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1 Introduction
Let X,Y be two sequence spaces and A=(a,,) be a

matrix with real or complex entries. Throughout this
paper, we assume that indices and summation
indices run from 0 to oo unless otherwise specified.
If for each x=(x,)e X the series

AX=)a,X,
k

converge and the sequence Ax=(A, x) belongs to Y,
we say that A transforms X into Y. By (X,Y) we

denote the set of all matrices, which transform X
into Y. Let w be the set of all real or complex-valued
sequences. Further, we need the following well-
known sub-spaces of w: ¢ - the space of all
convergent sequences, ¢, - the space of all

sequences converging to zero, /- the space of all
bounded sequences, and

I ::{x:(xk):2|xn|<oo}.

For estimation and comparison of speeds of
convergence of sequences are used different
methods, [1], [2], [3], [4], [5], [6], [7]. We use the
method, introduced in [1] and [6]. Let A:=(4,) be a
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positive (i.e., 4, >0 for every k) monotonically
increasing sequence. Following [1] and [6], a
convergent sequence x =(x,) with

Iilr<nxk =s and v, =4, (x, —5) (1)
is called bounded with the speed A (shortly, A-
bounded) if v, =0(1) (or (v,)el,), and convergent
with the speed A (shortly, A-convergent) if the finite
limit

Iilr<nvk =d

exists (or (v,)ec). Following the authors of the

current paper ([8], [9]), a convergent sequence
x=(x,) with the finite limit s is called absolutely

convergent with speed 4 (or shortly, absolutely A-
convergent), if (v,)el,. We denote the set of all A-
bounded sequences by /i , the set of all A-convergent
sequences by c*,and the set of all absolutely A-
convergent sequences by /;. Moreover, let

y:

=

= {x=(xk):xeci and lim 7, (x, —s)=0}.

It is not difficult to see that:
I'ccicctclice
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In addition to it, for unbounded sequence 4 these
inclusions are strict. For 4, =0(1), we get d =0, and

hence

ct=Il=c

Therefore, the case 4, #0O(1) is most important,

since in this case relation (1) allows to evaluate the
quality of convergence of converging sequences.
Indeed, let x* and x* be two convergent sequences
with the finite limit s. If (v,)ec (or v, =0(1)) for

x=x", and (v,)¢c(or v, #0(1)) for x=x>, then
the sequence x' converges faster than sequence x°.
Thus, we can say thatA, in the case A, #0(1),

accelerates the speed of convergence of x*.

Matrix transformations, and boundedness and
convergence with speed are widely used in
approximation theory to transform non-convergent
sequences into convergent ones, or to transform
convergent sequences into faster convergent
sequences, [5], [10], [11], [12]. Besides, in [1]
matrix transformations and boundedness with speed
are used for the estimation of the order of
approximation of Fourier expansions in Banach
spaces by one author of the present paper. An
interesting task would also be to study the
convergence acceleration in wavelet and spline
approximation, such as, for example in works [13],
[14], [15] and [16], and for numerical solving of
integral equations, [17], [18], [19].

In general, the problems of improvement of the
quality of convergence of sequences by matrix
transformations have been studied by several
authors for example, [1], [20], [21], [22], [23], [24],
[25], [26] and [27]. Moreover, in [26] and [27], the
A-convergence and the A-boundedness in abstract
spaces, considering instead of a matrix with real or
complex entries a matrix, whose elements are
bounded linear operators from a Banach space X
into a Banach space Y, have been studied. We note
that the results connected with convergence,
absolute convergence, and boundedness with speed
can be used in several applications. For example, in
theoretical physics, such results can be used for
accelerating the slowly convergent processes, a
good overview of such investigations can be found,
for example, from the sources [28] and [29].

Let p=(p,) be a sequence of strictly positive

numbers, and let
c,(p):= {x=(xk):lilr(n|xk|pk =0},

1. (p) :={x=(xk):|xk & :0(1)},
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c(p):= {x =(xk):li£n|xk —I|* =0for some / eC},
I(p):= {x=(xk):2|xk|pk <oo}.

The sets c,(p), I,.(p), c(p) and /(p) are known

as Maddox spaces, [30], [31] and [32]. These sets
are also linear paranormal spaces if pel  [32].

Therefore, throughout the paper we assume that
pel,. If 0<infp, <supp, <o, then, [33].

G(p)=¢c,, clp)=c, I, (p)=1,.

In [9], extended the concepts of
boundedness, convergence and absolute
convergence with speed to the Maddox spaces. Now
we recall these concepts. A convergent sequence
x =(x,) with the finite limit s is called paranormally

we

bounded (paranormally convergent or paranormally
zero-convergent or  paranormally  absolutely
convergent) with speed 4 with respect to p (shortly,
paranormally A -bounded, paranormally A-
convergent, paranormally A -zero-convergent or
paranormally absolutely A -convergent with respect

to p), if (v)el (p), (vJ)eclp), (v,)ec,(p) or
(v,)€l(p), respectively). Let

(olp)" ={x=(x,):(v,) €5, ()},

(L) ={x=(x):(v,) el (p)},
(clp))’ = {x=(x,):(v,) eclp).},
(Ip))" = {x=(x):(v,) €l(p)}.

A

The sets (co(p)", (1..(p))", (clp))” and (/(p))’
we call as speed-Maddox spaces. These spaces are

the subsets of certain Maddox spaces. First, we
notice that

l(p) = c,(p)=clp)=1,(p)
and /I, </ (p) (see [29], Remark 2.8 and Corollary

2.11). Hence (c,(p))", (1(p))", (c(p))" and (/(p))"

A

are the subsets of /_(p), since (Co(p))l, (loo(p)) ,
(c(p))i are the subsets of /by definition. Also, it is

easy to see that (Co(p))l cc(p).

The paranormal boundedness, and the
paranormal convergence with speed provide an
additional tool for evaluating the quality of
convergence of converging sequence. For example,
if x* and x> be two convergent sequences
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belonging ¢* and x' e(c(p))i , but x? e(c(p))i,
then converge faster than x’.

Matrix transforms between different Maddox
spaces are studied in several works, [30], [31], [32],
[33] and [34]. In the present paper we extend these
studies investigating matrix transforms between
speed-Maddox spaces. Let p:=(x,) be another
speed of convergence, i.e., a monotonically
increasing positive sequence, and g:=(g,) another
bounded sequence of strictly positive numbers.
Matrix transforms from ¢,c*and /? into (c, (q))ﬂ ,
(c(q))ﬂ or (/w(q))” have been characterized in [9].
The present paper is the continuation of [9]. We find
necessary and sufficient conditions for a matrix A

would transform (l(p))l into (co(q))”,(c(q))”,

(L@) or (K@), and (c,(p))", (ctp))",(L.(p))’
into (I(q))”. The possibilities of using the main

results of the present paper we demonstrate with two
examples, where A is the Zweier matrix z,, and A,

I, P, g are suitably selected sequences.

2 Auxiliary Results

For the proof of main results, we need some
auxiliary results. For presenting these results
throughout this section by B=(b,,) and C=(c, ) we

denote arbitrary matrices with real or complex

entries, and by p:=(p,), g:=(g,) bounded
sequences with p, >0, g, >0 for every k.
Lemma 1 (Corollary in [34]). A matrix
Be(,(p),c) if and only if
> |, P converges uniformly
k
in n for all integers M>1, 2)

A3)

there exists finite limits limb,, :==b,.

Moreover,

limB,x=> bx, 4)
g k

for every x=(x,)el_(p).

Lemma 2 ([33], Corollary 2). B €(cy(p),C) if and
only if condition (3) holds and

2

k

b, M™* =0(1) for some M>1. (5)
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Moreover, the equation (4) holds for every
x=(x.)ec,(p).

Lemma 3. Be(c(p),c) if and only if conditions
(3), (5) hold, and

there exists b with lim» b, ==b. (6)
G
Moreover,
limB,x=Ib+» (x, —/)b,
" K
for every x=(x,)ec(p), where “[“Xk =1
Proof. We note that the condition
“/En|xk —I|pk =0forsome/eC

in the definition of c¢(p) is equivalent to
(x,—I)ec,(p). This implies limx, =/, since

c,(p)cc, for pc 1 (see [32], Corollary 2.11).

Further proof follows from Theorem 9 in [33].

To present the following lemmas, we denote
K,:={keN:0<p, <1},
K, :={keN:p, >1},
and by K we denote an arbitrary finite subset of N.

Lemma 4 ([34], Theorem 1 and Corollary in p. 100-
101). Be(I(p),c)if and only if condition (3) holds

and
supsup)|b,|* <o, for every k,

n  kek;

(7

B
sup Y |b, [ tM* P <o for some M>1.

n kekK,
(8)
Moreover, (4) holds for every x=(x,)</(p).

The following Lemmas 5 - 10 are presented in [30]
and [32].
Lemma 5. C e (I(p),cy(q)) if and only if

©)
(10)

lim|c,,.|" =0 for every k,
n

p,
supsup cnkLl/“"| “ <o forevery L>0
n  keK;

for every L>0 there exists M >0, such that

Py /(pk -1)

sup Z:|cnkLl/""/\/l’1 (11)
n kek,
Lemma 6. C e(I(p),c(q)) if and only if
supsuplc,, [* <o, for everyk, (12)
n  kek;
sup Y _|c, M 1Y <o for some M >0,
N kek,

(13)
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and there exists a sequence (c,) such that

lim|c, —c,|" =0 for every k, (14)

supsup(|cnk —c, |l )pk <o forall L>0 (15)
n  keK;

for every L>0 there exists M >0, such that

/(o)
sup2(|cnk—ck|Ll/q"M’l)p " <o, (16)
N kek,

Lemma 7. C e(l(p),l,(q)) if and only if

supsup|cnkL'1/""|pk <o for some L>0 (17)

n  kekK;
sup Y |c, L # o for some L>0. (18)
N kek,

Lemma 8. Let 0<p, <1 and 1<q, <H for every k
for some positive number H. Then C e(I(p),l(q)) if
and only if

supZ|cnkL‘””k " <o for some L>0. (19)
k n

Lemma 9. Let 1<q, <H for every k for some
positive number H. Then C e(cy(p),l(q)) if and
only if

supz
K

n

9n
<o forsome L>0. (20)

z anL_l/pk

keK

Lemma 10. Let 1<q,<H for every k for some
positive number H. Then Ce(l.(p),l(q)) if and
only if

supz
K

n

9n
<o forevery L>0. (21)

Z an Ll/pk

keK

3 Matrix Transforms from (/(p))’
Into (c,(a))", (cla))’, (L.(@)", ()"

Let further throughout the paper p:=(p,), g:=(q,)
be bounded sequences with p, >0, g, >0 for every
k,and B=(b, ), C=(c,) matrices defined by

a
b o= Ik
nk lk
and
an — /un (ank _ak) ,
A
provided that
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there exists finite limits lima,, :==a,. (22)

Also, we need the sequences
e:=(1,1,...) and €":=(1,0,..,,1,0,...),
where 1 is in the position number k. We note that.
k A
e,e“e(l(p)".
Before proving the main results, we prove the
following lemma.
Lemma 11. For each v:=(v,)el(p) there exists a

sequence x:=(xk)e(l(p))l, such that relation (1)

holds.
Proof. Let vel(p). As in this case /(p)cc,(p) and
¢,(p)cc,, then
Iimv—k=0.
k
k

(23)
Denoting

X, ;=;—z+ s
for some s eC,we obtain that relation (1) holds with
x:=(x)e(l(p))".

Theorem 1. A=(a,)<((/(p))",(c,(g))*) if and only
if conditions (7) — (11), (22) are satisfied, and
Ae=(r,)el(c,(q)), 7,:=Ae= Zank.
k

24)

(25)

Proof. Necessity. Assume that ((/(p))*,(c,(q))"). As
e*,e<(l(p))*, then conditions (22) and (25) hold.
Besides, (22) (22) implies the validity of (3). Since,
from (1) we get (24), where s=|i[nxk and (v,)el(p)

for every x=(x,)e(/(p))*, it follows that

AX=> b, +sz,. (26)
k
As (7,)€(c,(g)) by (25), then the finite limit
r:=limz, 27

exists. Hence, from (26) we obtain that the matrix B
transforms this sequence (v,)el(p) into c¢. Thus,

by Lemma 11, Be(l(p),c). This implies, by

Lemma 4, that conditions (7) and (8) are satisfied,
and the finite limit

¢:=limA x= D by, +st
k

exists for every x e (/(p))*. Writing
/un (Anx_¢):/unzcnkvk +1Lln (Tn _T)S' (28)
k

we conclude, by (25) that Ce(/(p),c,(g)). Hence
conditions (9) — (11) are satisfied by Lemma 5.
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Sufficiency. Assume that all conditions of Theorem
1 are satisfied. Then relation (26) also holds for

every xe(l(p)) and (z,)e(c,(g))” by (25). (16), In
addition, B € (I(p),C) and the finite limit ¢ exists
for every xe(/(p))*by Lemma 4, since (7) and (8)
hold and (3) is satisfied due to (22). Hence relation
(28) holds for every xe(/(p))*. As (9) - (11) are
valid, then Ce(/(p),c,(g)) by Lemma 5. Therefore,

due to (25), Ae(((p))",(c,(@)").

Theorem 2. A=(a,,)<((/(p))*,(c(q))*) if and only if
conditions (7), (8), (12), (13), (22) hold, there exists
a sequence (c,) such that conditions (14) - (16)
hold, and

Ae=(r )e(c(q)), 7,:=Ae= Zank. (29)

Proof is similar to the proof of Theorem 1. The only
difference is that now instead of Lemma 5 we use
Lemma 6.

Theorem 3. A=(a,)e((l(p))*,(l (g))) if and only
if conditions (7), (8), (17), (18), (22) hold, and

Ae=(z,)e(l, @), 7,=Ae=>a,. (30)

Proof is similar to the proof of Theorem 1. The only
difference is that now instead of Lemma 5 we use
Lemma 7.

Theorem 4. Let O<p, <1 and 1<q, <H for every
k for some positive number H. Then A=(a,)e
((p))*,(lg))*) if and only if condition (7), (19),
(22) hold, and

Ae=(z,)e(lq),7,=Ae=>a,. (1)

Proof is similar to the proof of Theorem 1. The only
difference is that now instead of Lemma 5 we use
Lemma 8.
We now give an example of Theorems 1-4 when
A is a Zweier matrix, i.e., A=Z,,=(a,), where (see
[1],p.3) a,, =1/2 and
1/2,ifk=n—1ork=n,
) 0, ifk<n—1ork>n
for n>1.
Example 1. Let A=(4), u=(x), p=(p,) and
q=(q,) be defined as follows:

,1k;=(k+1)”“,a>0,,uk:=k+1, (32)
1 1

::_’ ;:r+—,r>0. 33

Pt % k+1 (33)

We show that then
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Z,» ()" = (@)Y N (cl@)” N (L (@) N (Ha)"

As in this case K, =N, it is sufficient to prove
that all conditions of Theorems 1 — 4 connected with
K, are satisfied.

First, we see that condition (22) holds with
a, =0. Also conditions (25) and (29) - (31) hold,
since

Ae=(1/2,1,1,...)
with limit 1.

For B=(b,) and C=(c,) we obtain
by, =Coo =1/2, and
;H,iszn,
2(n+1)""
1
b, =1——, ifk=n-1, 34
nk 2n1+g ( )
o, ifk<n—-1lork>n,
#, ifk=n,
2(n+1)*
Co = 1(1+lji,ifk=n—l, (35)
2 n)n®
o, ifk<n—1lork>n,

for n>1.As limc, =0 for every k, then we can

take ¢, =0, and so conditions (9) and (14) hold.

Let us denote
R« :=|bnk|pk » S :=|an|pk » Tyl):=

Yq, Pr
c,L ,

A

U, (L) ::‘cnkL-l/qn & V., (L):=|c, L
for L>0. Then Ry, Spy, ToolLl), Ugg(L), V(L)
constants for every L>0, and for n>1 we obtain:
Ry =S =T (L) =U, (L) =V, (L) =0,
if k<n—1ork>n forevery L>0. Also

1 1+a 1

R,=2"2(n+1) "2, R

are

1+a

— n+1 n+2
nn-1 " 2 n ’

1 a n+1

T (L) — 27E (n + 1)75 L(n+2)(r(n+1)+1)

1
1 - 1
-t 1\ 1 ——
=27 (142
n

for n>1, from which we obtain with the help of
L’Hopital’s rule that

limR,, =limR . =limT_(L)=limT _ (L)=1
for every L>0. Similarly, using L’Hdpital’s rule, it
is possible to show that
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lims,, =limsS, _, =limU,_ (L)=limU, ()=1
and
limV, (L)=limV, _(L)=0

for every L>0. Therefore conditions (7), (9), (12),
(15) and (17) are satisfied. Thus, all conditions of
Theorems 1 — 4 connected with K, hold.

4 Matrix Transforms from (I, (p))’,
(c(p))l and (co(p))l into (/(q))"

Before proving the main results of this section, we
prove two preliminary lemmas.
Lemma 12. If

(36)

then for each v:=(v,) €l (p) there exists a sequence

limAS =0
k

x:=(x,) e(/w(p))l , such that relation (1) holds.
Proof. If vel, (p), then |v,|* =0O(1), and

Py

=0

Vk
e
by (36). Hence (23) holds. Defining now x=(x,) by
(24) for some s e C,we obtain that relation (1) holds
with xe(1,, (p))/1 .

Lemma 13. For every v:=(v,)ec,(p)(vec(p))

lim
k

there exists xe(co(p))i(xe(c(p))ﬂ, respectively),
such that relation (1) holds.

Proof. 1. Let vec,(p). As in this case c,(p)cc,
(see [29], Corollary 2.11), then vec,, and hence
relation (23) holds, since A4, >4, >0 for every k.
Defining now x=(x,) by (24) for some seC,we

obtain that relation (1) holds with x € (c0 (p))l .
2. Let vec(p). Then

Ii£n|vk —I|pk =0forsome/eC 37

by definition. It follows from (37) that Iilr('nvk =/,

i.e, vec. But every vec with limit | can be
represented in the form

v=V"+le, v°:=(v})ec,.
‘Pk — 0 )

From (37) we obtain that Ii}r{n‘vf ie.,

v® ec,(p). Further proof is similar to the proof in

point 1.
Theorem 5. Let condition (36) be satisfied, and
1<q, <H for every k for some positive number H.
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Then  A=(a,)e((L.(p))",(lq)*) if and only if
conditions (2), (21), (22) and (31) hold.

Proof is similar to the proof of Theorem 1. The only
difference is that now instead of Lemmas 4 and 5
we use correspondingly Lemma 1 and 10.

Theorem 6. Let 1<q,<H for every k for some

positive number H. Then A=(a,)e ((c(p))",((@))")
if and only if conditions (5), (6), (20), (22), (31)
hold, and

-1 )7 -1, l
A1 (@), A '_Li J

k

(3%)

Proof. Necessity. Assume that A<((c(p))",(/(q))").
Similar to the proof of Theorem 1, we obtain that
relation (26) holds for every xe(c(p))l. As
e*, e, e(c(p))*, then conditions (22), (31) and
(38) hold. Moreover, (31) implies the validity of

(27). Hence, from (26) it follows that B transforms
this sequence (v, )€ c(p) into c. Thus, by Lemma 13,

B e(c(p),c). Consequently,
conditions (5), (6) are satisfied, and for every
xe(c(p))” the finite limit
wi=limA x =bd+ ) b (v, —d)+st
k

by Lemma 3,

(39)

exists, where d:= IiI[n V.. We note here that condition
(3) holds by (22). Now, using (26) and (39), we get
H, (AnX —y)= Hy chk (Vk —d)+
k

(40)
u(t, —7)s+u, [ank —de

for every xe (c(p))/1 . As Aee(l@))
Al e(l(g))” correspondingly by (31) and (38),
then Ce(cy(p),l(q)). Therefore condition (20)

holds by Lemma 9.
Sufficiency. Assume that all conditions of Theorem
6 are satisfied. Then relation (26) also holds for

every xe(c(p))*and (z,)e(l(g)” by (31). Hence,
B € (c(p),C) and the finite limit ¥ exists for every

and

xe(c(p))* by Lemma 3. This implies that relation
(40) holds for every xe(c(p))*. As condition (20)
holds, then C e(cy(p),l(q)). by Lemma 9. Thus,
due to (31) and (38), A<((c(p))*,((@))").

Theorem 7. Let 1<q, <H for every k for some
positive number H. Then A=(a,)e
((c,(p)),(I(g))) if and only if conditions (5), (20),
(22) and (31) hold.
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Proof is similar to the proof of Theorem 6. We only
note that in this case A7 &(c, (p))*, and instead of
Lemma 3 we use Lemma 2.

Example 2. Let A=(4,), u=(x,) and g=(q,) be
defined as in (32) and (33), and p=(p,) by

1
=t4+——7, t>1.
Pi k+2

We prove that then

Z,:(L0)) U (elp)” (o)) =l
if @>1 and r>1.For this purpose it is sufficient to
show that all conditions of Theorems 5 — 7 are
satisfied.

First, we note that conditions (22) and (31) hold
(see Example 1) Also condition (36) holds because
inf p, >t >0. Denoting

bnk |IV’1/pk 4

W, (M):=>"
we can write W, (M) =(1/2) MY g
n+1

k

n+2

VVn (M) = %Mt(mz)ﬂ + 1 1+ l th(n+1)+1
2(n+1)" AT

for n>1 by (34). Hence limW,(M)=0 for every

M >0; so condition (2) holds. Denoting

D,(M):=>"|b,, M™%,

k

we, using (34), obtain D,(M)=(1/2)-M > and

n+2 nal

D (M) :;/\/I}(HZ)+1 +1 1+1 iMit(n+1)+1
n Z(n + 1)1+a 2 n na

for n>1.This implies limD,(M)=0; for every

M >0; thus condition (5) holds.

As

- 2( (n+1)

- 1 1 1
SR SO (S S

Then limA A" =0, ie., condition (6) holds.

Moreover,

an

2

n

1 |1 1 1)1

—+> |- +1+2 | =

2 =12\ (h+1)* n)n®
r(n+1)+1

1 - 1)1

—+ 1+— |—

2r+1 Z[( anaj

m (An)fl —|i£nAn/1‘1)

r(n+1)+1
n+1

n+1
n=1
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for ¢ >1 and r>1. Thus, condition (38) holds.

201
+O(1)Zn—a<oo

n=1

As, using (35), we obtain:
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1 oy 2 1
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for ¢>1 and r>1,then condition (20) holds. The
validity of condition (21) can be proved similarly to
(20). Thus, all conditions of Theorems 5 — 7 are
satisfied.

5 Conclusion

In [9] we started to study the matrix transforms
connected with the subspaces of Maddox spaces
defined by speeds of convergence, i.e., by
monotonically  increasing  strictly = positive
sequences. In this paper, we continued these studies.
Let (X,Y) be the set of matrices (with real or
complex entries) to map a sequence space X into
another sequence space Y. We characterized the
matrix classes (X,Y), where at least one of the

spaces X, Y is the set of paranormally absolutely
convergent sequences with speed, i.e., the subset of
certain Maddox space, and another space is the
subset of another Maddox space defined by another
speed. These Maddox spaces are defined here by
bounded strictly positive sequences p and g.

As an application, we presented two examples,
where we proved that the Zweier matrix satisfies all
conditions of the main theorems of the paper for
certain speeds and certain sequences p and g.

In the future, we intend to extend our results to
the case where we consider matrix transformations
in abstract spaces, for example, in the ultrametric
space. We note that the mentioned two examples for
the Zweier matrix have mainly theoretical character.
Therefore, in the future, we wish to study the
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possibilities of applying the findings of the present
paper and [9] for solving problems like the
estimation of the order of Fourier expansion,
numerical solving of integral equations, etc.
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