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Abstract: This article proposes a new distribution called the mixture Nakagami-Rayleigh (mNR)
distribution, which is obtained by combining Nakagami and Rayleigh distributions. The maximum
likelihood estimator (MLE) is the primary approach we propose to estimate the parameters for the
mN-R distribution. This paper also presents related functions of the mNR distribution, such as the
survival function, the probability density function (PDF), the cumulative distribution function (CDF),
and the hazard function, along with the important mathematical properties of the mNR, distribution.
Additionally, plots of the important functions of the mNR distribution are illustrated as line plots
and contour plots. Furthermore, we present a simulation study to demonstrate the flexibility of the
mNR distribution. Finally, the article concludes by summarizing the key outcomes and providing
recommendations for future work.
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1 Introduction to handle data in diverse ways for different

purposes. Owing to the continuous efforts of
In recent decades, the development of new researchers, numerous probability distributions
forms of probability distributions has continued have been developed and refined over time.
to emerge in response to the increasing need Among the well-known and widely applied
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distributions are: the Gompertz distribution,
[1], the Weibull distribution, [2], the gamma
distribution, [3], the logistic distribution, [4], the
log-logistic distribution, [5], and the Nakagami
distribution, [6]. These distributions have been
applied across various fields, including medicine,
[7], information and communication technology
(IOT), [6], agriculture and pest management, [5].

The Nakagami distribution has proven to
be particularly important in many contexts,
such as in the modeling of fading channels.
Examples of this problem can be found in [6],
[8]. In this context, the Nakagami distribution
has also proven to be an incredibly useful
tool in calculating the average bit error rate
(BER) for differential phase shift keying (DPSK)
modulation and in analyzing minimum shift
keying (MSK), [9], [10], [11]. In addition, the
Nakagami distribution can also be applied to
positive-valued data. For example, in medical
imaging, it has been used for ultrasonic tissue
characterization, [12], [13], [14]. In the field of
hydrology, it may be employed to model rainfall
or river flow data, [15], [16]. In reliability
engineering, it can serve as a model for product
lifetime data, particularly when dealing with
censored data, 7], [17], |18].

Based on the aforementioned examples, the
Nakagami distribution is considered one of the
most widely used statistical tools. To enhance
its accuracy and applicability, researchers have
developed more complex forms of the Nakagami
distribution. These generalized models aim to
better accommodate complex data structures
or to incorporate characteristics of other
distributions. Examples of such work include
the following studies: The generalized odd
Nakagami-G distribution expands the Nakagami
distribution by combining it with other baseline
distribution functions to increase the flexibility of
simulating real data, [19]. The Inverse Nakagami
distribution is used for statistical inference when
the lifetime of a product follows this distribution,
[7], [20]. The N«Nakagami distribution has been
proposed to describe the behavior of cascaded
fading channels, [21], [22]. Besides the Nagarami
distribution, another distribution widely used
and interesting is the Rayleigh distribution.

The Rayleigh distribution, which is a
special case of the Nakagami distribution,
has been widely used in wireless communication,
particularly for modeling fading channels
in scenarios without a line-of-sight (LOS)
component, [8], [10]. Additionally, the Rayleigh
distribution is a model that is suitable for
high-density urban environments, [23]. The
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Rayleigh distribution has been enhanced
and presented in various forms, such as:
the  Rayleigh-Rayleigh  distribution,  [24],
the Weibull-Rayleigh distribution, [25], the
exponentiated Rayleigh, [26], the Rayleigh
Gamma gompertz distribution, [27], the
Rayleigh-lognormal  distribution, [28|,  the
Rayleigh-generalized inverse Gaussian
distribution, [29], and the Rayleigh-inverse

Gaussian distribution, [30]. In this work, we
present a mixture of the Nakagami and Rayleigh
distributions. = We discuss the mathematical
properties and parameter estimation of the
proposed distribution, including a simulation
study and an example of its application.

The structure of this article consists
of the following:  Section explains the
original form of the Nakagami and Rayleigh
distributions. This section presents their PDF's
and CDFs in preparation for use in the next
section. In Section Wwe propose a new
distribution by combining the Nakagami and
Rayleigh distributions referred to as the mN-R
distribution. Additionally, in this section also
presents the PDF, CDF, survival function,
hazard function of the mNR distribution along
wit its mathematical properties. Furthermore,
the parameter estimation method is presented
in Section [4l In addition, Section [5} we perform
simulations of this work. Finally, the conclusion
and discussion of the results is provided in
Section [6l

2 Nakagami and Rayleigh
distributions

The Nakagami distribution (also known as
the m-Nakagami distribution) includes a shape
parameter that allows its form to be adjusted,
providing flexibility in modeling a wide variety
of data characteristics. In particular cases, by
appropriately setting the shape parameter to
1, the Nakagami distribution reduces to the
Rayleigh distribution. Additionally, when the
shape parameter is set to 0.5, the Nakagami
distribution can also reduce to the half-normal
distribution, [6], [31], [32]. Some studies have
presented applications that combine the Rayleigh
and Nakagami distributions in various forms, |33],
[34]. In this work, we propose a novel alternative
model that differs from those in previous research.
In the following, we present the PDFs and CDFs
of the Nakagami and Rayleigh distributions.
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2.1 Nakagami distribution

The PDF (gny) and CDF (Gy) of
Nakagami distribution can be written as

the

and

where § > 0 and A > 1/2 denote the shape
and scale parameters the Nakagami distribution,
respectively. The variable t > 0 denotes a random
variable. T'(\) denotes the Gamma function of A.

2.2 Rayleigh distribution

The PDF (gr) and CDF (GRr) of the Rayleigh
distribution can be written as

_ b o
TP\ T2 )

2
Gr(t) =1—exp <—252) ,

where § > 0 denote the scale parameter of the
Rayleigh distribution.

gr(t) (3)

and

(4)

3 Mixture Nakagami—Rayleigh
(mNR) distribution

This section presents fundamental functions
and analytical properties of the new mNR
distribution.

3.1 PDF of the mNR distribution

The Nakagami and Rayleigh PDFs of the
individual components in the mixture are denoted
by gn(t) and gr(t), respectively. Let f(¢) be the
mixture PDF at time ¢, which can be written as
follows:

f(t) = 0gn(t) + (1 = 0)gr(?), (5)

where 0 < 6 < 1 is the mixing parameters, which
determines the proportion of each component in
the mixture. By inserting equations and
into equation , we obtain the mNR PDF as
follows:

_ 20X 5 Ao
IO =roym’™ P <ﬁt>

t t2

(6)
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3.2 Validity check of the distribution
We integrate the mNR PDF presented in

equation @ with respect to t from 0 to infinity

as part of the validity check of the distribution:

[

2000 oy —Ao
Ty P <Bt>

+7(1—9)t LA P
52 exp 252 = 1.
0

This proved that the density function in @
belongs to a valid distribution.

(7)

3.3 CDF of the mNR Distribution

In this subsection, we present the CDF of the
mNR distribution, denoted by F(t). Based on
the mNR CDF presented in , the CDF can be
formulated as:

/ f(2)dz
0

/ (0gn () + (1 — 0)gn(x))dz
0

F(t)

(8)

=0GN(t) + (1 — )Gr(t).

By substituting equations and into , we
obtain the mNR, CDF as follows:

=gl (-4

r-0 (1 (-2)).

3.4 Survival function for the mNR

distribution
One of the important functions is the survival
function S(¢), which can be expressed as follows:

(9)

S(t) =1— F(t). (10)

Based on the mNR CDF shown as @, the
survival function of the mNR distribution can be
written as follows:

S(t) =1 — [I‘(H)\)’y ()\, 2#)
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3.5 Hazard rate function for the
mNR distribution
Referring to the PDF and the survival
function, the hazard function can be expressed
using the following relation:

ft)

h(t) = .
(t) @)
Using equations @, and , the hazard

function for the mNR distribution can be written
as

(12)

200> 422—1 —A42 t
P Lexp () + (1 - 0) 58

h(t)=1_{F(g/\)7</\,2t2)+(1_9)(1—5)},
(13)

where £ = exp (—%).

3.6 Moments

Using the mNR PDF in equation (b)), the
moments of the mNR distribution can be derived
as follows:

oo

s

0

W= E(T7) = (14)

where r(= 1,2,3,...) denotes the order of the
moment. By substituting equation @ in ,
we have

[o¢]
M'TZ/
0

+(1-96)

200 oy <—/\
21 ox t2>
r'(\)pA P\

tr+1 t2
52 exXp <—252> dt

ZQF(A+§) (5)2

(15)
() \A
+(1—6)0725T (% + 1) .

The first and second moments, denoted by p} and
ph respectively, can be written as:

py =E(T)
P(A+3) (B): x  (16)
=~y (3) +a-ong
and
py =B(T?)

=06+ (1 — 0)26%. (a7)
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3.7 Variance of the mNR distribution

The wvariance of the mNR distribution,
denoted by Var(T), can be calculated using the

standard formula as
Var(T) = E(T?) - [E(T))?, (18)

Substituting £(7T") and E(T?) shown in (16} and
(17)) respectively, we obtain

Var(T) = 68 + (1 — §)26>

PSR () vamonfl]

3.8 Standard deviation
Next, the standard deviation of the mNR

distribution (Std(t)) is given by
Std(t) =+v/Var(T)

=08+ (1-0)20% — (E(T))?,

(20)

where

E(T) = QF(FA&)%) (f) +(1- 9)5\/2.

3.9 Coefficient of variation

The coefficient of variation (CV') of the mNR
distribution can be calculated using the following
formula:

_ Std(t)
cV = B(T) (21)
Therefore, the C'V can be written as
08 + (1 — 6)262 — [O]?
CV = \/ ( ) i (22)

D(A 3 B =
0" (9) v -0)sy3

3.10 Harmonic mean
For the mNR distribution, the harmonic mean
(HM) is calculated using the following equation:

s )
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Therefore, the HM can be written as

1/
HM:GM <2> +

(1-0) /n
3 5 (24)

3.11 Moments generating function

We can calculate the moments generating
function of the mNR distribution, (Mr(x)) using
the following formula:

By substituting p.. presented in into , we
obtain
L E5) (B
I'(\) A

+(1-9)0725T (g + 1)

(26)

3.12 Characteristic function

The characteristic function of the mNR
distribution ¢r(x), is a function that completely
specifies the distribution and can be written as:

03 ()

—9)T2iT (g + 1)

(27)
+(1

3.13 Cumulant generating function

The cumulant generating function of the mNR
distribution Kp(x) can be written as:

—logz [ A+)<§>;

+(1—9)0725T (g + 1)

(28)

3.14 Incomplete moments

The incomplete moments A,(z) is calculated
using the following equation:

xT

A(z) = / FF(t)dt.

0

(29)
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By substituting equation (6] in (26]), we can write

Ay (z) as follows:
Ar(z) = / 200 oxert g (‘%2)
NIV LNOVER "5
2
exp< 252) dt.

tr-‘rl
52

By simplifying , the incomplete moments can

be written as

AR

o (T2 22

(30)

+(1-9)

(31)

3.15 Mean residual life (MRL)

The mean residual life (MRL) is a fundamental
metric in reliability analysis. It represents
the conditional expectation of an item’s future
lifetime, given that it has operated without failure
until time z. The MRL is given by:

mi(x) = E[(T — z)|T > x]. (32)

For the mNR distribution, the MRL function can
be calculated using the following formula:

s (8) v - 0yT -
1—ﬁ7(A,gt2) —(1-0)(1-¢&)
(33)

mi(x) =

where

G = F(GA) <§> l gl
-a-opiy (3.5,

t2
8 = exXp <_262> .

3.16 Mean deviations

In this subsection, we present the mean
deviation (MD) of the mNR distribution. We
consider two measures: the mean deviation
about the mean (M D(u)) and about the median
(MD(M)), respectively. The MD(u) can be
calculated using the following formula:

[NV

N
>

+

S8 N =
=] >
8

(V)
N————

m
MD(p) = 2uG () — 2 /0 W (34)
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Therefore, we obtain the mean as follows:

1 1

MD0029F(A+2>(f)2+uam¢f

T(\)

—2! <><

+(1- 9)5257 (;’ 2’22> ]

Similarly, the MD about median M D (M) can be
calculated using the following formula:

M
MD() = i — 2/0 LAt (36)

Therefore, we obtain the median as follows:

o~ [ ()

+(1-0)0 ]
(37)

RENGE
+ (1= 6)525 (3 %j)}

3.17 Bonferroni Curve
For the mNR distribution, the Bonferroni
curve B(q) of a random variable T is given by

oy

B@szwww (38)

Simplifying the above equation yields:
[r?)\ (8)79+a-0a2y (3 25)]

s (ﬁ); +(1-0)5,/F

9

—_

(39)
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4 MLE for the mNR
distribution

In this section, we apply the method of the
MLE, which is a standard and most widely
used approach, to estimate the parameters
of the mNR distribution. The PDF of the
mNR distribution presented in equation @
includes four parameters: A, 5, d, and 6. The
corresponding log-likelihood function is presented
as follows:

- 20\ )
InL(t,®)=>» In { 22" L exp <t22)
2 Fs 5

i tf

(40)

where t = (t1,12,t3,...,t,) and © = (A, 3,0,6).
Let [ =InL(t,©), and

12 A2
& = exp <_2(§2> , Fi=exp <_5Z> . (41)

By differentiating the log-likelihood function,
shown in , with respect to each parameter
(A, B, 6, 0) and setting the resulting derivatives
to zero, we obtain the system of equations as
follows:
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8[ 1
2)\ 221
X( oo T 525> o
ol 1
o\ ; F2.9,\% t”‘ TF + (a _0)7&
20 (A) LE W (N
. 6N
A 2,\ 1 A
L'(A)
A
40 (%) In(t )12/\ 1.7: (42)
" o)
A
20 () 1 F
=0,
INOVG
8Z 1
20)\“1]%75?’\_1 1)) —o
T ()\) BAH -
ol 1
06 zZ1 er» t2)\ TF + (1 _9)575
t3 ti
(1-— 0)58 2(1 — H)gg =0,
where & and F; are defined as ({41). ¥()\) is the

digamma function, denoted by

d d%l“()\)'

() = 2o (V) =

However, solving the system equations
is challenging due to its complexity.  This
system is difficult to solve because it involves
both gamma and logarithmic function terms.
Therefore, a closed-form solution for the MLE
does not exist. For this reason, it is
necessary to use numerical methods such as
the Newton-Raphson algorithm, the Fisher
scoring algorithm, the expectation-maximization
algorithm, the Quasi-Newton methods, or other
iterative techniques, [35], [36].
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5 Numerical simulations

In this section, we present a numerical study
using R version 4.4.1, [37].

5.1 Graphical representations

In this subsection, we visualize the shape of
the significant functions of the new distribution
presented in Section These graphical shapes
illustrate the variation in the four distribution
parameters: A\, 3,8, and 0. The two-dimensional
(2D) graphical simulations are presented under
different parameter values. Additionally, contour
plots are simulated to explore the dynamical
behavior of these parameters over time. The
baseline parameters used for the plot are:
A= 2560 = 0546 = 08 and § = 1.
The PDF, CDF, survival function, and hazard
function of the mNR distribution are plotted
in Figure || (Appendix), Figure 2| (Appendix),
Figure [3| (Appendix), and Figure |4 (Appendix),

respectively.

5.2 Parameters simulation

In this subsection, numerical simulations
of the parameter estimation are performed to
demonstrate the accuracy of the parameter
estimation of the new distribution using the
MLE presented in Section Synthetic data
were generated using Monte Carlo simulation,
138]. The parameters estimation will be
implemented via the mazLik package using
the Broyden-Fletcher-Goldfarb—Shanno (BFGS)
optimization algorithm, [39], [40].

Six different parameter sets, shown in Table
are simulated to systematically explore the
distribution’s behavior. The analysis begins with
baseline parameter Set 1: {# = 0.5,\ = 2.0, =
2.0,0 = 4.0}. From this baseline, the impact of
the mixing weight @ is examined by increasing its
value to 0.8. This gives Set 2: {6 = 0.8, \ =
2.0,8 = 2.0,6 = 4.0}. Similarly, decreasing 0
to 0.2 defines Set 3: {# = 0.2,\ = 2.0,8 =
2.0,0 = 4.0}. To study the changes in component
characteristics, A is adjusted to 1.0 in Set 4:
{6 = 0.5,\ = 1.0, = 2.0,6 = 4.0}. Next, we
investigate the effect of § by setting ¢ to 2.0;
Set 5: {# = 0.5\ = 2.0, = 2.0, = 2.0}
Finally, Set 6 is used to study the impact of g by
adjusting (3 to 4.0; Set 6: {§ = 0.5, = 2.0,5 =
4.0,0 = 4.0}. The sample sizes considered are
n = 25,50, 100, 500, 1000. A total of 1,000
replications were performed for each scenario
to evaluate the influence of sample size on the
estimated parameters: 5\, B, 5 and 6.

The parameter simulation results
summarized in Table (Appendix).

are
The
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Table 1. Parameter sets for simulation study

Set | 8 X B &
1 05 20 2 4
2 108 20 2 4
3 102 20 2 4
4 05 1.0 2 4
5 0.5 20 2 2
6 |05 20 4 4

table compares the fixed parameters against
the estimated values using three performance
metrics: Mean Squared Error (MSE), Variance
(Var), and Bias. From Table [2| (Appendix), it
is observed that lower sample sizes (n) result in
higher MSE and variance. When n increases,
both MSE and variance decrease, indicating
that the sample size significantly impacts the
estimation’s performance. Additionally, the bias
is presented to further validate the quality of
the estimator. Additionally, plots for the Bias,
MSE, and variance are presented in Figure
(Appendix), Figure @ (Appendix), and Figure
(Appendix), respectively.

6 Conclusions and future work

In this study, we propose a new mixture
Nakagami-Rayleigh distribution that differs from
previous research. The mathematical properties
of the proposed distributions are also presented
and their wvalidity is wverified.  Additionally,
the MLE for estimating the parameters of the
new distribution is provided. Furthermore,
we conducted a simulation study using varying
sample sizes to demonstrate the performance
of the MLE method. Since the closed-form
expressions of the estimated parameters cannot
be obtained, this study employs numerical
methods for parameter estimation using the
mazLik package in R. The results from the
simulation show that when the number of samples
increases, the MLE estimation method has better
performance according to the sample size. In
addition, the significant functions of the mNR
distribution, as PDF, CDF, survival function,
and hazard function, are plotted as 2D and
contour plots.

A limitation of this study is that it does
not include an application with real-world data.
Therefore, a primary direction for future research
is to apply this distribution to various datasets,
such as those in the engineering, medical and
agricultural fields. Furthermore, future research
could employ other estimation methods such as
Bayesian methods, [41], method of moments, [42],
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and robust estimation methods, [43].
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APPENDIX

Figures and table mentioned in section |5 are
presented in this section.
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Fig. 1: Visualization of the CDF of the mNR distribution presented in @ Left panels (a, c, e, g) show
line plots for selected parameter values. Right panels (b, d, f, h) show the contour plots.
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Fig. 5: Bias of the estimated parameters 5\, B, § and 6 for the six different parameter sets: (a) Set 1,
(b) Set 2, (c) Set 3, (d) Set 4, (e) Set 5, (f) Set 6. Within each set, the bias is shown for various sample

sizes (n).
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Fig. 6: MSE of the estimated parameters 5\7 B, 6 and 6 for the six different parameter sets: (a) Set 1,

(b) Set 2, (c) Set 3, (d) Set 4, (e) Set 5, (f) Set 6. Within each set, the bias is shown for various sample
sizes (n).
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Fig. 7: Variance of the estimated parameters 5\7 B , 6 and @ for the six different parameter sets: (a) Set 1,
(b) Set 2, (c) Set 3, (d) Set 4, (e) Set 5, (f) Set 6. Within each set, the bias is shown for various sample
sizes (n).
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