
In this paper, we investigate the higher-order semilinear
parabolic equation with nonlocal in time nonlinearity of the
following form:

{
cDβ

0|t (u) + (−∆H)
m

(u) = Iα0|t|u(t)|p,
η = (x, y, τ) ∈ H, t > 0

(1.1)

subject to the initial data

u (η, 0) = u0 (η) ,

Where Iα0|tψ is the Riemann–Liouville fractional integral of
order (0 < α < 1) defined for a continuous function ψ(t), t >
0,

(Iα0|tψ)(t) =
1

Γ(α)

∫ t

0

(t− ω)
α−1

ψ(ω)dω,

Here, Γ(.) stands for the gamma function.
First, for the sake of the reader, we give some known facts
about the Heisenberg group H and the operator ∆H. For
their proof and more information, we refer for example to
[1, 4, 5, 11, 19] . The Heisenberg group H , whose elements
are η = (x, y, τ) is the Lie group (R2N+1, ◦) with the group
operation ” ◦ ” defined by

η ◦ η̃ = (x+ x̃, y + ỹ, τ + τ̃ + 2(< x, ỹ > − < x̃, y >)) ,

where < ., . > is the usual inner product in RN , The laplacian
∆H over H is obtained from the vector fields Xi = ∂xi+2yi∂τ
and Yi = ∂yi + 2xi∂τ , by

∆H =
N∑
i=1

(
X2
i + Y 2

i

)
,

explicitly, we have

∆H =
N∑
i=1

(
∂2

∂x2
i

+
∂2

∂y2
i

+ 4yi
∂2

∂xi∂τ
− 4xi

∂2

∂yi∂τ
+ 4(x2

i + y2
i )
∂2

∂τ2

)
,

A natural group of dilitations on H is given by

δγ(η) =
(
γx, γy, γ2τ

)
, γ > 0,

whose Jacobian determinant is γQ where

Q = 2N + 2

is the homogeneous dimension of H.
The operator ∆H is a degenerate elliptic operator. It is invariant
with respect to the left translation of H and homogeneous with
respect to the dilatations δγ . More precisely, we have

∆H (u(η ◦ η̃)) = (∆Hu) (η◦η̃), ∆H(u◦δγ) = γ2(∆Hu)◦δγ η, η̃ ∈ H.

The natural distance from η to the origin is

|η|H =

τ2 +

(
N∑
i=1

(
x2
i + y2

i

))2
 1

4

.

Now,we call sub-elliptic gradient

∇H = (X,Y ) = (X1, ..., XN , Y1, ..., YN ) ,

A remarkable property of the Kohn Laplacian is that a funda-
mental solution of −∆H with pole at zero is given by

Γ(η) =
CΛ

|η|Λ−2
H

,

where CΛ is a suitable positive constant.
A basic role in the functional analysis on the Heisenberg group
is played by the following Sobolev-type inequality

‖v‖2Λ∗ = c‖∇Hv‖22,∀v ∈ C∞0 (HN ),
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where Λ∗ = 2Λ
Λ−2 and c is a positive constant.

This inequality ensures in particular that for every domain Ω
the function

‖v‖ ≤ ‖∇Hv‖2,

is a norm on C∞0 (Ω). We denote by S1
0(Ω) the closure of

C∞0 (Ω) with respect to this norm; S1
0(Ω) becomes a Hilbert

space with the inner product

< u, v >S1
0
=

∫
Ω

< ∇Hu,∇Hv >,

Fractional powers of sub-elliptic Laplacians. Here, we
recall a result on fractional powers of sub-Laplacian in the
Heisenberg group. Let N (t, x) be the fundamental solution of
∆H + ∂

∂t . For all 0 < β < 4, the integral

Rβ(x) =
1

Γ
(
β
2

) ∫ +∞

0

t
β
2−1N (t, x)dt,

converges absolutely for x 6= 0. If β < 0, β 6=
0,−2,−4, ...,then

R̃β(x) =
β
2

Γ
(
β
2

) ∫ +∞

0

t
β
2−1N (t, x)dt,

defines a smooth function in H − {0}, since t 7→ N (t, x),
vanishes of infinite order as t → 0 if x 6= 0. In addition, R̃β
is positive and H-homogeneous of degree β − 4.

Theorem:
For every v ∈ S(H) (Schwartz’s class), we have
(−∆H)

s ∈ L2(H) and

(−∆H)
s

=

∫
H

(v(x ◦ y)− v(x)− χ(y) < ∇Hv(x), y >) R̃−2s(y)dy,

where χ is the characteristic function of the unit ball
Bρ(0, 1), (ρ(x) = R

−1
2−α
2−α (x), 0 < α < 2 , ρ is an

H-homogeneous norm in H smooth outside the origin).

(Riemann-Liouville fractional derivatives)
Let f ∈ AC[a, b],−∞ < a < b < +∞,1 The Riemann-

Liouville left- and right-sided fractional derivatives of order
α ∈ (0, 1) are, respectively, defined by

Dα
a|tf(t) =

d

dt
I1−α
a|t f(t)

=
1

Γ (1− α)

d

dt

∫ t

a

(t− τ)−αf(τ)dτ, t > a (2.1)

1let AC[a, b] be the space of functions f which are absolutely continuous
on [a, b].
ACn [a, b] =

{
f : [a, b] → C and

(
Dn−1f

)
(x) ∈ AC[a, b]

(
D = d

dx

)}
.

In particular, AC1 [a, b] = AC[a, b],

and

Dα
t|bf(t) = − d

dt
I1−α
t|b f(t)

= − 1

Γ (1− α)

d

dt

∫ b

t

(τ − t)−αf(τ)dτ, t < b (2.2)

(Riemann-Liouville fractional integrals)
Let f ∈ L1(a, b),−∞ < a < b < +∞, The Riemann-

Liouville left- and right-sided fractional integrals of order α ∈
(0, 1) are, respectively, defined by

Iαa|tf(t) =
1

Γ(α)

∫ t

a

(t− τ)−(1−α)f(τ)dτ, t > a (2.3)

and

Iαt|bf(t) =
1

Γ(α)

∫ b

t

(τ − t)−(1−α)f(τ)dτ, t < b (2.4)

For 0 < α < 1, the Caputo derivative of order α for a
differentiable function f : [0,∞)→ R can been written as

cDα
a|tf(t) =

1

Γ (1− α)

d

dt

∫ t

a

(t−τ)−αf
′
(τ)dτ, t > a (2.5)

It is clear that
cDα

a|tf(t) = Dα
a|t [f(t)− f(0)] ,

Finally, taking into account the following integration by
parts formula:∫ b

a

f (t)Dα
a|tg (t) dt =

∫ b

a

Dα
t|bf (t) g (t) dt.

For 0 < α < 1,−∞ < a < b < +∞, we have the following
identities

Dα
a|tI

α
a|tf(t) = f(t), t ∈ (a, b)

for all f ∈ Lr(a, b), 1 ≤ r ≤ ∞
and

−DDα
t|bf = D1+α

t|b f,

for all f ∈ AC2[a, b], where D = d
dt .

For ρ� 1 and 0 < α < 1. Let

f(t) =


(

1− t

T

)ρ
, 0 < t ≤ T,

0, t ≥ T,
(2.6)

Dα
t|T f(t) =

(1− α+ ρ)Γ(ρ− 1)

Γ(2− α− ρ)
T−α

(
1− t

T

)ρ−α
,

and ∫ T

0

f(t)
−p
′

p |Dα
t|T f(t)|p

′

= CT 1−p
′
α,

2. Preliminaries 
2.1 Definition 

2.2 Definition 

2.3 Definition 

2.4 Proposition
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(Weak solution).Let T > 0, a locally integrable function
u ∈ C

(
[0, T ], L1

loc (QT ) ∩ Lploc (QT )
)

is called a local weak
solution of (1.1) in QT (QT = H× [0, T ]) subject to the initial
data u0 ∈ L1

loc (H) if the equality∫
QT

u0D
β
t|Tϕdω +

∫
QT

ϕIα0|t|u|
pdω

=

∫
QT

uDβ
t|Tϕdω +

∫
QT

u(−∆H)mϕdω

, is satisfied for any ϕ be a smooth test function ϕ ∈ C∞0 (QT ))
witn

ϕ(., T ) = 0, ϕ ≥ 0, dω = dηdt

and the solution is called global if T = +∞.

Let p > 1, and

p < pc =
(2N + 2)β + 2m

(2N + 2)β + 2m(1− α)
,

(c for critical)
Then, (1.1) does not have a nontrivial global weak solution.

Consider a convex function F ∈ C2(R). Assume that ϕ ∈
C∞0 (R2N+1), then

F
′
(ϕ)(−∆H)mϕ ≥ (−∆H)mF (ϕ),

In particular, if F (0) = 0 and ϕ ∈ C∞0 (R2N+1), then∫
R2N+1

F
′
(ϕ)(−∆H)mϕdη ≥ 0.

Let us mention that hereafter we will use inequality (2.1) for
F (ϕ) = ϕl, l� 1, ϕ ≥ 0, in this case it reads

lϕl−1(−∆H)mϕ ≥ (−∆H)mϕl, (1)

We need the following Lemma taken from [32].

Let f ∈ L1(R2N+1) and
∫
R2N+1 fdη ≥ 0. Then there exists

a test function 0 ≤ ϕ ≤ 1, such that∫
R2N+1

fϕdη ≥ 0. (2)

Proof of theorem :.

The proof is done by contradiction. Suppose that u is
a global bounded weak solution. First we Choose the test
function. For this aim, we shall use a non-negative smooth
function φ which was constructed in [20].

φ(ξ) =

 1 if 0 ≤ ξ ≤ 1.
↘ if 1 ≤ ξ ≤ 2,

0 if ξ ≥ 2,
(3)

ϕ1(η) = φ

(
τ2 + |x|4 + |y|4

R4

)
, η = (x, y, τ) ∈ H

ϕ2(t) =


(

1− t

T

)ρ
, 0 < t ≤ T,

0, t ≥ T,
ρ� 1

ϕ(η, t) = Dα

t|TR
2m
β
ϕ̃(η, t) = ϕl1 (η)Dα

t|TR
2m
β
ϕ2

(
t

R
2m
β

)
, R > 0

Let, Q = H×
[
0, TR

2m
β

]
,

Using the Definition 3.1, we obtain

∫
Q

u0D
β

t|TR
2m
β
Dα

t|TR
2m
β
ϕ̃(η, t)dηdt+

∫
Q

Dα

t|TR
2m
β
ϕ̃(η, t)Iα0|t|u|

pdηdt

=

∫
Q

uDβ

t|TR
2m
β
Dα

t|TR
2m
β
ϕ̃(η, t)dηdt

+

∫
Q

u(−∆H)mDα

t|TR
2m
β
ϕ̃(η, t)dηdt,

A simple computation yields

Dβ

t|TR
2m
β

(
Dα

t|TR
2m
β
ϕ̃

)
= Dα+β

t|TR
2m
β
ϕ̃, we obtain

c(TR
2m
β )1−(α+β)

∫
H
u0ϕ

l
1(η)dη +

∫
Q

ϕ̃|u|pdηdt

=

∫
Q

uϕl1(η)Dα+β

t|TR
2m
β
ϕ2(

t

R
2m
β

)dηdt

+

∫
Q

u(−∆H)mϕl1(η)Dα

t|TR
2m
β
ϕ2(

t

R
2m
β

)dηdt,

The application of inequality (3.1)

lϕl−1
1 (−∆H)mϕ1 ≥ (−∆H)mϕl1,

implies that ∫
Q

|u|pϕ̃dηdt

≤ l
∫
Q

uϕl−1
1 (η)(−∆H)mϕ1(η)Dα

t|TR
2m
β
ϕ2(

t

R
2m
β

)dηdt

+

∫
Q

uϕl1(η)Dα+β

t|TR
2m
β
ϕ2(

t

R
2m
β

)dηdt,

For estimating the second member of the above inequality,
we write∫

Q

uϕl−1
1 (η)(−∆H)mϕ1(η)Dα

t|TR
2m
β
ϕ2(

t

R
2m
β

)dηdt

3. Nonexistence Results 
3.1 Definition 

3.2 Theorem 

3.3 Proposition 

3.4 Lemma 
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=

∫
Q

uϕ̃
1
pϕl−1

1 (η)(−∆H)mϕ1(η)Dα

t|TR
2m
β
ϕ2(

t

R
2m
β

)ϕ̃
−1
p dηdt.

According to ε-Young inequality

XY ≤ εXp + C(ε)Y p
′

, p+ p
′

= pp
′
,

we have

∫
Q

uϕl−1
1 (η)(−∆H)mϕ1(η)Dα

t|TR
2m
β
ϕ2(

t

R
2m
β

)dηdt ≤

ε

∫
Q

|u|pϕ̃dηdt

+C1(ε)

∫
Q

ϕ
(l−1)p

′

1 (η)|(−∆H)mϕ1(η)Dα

t|TR
2m
β
ϕ2(

t

R
2m
β

)|p
′

ϕ̃
−p
′

p dηdt,

In the same way, we get∫
Q

uϕl1(η)Dα+β

t|TR
2m
β
ϕ2(

t

R
2m
β

)dηdt ≤

ε

∫
Q

|u|pϕ̃dηdt

+C2(ε)

∫
Q

|ϕl1(η)Dα+β

t|TR
2m
β
ϕ2(

t

R
2m
β

)|p
′

ϕ̃
−p
′

p dηdt,

Now, when ε is small, and C = max {C1(ε), C2(ε)} we
obtain ∫

Q

|u|pϕ̃dηdt ≤

C

{∫
Q

ϕ
(l−1)p

′

1 (η)|(−∆H)mϕ1(η)Dα

t|TR
2m
β
ϕ2(

t

R
2m
β

)|p
′

ϕ̃
−p
′

p dηdt

+

∫
Q

|ϕl1(η)Dα+β

t|TR
2m
β
ϕ2(

t

R
2m
β

)|p
′

ϕ̃
−p
′

p dηdt

}
,

as

ϕ̃
−p
′

p (η, t) = ϕ
−p
′

p l

1 (η)ϕ
−p
′

p

2 (
t

R
2m
β

), p
′

=
p

p− 1

we have ∫
Q

|u|pϕ̃dηdt ≤

C

{∫
Q

ϕ
(l−p

′
)

1 (η)ϕ
−1
p−1

2 (
t

R
2m
β

)|(−∆H)mϕ1(η)Dα

t|TR
2m
β
ϕ2(

t

R
2m
β

)|p
′

dηdt

+

∫
Q

ϕl1(η)ϕ
−1
p−1

2 (
t

R
2m
β

)|Dα+β

t|TR
2m
β
ϕ2(

t

R
2m
β

)|p
′

dηdt

}
,

We apply the change of next variables τ̃ = τ
R2 , x̃ = x

R ,
ỹ = y

R , t̃ = t

R
2m
β

, then we put

Ω =
{
η̃ = (x̃, ỹ, τ̃) ∈ H; 0 ≤ τ̃2 + |x̃|4 + |ỹ|4 ≤ 2

}
.

if we put

A =

∫
Q

ϕ
(l−p

′
)

1 (η)ϕ
−1
p−1

2 (
t

R
2m
β

)

×|(−∆H)mϕ1(η)Dα

t|TR
2m
β
ϕ2(

t

R
2m
β

)|p
′

dηdt,

B =

∫
Q

ϕl1(η)ϕ
−1
p−1

2 (
t

R
2m
β

)|Dα+β

t|TR
2m
β
ϕ2(

t

R
2m
β

)|p
′

dηdt,

we get

A =

∫ TR
2m
β

0

ϕ
−1
p−1

2 (
t

R
2m
β

)|Dα

t|TR
2m
β
ϕ2(

t

R
2m
β

)|p
′

dt

×
∫
H
ϕ

(l−p
′
)

1 (η)|(−∆H)mϕ1(η)|p
′

dη

= R
2m
β −

2mpα
β(p−1)

×
∫ T

0

ϕ
−p
′

p

2

(
t̃
)
|Dα

t̃|Tϕ2

(
t̃
)
|p
′

dt̃

×R2N+2

×
∫

Ω

φ(l−p
′
)
(
τ̃2 + |x̃|4 + |ỹ|4

)
|(−∆H)mφ

(
τ̃2 + |x̃|4 + |ỹ|4

)
|p
′

dx̃dỹdτ̃

= CT 1− pα
p−1R2N+2+ 2m

β −
2mpα
β(p−1)

×
∫

Ω

φ(l−p
′
)
(
τ̃2 + |x̃|4 + |ỹ|4

)
|(−∆H)mφ

(
τ̃2 + |x̃|4 + |ỹ|4

)
|p
′

dx̃dỹdτ̃ ,

and

B =

∫ TR
2m
β

0

ϕ
−1
p−1

2 (
t

R
2m
β

)|Dα+β

t|TR
2m
β
ϕ2(

t

R
2m
β

)|p
′

dt

∫
H
ϕl1(η)dη

= R
2m
β −

2mp(α+β)
β(p−1)

∫ T

0

ϕ
−p
′

p

2

(
t̃
)
|Dα+β

t̃|T ϕ2

(
t̃
)
|p
′

dt̃

×R2N+2

∫
Ω

φl
(
τ̃2 + |x̃|4 + |ỹ|4

)
dx̃dỹdτ̃

= CT 1− p(α+β)
p−1 R2N+2+ 2m

β −
2mp(α+β)
β(p−1)

×
∫

Ω

φl
(
τ̃2 + |x̃|4 + |ỹ|4

)
dx̃dỹdτ̃ ,

in the last

∫
Q

|u|pϕ̃dηdt ≤ C {A+ B} ≤ CR2N+2+ 2m
β −

2mpα
β(p−1) (4)
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Now, if 2N + 2 + 2m
β −

2mpα
β(p−1) < 0⇔ p < pc

by letting R→ +∞ in (3.4), we obtain∫
Q

|u|pdηdt = 0⇒ u ≡ 0,

this is a contradiction.
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