WSEAS TRANSACTIONS on SYSTEMS
DOI: 10.37394/23202.2022.21.37 Xiaoran Li, Qin Yue, Fengde Chen

Stability Property of the Boundary Equilibria of an Ecological Model of
Mutualism Between Two Species with a Mortal Predator

XIAORAN LI¢, QIN YUE?, FENGDE CHEN®
¢ College of Finance and Mathematics
West Anhui University
Yueliang Dao, West of Yunlu Bridge, Lu An, An Hui, CHINA
b College of Mathematics and Statistics
Fuzhou University
No. 2, wulongjiang Avenue, Minhou County, Fuzhou
CHINA

Abstract: - This article investigates the stability property of the boundary equilibria of an ecological model of
mutualism between two species with a mortal predator. The model was proposed by Srinivasarao Tote (On an
ecological model of mutualism between two species with a mortal predator, Applications and Applied Mathemat-
ics: An International Journal, 15(2)(2020): 1309-1322). We first give two numeric examples to show that the
main results of Tote may not be correct. Then, by applying the standard comparison theorem, we obtain a set of
sufficient conditions which ensure the global attractivity of the predator-washed state. We also demonstrate that
the second mutual species washed state is unstable. Our results complement and supplement the main results of
Srinivasarao Tote.
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1 Introduction exists only when vs > vo, (V3 — v2) > v1v9, Where
Srinivasarao Tote [[1]] proposed the following ecolog-
ical model of mutualism between two species with a 7= v1v2
mortal predator: (1—p)(vg —vg)’ 3
_ 7“0301[( “p)(vs — ) —vywg] O
dx zZ = 3 5 .
n z(1 -z + aioy), (1—p)?(vz —v2)
d 1—pyz
o= ry(l—y+amz) - &7 (1) .
dt v+ (1 =p)y Theorem C. The boundary steady state E, is always
d 1 _ . _ . .
dfz _ z( — oy + v3(1 —ply )7 stable in xy-direction.
¢ v+ (1 -ply Theorem D. The equilibrium point E4 is globally sta-
. . . 2
where z(t), y(t), and z(t) denote the population den- ble in the interior R of the xy-plane.
sity of the two mutualism species and a predator Theorem E. The equilibrium point E, is globally
species at time ¢, respectively. The predator feeds asymptotically stable in the interior R3..

on the second mutualism species y according to the
Holling II functional response. The system admits
six equilibria: E7(0,0,0), E2(0,1,0), E5(1,0,0),

Theorem F. If vivz + vive > (1 — p)(vs — v2),
the boundary steady state E5(0, T, y) is stable in yz-

E4(§;7 3)7 0)’ E5(07 z, g), and EG(:U*7 y*a Z*> The au- plane.

thor showed that Fq, Fs, and E3 are all unstable. Theorem G. Along the conditions stated in Theorem
Concerned with the existence, locally asymptotical 3.5, the equilibrium point Ejs is globally asymptoti-
stability, and global stability of F4 and F, the author cally stable in the interior Ri of the yz-plane.

obtained the following results (see Theorem 3.2-3.7

in [0 for more detailed expression). Theorem H. Along the conditions stated in Theorem

3.5, the equilibrium point Es is globally asymptoti-
Theorem A. Predator washed state Ej exists only cally stable in the interior of R3 1.

when anzag <1, where Now, from Theorem A, C, D, and E, one could eas-

. l4ag . 1tan @) ily see that if those Theorems hold, it will follow that
T=1C 19091 Yy=71_ 12091 FE, is globally stable if the inequality ooy < 1
holds. Such a result is too good to be true. Indeed,

) let us consider the following example.
Theorem B. Second mutual species washed state E5
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Example 1.1. Consider the following system

2—:: = z(1—z+0.5y),

d

- ry(1 —y+ 0.5x)

dt 4
B (1 -0.25)yz )

0.5+ (1—0.25)y’
dz 0.5(1 — 0.25)y
it A -025+ 05+ (1— 0.25)y)‘

Here, corresponding to system , we choose a1 =
21 = 0.5,]) = 0.25,2}1 = 0.5,1)2 = 0.25,U3 = 0.5.
By simple computation, we have ajoai0; = i <1,
That is, condition in Theorem A, C, D, and E is satis-
fied. It follows from Theorem A, C, D, and E, that the
predator washed state E4(%, %, 0) is globally asymp-
totically stable in the interior sz’r. Numeric simula-
tions (Figures 1-3) show that in this case, Fy (2, %, 0)
is not globally asymptotically stable, since z(tg is not
approach to 0 as t — +o0.
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Figure 1: Dynamic behaviors of the first com-
ponent z in system with the initial condi-
tion (z(0),y(0), 2(0)) = (0.5,0.5,0.5), (1,1, 1),
(1.5,1.5,1.5), and (2, 2, 2), respectively.

On the other hand, from Theorems B, F, G, and
H, one could easily see that if those Theorems hold, it
will follow that E is globally stable if the inequalities
v3 > vo, (1 —p)(vs —v2) > vy1v2, and vV1v3 + ViV >
(1 — p)(vs — v2) hold. However, we say that this
is impossible. Indeed, let us consider the following
example.
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Figure 2:  Dynamic behaviors of the second
component x in system (4)) with the initial condi-
tion (z(0),y(0), 2(0)) = (0.5,0.5,0.5), (1,1, 1),
(1.5,1.5,1.5), and (2, 2, 2), respectively.

Example 1.2. Consider the following system

d

d—:f = z(1 -2z +0.5y),

d

G ry(1 —y + 0.5z)

dt 5
~ (1-05)y= )

0.25+ (1 — 0.5)y’

dz 0.5(1 — 0.25)y

P (—025 4 2T 22T

7 = (-0B+ o)

Here, corresponding to system (I)), we choose ao =
91 = O.5,p = 0.5,U1 = 0.25,1]2 = 0.25,’03 = 0.5.
By simple computation, we have

v3 = 0.5 > 0.25 = vo,
(1 —p)(vg —vg) = % > % = v1vV9,
V13 + ViU = 1% > % = (1 —p)(vz — v2).

That is, all the conditions in Theorems B, F, G, and H
are satisfied. It follows from Theorem Theorems B, F,
G, and H that the second mutual species washed state
E5(0, z, y) is globally asymptotically stable in the in-
terior R:j’r. Numeric simulations (Figures 4-6) show
that in this case, F5(0, Z, §) is not globally asymptot-
ically stable, since z(t) is approach to 1 as t — +o0.
Above two examples show that at least Theorem
E and H in [[1]] may not be correct. Hence, we should
revisit the stability property of the equilibrium 4 and
FE5. This paper aims to put forward some studies on
this direction. Indeed, we will prove the following
results.
Theorem 1.1 Assume that

o9y < 1

(6)
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Figure 3: Dynamic behaviors of the third com-
ponent z in system with the initial condi-
tion (x(0),y(0),2(0)) = (0.5,0.5,0.5), (1,1,1),
(1.5,1.5,1.5), and (2, 2, 2), respectively.

and .
vs(1—p)j
v+ (1-p)y
are satisfied, then the predator washed state Ey is

globally attractive in the interior Ri.

—vs + <0 (7)

Remark 1.1. Theorem 1.1 shows that to ensure the
globally attractivity of £, additional condition (7)) is
needed.

Theorem 1.2 The second mutual species washed
state F5(0, Z,y) is unstable.

Remark 1.2. Theorem 1.2 shows that Theorem B
and H in [1] is incorrect.

The rest of the paper is organized as follows. We
will prove Theorem 1.1 in the next section. We end
this work with a brief discussion. For more works
on the predator-prey system or mutualism model, one
could refer to |1}, 2] 3 141 51 (6] [7, [8], 9L (10} 111 [12] (13}
141 (15016} [17, 18, 119, 20} 211 22[] and the references
cited therein.

2 Proof of the Main Results

Lemma 2.1[11] I[fa > 0,b > Oand & > b— az,
when t > 0 and z(0) > 0, we have

b
liminfz(t) > —.
t—+o0 a

Ifa > 0,b>0andx < b—ax,whent > 0 and
z(0) > 0, we have

limsup z(t) <
t—+o00

ISERS
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Figure 4: Dynamic behaviors of the first com-
ponent z in system with the initial condi-
tion (x(0),y(0),2(0)) = (0.5,0.5,0.5), (1,1,1),
(1.5,1.5,1.5), and (2, 2, 2), respectively.

Now let us consider the system

d

d—f = z(l —z+ a12y),

&y ®)
Py ry(1 — (1 +0)y + ag17),

where § > 0 is nonnegative constant.

Lemma 2.2 Assume that cciocia1 < 1, then system
admits a unique positive equilibrium A(Zs, ys), where

4= app+146

J 1+5—a12a21’
. a1 +1
Ys =

1 + o — Oélz()égl’

which is globally asymptotically stable.
Proof. Let us consider the following Lyapunov func-
tion

(z—@— a5 L)

+ 04121 (y—ﬁa—?}aln%)7
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Figure 5: Dynamic behaviors of the second
component y in system (5) with the initial condi-
tion (x(0),y(0),2(0)) = (0.5,0.5,0.5), (1,1,1),
(1.5,1.5,1.5), and (2, 2, 2), respectively.

Calculating the derivative of V' along the solution of
the system (8), we have

dv
dt
= ( —;)(1—35—1—04121/)
L2 (1 _ @) (1 —(140y+ azﬂ)y

rag] Yy

= (:U—fv(;)(—(x—i5)+0412(1/—§5))
fj:(y ya)(f(1+5)(y*?35)

+agi (v — 556))2/

= —(z—i5)?
+2012(x — &5)(y — Us)
—22(1 4 6)(y — 9s)*

N )
(x — 25,y — Us) (y_%

1 19
4= < a2 52(1+9) )

According to the hypothesis ajoa0; < 1, % <0
strictly for all z,y > 0 except for the positive equi-
librium (Zs, ¥5), where ‘?{ = 0. Thus, V(z, y) satis-
fies Lyapunov’s asymptotic stability theorem and the
positive equilibrium (Z, ) of the system (8] is glob-
ally asymptotically stable. The proof of Lemma 2.2
is now complete.

Remark 2.1.

where

For the case & = 0, Srinivasarao
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Figure 6: Dynamic behaviors of the third com-
ponent z in system with the initial condi-
tion (x(0),y(0),2(0)) = (0.5,0.5,0.5), (1,1,1),
(1.5,1.5,1.5), and (2, 2, 2), respectively.

Tote [1]] also attempted to demonstrate this conclu-
sion, for more information, see the proof of Theorem

3.4 in [1], however his argument is flawed because he

—i which prevents V' from being

» 12
positive definite.

choose I =

Proof of Theorem 1.1. Fore > 0 enough small, from
, the continuity of the function 37, and the sign-
preserving properties of the continuous function, the
following inequality holds:

v3(1 —p)(y+¢)
BT TR e

©)

From the first and second equations of the system
and the positivity of the solution of the system (T]), we
have

dx
il z(1 -z + a12y),
g (10)
d—z; < ry(l —y+ agx).
Now let us consider the system
dv
aTtl = vi(1 — v + a12v2),
(11)
dv, (1 —wv2 + agivy)
— = rug(l— .
0t 2 2 2101

It follows from (6)) and Lemma 2.2 that the positive
equilibrium A(#,7) of the system is globally
asymptotically stable, where

. 14+ aig .
f=—"—""— §=
1 — 19001

1+ an
1 — ajga91

(12)
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That is, for any positive solution (v (t),v2(t)) of the
system (11, one has

Jim oi(t) =2, lim va(t) = 9.

Let (x(t),y(t), z(t)) be any positive solution of sys-
tem with positive initial condition (zg, yo, 20),
and let (v (t),v2(t)) be the positive solution of sys-
tem with the initial condition (v;(0),v2(0)) =
(z0,Y0), then it follows from (10}, and the dif-
ferential inequality theory that

z(t) < wvi(t), y(t) <wq(t) for all t >0,
and therefore that

limsupz(t) < &, limsupy(t) <g. (13)

t——+o0 t—+o0

Thus, for aforementioned € > 0, there existsa; > 0
such that

y(t) <y+e forall t>1Tj. (14)

From the third equation of system (), for ¢ > T}, we
have

dz v3(1—p)y

e z(_v2+rl+(1_p)y> (15)
< Z(_v L s -p)Gte) )
- 2 v+ 1 —p)(g+e)/

It then follows from (9)) that

2(t) < 2(T)exp{B(t-T)} -0 as t— +oo.
(16)
where
v3(1 —p)(J +e)
v+ (1 =p)(g+e)

Hence, for aforementioned € > 0, there exists a 75 >
T}, such that

B=—vy+

z(t) < e as t>Ty. (17)

1—p

From and the first and second equation of system
(1), for t > T, we have

d
dit: = z(1l —z+ a129),
dy (1-pyz
@ 1— _ T PYe
dt ry(l =y +anz) vi+ (1 —py
1—
> ry(l—y+anz) - (Up)yz
1
v
(1 =p)yy _lpe
ry(l —y + anz) — o
ry(1 — (1 +e)y + azz).
(13)

E-ISSN: 2224-2678

Xiaoran Li, Qin Yue, Fengde Chen

Now let us consider the system

d
% = w1(1 — W1 + a12w2),
(19)
dwg
. = rws(l— (14 e)ws + agwy).

It follows from (6) and Lemma 2.2 that the posi-
tive equilibrium A(Z., g.) of system (19) is globally
asymptotically stable, where

N ap+1+¢
Te = 1+€—04120421’

20
. ag1 +1 (20)
Ye =

a 1—|—£—a12a21’

That is, for any positive solution (wy (¢), wa(t)) of the
system (19)), one has

i wi(t) = ., Jim_ws(t) = g
Let (z(t),y(t),z(t)) be any positive solution
of system (I) with positive initial condition
(x1,, Y1, 213, )» and let (w1 (t), w2 (t)) be the positive
solution of system with the initial condition
(w1(T3),w2(T3)) = (1, y1,), then it follows from
(18), and the differential inequality theory that

z(t) > wi(t), y(t) > wa(t) for all t > Ty,
and therefore that
o >4 limi e
liminfa(t) > &, liminfy(t) > g 21
(13) combines with leads to
N <1 <4
Ze < %tgnﬁgofx(t) < 1t1§fgop z(t) < z,
Je < liminfy(t) < limsupy(t) < 9.
t—+o0 t—+o0

Noting that ¢ is any enough small positive constant,
letting € — 0 in the (22) leads to

Jim a(t) =, lim y(t) =9 (23)
So, together with shows that the predator
washed state F, is globally attractive in the interior
R3.
This completes the proof of Theorem 2.1.
Proof of Theorem 1.2. It is enough to show that x(t)
is impossible approach to 0 as ¢ — 4o00. Indeed, not-
ing that the first equation in the system (/1)) is indepen-
dent of the predator species, from the positivity of the
solution and the first equation of the system , we
have

d
d;t” =2(1 — 2 + o1oy) > 2(1 — ). (24)
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Applying Lemma 2.1 to this inequality leads to 3

liminfxz(t) > 1.
t——4o00 2.5

Therefore, there exists a 7' > 0 such that

1
a:(t)>§ as t>T.

This means that 2:(¢) is impossible approach to 0 as
t — +o0.
The proof of Theorem 1.2 is now complete. 1

3 Numeric Simulations

Now let us consider the following example. Figure 7: Dynamic behaviors of the first com-

t i t 2 ith the initial -
Example 3.1. Consider the following system ponent o 10 syslem W © et con

dition ((0),y(0),2(0)) = (3,3,3), (L1,1),
d (1.5,1.5,1.5), and (2, 2, 2), respectively.
— = z(1—2x+0.5y),
dt
dy
@ ry(l -y +0.52) sufficient conditions to ensure the global attractivity
(1—0.25)yz (25) of E4, and proved that E is impossible to be stable. A
T05 4 (1-0.25)y more interesting fact: from the numerical simulation
’ ' of Example 1.1, the system (1.1) may have a periodic
dz 0.5(1 -0.25)y solution, that is, the system may exhibit Hopf bifur-
at Z( N 0.5+ (1—10.2 5)y) cation in some situation, but we cannot strictly prove
this conjecture at present. This requires further work
Here, corresponding to system (I)), we choose a2 = in the future.
a1 = 0.5,p=0.25,v1 = 0.5,v3 = 0.5,v2 = 1. By It must be noted that for the cooperative system
simple computation, from a0 = % < 1, we have or commensalism system, so far, as far as the au-
T =2,y = 2, thus, thor knows, no limit cycle has been found (see [[13]-
A [22] and the references cited therein). After adding
— vy v3(1 —p)y the predator population to the system, the system can
vi+(1—p)y have a periodic solution as was shown in Example
1.1, which is obviously a fascinating phenomenon.
= -1+ 0.5 0.75 x 2 (26) It seems very necessary to consider the multi-species
0.5+ (1-0.25)x2 ecological model including both predator and mutu-
= 0.625 < 0. alism relationship.

That is, condition @ in Theorem 1.1 is satisfied. It

follows from Theorem 1.1 that the predator washed References: . .
state F4(%,%,0) is globally attractive in the interior [1] Tote S., On an ecological model of mutualism be-

33 colog: :
3 N e simulafti Fi _9) show that i tween two species with a mortal predator, Appli-
R Numeric simulations (Figures 7-9) show that in cations and Applied Mathematics: An Interna-

this case, F4(2,2,0) is globally attractive. tional Jowrnal (AAM), Vol. 15, No. 2, 2020. pp.

4 Discussion 13091322
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E-ISSN: 2224-2678 344 Volume 21, 2022



WSEAS TRANSACTIONS on SYSTEMS
DOI: 10.37394/23202.2022.21.37

Figure 8: Dynamic behaviors of the second com-
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