1 − 𝑥𝑗) + 
(𝑓𝑗 − 𝑓𝑗−1)(𝑥𝑗+1 − 𝑥𝑗)/(𝑥𝑗 − 𝑥𝑗−1) + 𝑓𝑗 − 𝑓𝑗+1.(17) 
 
Now, we can put 𝑎0 = 0  and construct the smooth 
approximation for the function 𝑓(𝑥): 

𝑍𝑗(𝑥) = 𝑓𝑗 𝑤𝑗(𝑥) + 𝑓𝑗+1 𝑤𝑗+1(𝑥) +

 𝑎𝑗𝑤𝑗(𝑥)𝑤𝑗+1(𝑥),      𝑥 ∈ [𝑥𝑗, 𝑥𝑗+1] .         (18) 
 
We assume a uniform grid is constructed on [𝑎, 𝑏]. 
Thus, on the interval [𝑥0, 𝑥1] we have: 

𝑍0(𝑥) = 𝑓0 𝑤0(𝑥) + 𝑓1 𝑤1(𝑥).         (19) 
 
On the interval [𝑥1, 𝑥2], we have the approximation 
in the form: 

𝑍1(𝑥) = 𝑓1 𝑤1(𝑥) + 𝑓2 𝑤2(𝑥) + 𝐴12, 
𝐴12 = ((𝑓1 − 𝑓0) + (𝑓1 − 𝑓2))𝑤1(𝑥)𝑤2(𝑥).  (20) 

 
Expanding the functions 𝑓0, 𝑓2using Taylor's 

formula in the neighborhood of the point 𝑥1, we 
have: 

𝑓1 − 𝑓0 = −ℎ 𝑓
′(𝑥1) + 𝑂(ℎ

2), 
𝑓1 − 𝑓2 = ℎ 𝑓

′(𝑥1) + 𝑂(ℎ
2).              (21) 

 
Thus, we obtain the relation: 

 |𝐴12| = |(𝑓1 − 𝑓0) + (𝑓1 − 𝑓2)||𝑤1(𝑥)𝑤2(𝑥)| ≤     
 𝐾ℎ2 max

𝑥∈[𝑥0,𝑥2] 
|𝑓′′(𝑥)| .      (22) 

 
Next, on the interval [𝑥2, 𝑥3], we have: 
𝑍2(𝑥) = 𝑓2 𝑤2(𝑥) + 𝑓3 𝑤3(𝑥) + 𝐴23, 

𝐴23 = ((𝑓0 − 𝑓1) + 2(𝑓2 − 𝑓1)                

+ (𝑓2 − 𝑓3))𝑤2(𝑥)𝑤3(𝑥).         (23) 
 

Similarly, expanding the functions 𝑓0, 𝑓2, using 
Taylor's formula in the local area of the point 
𝑥1,     and expanding the functions  𝑓1, 𝑓3, in the 
local area of the point 𝑥2, we have: 

|(𝑓0 − 𝑓1) + (𝑓2 − 𝑓1)| ≤ 𝐾1ℎ
2 max
[𝑥0,𝑥2] 

|𝑓′′|, (24) 

 

|(𝑓2 − 𝑓3) + (𝑓2 − 𝑓1)| ≤ 𝐾2ℎ
2 max
[𝑥1,𝑥3] 

|𝑓′′|, (25) 

 
𝐾1 = const, 𝐾2 = const, and we obtain that 

|𝐴23| ≤ 𝐾3ℎ2 max
[𝑥0,𝑥3] 

|𝑓′′| , 𝐾3 = const.  (26) 
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It is not difficult to see that the following theorem is 
valid. 
Theorem 1. To estimate the approximation of a 

function 𝑓 ∈ 𝐶2[𝑥𝑗, 𝑥𝑗+1], the following relation 

holds:  

∥ 𝑓 − 𝑆𝑗 ∥𝐶[𝑥𝑗,𝑥𝑗+1]≤
1

8
ℎ2  ∥ 𝑓′′ ∥𝐶[𝑥𝑗,𝑥𝑗+1]+ 

ℎ2 𝐾𝑗 ∥ 𝑓
′′ ∥𝐶[𝑥0,𝑥𝑗+1], where 𝐾𝑗 =  const. (27) 

 

Proof. Expanding 𝑓𝑗+1, 𝑓𝑗−1, using the Taylor 
formula in the local areas round the points 𝑥𝑗+1 and 
𝑥𝑗−1 , we get the relations: |(𝑓𝑗 − 𝑓𝑗−1) +

(𝑓𝑗 − 𝑓𝑗+1)| ≤ 𝑘𝑗ℎ
2 max
[𝑥𝑗−1,𝑥𝑗+1] 

|𝑓′′(𝑥)|, 𝑘𝑗 = const.  

Note that on the interval [𝑥𝑗, 𝑥𝑗+1] we can use x, 𝑥 ∈

[𝑥𝑗, 𝑥𝑗+1] ,  in the form  𝑥 = 𝑥𝑗 + 𝑡ℎ, 𝑡 ∈ [0,1], so 
we have the relations:𝑤𝑗(𝑥𝑗 + 𝑡ℎ) = 1 − 𝑡,  
 𝑤𝑗+1(𝑥𝑗 + 𝑡ℎ) = 𝑡, and therefore, on the interval 
[𝑥𝑗, 𝑥𝑗+1] the next estimate holds: |𝑤𝑗(𝑥𝑗 +
𝑡ℎ)𝑤𝑗+1(𝑥𝑗 + 𝑡ℎ)| ≤

1

4
.  

Using the relation |𝑎𝑗 𝑤𝑗(𝑥)𝑤𝑗+1(𝑥)| ≤ 𝐾𝑗ℎ2 when 
𝑥 ∈ [𝑥𝑗, 𝑥𝑗+1] and applying estimate (9), we obtain  
the desired statement. 
 
The theorem is proved. 
 
Corollary 1. When using a non-uniform grid of 
nodes, the error estimate will include a term 
dependent on the first derivative of the function and 
with an error order of 𝑂(ℎ), where ℎ = max

𝑖
ℎ𝑖. 

Corollary 2. When introducing additional errors into 
the function values at grid nodes in the case of 
smoothing splines, the error accumulates linearly as 
the grid interval numbers increase. 
 

Consider an example of smoothing a 
continuously differentiable function 𝑓1(𝑥) 
consisting of three parts as follows: 

𝑓1(𝑥) =

{
  
 

  
 −(𝑥 −

1

2
)
2

, 𝑥 ∈ [−1,−
1

2
],   

2𝑥 , 𝑥 ∈ [−
1

2
,
1

2
] ,

(𝑥 +
1

2
)
2

, 𝑥 ∈ [
1

2
, 1 ] .

(28) 

 
The plot of the function𝑓1(𝑥) is shown in Figure 

2. The plot of the first derivative of the function 
𝑓(𝑥) is shown in Figure 3. 

 
Fig. 2: The plot of the function 𝑓1(𝑥) 
Source: created by the authors 

 

 
Fig. 3: The plot of the first derivative of the function 
𝑓1(𝑥)  
Source: created by the authors 

 
The plot of the error of the smoothed 

polynomial approximation of the function 𝑓1(𝑥) is 
given in Figure 4. 

The plot of the error of the continuous 
polynomial approximation of the function 𝑓1(𝑥) is 
given in Figure 5. 

 

 
Fig. 4: The plot of the error of the smoothed 
polynomial approximation of the function 𝑓1(𝑥) 
Source: created by the authors 

 

 
Fig. 5: The plot of the error of the continuous 
polynomial approximation of the function 
𝑓1(𝑥), 𝑛 = 7.  
Source: created by the authors 

 
Now consider an example of smoothing a 
continuous function 𝑓2(𝑥): 

𝑓2(𝑥) =

{
 
 

 
 −1, 𝑥 ∈ [−1,−

1

2
],   

2𝑥 , 𝑥 ∈ [−
1

2
,
1

2
] ,

1 , 𝑥 ∈ [
1

2
, 1] .

             (29) 

 
Using the values of the function 𝑓2(𝑥) at 16 

equally spaced nodes after constructing a smoothing 
approximation, we obtain the function shown in 
Figure 6. 
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Fig. 6: The plot of the smoothed polynomial 
approximation of the function 𝑓2(𝑥)  
Source: created by the authors 

 
The plot of the error of the smoothed 

polynomial approximation of the function 𝑓2(𝑥) is 
given in Figure 7. 

 

 
Fig. 7: The plot of the error of the smoothed 
polynomial approximation of the function 𝑓2(𝑥) 
Source: created by the authors 

 
The plot of the error of the continuous 

polynomial approximation of the function 𝑓2(𝑥) is 
given in Figure 8. 

 
Fig. 8: The plot of the error of the continuous 
polynomial approximation of the function 𝑓2(𝑥), 
𝑛 = 16.  
Source: created by the authors 

 
Now we examine the effect of extra 

experimental errors on the smoothing spline result. 
Suppose the errors arise from data rounding in 
computer memory, or the errors arise due to the 
experiments. For definiteness, suppose the quantity 
of nodes is given with 𝑛 = 15 and the test function 
is the next: 𝑓3(𝑥) =

1

1+25 𝑥2
. This function is known 

as the Runge function. The Runge function is often 
used as a test function. We add extra errors eps with 
values not more than  𝑒𝑝𝑠 = 0.000017 into the 
Runge function’s values at odd grid nodes. Figure 9 
shows a plot of the approximation error when using 
smoothed splines (𝑛 = 60). Figure 10 shows a plot 
of the approximation error when using linear 
polynomial splines (𝑛 = 60). The plots on Figure 9 
and Figure 10 show that the smoothed 
approximation error increases linearly with 
increasing grid interval number if an additional error 

is introduced into the values of the function at grid 
nodes. 

 

 
Fig. 9: The plot of the approximation error when 
using smoothed splines (𝑛 = 60, with extra errors) 
Source: created by the authors 

 

 
Fig. 10: The plot of the approximation error when 
using linear polynomial splines (𝑛 = 60, with extra 
errors)  
Source: created by the authors 

 
For comparison, in Figure 11, we present the 

plot of the approximation error without adding extra 
errors into the Runge function’s values. 

 

 
Fig. 11: The plot of the approximation error when 
using smoothed splines (𝑛 = 60, without extra 
errors) 
Source: created by the authors 

 
The plot of the error of approximation of the 

first derivative of the Runge function when using 
smooth polynomial splines is given in Figure 12. 

 

 
Fig. 12: The plot of the error of approximation of 
the first derivative of the Runge function when 
using smooth polynomial splines (𝑛 = 60, with 
extra errors)  
Source: created by the authors 

 
It should be noted that smoothing splines are 

useful when solving integral equations. 
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By replacing the unknown function in the 
integral part using spline approximations, we reduce 
the solution of the integral equation to the solution 
of a system of algebraic equations. The solution to 
this system of equations (linear or nonlinear) is the 
framework of an approximate solution. Smoothing 
splines can then be used to construct a continuously 
differentiable solution of the integral equation. 

The smoothing splines are useful when solving 
boundary value problems with grid methods or 
variational methods. When we have obtained the 
framework of an approximate solution, then the 
smoothing splines can be used to construct a 
continuously differentiable solution of the boundary 
value problem. 

The method can be used for constructing a 
smooth approximation on both uniform and non-
uniform grids. For the examples below in the next 
section, a non-uniform grid of nodes was used, 
constructed using the roots of the Chebyshev 
polynomial of the first kind on the interval [−1,1]. 
The Chebyshev polynomial of the first kind has the 
form 𝑇𝑚(𝑥) = cos(𝑚 arccos(𝑥)).  
 

The roots of  𝑇𝑚(𝑥)  when 𝑚 = 16 are as 
follows: 
𝑥[0] ≈ −0.9952, 𝑥[1] ≈ −0.9569, 𝑥[2] ≈ −0.8819, 
  𝑥[3] ≈ −0.7730, 𝑥[4] ≈ −0.6344, 𝑥[5] ≈ −0.4714, 
 𝑥 [6] ≈ −0.2903, 𝑥[7] ≈ −0.09802, 𝑥[8] ≈ 0.09802, 
𝑥[9] ≈ 0.2903, 𝑥[10] ≈ 0.4714, 𝑥[11] ≈ 0.6344, 
𝑥[12] ≈ 0.7730, 𝑥[13] ≈ 0.8819, 𝑥[14] ≈ 0.9569, 
𝑥[15] ≈ 0.9952. 
 
2.2  Non-Polynomial Case 
For constructing smooth approximations using non-
polynomial splines, we will use the construction 
scheme described in the previous section. 
 
In the trigonometrical case, the basis functions are 
as follows: 

𝑤𝑗(𝑥) =
sin (𝑥 − 𝑥𝑗+1)

sin (𝑥𝑗 − 𝑥𝑗+1)
, 𝑥 ∈ [𝑥𝑗, 𝑥𝑗+1], (30) 

𝑤𝑗+1(𝑥) =
sin (𝑥 − 𝑥𝑗)

sin(𝑥𝑗+1 − 𝑥𝑗)
, 𝑥 ∈ [𝑥𝑗, 𝑥𝑗+1] . (31) 

 
It should be mentioned that on an equidistant set 

of node with step ℎ the basis functions are as 
follows: 𝑤𝑗(𝑥𝑗 + 𝑡ℎ) = 1 − 𝑡 + 𝑂(ℎ

2),𝑤𝑗+1(𝑥𝑗 +

𝑡ℎ) = 𝑡 + 𝑂(ℎ2),  where  𝑡 ∈ [0, 1]. 
The continuous approximation with the 

trigonometric splines on the grid interval [𝑥𝑗, 𝑥𝑗+1] 
we construct in the form: 

𝑆𝑗
𝑇(𝑥) = 𝑓𝑗 𝑤𝑗(𝑥) + 𝑓𝑗+1 𝑤𝑗+1(𝑥).       (32) 

 

The error of the continuous approximation with 
the splines is as follows, [18]: ∥ 𝑓 −
𝑆𝑗
𝑇 ∥𝐶[𝑥𝑗,𝑥𝑗+1]≤ 𝐾ℎ2  ∥ 𝑓′′ + 𝑓 ∥𝐶[𝑥𝑗,𝑥𝑗+1] . 

Recall that we find the basis splines using 
approximation identities, applying the Chebyshev 
system of functions 𝜑0(𝑥) = sin (𝑥), 𝜑1(𝑥) =
cos (𝑥). 

The smooth approximation for the function 
𝑓(𝑥)  we construct in the form:  

𝑍𝑗(𝑥) = 𝑓𝑗 𝑤𝑗(𝑥) + 𝑓𝑗+1 𝑤𝑗+1(𝑥) +

 𝑎𝑗𝑤𝑗(𝑥)𝑤𝑗+1(𝑥),      𝑥 ∈ [𝑥𝑗, 𝑥𝑗+1].           (33) 
 
Thus, to fulfill the relation  𝑍𝑗−1′ (𝑥𝑗) = 𝑍𝑗

′(𝑥𝑗) 
at each node 𝑥𝑗, 𝑗 = 1, 2, … , 𝑛 − 1, the following 
expression should be fulfilled in the trigonometrical 
case: 

𝑎𝑗 = 𝑎𝑗−1
sin(−𝑥𝑗+1+𝑥𝑗)

sin(𝑥𝑗 − 𝑥𝑗−1)
+ 𝐹,    (34) 

 
where 𝐹 = 𝑓𝑗 cos(𝑥𝑗+1−𝑥𝑗) − 𝑓𝑗+1+ 

𝑓𝑗−1  sin(𝑥𝑗 − 𝑥𝑗+1)/sin(𝑥𝑗 − 𝑥𝑗−1) 
−𝑓𝑗 cos(𝑥𝑗+1−𝑥𝑗) sin(𝑥𝑗 − 𝑥𝑗+1)/sin(𝑥𝑗 − 𝑥𝑗−1). 

 
The formula above is constructed on a 

nonuniform set of nodes. When the nodes are 
equidistant ones with step ℎ, then the relation can be 
written in more simple form 𝑎𝑗 = −𝑎𝑗−1 +

2𝑓𝑗 cos(ℎ) − 𝑓𝑗+1 − 𝑓𝑗−1. 
 

The approximation with the smooth 
trigonometric splines on the interval [𝑥1, 𝑥2]  can be 
written in the form: 

𝑍1(𝑥) = 𝑓1 𝑤1(𝑥) + 𝑓2 𝑤2(𝑥) + 𝐴12,   (35) 
 
where 𝐴12 = (2 𝑓1 cos(ℎ) − 𝑓0 − 𝑓2)𝑤1(𝑥)𝑤2(𝑥) 
 
Using the relation  cos(ℎ) = 1 − ℎ2

2
+ 𝑂(ℎ3); 

 
We get: 

𝐴12 = ((𝑓1 − 𝑓0) + (𝑓1 − 𝑓2))𝑤1(𝑥)𝑤2(𝑥)

+ 𝑂(ℎ2). 
 
Thus, |𝐴12| ≤ 𝐾1ℎ2 max

[𝑥0,𝑥2] 
|𝑓′′|. 

 
The approximation with the smooth 

trigonometric splines on the interval [𝑥2, 𝑥3]  can be 
written in the form: 

𝑍2(𝑥) = 𝑓2 𝑤2(𝑥) + 𝑓3 𝑤3(𝑥) + 𝐴23, (36) 
where  𝐴23 = (−2 𝑓1 cos(ℎ) + 2 𝑓2 cos(ℎ) + 𝑓0 +
𝑓2 − 𝑓1 − 𝑓3)𝑤1(𝑥)𝑤2(𝑥). 
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Thus |𝐴23| ≤ 𝐾2ℎ2 max
[𝑥0,𝑥3] 

|𝑓′′|. 

It is not difficult to see that the following theorem is 
valid. 
 
Theorem 2. To estimate the approximation of a 

function 𝑓 ∈ 𝐶2[𝑥𝑗, 𝑥𝑗+1], the following relation 

holds:  

∥ 𝑓 − 𝑆𝑗 ∥𝐶[𝑥𝑗,𝑥𝑗+1]≤ 𝐾ℎ
2  ∥ 𝑓′′ + 𝑓 ∥𝐶[𝑥𝑗,𝑥𝑗+1] + 

ℎ2 𝐾1 ∥ 𝑓
′′ ∥𝐶[𝑥0,𝑥𝑗+1], (37) 

where 𝐾, 𝐾1 =  const. 
 

 

3 The Results of Numerical 

 Experiments 

Numerical experiments were conducted using the 
Maple computer algebra package. Figure 13, Figure 
14, Figure 15, Figure 16, Figure 17, Figure 18, 
Figure 19, Figure 20, Figure 21, Figure 22, Figure 
23, Figure 24, Figure 25, Figure 26, Figure 27, and 
Figure 28 show the results of numerical 
calculations. We take the Runge function  𝑓(𝑥) =

1

1+25𝑥2
 on interval [-1,1]. The set of equidistant or 

non- equidistant nodes 𝑥𝑗, 𝑗 = 0,1,… , 𝑛, 𝑛 =

15,𝑤𝑒𝑟𝑒 constructed on the interval [-1 ,1], and the 
values of the function 𝑓(𝑥) at these points 𝑥𝑗 were 
used.  

Figure 13 shows the plot of the Runge function 
on the interval [-1 ,1]. 

Figure 14 shows the plot of the error of 
approximation (𝑅(𝑥) = 𝑓(𝑥) − 𝑆(𝑥)) of the 
smoothed approximation for the Runge function 
when using nodes taken as roots of the Chebyshev 
polynomial (𝑛 = 15). 

Figure 15 shows the plot of the error of the 
piecewise linear approximation for the Runge 
function when using nodes taken as roots of the 
Chebyshev polynomial (𝑛 = 15). 

Figure 16 shows the plot of the approximation 
of the first derivative of the smoothed 
approximation when using nodes taken as roots of 
the Chebyshev polynomial (𝑛 = 15). 

Figure 17 shows the plot of the error of 
approximation of the first derivative of the 
smoothed approximation when using nodes taken as 
roots of the Chebyshev polynomial (𝑛 = 15). 

Figure 18 shows the plot of the error of 
approximation of the first derivative of the Runge 
function with piecewise linear approximation when 
using nodes taken as roots of the Chebyshev 
polynomial (𝑛 = 15). 

Figure 19 shows the plot of the error of the 
smoothed approximation for the Runge function 
when using equidistant nodes (𝑛 = 15). 

Figure 20 shows the plot of the error of the 
piecewise linear approximation for the Runge 
function when using equidistant nodes (𝑛 = 15). 

Figure 21 shows the plot of the error of 
approximation of the first derivative of the 
smoothed approximation of the Runge function 
when using equidistant nodes (𝑛 = 15). 

Figure 22 shows the plot of the error of 
approximation of the first derivative of the Runge 
function with the smoothed approximation when 
using equidistant nodes (𝑛 = 15). 

Figure 23 shows the plot of the error of the 
smoothed approximation of the Runge function 
when using equidistant nodes (𝑛 = 15). 

Figure 24 shows the plot of the error of the 
piecewise trigonometric approximation of the 
Runge function when using equidistant nodes (𝑛 =
15). 

Figure 25 shows the plot of the error of the 
approximation of the first derivative of the Runge 
function with smooth splines when using equidistant 
nodes (𝑛 = 15). 

Figure 26 shows the plot of the error of the 
approximation of the Runge function with smooth 
splines when using nodes taken as roots of the 
Chebyshev polynomial (𝑛 = 15). 

Figure 27 shows the plot of the error of the 
approximation of the first derivative of the Runge 
function with the piecewise trigonometric 
approximation when using nodes taken as roots of 
the Chebyshev polynomial (𝑛 = 15). 

Figure 28 shows the plot of the error of 
approximation of the first derivative of the Runge 
function with the smooth approximation when using 
nodes taken as roots of the Chebyshev polynomial 
(𝑛 = 15). 

 
Fig. 13: The plot of the Runge function  
Source: created by the authors 
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Fig. 14: The plot of the error of the smoothed 
polynomial approximation for the Runge function 
when using nodes taken as roots of the Chebyshev 
polynomial (𝑛 = 15)  
Source: created by the authors 

 
Fig. 15: The plot of the error of the piecewise linear 
polynomial approximation for the Runge function 
when using nodes taken as roots of the Chebyshev 
polynomial (𝑛 = 15)  
Source: created by the authors 

 

 
Fig. 16: The plot of the first derivative of the Runge 
function (𝑛 = 15)  
Source: created by the authors 

 

 
Fig. 17: The plot of the error of approximation of 
the first derivative of the smoothed polynomial 
approximation when using nodes taken as roots of 
the Chebyshev polynomial (𝑛 = 15)  
Source: created by the authors 

 

 
Fig. 18: The plot of the error of approximation of 
the first derivative of the Runge function with 
piecewise linear polynomial approximation when 
using nodes taken as roots of the Chebyshev 
polynomial (𝑛 = 15)  
Source: created by the authors 

 

 
Fig. 19: The plot of the error of the smoothed 
polynomial approximation for the Runge function 
when using equidistant nodes (𝑛 = 15)  
Source: created by the authors 

 
Fig. 20: The plot of the error of the piecewise linear 
polynomial approximation for the Runge function 
when using equidistant nodes (𝑛 = 15)  
Source: created by the authors 

 

 
Fig. 21: The plot of the error of approximation of 
the first derivative of the smoothed polynomial 
approximation of the Runge function when using 
equidistant nodes (𝑛 = 15)  
Source: created by the authors 
 

 
Fig. 22: The plot of the error of approximation of 
the first derivative of the Runge function with the 
piecewise linear polynomial approximation when 
using equidistant nodes (𝑛 = 15)  
Source: created by the authors 

 
Now we show the results of the trigonometric 
approximations.  
 

 
Fig. 23: The plot of the error of the smoothed 
trigonometric approximation of the Runge function 
when using equidistant nodes ( 𝑛 = 15)  
Source: created by the authors 
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Fig. 24: The plot of the error of the piecewise 
trigonometric approximation of the Runge function 
when using equidistant nodes (𝑛 = 15)  
Source: created by the authors 

 

 
Fig. 25: The plot of the error of approximation of 
the first derivative of the Runge function with the 
smooth trigonometric approximation when using 
equidistant nodes (𝑛 = 15)  
Source: created by the authors 

 

 
Fig. 26: The plot of the error of approximation of 
the Runge function with the smooth trigonometric 
approximation when using nodes taken as roots of 
the Chebyshev polynomial (𝑛 = 15)  
Source: created by the authors 

 

 
Fig. 27: The plot of the error of the approximation 
of the first derivative of the Runge function with the 
piecewise trigonometric approximation when using 
nodes taken as roots of the Chebyshev polynomial 
(𝑛 = 15) 
Source: created by the authors 

 

 
Fig. 28: The plot of the error of approximation of 
the first derivative of the Runge function with the 

smooth approximation when using nodes taken as 
roots of the Chebyshev polynomial (𝑛 = 15)  
Source: created by the authors 

 
The plot of the error of approximation of the 

function 3sin(2πx)+4cos(3πx) with the linear 
approximation when using an equidistant set of 
nodes (𝑛 = 15), is given in Figure 29. 
 

 
Fig. 29: The plot of the error of approximation of 
the function 3sin(2πx)+4cos(3πx) with the linear 
approximation when using an equidistant set of 
nodes  (𝑛 = 15)  
Source: created by the authors 

 
The plot of the error of approximation of the 

function 3sin(2πx)+4cos(3πx) with the linear 
approximation when using an equidistant set of 
nodes, (𝑛 = 15) is given on Figure 30. 
 

 
Fig. 30: The plot of the error of approximation of 
the function 3sin(2πx)+4cos(3πx) with the linear 
approximation when using an equidistant set of 
nodes (𝑛 = 15)  
Source: created by the authors 

 
The plot of approximation of the function 

3sin(2πx)+4cos(3πx) with the smooth polynomial 
approximation when using an equidistant set of 
nodes,  (𝑛 = 15), is given in Figure 31. 
 

 
Fig. 31: The plot of approximation of the function 
3sin(2πx)+4cos(3πx) with the smooth polynomial 

WSEAS TRANSACTIONS on SYSTEMS 
DOI: 10.37394/23202.2026.25.38 I. G. Burova, Zhekai Lan

E-ISSN: 2224-2678 489 Volume 25, 2026



approximation when using an equidistant set of 
nodes (𝑛 = 15)  
Source: created by the authors 

 
The plot of the error of approximation of the 

function 3sin(2πx)+4cos(3πx) with the smooth 
polynomial approximation when using an 
equidistant set of nodes (𝑛 = 15), is given in Figure 
32. 

 
Fig. 32: The plot of the error of approximation of 
the function 3sin(2πx)+4cos(3πx) with the smooth 
polynomial approximation when using an 
equidistant set of nodes (𝑛 = 15)  
Source: created by the authors 

 
The plot of the approximation of the function 

e3x-10ex+e-2x with the linear polynomial 
approximation when using an equidistant set of 
nodes  (𝑛 = 15) is given in Figure 33. 

 

 
Fig. 33: The plot of approximation of the function 
e3x-10ex+e-2x with the linear polynomial 
approximation when using an equidistant set of 
nodes n (𝑛 = 15)  
Source: created by the authors 

 
The plot of the error of approximation of the 

function e3x-10ex+e-2x with the linear polynomial 
approximation when using an equidistant set of 
nodes  (𝑛 = 15) is given in Figure 34. 
 

 

Fig. 34: The plot of the error of approximation of 
the function e3x-10ex+e-2x with the linear 
polynomial approximation when using an 
equidistant set of nodes  (𝑛 = 15)  
Source: created by the authors 

 
The plot of the approximation of the function 

e3x-10ex+e-2x with the smooth polynomial 
approximation when using an equidistant set of 
nodes  (𝑛 = 15) is given in Figure 35. 

 

 
Fig. 35: The plot of approximation of the function 
e3x-10ex+e-2x with the smooth polynomial 
approximation when using an equidistant set of 
nodes (𝑛 = 15)  
Source: created by the authors 

 
The plot of the error of approximation of the 

function e3x-10ex+e-2x with the smooth polynomial 
approximation when using an equidistant set of 
nodes (𝑛 = 15) is given in Figure 36. 
 

 
Fig. 36: The plot of the error of approximation of 
the function e3x-10ex+e-2x with the smooth 
polynomial approximation when using an 
equidistant set of nodes (𝑛 = 15) 
Source: created by the authors 

 
The numerical results presented in Figure 1, 

Figure 2, Figure 3, Figure 4, Figure 5, Figure 6, 
Figure 7, Figure 8, Figure 9, Figure 10, Figure 11, 
Figure 12, Figure 13, Figure 14, Figure 15, Figure 
16, Figure 17, Figure 18, Figure 19, Figure 20, 
Figure 21, Figure 22, Figure 23, Figure 24, Figure 
25, Figure 26, Figure 27, Figure 28, Figure 29, 
Figure 30, Figure 31, Figure 32, Figure 33, Figure 
34, Figure 35, and Figure. 36 demonstrate the 

WSEAS TRANSACTIONS on SYSTEMS 
DOI: 10.37394/23202.2026.25.38 I. G. Burova, Zhekai Lan

E-ISSN: 2224-2678 490 Volume 25, 2026



results of the application of the proposed continuous 
and smooth spline approximations.  

Table 1 and Table 2 show the approximation 
results for the Runge function when continuous and 
smooth splines were used. Table 3 and Table 4 
below show the error of the first derivative of the 
Runge function when continuous and smooth 
splines were used. The interval [−1,1] was 
considered, and a grid of uniform and non-uniform 
nodes (𝑛 = 15) was constructed. The roots of the 
Chebyshev polynomial were used as an example of 
how irregular grid nodes are used. The Tables show 
the maximum approximation errors for the grid 
intervals. 
 

Table 1. The actual errors of approximations of the 
Runge function when polynomial approximations 

were used 
𝑓(𝑥) Equidistant nodes Chebyshev nodes 

cont.sp
l 

smooth 
spl.  

cont.spl
. 

smooth 
spl 

1

1 + 25𝑥2
 

0.10  0.019 0.19 0.014 

Source: created by the authors. 

 
Table 2. The actual errors of approximations of the 
Runge function when trigonometric approximations 

were used 
𝑓(𝑥) Equidistant nodes Chebyshev nodes 

 cont.spl. smooth cont.spl. smooth spl. 
1

1 + 25𝑥2
 

0.1 0.02 0.19 0.013 

Source: created by the authors. 

 
 
Table 3. The actual errors of approximations of the 

first derivatives of the Runge function when 
polynomial approximations were used 

𝑓(𝑥) Equidistant nodes Chebyshev nodes 
cont.spl smooth spl. cont.spl smooth 

spl 
1

1 + 25𝑥2
 2.70 0.85 3.2 0.50 

Source: created by the authors. 

 

 

Table 4. The actual errors of approximations of the 
first derivatives of some of the Runge functions 
when trigonometric approximations were used 
𝑓(𝑥) Equidistant nodes Chebyshev nodes 

cont.spl. smooth spl. cont.spl. smooth 
spl. 

1

1 + 25𝑥2
 2.64 0.85 3.1 0.5 

Source: created by the authors. 

 

Next, we consider how the approximation errors 
change when refining the grid of nodes. 

Table 5, Table 6, Table 7, and Table 8 present 
the maximums (in absolute value) of the errors of 
approximations of functions 𝑓(𝑥) on a refined 
uniform grid of nodes for 𝑁 = 8, 16, 32, 64, and 128 
when the linear splines were used. Calculations 
were done in Maple when Digits=15, 𝑁 = 𝑛 +
1 , [𝑎, 𝑏] = [−1,1]. 
 

The following notations are used in Table 5, 
Table 6, Table 7, and Table 8:     𝑓1(𝑥) = 𝑥, 𝑓2(𝑥) =
𝑥7 − 5𝑥5 + 9𝑥4 + 2𝑥2 − 4𝑥 + 3, 𝑓3(𝑥) =

3 sin2𝜋𝑥 + 4 cos 3𝜋𝑥, 𝑓4(𝑥) = e
3 𝑥-10 e𝑥+e-2 𝑥, 

𝑓5(𝑥) =
1

1+25𝑥2
. 

 

Table 5 shows the maximums (in absolute 
value) of the errors of linear polynomial 
approximations of functions 𝑓(𝑥). 
 

Table 5. The maximums (in absolute value) of the 
errors of linear polynomial approximations of  

functions f(x) 
𝑓(𝑥) N = 8 N =16 N =32 N =64 N =128 
𝑓1(𝑥) 0.1 10-14 0.1 10-14 0.1 10-14 0.1 10-14 0.1 10-14 
𝑓2(𝑥) 1.04 0.26 0.71 10-1 0.17 10-1 0.46 10-2 
𝑓3(𝑥) 2.92 0.86 0.22 0.55 10-1 0.13 10-1 
𝑓4(𝑥) 0.90 0.22 0.61 10-1 0.14 10-1 0.39 10-2 
𝑓5(𝑥) 0.33 0.2210-1 0.60 10-2 0.15 10-2 0.38 10-3 
Source: created by the authors. 

 

Table 6 presents the maximums (in absolute 
value) of the errors of smooth polynomial 
approximations of functions 𝑓(𝑥) on a refined 
uniform grid of nodes for 𝑁 = 8, 16, 32, 64, and 
128.  
 

Table 6. The maximums (in absolute value) of the 
errors of smooth polynomial approximations of 

functions f(x) 
𝑓(𝑥) 𝑁 = 8 𝑁 =16 𝑁 =32 𝑁 =64 𝑁 =128 
𝑓1(𝑥) 0.1 10-14 0.1 10-14 0.1 10-14 0.1 10-14 0.1 10-14 
𝑓2(𝑥) 1.04 0.29 0.78 10-1 0.20 10-1 0.51 10-2 
𝑓3(𝑥) 2.67 0.60 0.16 0.42 10-1 0.11 10-1 
𝑓4(𝑥) 0.20 0.44 10-1 0.12 10-1 0.31 10-2 0.79 10-3 
𝑓5(𝑥) 0.14  0.18 10-1 0.21 10-2 0.14 10-3 0.14 10-4 
Source: created by the authors. 

 

Table 7 presents the maximums (in absolute 
values) of the errors of linear trigonometric 
approximations of functions 𝑓(𝑥) on a refined 
uniform grid of nodes for 𝑁 = 8, 16, 32, 64, and 
128.  
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Table 7. The maximums (in absolute values) of the 
errors of linear trigonometric approximations of 

functions f(x) 
𝑓(𝑥) 𝑁 = 8 𝑁 =16 𝑁 =32 𝑁 =64 𝑁 =128 
𝑓1(𝑥) 0.69 10-2 0.17 10-2 0.43 10-3 0.11 10-3 0.28 10-4 
𝑓2(𝑥) 1.17 0.30 0.79 10-1 0.19 10-1 0.51 10-2 
𝑓3(𝑥) 2.90 0.85 0.21 0.55 10-1 0.13 10-1 
𝑓4(𝑥) 0.73 0.21 0.57 10-1 0.13 10-1 0.37 10-2 
𝑓5(𝑥) 0.59 10-2 0.50 10-1 0.18 10-1 0.51 10-2 0.12 10-2 
Source: created by the authors. 

 

Table 8 presents the maximums (in absolute 
values) of the errors of smooth trigonometric 
approximations of functions 𝑓(𝑥) on a refined 
uniform grid of nodes for 𝑁 = 8, 16, 32, 64, and 128.  
 

Table 8. The maximums (in absolute value) of the 
errors of smooth trigonometric approximations of 

functions f(x) 
𝑓(𝑥) 𝑁 = 8 𝑁 =16 𝑁 =32 𝑁 =64 n =128 
𝑓1(𝑥) 0.69 10-2 0.18 10-2 0.47 10-3 0.12 10-3 0.30 10-4 
𝑓2(𝑥) 1.17 0.33 0.88 10-1 0.23 10-1 0.58 10-2 
𝑓3(𝑥) 2.67 0.59 0.16 0.41 10-1 0.11 10-1 
𝑓4(𝑥) 0.18 0.50 10-1 0.14 10-1 0.35 10-2 0.90 10-3 
𝑓5(𝑥) 0.41 10-1 0.69 10-1 0.13 10-2 0.17 10-3 0.14 10-4 
Source: created by the authors. 

 
Consequently, when constructing a smoothed 

approximation, an oscillation may occur if the nodes 
are chosen poorly (see the example of 
approximating the Runge function on a uniform grid 
of nodes with 𝑛 = 16, Figure 37). 
 

 
Fig. 37: The plot of the approximation of the Runge 
function by smoothed splines obtained for n = 16. 
Source: created by the authors. 

 
The plot of the error of approximation of the 

Runge function by smoothed splines obtained for 
𝑛 = 16 is shown in Figure 38. 
 
 

 

Fig. 38: The Runge function approximation error 
obtained for n =  16.  
Source: created by the authors. 
 

We can change the number of grid nodes (for 
example, we can increase the set of nodes by 1 
node) and put 𝑛 = 17). In this case, the error 
decreases significantly, and the oscillation 
disappears (Figure 39). 
 

 
Fig. 39: The plot of the approximation error of the 
Runge function obtained for n = 17.  
Source: created by the authors. 
 
Note that as the number of nodes increases, the error 
decreases in all cases. 
 
Remark. While working on responses to reviewers' 
comments, the authors discovered paper, [19], on 
the same topic, which examines the construction of 
smooth polynomial splines on an equidistant set of 
nodes. In paper, [19], the smoothing coefficient was 
selected based on the solution of an extremal 
problem. They minimized the norm of the first 
derivative.   

In this paper, when constructing smooth splines, 
we based our approach on the idea of constructing 
smooth splines using only local continuous 
interpolation splines, both as polynomial and as 
non-polynomial, on both uniform and non-uniform 
grids. We take the first smoothing coefficient equal 
to zero. The resulting solution proposed by the 
authors of our paper is similar to the resulting 
solution in [19]; our way of construction is simpler 
and can be easily generalized to the non-polynomial 
splines on non-uniform grids and splines of arbitrary 
power. 
 
 

4 Conclusion 
This paper presents the results of theoretical and 
experimental aspects on approximation by smooth 
second-order splines using polynomial and non-
polynomial splines. The construction of smoothed 
non-polynomial approximations is discussed using 
the example of constructing smooth trigonometric 
splines. 
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A comparison of the results obtained using 
piecewise continuous splines with piecewise smooth 
splines of the second-order splines is performed.  

Future studies will consider the construction of 
the smooth approximations using other types of 
non-polynomial splines. 
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