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Abdract: -This paper proposes a new method for online identification of a nonlinear system using RKHS models.
The RKHS model is a linear combination of kernel functions applied to the used training set observations. For
large datasets, this kernel based to severs computational problems and makes identification techniques unsuitable
to the online case. For instance, in the KPCA scheme the Gram matrix order grows with the number of training
observations and its eigen decomposition. The proposed method is based on Reduced Kernel Principal Component
Analysis technique (RKPCA), to extract the principal component will be time consuming.
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1 Introduction

The last few years have registered the birth of a new
modelling method of nonlinear systems using
Reproducing Kernel Hilbert Space (RKHS) [1], [7],
[15], [16], [17], [21], [22] called kernel methods.
These methods have been applied to a large class of
problems, such as face recognition [12], [24], time
series prediction [4], identification of nonlinear
system [11], [14], [23], .... The proposed method
proceeds in two steps, first in an off line phase we
select a set of kernels functions using the RKPCA
technique, then in the online phase a RKHS model is
constructed and successively updated.

An eigen decomposition of Gram matrix can simply
become too time-consuming to extract the principal
components and therefore the system parameter
identification becomes a tough task. To overcome this
burden recently a theoretical foundation for online
learning algorithm with kernel method in reproducing
kernel Hilbert spaces was proposed [8], [10]. When
the system to be identified is time varying, the online
kernel algorithm is more useful, because these
algorithms can automatically track changes of system
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Behaviour with time-varying and time lagging
characteristic.

In this paper we propose a new method for online
identification of a non linear system parameters
modeled on Reproducing Kernel Hilbert Space
(RKHS). This method uses the Reduced Kernel
Principal Component Analysis (RKPCA) that selects
the observations data to approach the Principal
Components Analysis [11]. The selected observations
are used to build an RKHS model with a reduced
parameter number. The numbers of reduced
observations are fixed and we actualise the
parameters on minimizing a criterion. The proposed
technique may be very helpful to design an adaptive
control strategy of non linear systems.

The paper is organized as follows. In section 2, we
remind the Reproducing Kernel Hilbert Space
(RKHS). In section 3, we remind the Reduced Kernel
Principal Component Analysis RKPCA method. In
section 4, we propose the new online RKPCA-RN
method. The proposed algorithm has been tested to
identify the nonlinear system and a Tennessee
Eastman process.
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2 Reproducing Kernel Hilbert Space
Let X OR? an input space and L*(X) the Hilbert

space of square integrable functions defined on X.
Let k:X* - R be a continuous positive definite

kernel. It is proved [18] that it exists a sequence of an
orthonormal eigen functions (¢, ¢,, .., ¢;) in L*(X)

and a sequence of corresponding real positive
eigenvalues (o;, 0,, ...,0;) (where | can be infinite)

so that:
k(x, t):Zo—j W (x) @ (t) 5 xtOX (1)

Let HOL*(X) be a Hilbert space associated to the
kernel K and defined by:

H:{fDLz(x)/f:Z':vwﬁ, and i‘%":m} ()

]

Where ¢, = \/El//i i =1,...,1 . The scalar product in the

space H is given by:

<f,g>,= <ZI‘,W¢.ai%¢J>H = lez (3)

K is a Reproduisant Kernel for the space H if

*0x0 X, the function K, such as

kx:X - R (4)
t s k(D) =K(x b
is a function of the space H.
*OxOX;0f0OH (f, k), =f(0 ®)

H is a Reproducing Kernel Hilbert Space (RKHS) for
the kernel K.

The relation (5)  describes the property of
reproducibility of the function for the space H [1]. In
other words the scalar product between each function
f O H and the function k, enables to determine f (x) .

Let’s define the application @ :
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®:X - IR
X
. :¢1( ) ©)
Xt ®(X) =
$(¥)
Where ¢, are given in (2).
The kernel trick [1] is so that:
k(x x)=(@(x.0(x) x X0 X ™)

Vapnik [18] proposes to adopt the (Structural Risk
Minimisation: SRM)

o(1) =+ 3¥{y. 1(x) 4, ®

Based on the representer theorem [19] the optimal

function fopt which minimizes D(f) can be

written as:
N

foo ()= 23 k(%% ©)
i=1l

Where a, i =1,..,N are the model parameters.

3 RKPCA method

Let a nonlinear system with an input uJR and an output y(OR
from which we extract a set of observations {u;, yi}i:1 - Let
H an RKHS space with kernel K. To build the input vector

X of the RKHS model we use the NARX (Nonlinear auto

regressive with eXogeneous input) structure as:
T
X :{q,.‘., VI y_my} ; m, mON (10)

The set of observations becomes D={x,y} _,

where x OR™™™" and y, OR.

and the RKHS model of this system based on (9) can
be written as:

v =2 ak(x x) an
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Let the application @ :
®:X - R
% (x)
12
X ®(x) = (12)
8 (x)

Where ¢, are given in (13).

The Gram matrix K associated to the kernel K is an
N - dimensional square matrix, so that:

k, =k(x. %) for L j=1 ., N (13)

The kernel trick [1] is so that:
< o(x), dJ(x') > = k(x )'() x xO X (14)

We assume that the transformed data {®(x )} OR'

i=l, ..,
are centered [11]. The empirical covariance matrix of
the transformed data is symmetrical and |-
dimensional. It is written as following:

o(x) ()", G, 0B (s)

M=

1
C¢:Mi

Let | the number of the eigenvectors {Vj} . of the

C, matrix that corresponding to the non zeros
positive eigenvalues {:/1].}]_:l It is proved in [11]

that the number |'is less or equal to N .

Due to the large size | of C,, the calculus of

{VJ.}JY=1 - can be difficult. The KPCA method shows

that these {Vj}j:l are related to the eigenvectors

{ﬂj}jzl y of the gram matrix K according to [11]:

V=Y B, ®(x) . =l (16)
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associated to their nonzero eigenvalues £, >...> u.
The principle of the KPCA method consists in
{’Bj}jzl,...,r in the

decreasing order of their corresponding eigenvalues
{ ,uj}j=1 o The principal components are the P first

organizing the eigenvectors

vectors {Vj}j:1 ,associated  to  the  highest

eigenvalues and are often sufficient to describe the
structure of the data [11]. The number P satisfies the
Inertia Percentage criterion IPC given by:

P’ =arg(|PC299) (17)
Where
)
iui
IPC == *100 (18)

Su

The RKHS model provided by the KPCA method is
[1].

yneW:ZV\{q Zﬁq,i k( X’ )ﬁew) (19)

Since the principal components are a linear
combination of the transformed input data {®(x)}

[12], the Reduced KPCA approaches each vector
{vj} , by a  transformed input  data
j=1

qn(x?) O{o(x )}i:l,...,

the direction of V, [5].

| having a high projection value in

The projection of the ®(x ) on the V; called
®(x), OR and can be written as:

®(x), =(V,.®(x)): j=L...P (20)

]

According to (18) and (16), the relation (22) is
written:

8(x), =2 B k(% X): =1 P 1)
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To select the Vectors{tb()gb )} , we project all the
{o(x )}i:l _, Vectors on each principal component

{VJ.}J?l _ and we retained x; O {x}

, that

=, ..,

and (22)

Where ¢ is a given threshold.

P corresponding to the P principal

Once the {xj’}

,,,,,,

the vector ®(x)OR' to the ®(x)OR" vector that

belongs to the space generated by {CD(xb)}__ and

i

the proposed reduced model is:

o= 8 B (%), (23)
Where
(X0, :<q>( j),qa(xnew)); j=1,.., P (24)

And according to the kernel trick (7), the model (23)
is:

Vneﬁiéj K (Xew) (25)
Where:
k (x)= k(®. ¥ for j=1, .., P (26)

The model (23) is less complicate than that provided
by the KPCA. The identification problem can be
formulated as a minimization of the regularized least
square written as:

N

(=15 x-$a k()] 214 @

i=l
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Where: p is a regularization parameter and

P

a=(4, .., &)  isthe parameter estimate vector
The solution of the problem (27) is:

a=(F+pl,)'G (28)
With :
>k(x)y
G= : ORP
>k ()
and
Sk Tk(x)k(x)
F=| OR™?
3k, (x)k (%) Sk (x) k(%)

=1 i=l

And 1, 0R™" isthe P identity matrix

The RKPCA algorithm is summarised by the five
following steps:

1. Determine the nonzero eigenvalues { ,uj}j:l ;

and the eigenvectors {'31},-:

matrix K .

2. Order the { ﬂj}j:l on the decreasing way

with respect to the corresponding eigenvalues.

3. For the P retained principal components,
choose the {(xf’ )} _ that satisfy (22).
j=1 P

4. Solving (29) to determine & OR"

5. The reduced RKHS model is given by (2)
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4  Online RKPCA-RN method

Prior to the online identification, we start with offline

identification on a set of observations

={% W eees (s W} -
In this offline phase we apply the RKPCA technique
to reduce the number of the parameters of the RKHS
model. The model provided by the RKPCA is given

(9= a, k(. @9)
i=l

The on line identification phase begins from the

instant n+1. At this instant a new couple of

observations is available {x ,,, V,.} -

From the equation (29), we calculate the output

RKHS model given by:

5 P

Voo = 28 K(%. %) (30)
i=1

The error between the estimated output and the
measured on actual one is:

€ = ( Yoot = Yot ) (3 1)
If
&l <& (32)

where & is a given threshold, we can say the model

approaches sufficiently the system behavior. If not,
we update the parameters {aj} by minimizing the

criterion J

r,n+l

[Y’ Z% K% )JZ
ﬂMfgadﬁxﬂ =

r n+l ( AH] (33)

Where
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8,
A=l
a

OIR?

We can write

rn+l A\H (" K(n+1)P Aﬁ-l ¥+1 +p|| n+l )
Where
k(. %) k(. %)
K e = . .. ) OIR™P  and
k(% %) k(4. %)
k(X %) k(% %)
yb
V.=, |OR (34)
Yo
You
The criterion (33) can be written as the following :
i 3 (Aa) =
2 2
A DIRDE(HK(W-])P A\H nHH +pH AHH )
. 1
=A"r1nlDr|1RF [E (K(n+l)PAw1_ r») (Krﬂ)PAﬂ m) 5 'ehT ﬁlj
(35)
The minimum of J, ,, is reached for :
a‘JI' n+l
— " =0
aA\H
a‘JI',I’H'I —_
0A.,,

Yo,
|: (Am (n+)P Yn+1T)(K(n+l)P'A1+l _le)+5 AmlT Aﬁ+1:|
_1
20A,
_Yn+1T' K(n+l)P A‘Hl

[Am (n+1) P (r‘rH)P Am Kn—l)P Al

Y, m+pAJAJ
(36)

As ALK e Yo et Yo' KL e A, are scalar and

transposed, then
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a‘Jr,r|+1 — a TT

m - 0A,+| [Am K(n+1)P K(n+l)P'Am-1 (37)
_Z'Yn+1T' K(n+1)P' Avl _YnHT Ynf-l +p 'ﬁXlT 'r?’rl:|
Therefore

a‘Jr,n+1 =KT K -KT Y  +

aA1 - Nn+nP (n+1)PArr+1 () P 7 vl pAﬁH

+1
= (KTn+l)PK(n+1)P +pl P)An+1 - K(Tn+l)PYn+l
Then
-1
A\+1 = ( K;rr|+1)P K(n+l)P +pIP) K(Tn+l)PYn+l (38)

To every new observation, we apdate the parameters
of the model (30) using the relation (38).

Online RKPCA- NR algorithm

Offline phase:

According to (17) and (18) we determine the P
retained principal components resulting from the
processing of an N measurement set.

1- Then we determine the | :{x?}j:1 _ set according

to (22), used during the online phase.
2- Write RKHS model obtained by RKPCA

Yo :jZ:aj k()f )ﬁ)

Online phase:

For a new couple of observation {x,,, ...}

1 - Calculate the output of the model RKHS
P

yn+1 :2 a'j k( >{)’ )SH)
i=1

2- Calculate the value of e,,, .
3- If the condition (32) is satisfied = we comes back
to 1 for a new observation {X,,,, Y,..}

Otherwise:

- Estimate the parameters {aj} j=1,..., P using

the relation (38).

5 Simulations

The proposed method has been tested for modelling a

nonlinear system and a Tennessee Eastman process.
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5. 1 System nonlinear
We consider the nonlinear system

y(i) =log(|u(i =1 ~u(i =2)+0.6 y(i=2) +0.4 y(i-1)+1)+ (i)
(39)

Where e(i) is a gaussian noise. The input vector of

RKHS model has the structure

x(i) =[ u(i=D,u(i-2), y(i-D] "

u(i) is the process input chosen as gaussian signal.

To build the RKHS model we use the ERBF Kernel
(Exponential Radial Basis Function)

(40)

With =5 and|| || is the euclidean norm. The term

of regularisation A =10~
The chosen threshold is: & =0.04

We performed the online identification using the
online RKPCA-RN algorithm developed in section 4.

The number of observations in identification offline
phase is 150 and the number of principal component
analysis obtained by RKPCA method is equal to 5.
The number of observations in online identification
phase is 300.

The minimal normalized mean square error between

real output and estimated one (NMSE) is defined.

N 2

2% -v)

NMSE= =1 (41)

N

(%)
i=1
Where § and y design the model RKHS output

and the system output respectively.
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Figure 1: System and model outputs during the online
Identification

In Figure 1, we represent the online RKPCA-RN
output as well as the system output. We remark that
the model output is in concordance with the system
output, indeed the Normalized mean Square Error is
equal to 0,002 . This shows the good performances of

the proposed online identification method.
To evaluate the performance of the proposed method

we plot in Figure 2, the evolution of the NMSE.

x 10°

1
— Ewolution of NMSE ‘
45+ E

NMSE

L L L L
50 100 150 200 250 300
iterations

Figure 2: Evolution of NMSE
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5. 2 Tennessee Process

To illustrate the efficiency of the proposed model we
proceed to its validation on Tennessee Eastman

process.

5. 2. 1 Process description

The Tennessee Eastman (TE) process [9] is a highly

non linear,
unstable

non-minimum phase,
chemical process

and open-loop
consisting of a

reactor/separator/recycle arrangement. This process
produces two products G and H from four reactants
A, C, D and E. Also a byproduct F is present in the

process. The simultaneous, irreversible

exothermic gas-liquid reactions are:

Alg)+
A(g)+

c(g)+D(g) - G(lig),Product 1
(9) (g) - (lig),Produth

A(g)+E(g) ~ F(lig),byroduct
3D(g) - 2F(lig), byroduct

and

The process has 12 valves available for manipulation
and 41 measurements available for monitoring or
control. The detailed description of these variables,

process disturbances and base

case operating

conditions, is given in [3]. The process flowsheet is

presented in Figure 3

COMPRESSOR 0

0 oy
Al 8 30 2T}
o | cat ™ e
-k
&

¥ eeecee

Figure 3: Tennessee Process
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The modelling and the identification of the Tennessee
Eastman process represent a challenge for the control
community. It has been the subject of several studies
[2] but most of them have tackled the process control
without giving importance to modeling step. [13]
have used input/ output process data to identify an
autoregressive (AR) model parameters.

In our paper we intend to identify the parameters of
the corresponding RKPCA- RN method of this
process using the same technique of [20] for
generating the data.

5. 2. 2 Data extraction

The input/output data used to built the model were
generated from the model of Tennessee implemented
for the program Matlab © in the toolbox Simulink [9].
The process has 12 inputs and 41 outputs. According
to the work of the process was divided into two fields.
The first with a PID controller to maintain the process
stability. The second field is devoted to the
identification where only four inputs (reactor
pressure, reactor level, D feed flow and E feed flow)
are tuned and the others are maintained as suggested
by mode 3 of Simulink model. Assuming the reactor
outputs, we select the separator temperature product.

5. 2. 3 Knowledge model of Tennessee Process
In this section, we consider for the knowledge model
of the Tennessee process that suggested by [9] as
shown by Figure 4.

Reactor —p —  Separator
pression temperature
Reactor —> Tennesse
level Process
E feed li Re_zclt o 1
flow > iquid leve
D feed
flow

Figure 4: Sheme input / output of Tennessee process

* Output equations:
The first output, separator temperature is given by:

E-ISSN: 2224-2678

Nadia Souilem, llyes Elaissi, Okba Taouali, Hassani Messeouad

Ts = (chv, Sout ch,v S i) (42)

Where:
Tew. 5 o Cooling water outlet temperature in the

separator
Tew, s Cooling water inlet temperature in the

separator

The temperature T is linked to the energy
Qs removed for the separator by the differential
equation:

Qs = Mew, G, CW( chv S out T cw, S)n (43)
Where:

C Specific heat capacity cooling water, kJ kg K™

p,CW
Muw, s Cooling water flow rate separator, kg h™'

For the second output, the reactor liquid level is given
by:

N.
er:Z% ;i=D,E,F,G,H (44)

Where: p Molar density of component i, mol m™ ,

N. . is the total molar holdup of the component i in

Ir

the reactor.

5. 2. 4 Modelling in RKHS

To generate the data from simulink, the simulation
step size was 0.0005 s and the data were collected
every 0.02s.

To build the RKHS model we use the Kernel RBF
(Radial Basis Function)

' X—X
K (X, X) = exp| - (45)
U

Where =120, and|| || is the euclidean norm. The

term of regularisation A =107°
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The chosen threshold are:
£ =001

The number of observations in phase of identification
offline is 300 and the number of principal component
analysis obtained by RKPCA method is equal to 10.

The number of observations in online identification

phase is 5000.

In Figure 5, we represent the online RKPCA-RN
output as well as the Tennessee Eastman output. We
remark that the model output is in concordance with
the system output, indeed the Normalized mean
Square Error is equal to 5,6310. This shows the
good performances of the
identification method.

proposed online

system output W
- — — - online RN-RKPCA

94+ I

o f u Wﬁ | uﬂ“

iy
92\ i

90} \ ‘
M

89k

L | L 1 H

L L L 1 L
500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Figure 5: Validation phase
To evaluate the performance of the proposed method

we plot in Figure 6, the evolution of the NMSE.
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x 10

T T T
Ewolution of NMSE

NMSE

Ot | | | | | | | | | 1
500 1000 1500 2000 2500 3000 3500 4000 4500 5000
iterations

Figure 6: Evolution of NMSE

6 Conclusion

In this paper, we have proposed an online reduced
kernel principal component analysis method for
nonlinear system parameter identification. Through
several experiments, we showed the accuracy and
good scaling properties of the proposed method. This
algorithm has been tested for identifying a nonlinear
system and a Tennessee Eastman process and the
results were satisfactying. The proposed technique
may be very helpful to design an adaptive control
strategy of non linear systems.
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