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Abstract: - This study develops a robust recursive least-squares (RLS) Wiener fixed-interval (FI) smoother by
exploiting covariance information for linear continuous-time systems that face uncertainties in both their
system and observation matrices. Uncertainties in the state-space model cause degradations in the signal and
observed values. The robust FI smoothing and filtering methods introduced do not assume that the system and
the observation matrix have norm-bounded uncertainties. An observable companion form represents the state
space model of the degraded signal. Robust RLS FI smoothing is to minimize the mean-square value of the
smoothing errors of the system state over a fixed interval. Section 3 introduces an integral equation satisfied by
the impulse response function that is optimal for robust FI smoothing estimation of the system state. An integral
equation for the impulse response function, which provides a filtering estimate of the state of the degraded
system, is also shown. Theorem 1 presents the robust RLS FI smoothing and filtering algorithm for the signal
and the system state using covariance information. Theorem 2 presents the robust RLS Wiener (RLSW) FI
smoothing and filtering algorithm for the signal and the system state. Robust RLS FI smoother outperforms
robust RLS filter in estimation accuracy, as shown by the FI smoothing error covariance function in Section 5.
Numerical simulation examples demonstrate that the robust RLSW FI smoother achieves superior signal
estimation accuracy compared to the robust RLSW filter.
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1 Introduction stochastic systems [14], [15]. The FI smoothing
The problem of estimation has received a lot of algorithms in [1], [2], [3], [13], [14], [15] use the
attention, e.g. in [1], [2], [3], [4], [51, [6], [71, [8], sta‘Fe-space model. Robust estimators in [3], [1‘2]
[9], [10, [11], [12], [13], [14], [15], [16], [17], [18], ~ estimate the signal or state of a system with
[19], [20], [21], [22], [23], [24]. The classification uncertain components in the system and observation

of estimators includes filter, smoothers, and matrices. The RLSW filter [16] has an advantage

predictor within both linear and nonlinear stochastic over the Kalman filter because it uses neither the
frameworks. One can divide the smoothers into the input matrix nor the covariance of the input noise in
fixed-lag (FL), fixed-point (FP), and fixed-interval the state-space model: In [17], [18], [19], [29], [2_ 1],
(FI) smoothers. Conventional Kalman estimation [22], robust sequential fusion Kalman estimation

requires information from a state-space model. techniques are studied for networked uncertain
Researchers in [3], [12] developed robust estimators sensor systems. _
under the assumption that the uncertain components In [23]’ the robust' RLSW ﬁ)'(ed-mtel.‘val
of the system and observation matrices are norm- smoother is proposed in linear discrete-time
bounded. stochastic systems with uncertainties. [24] proposes
This study addresses the robust recursive least a robust RLSW filter for linear continuous-time
squares Wiener (RLSW) FI smoothing problem. stochastic systems with uncertain parameters. To
The FI smoother has been studied in continuous- improve the estimation accuracy of the robust
time stochastic systems [13] and discrete-time RLSW filter, this paper designs a robust FI
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smoother for linear continuous-time stochastic
systems with uncertainties. Uncertain parameters are
assumed to exist in the system and observation
matrices. A linear integral transformation of the
innovation process for the degraded system with
uncertain parameters expresses the FI smoothing
estimate for the system state. From the orthogonal
projection lemma, the optimal impulse response
function satisfies the Wiener-Hopf integral equation.
With stochastic properties, the Wiener-Hopf integral
equation results in the second kind Volterra type
integral equation for the optimal impulse response
function. The integral equation for the impulse
response function, which provides a filtering
estimate of the state of the degraded system, is also
shown. A robust RLSW FI smoothing and filtering
algorithm is derived to estimate the signal and the
system state from the two integral equations. The
observable companion form represents the state-
space model of the degraded signal. Here, estimates
of the system and observation matrices of the
degraded system are calculated based on the method
n [24]. Theorem 1 represents the robust RLS FI
smoothing and filtering algorithm for the signal z(t)
and the system state x(t). In addition to the
degraded observation matrix H, the algorithm uses
information from the -cross-covariance function
K, %(t, s) of the system state x(t) with the state X(s)
of the degraded system and the covariance function
Ki(t, s) of the state X(t) of the degraded system. In
this context, K,5(t,s) and Kg(t,s) are represented
in the semi-degenerate kernel form. Based on
Theorem 1, Theorem 2 presents the robust RLSW
FI smoothing and filtering algorithm for the signal
z(t) and the system state x(t).The algorithm uses
covariance information K,z(t,t) and K(t,t), the
degraded observation matrix H, the system matrix @,
and the degraded system matrix ® . Numerical
simulation examples show that the robust RLSW FI
smoother achieves better signal estimation accuracy
than the robust RLSW filter.

The remainder of this paper is organized as
follows. Section 2 presents the nominal and
degraded state-space models and the realization of
the degraded system. Section 3 introduces the robust
FI smoothing problem. Section 4 presents the robust
RLS FI smoothing and filtering algorithm using the
covariance information in Theorem 1 and the robust
RLSW FI smoothing and filtering algorithm in
Theorem 2. Section 5 presents the estimation error
covariance functions for the robust FI smoother and
filter in Theorem 1. Section 6 provides numerical
simulation examples.
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2 Nominal and Degraded State-Space
Models and Realization of Degraded
System

Let the state-space model for the system state

x(t) and the observed value y(t) be given by

1).

. y(@) = z(t) + v(t),2(6) = Hx(0),

dx(t)
dt
E[v(k)vT(s)] = RS5(t —s),R > 0,
E[w(®)w"(s)] = Q5(t —s),Q >0,
E[v(&)w"(s)] = 0, E[x(0)w" ()] = 0

= ®x(t) + Tw(t),x(0) = c,
(D

Here, x(t) € R™ is the system state, and z(t) €
R™ is the signal. The input noise w(t) € R! and the
observation noise v(t) are independent white
Gaussian noises with zero mean. I is the n X [ input
matrix, and H is the m X n observation matrix. The
covariance functions for the input noise w(t) and
the observation noise v(t) are described in (1). The
state and observation equations, which include
uncertain parameters, are provided in (2).

y(©) =z(t) + v(b),

2(t) = H®)X(6), H(t) = H + AH(¢),

dx(t)
dt

B(t) = D + AD(L),%(0) = ¢,

E[v(Ow” (s)] = 0, E[Ad(t)wT (s)] = 0,

E[AC(t)vT(s)] = 0, E[¥(0)wT(t)] = 0,

E[X(0)v" ()] =0

= & (t)%(t) + Tw(t),

2

In (2), E(t) and H (t) represent the degraded
system matrix and the degraded observation matrix,
respectively. AA(t) and AH(t) are the uncertain
matrices. The initial state of the degraded system,
%(0), is a random vector that is uncorrelated with
both the system input noise w(t) and the
measurement noise v(t).

Assume that the degraded signal is represented
as Z(t) = Hx(t) using the degraded state vector
X(t), where X(t) has n components.

Z(t) = Hx(t), 2(t) = ¥%,(¢),

H= Umsxm 0 O 0],
X1 (t)
| 5o ©
x(t) = :
Xn—1(t)
Xn (£)

Let X, (t) satisfy a differential equation
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axi(t) _dxt(o)
e AT g
_ dXPT3(1)
— az W cee (4)
dx,(t)
- an—l dt

— dn X, (8) + &(0).

(4) is transformed into the state differential
equations in the observable companion form:
dx(t) o _ g
= W) + (),
EG®E" ()] = Q8(t — ),
0 L 0 0
5 0 0 | 0 (5)
D= : : : o,
0 0 0 Lnscm
_dn _dn—l _dn—z _dl
F=[0 o 0 I,..J"%

where &(t) represents the residual to approximate
the degraded signal Z(t). The degraded system
matrix ® is estimated using (6) [24].

Bk [d’z—(tt)xr@ E[R()E ()],
0<s<t,
¥T(t) = [%,(8) %, (t)

.
() = 2(6), %, () = %
d"2z(t) _ d"12(t)
aez M= g

Xn1(6) X (D],

(6)

X (0) =

Also, the degraded observation matrix H is

estimated by
H = E[y(0)x" ()]E[¥()x" ()]

[24].

(7

3 Robust RLS FI Smoothing Problem

Assume that (8) provides a FI smoothing estimate,
denoted by X(t,T), of the system state x(t), as a
linear transformation of the innovation process
(1) = ¥(r) — H¥(1,7), 0<7<T x(t,7)
represents the filtering estimate of the state ¥(7) of

the degraded system.
T

x(t,T) =f g, i(r)dr (8)
0

Here, g(t,7) is the impulse response function. Let
us consider minimizing the mean-square value

= El® - 26T GO - 56T

of the FI smoothing error x(t) — X(¢t,T). The FI
smoothing estimate X(t, T) that minimizes the cost
function J satisfies the relationship
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x(t) —x(t,T) LU(s),0<t,s<T (10)

from the orthogonal projection lemma [24]. Here,
" 1 " denotes the notation of orthogonality. Hence,
the optimal impulse response function satisfies the
Wiener-Hopf integral equation.

E[x()v" (s)]
T

- f 9(6 DEB@IT (s)]de (n
0

Since E[U(t)07(s)] = R6(t — 5), (11) is rewritten
as:
g(t, )R = E[x()07 (s)]. (12)

Let the filtering estimate X¥(t,t) of the degraded

system state X(t) be given by:
t

2t t) = f 906, D)(D)dr (13)
0
as a linear transformation of the innovation process
(1), 0 <t < t. E[x(t)U7(s)] in (12) is developed
as follows:
E[x()0" (s)] = E[x()(¥(s) — HX(s,s)"]
= xil(t' S)

- fSE[x(t)ﬁT(‘r)] goT (s, 0)Hdr (14)
0

= Ky5(t,5) —f g(t, DR g, (s, 1)H" dr.
0

Hence, the optimal impulse response function
g(t, s) satisfies:

g(t,s)R
= xy(t'S)—fg(t.T)RgoT(s,r)HTdr. (15)
0

Let the cross-covariance function K,(t,s) of
the system state x(t) with the degraded system state
X(s) be given by (16) in the semi-degenerate kernel

form [24].
_(a@®BT(s),0<s<t,
Kxf(t;s) - {)/(t)(ST(S),O <t< s,
@) = %, 7(5) = e~ Kia(s,5),
y(®) = Ky (¢, t)e_éTt,ST(S) = eéTS

(16)

Let the covariance function K(t, s) of the degraded
system state X(t) be given by (17) in the semi-
degenerate kernel form [24].

_ _(A@®BT(s),0<s<t,
Kt s) = {E(tw(s),o <t<s,

A) = e®t, BT (s) = e~ PSKy(s, s)

)

Similarly to the derivation of (15) for the
optimal impulse response function g(t,s), it is
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observed that the optimal impulse response function
Jo(t,s) in (13) satisfies:
9o (f. S)R g
= K(t,s)HT
t

(18)
_f 9o, DR goT (s, 0)H  dx.
0

Starting from (15) and (18), Theorem 1
proposes the robust FI smoothing and filtering
algorithm for the signal z(t) and the system state
x(t). Besides the degraded observation matrix H,
the algorithm in Theorem 1 uses the covariance
information K,z(t,s) from (16) and K(t,s) from
(17). Based on Theorem 1, Theorem 2 presents the
robust RLSW FI smoothing and filtering algorithm
for the signal z(t) and the system state x(t) .
Besides ®, H, and ®, the use of covariance
information K,x(t,t) and K(t,t) characterizes the
robust RLSW FI smoothing and filtering algorithm
in Theorem 2.

4 Robust RLSW FI Smoothing and

Filtering Algorithm
Theorem 1 presents the robust RLS FI smoothing
and filtering algorithm for the signal z(t) and the
system state x(t). In addition to the degraded
observation matrix H , the algorithm uses the
covariance information K,y(t,s) from (16) and
K(t,s) from (17).

Theorem 1 Let the state-space model for the
system state x(t) and the observed value y(t) be
given by (1). Let the state-space model for the state
x(t) of the degraded system and the degraded
observed value y(t) be given by (2). Let the
degraded signal be given by #(t) = H¥(t) in (3)
and the state differential equations for the state
X(t) of the degraded system be given by (5). Let the
cross-covariance function K,(t,s) of the system
state x(t) with the degraded observed value X(s) be
given by (16). Let the covariance function K (¢, s) of
the state X(t) of the degraded system be given by
(17). Then, the robust RLS FI smoothing and
filtering algorithm for the signal z(t) and the
system state x(t) consists of (19)- (31).

Filtering estimate of the signal z(t): Z(t, t)

2(t,t) = H2(t, ) (19)

FI smoothing estimate of the signal z(t): Z(t, T)

2(t, T) = HZ(t, T) (20)
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FI smoothing estimate of the system state x(t) :
x(t,T)

2(6,T) = 26,0 + YOG T) o’

—a(t)713(0)42(6,T) @)
Partial differential equation for q;(¢t,T) in the
backward direction of ¢:

aql (t, T)

ot

= —8T(O)HTR1(¥(t) — HX(t, 1))

+6T(OHJ] (g, (t,T),

q.(T,T) =0
Partial differential equation for q,(t,T) in the
backward direction of ¢:

9q,(t,T)

at

= —AT(OHTR1(¥(t) — HX(t, 1))

M OLUHOIAGY)

q2(T,T) =0
Filtering estimate of the state ¥(t) for the degraded
system: X(t,t)

(22)

(23)

X(t, ) = A()es () (24)
Differential equation for e5(t):
des(t) _ o o
20 = 1o (30 - A% D), 05)
e3(0) =0
Equation for J5(t): §
Js@®) = BTMHT = r3(HAT®HADR™  (26)
Differential equation for r35(t):
drsz(t) T
T J3(OR]3 (0), @7)
133(0) =0

Filtering estimate of the system state x(t): X(t,t)

x(t,t) = a(t)e, () (28)
Differential equation for e; (t):

20 = L OG- A% ), 29)

91(0) = 0
Equation for J; (t):

J1(@®) = BTWH" —ris(OATHADR™  (30)
Differential equation for r5(¢t):

dariz(t) _ T

R NGLIAG) -

r13(0) =0
Appendix A presents the proof of Theorem 1.

The partial differential equation for ¢,(¢t,T) in
(23) is asymptotically stable if and only if the real
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part of each eigenvalue of the matrix AT (t)HJ (t) is
negative.

Based on Theorem 1, Theorem 2 presents the
robust RLSW FI smoothing and filtering algorithm
for the signal z(t) and the system state x(t). In
addition to the observation matrix H , the system
matrix @, and the degraded system matrix ®, the
algorithm uses the covariance information K, (t, t)
and K (¢, t).

Theorem 2 Let the state-space model for the
system state x(t) and the observed value y(t) be
given by (1). Let the state-space model for the state
X(t) of the degraded system and the degraded
observed value y(t) be given by (2). Let the
degraded signal be given by Z(t) = H¥(t) in (3)
and the state differential equations for X(t) be given
by (5). Let the cross-covariance function K, (t,t)
of the system state x(t) with the degraded system
state X(t) and the covariance function K(t,t) of the
degraded system state X(t) be given, in addition to
the observation matrix H , the system matrix &, and
the degraded system matrix &. Then, the robust
RLSW FI smoothing and filtering algorithm for the
signal z(t) and the system state x(t) consists of
(32)-(40).

Filtering estimate of the signal z(t): Z(t,t)
2(t,t) = HX(t, t) (32)

FI smoothing estimate of the signal z(t): Z(¢t, T)
2(t,T) = HX(t, T) (33)

FI smoothing estimate of the system state x(t):
x(t,T)
X, T)=x(tt) + Kz (t, )G, (¢, T)
~$130 (6 7) B9

Filtering estimate of the system state x(t) X(t,t)
af(t) o
rrant dx(t,t)

(K6, O = S5 (OHT) (39)

X R_l(j;(t) - Hﬁ(t' t))'
x(0,0)=0

Filtering estimate of the state X(t) for the degraded
system: X(t,t)
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dt
+(K(t, )HT — S33(0)HT)T
X RT1(y(t) — H¥(¢, 1)),
%(0,0) =0

(36)

Partial differential equation for g, (t, T):
aql(tl T) _ YT =
—Q - P alD
—HTR1 (y(t) — HR(t, t))
+HTRTY (R (t, )H" — S33(OHT)q,(¢, T),
Eil (t, T) =0

q:(T,T) =0

(37

Partial differential equation for G, (t, T):

9G(tT) _ =T
at - D QZ(t; T)

—HTR™'(%(t) — HX(t, 1))
+HATRY(K(t, OH" — S35 (OHNq,(¢, T),
G.(T,T) =0

(38)

Differential equation for S;5(t):

—dsllft(t) = ®S13(t) + Sy3(O)PT

+(Kxx (8, t)HT - 513(t)HT)R_1
x (R(t, )H — S33()HT)T,
S13(0) =0

(39)

Differential equation for S33(t):

%i(t) = ®S33(t) + S33(H)®"

+(K(t,)HT — S33()HMR™!
X (K(t,)H" — S33(0)HT)T,
S33(0) =0

For the stability of the RLSW FI smoothing
and filtering algorithm, the following conditions are
required.

(1) The differential equation (35) for X(t,t) is
asymptotically stable if and only if the real
parts of the eigenvalues of the system matrix ¢
are all negative.

The differential equation (36) for ¥(t,t) is
asymptotically stable if and only if the real
parts of the eigenvalues of the matrix ® —
(K(t,t)H" — S33(O)HNTR™H are all
negative.

The partial differential equation (37) for
G.(t,T) is asymptotically stable if and only if
the real parts of the eigenvalues of the matrix
—®T are all negative.

The partial differential equation (38) for
G, (t,T) is asymptotically stable if and only if

(40)

(2)

(3)

“4)
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the real parts of the eigenvalues of the matrix
—®T + +HTRY(K(t, t)HT — S33(t)HT)T are all
negative.

Appendix B shows the proof of Theorem 2.

5 FI Smoothing Error Covariance
Function

Let K, (t,t) be the covariance of x(t), P(t,T) be
the FI smoothing error covariance function of x(t),
and P(t, t) be the filtering error covariance function
of x(t). From (A-28), P(t,T) is given by (41).

P(t, T) =E[(x(t) —2(tT))

X (x(t) — 2(t T)]

= K, (t,t) — E[x(t,T)X(t, T)T]

= Iix(t: t) — E[(f(t' t) (41)
+ft g(t, D)v(r)dr)
@0 + [ gt DI(D)dD)]
= B(t,t) - [, g(t, DRg" (t,)dr
Since P(t,T) , P(tt) , K.(tt) , and

) tT g, T)RgT(t,T)dt are positive semidefinite
matrices, it is seen that (42) is valid.

P(t,T) < P(t,t) (42)
(42) shows that the estimation accuracy of the
robust FI smoother is superior to that of the robust
filter. Substituting g(t,s) = a(t)/;(s) in (A-13)
into (41) yields (43).

P(t,T) = P(t,t)

43
—a(®) [T T (DRI (D)dra (1) )
Introducing
S(t,T) = [ h(DR/] ()dr, (44)

the FI smoothing error covariance function P(t, T)
becomes (45).

P, T) = P(t,t) — a(®)S(t, T)a" (1) (45)
Differentiating (44) regarding t gives a partial
differential equation (46) for S(¢t, T).

as(t,T

D = (DRI, $(t6) =0
Here, (30) and (31) compute J; (t).

The filtering error covariance function P(t,t) is
given by (47).

B(t,t) = K (t,t) — E[R(t, DR(t, )]

Substitution of (A-14) into (47) yields (48).

(46)

(47)
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P(t,t) = K, (t,t) —

— Jy Iy 96 DE[9(@T ()]

x gT(t,7")dt'dr

= Ke(6,0) = [, (6, DR" (6,1
Substitution of (A-13) into (48) and use of (44)
gives (49).

P(t,t) = K. (t,t)

(48)

—a(t) [} ], ORI (DaT (t)dr (49)
= K, (t,t) — a(t)S(0,t)a’ (t)

Here, S(0, t) is given by (50).
$(0,t) = [, J, (ORI (D)dr (50)

Differentiating (50) with respect to t yields (51).
ds(o
D = JLORIT(®), S©0,0) =0
J1 (t) 1s computed by (30) and (31).

(1)

6 Examples of Numerical Simulation

Example 1
Suppose that (52) contains the observation equation
for the signal z(t) and the second-order state
differential equation for the system state x(t) [25].

y(@) = z(t) + v(t), z(t) = Hx(t),

H=1[1 0]

"”;“) = dx(t) + Tw(t), x(0) = ¢,
_ [x1(®) _

x(t) = [x;(t)] x(0) = [1]

<D=[Oz 2} ].wn=\/§, (52)

-8

(=
E[v(k)v(s) =R6(t—s),R >0,
Ew@®w(s)] = Q6(t —s),Q =1,
E[v(®)w(s)] = 0,E[x(0)w(t)] =0,
E[x(0)v(t)] =0

Since the damping ratio ¢ is 1.15470, the signal
z(t) decays over time. Suppose that (53) contains
the observation equation for the signal Z(t) and the
state differential equation for the state X(t) in the
degraded system.
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y() = Z(t) + v(v),
#(t) = HOX(®), H(®) = H + 4AH (D),
AH(t) =[0.1 0],

d’z(:) = B(OT(E) + Tw(b),

D(t) = D+ AD(L)

0 0
AD(t) = [—0.1 xrand —0.1%* rand] ’
E[v(w(s)] = 0,E[AP(t)w(s)] = 0,
E[AC(t)v(s)] = 0, E[X(0)w(t)] = 0,
E[x(0)v(t)] =0

(53)

In (53), A®(t) denotes an uncertain matrix that
is additional to the system matrix ®. "rand"
represents a scalar random number from a uniform
distribution in the interval (0, 1).

By substituting the cross-covariance function
K, %(t, t) of the system state x(t) with the state X(t)
of the degraded system, the covariance function
K(t,t) of X¥(t), the observation matrix H , the
system matrix ®, and the degraded system matrix ®
into the robust RLSW FI smoothing and filtering
algorithm of Theorem 2, the FI smoothing and
filtering estimates are recursively computed. Figure
1 illustrates the signal z(t) and its filtering estimate
Z(t,t) vs. t for the white Gaussian observation
noise (WGON) N(0,0.32). Figure 2 illustrates the
signal z(t) and its FI smoothing estimate Z(t,T),
T = 2, vs. t for the WGON N(0,0.32).

—— Signal z(t)
12} — - Filtering estimate of z(t) |

Signal z(t) and its filtering estimate
© o o
= (2] (s} —

=
3]
T

0

0 0.5 1 1.5 2

Timet
Fig. 1: Signal z(t) and its filtering estimate Z(t, t)
VS. t for the WGON N(0,0.3%)
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1.4

—— Signal z(t)
12 — - Fixed-interval smoothing estimate of z(t) |

1

087

0.6

0.4

0.2

0

Signal z{t) and its fixed-interval smoothing estimate

0 0.5 1 1.5 2
Timet

Fig. 2: Signal z(t) and its FI smoothing estimate

2(t,T), T = 2, vs. t for the WGON N(0,0.32)

Table 1 shows the mean-square values (MSVs)
of filtering errors z(t) — Z(t,t) and FI smoothing
errors z(t) — Z2(t,T), T = 2, by the robust RLSW
filtering and FI smoothing algorithm in Theorem 2
for the WGONs N(0,0.1%) , N(0,0.3%) , and
N(0,0.52). Here, the MSVs of the filtering and FI
smoothing errors are evaluated  using
—Y200(2(in) — 2(id, iA))?,

Tloozlzggo(z(m) — 2(iA, T))?, T = 2, respectively.

and

Table 1. MSVs of filtering errors z(t) — Z(t, t) and
FI smoothing errors z(t) — 2(t,T), T = 2, by the
robust RLSW filtering and FI smoothing algorithm
in Theorem 2 for the WGONs N (0, 0.12),
N(0,0.32), and N(0,0.5%)

White MSV of MSV of FI
Gaussian S .
. filtering smoothing
observation
. errors errors
noise
8.66602 2.65194
2
N(0,0.1%) x 1073 x 107%
6.96936 9.29714
2
N(0,0.3%) X 1072 x 1073
4.04420
2
N(0,0.5%) | 0.154461 % 10-2

Table 1 shows that the robust RLSW FI
smoother for z(t) outperforms the robust RLSW
filter for each observation noise regarding
estimation accuracy. The MSV increases as the
variance of the white Gaussian observation noise
becomes larger. The results demonstrate the
effectiveness of the robust RLSW FI smoothing and
filtering algorithm proposed in Theorem 2 during
estimating signal damping.
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Example 2
Assume that equation (54) includes the observation
equation for the signal z(t) and the second-order
state differential equation for the system state x(t)
[25].

y(©) = z(t) + v(t),z(t) = Hx (),

H=[1 o],

d’;(t” = dx(t) + Tw(t), x(0) = ¢,

0 =[x =[1],

x,(t)
?- [—w% 2g0,) 0n =V

(54)

0
¢ == g
E[v(k)v(s)] R6(t—s),R >0,
Elw®w(s)] =Q6(t —s),Q =1,
E[v(®)w(s)] = 0,E[x(0)w(t)] = 0,
E[x(0)v(t)] =0

The damping ratio ¢ in this example is 0.447215.
Natural angular frequency is w,, = 4.47214 [rad/s].
Since the damping ratio is less than 1, the signal
z(t) exhibits a damped oscillatory waveform as
time progresses. Suppose, as in Example 1, that (53)
contains the observation equation for the signal Z(t)
and the state differential equation for the state X(t)
of the degraded system.

By substituting the cross-covariance function
K.z(t,t) , the covariance function K(t,t), the
observation matrix H , the system matrix @, and the
degraded system matrix ® into the robust RLSW FI
smoothing and filtering algorithm of Theorem 2, the
FI smoothing and filtering estimates are recursively
computed. Figure 3 illustrates the signal z(t) and its
filtering estimate Z(t,t) vs. t for the WGON
N(0,0.32). Figure 4 illustrates the signal z(t) and
its FI smoothing estimate Z(t,T), T = 2, vs. t for
the WGON N(0,0.32).

1.5

—zt)
— - Filtering estimate of z{t)

Signal z(t) and its filtering estimate

-0.5

0 05 1 1.5 2
Timet

Fig. 3: Signal z(t) and its filtering estimate 2(t, t)
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vs. t for the WGON N(0,0.32).

1.5

—z(t)
— - Fixed-interval smoothing estimate of z(t)

0.5

Signal z(t) and its fixed-interval smoothing estimate

0 0.5 1 15 2
Timet

Fig. 4: Signal z(t) and its FI smoothing estimate

2(t,T), T = 2, vs. t for the WGON N(0,0.32).

Table 2 shows the MSVs of filtering errors
z(t) — 2(t,t) and FI smoothing errors z(t) —
2(t,T), T = 2, by the robust RLSW filtering and FI
smoothing algorithm in Theorem 2 for the WGONSs
N(0,0.1%), N(0,0.3%), and N(0,0.5%). Here, the
MSVs of the ﬁltering and FI smoothing errors are

evaluated using mzz"“(z(m) —2(iA, iA))?,and
1

Soo5 L1 (2(id) — 2(iA, T))?, T = 2, respectively.

Table 2. MSVs of filtering errors z(t) — Z(t, t) and
FI smoothing errors z(t) — 2(t,T), T = 2, by the
robust RLSW filtering and FI smoothing algorithm
in Theorem 2 for the WGONs N (0, 0.12%),
N(0,0.32), and N(0,0.52).

White MSV of MSV of FI
Gaussian o .
. filtering smoothing
observation errors errors
noise
2.54783 1.60368
2
N(0,0.1%) X 1072 x 1073
9.14111 1.30889
2
N(0,0.3%) x 1072 x 1072
4.76564
2
N(0,0.5%) 0.117375  10-2
Table 2 shows that the robust RLSW FI

smoother for z(t) outperforms the robust RLSW
filter regarding estimation accuracy for each
observation noise. The MSV increases as the
variance of the WGON becomes larger. The results
show that the robust RLSW FI smoothing and
filtering algorithm in Theorem 2 effectively
estimates the signal for the damping and vibration
system.
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7 Conclusion
Using covariance information, Theorem 1 presented
the robust RLS FI smoothing and filtering algorithm
for the signal z(t) and the system state x(t).
Following Theorem 1, Theorem 2 presented the
robust RLSW FI smoothing and filtering algorithm
for the signal z(t) and the system state x(t). The
algorithm works with the cross-covariance function
K, %(t, t) of the system state x(t) with the state X(t)
of the degraded system, the covariance function
K(t,t) of the degraded system state, ¥(t), the
observation matrix H, the system matrix ®, and the
degraded system matrix ®. Numerical simulation
results indicate that the robust RLSW FI smoother
for the signal z(t) achieves higher estimation
accuracy than the robust RLSW filter for every
observation noise. The RLSW FI smoothing and
filtering algorithm presented in Theorem 2
effectively estimates the signal in uncertain
stochastic systems.

Research on robust estimation techniques will
likely apply to image restoration and acoustic signal
estimation in linear discrete-time stochastic systems.
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APPENDIX A
Proof of Theorem 1
Introducing an integral equation
Ja(s)R = BT (s)AT

t
- [ @R g5, DA ar, (A-D
0
from (17) and (18), g, (¢, s) is given by
9o(t,s) = A()J3(s),0<s <t (A-2)
Substituting (A-2) into (13) yields (A-3).
t
260 = A©) f J5()0(s)ds (A-3)
0
Putting
es(t) = J Js()u(s)ds, (A4)
the filtering estimate X¥(t, t) of ¥(t) is given by
X(t,t) = A(t)es(t). (A-5)
Differentiating (A-4) with respect to t, we obtain
(A-6).
20 = (O E @ - AL ), (A6)
e3(0) =0
From (A-1) and (A-2), J5(t) satisfies (A-7):
Js(OR = BT(OH"
t
- [ 1s@R g0 e DA
0
— ET(t)HT (A-7)
t
- [ @RS @deAT O
0
Introducing a function
rss(8) = [y Js (DR 5" (@, (A-8)
J3(t) is given by
_ (BT(\OT

—r33()AT (AR,
Differentiating (A-8) with respect to t, we obtain a
differential equation for r35(t).

d
ri;t(t) = Js(ORJ5" (t),

r33(0) =0

The impulse response function for the filtering
estimate X(t,t) of the system state x(t) satisfies
integral equation (A-11), which is the same as (15).

g(t,s)R = Ky5(t,s)
¢

(A-10)

—f g(t, DR g,  (t,T)H  dt (A-11)
0
Introducing an integral equation
Ji()R =BT (HHT
(A-12)

t
- f @R g™ (s, DA dr,
0

g(t,s) is given by
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g(t,s) = a(t)]1(s). (A-13)
From (8), the filtering estimate X(t, t) of the system
state x(t) is given by (A-14).

t
x(t,t) = f (A-14)
0

g, i(r)dr
Substituting (A-13) into (A-14), we have (A-15).

t
x(t,t) = a(t)f]l(r)l“)(r)dr (A-15)
0
Putting
er(t) = [, L (@D, (A-16)

the filtering estimate X(¢, t) of x(t) is given by
x(t,t) = a(t)eq(t). (A-17)

Differentiating (A-16) with respect to t, we obtain

L = OGO - A2 0),

eq (0) =0.
From (A-2) and (A-12), J; (t) satisfies (A-19):
J1(OR = pT(OH dz

t
- f L @R g™ (6, DA
0

(A-18)

— [))T (t)ﬁT (A-19)
t
- [ h@RAT @deaT "
0
Introducing a function
rs(t) = [, LR 5" (@)dr, (A-20)
J1(t) is given by
L(@®) = @BTOHT (A2])

—r3(OAT (AR
Differentiating (A-20) with respect to t, we obtain a
differential equation for 75 (t).

dry5(t)
jt = ]1 (t)R]3T(t), (A-ZZ)
r3(0) =0

In the FI smoothing problem, the impulse response
function g(t,s),0 <t <s, satisfies (15). From
Kyy(t,s) = Kyz(t,s)HT, (15) is rewritten as (A-
23):

g(t' S)R = Kx}?(t' S)HT

S

—f g(t, DR goTH dr
0

= Kxf(t,S)HT

t _
- [(gor g 0RT (A-23)
0

S
—f g(t, DR go (s, )H dr,
¢

0<t<s.
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From g(t,s) = a(t)];(s) in (A-13), go(t,s) =
A(t)]J3(s) in (A-2) for 0 < s < t, (A-20), and (16),
(A-23) becomes (A-24).
g(t,s)R = K,x(t,s)HT
—f g, DR go (s, 0)H dr
0
= y(t)8T(s)HT (s)H dr
t
~a(®) [ @RI @AT
s 0 (A-24)
—f g, DR go (s, 0)H dr
t

= y(®)§T(s)HT
Ori3(O)AT ($)HT

- f 9(6, DR go7 (s, AT dr
t

—a

Introducing functions A4 (t,s) and A, (t,s) given by
A (t,s)R = 8T(s)HT

- fsAl (t, TR go" (s,7)H  dr (A-25)
and t
A,(t,s)R = AT(s)AT
- f SAZ (t, DR go" (s,7)H" d, (A-26)
g(t, s)t is shown in (A-27).
g(t,s) = y(0)A(¢,5) (A27)

—a(t)r3(t)A2 (¢ s)
Hence, the FI smoothing estimate X(t,T) is given
by (A-28).

X, T)=%x(t)+ J

t

T
g, i(r)dr

= X(t,t)
T

+ [ yomeou@a (A28)
t

T
—J a(t)riz()A,(t, 1) U(T)dT
t

Introducing functions g4 (t, s) and g, (t, s) given by

T
q.(t, T) = -[ A (t, ) U(T)dT (A-29)
and t
q,(t,T) = ftT A, (t,7) U(r)dr, (A-30)

the FI smoothing estimate X(t,T) of the system
state x(t) is given by (A-31).
(¢, T) =2(t¢t) +y(©)q.(t,T)
—a(t)ri3(0)q2(t,T)
Differentiating (A-29) with respect to t, we have
(A-32).

(A-31)
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d T
% = — Ay (t, O)B(E)

T (A-32)
+ft —aAI(t'T)ﬁ(T)dT

at

Differentiating (A-25) with respect to t, from (A-2),
we have (A-33).
dA(t,s —
P R = 4,6, DR, (5, O
_ fs dA;(t, 1)
¢ Jt
= A, (t, ORJF (AT (s)HT
fs 0A,(t,T)
¢ Jt
From (A-25), we observe that A;(t,t)R = 6T (t)H.
From (A-26), we obtain (A-34).
0A4(t,s —
e LT

Differentiating (A-26) with respect to t, from (A-2),
we have (A-35).

%R = A,(t,t)Rg,T (s, )HT
~ fsaAz(t, 7)
. ot
= D, (¢, )RS (AT (s)HT
~ fsaAz(t,T)

t

Rgo"(s,0)H"dr
(A-33)

Rgo"(s,0)Hdr

(A-34)

Rgo"(s,0)A"dr
(A-35)

R g, HT
5t 9o (s,T)H"dt

From (A-26), we observe that A,(t,t) R = AT(t)HT.
From (A-26), we obtain (A-36).

% = ATHTIT (DA, (t,5) (A-36)

Substituting (A-34) into (A-32) from (A-30) and the
relationship A, (t,t) = §T(t)HTR™, we obtain (A-
37).

Fl , T
%) = —A,(t, D)T(L)

ToA(t,T) _
+ ft Tv(r)dr
= —A (£, D)T(t)

T
+f STWHATI ()M, (t,T) U(7)dT
t

= —-8T(OHTRI(J(t) — HX(t, 1))

+8T(OHTJ3 ()2t T),

q1(T,T) =0
Differentiating (A-30) with respect to t, from (A-
30), (A-36), and the relationship A,(t,t) =
AT()HTR™1, we obtain (A-38).

(A-37)
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dq; ;z n_ — A, (£, O)T(E) +
T, (t,
[ e

= —4,(t,)u(t)

T (A-38)
+ J AT(OHT T (A, (L, 1) U(T)dT
= -ATMHTR1(J(t) — HX(t, 1))
+AT(OHTJ3 () g, (¢, T),
q.(T,T) =0
(Q.E.D))
APPENDIX B

Proof of Theorem 2

(24) gives the filtering estimate ¥(t,t) of the state
X(t) of the degraded system. Differentiating (24)
with respect to t and introducing a function

S33(t) = A(t)r33(D)AT (1), (B-1)
from (17), (24)-(26), we obtain (B-2).
£ i . d
dxc(;, t) _ dillit) es(t) + AW e; t(t)
= DA(t)e; () + A@®]5(0)
X (¥(t) — HX(t, t))
= ®X(t, t)
+A®)BTOHT — r33(0)AT ()HT)R™? (B-2)

x (7(6) — H(t, 1))
= dX(t,t)
+(K(t, OHT — S33(O)HT)R™?
x (F(6) — HX(t, 1),
(0,00 =0
Differentiating (B-1) with respect to t, from (17),
(26), and (27), we obtain (B-3).
dsz—?)t(t) = ®S5(t) + S33 ()T
+A®)3(OR]sT AT ()
= DS33(t) + S33()P”
+A)BTOHT — r33()AT()HT)R™
x (BT(OHT — r33(0)AT (AT AT (¢)
= DS33(t) + S33()P”
+(K(t, )HT — S33(0)HT)R™
(K(t, O)H" — S33(H™)T,
S33(0) =0
(28) gives the filtering estimate X(t,t) of the
system state x(t). Differentiating (28) with respect
to t and introducing a function

S13(t) = a(t)r3(OAT (1),
from (16), (29), and (30), we obtain (B-5).

(B-3)

(B-4)
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d2(t,t)  da(t) de;(t)

dt dt er (1) + a(t) dt
= da(t)e(t)
+a ()], ()@ () — HX(t, 1))
= Ox(t,t)

+a(®)(BTOHT = ri3(DAT(OHT)
X R71(¥(t) — HX(t, 1))
= Ox(t,t)
+(Kex(t, A" = S;3(OHT)
R7I(F(1) — HX(t, 1)),
x(0,0)=0
Differentiating (B-4) with respect to t, from (16),
(17), (26), (30), (31), and (B-1), we obtain (B-6).
dS:;t(t) DS, (6) + S (OB
+a(O)1 (DR (OAT ()
= DS;3(t) + S;3(0)PT
+a(®)(BT(OH" — ri3(OAT(OHNR™?
x (BT (OH" —rs3(AT(OHNT AT ()
= 0S;3(t) + Sy3(0)P”
+(Kyz (8, AT — S;3(O)HNR™?
x (K(t,t)HT — S35 ()HT)T,
$13(0) =0
Let us introduce functions g, (¢, T) and g, (¢, T).

. -1
T =(A7®) @@,

-1
6T = (A7(®) gt T)
From (17), §,(t,T), and G,(t,T) are rewritten as
(B-8).
Gt T) = e_éTt‘h(t: T),
q.(t,T) = e_éTt‘h &, T)
From y(t) = Kux(t, t)e=®'t in (16), the term
y(t)q.(t, T) in (A-31) becomes (B-9).
YO (6 T) = Kee (6, 0~ 4q, (6,)
= Kex(t, q: (¢, T)
From (B-4) and (B-7), a(t)r;3(t)q,(t, T) in (A-31)
becomes (B-10).
a(t)ri3(0)q2 (¢, T)
= a(t)ri3 (AT ()G, (¢, T)
= 51303t T)
Hence, (A-31) for the FI smoothing estimate X(t, T)
is rewritten as (B-11).
x(t, T) = 2(t, t)
+Kyx (6, 0)G1 (¢, T) — S13(8)G2 (¢, T)
Differentiating g, (t, T) with respect to t, from (A-
37)and 87(s) = e®'S in (16), we have (B-12).

(B-5)

(B-6)

(B-7)

(B-8)

(B-9)

(B-10)

(B-11)
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0q.(t, T) _
ot

_e—thtaT(t)HTR—l

x (F(t) — HX(t, 1))

+e ST (OHTIT(Dq,(t, T) (B-12)

= -7, (t,T)

—HTR! ()7(15) — AR, t))

+HTJT ()e® g, (¢, T)

From (26), A(t) =e® in (17), BT(s) =

e~ ®SK.(s,s) in (17), K(t,t) = A()BT(¢), and (B-

1), JT()e®"t becomes (B-13).

J(©)e®"t = RT(BT (AT
—r33(DAT(OHT) P (B-13)
=R (K(t, A" — S33(H)HN)”

Substituting (B-13) into (B-12), we obtain (B-14).
_aqlg, D s
—HTRY(y(t) — HX(t, 1))

+HTR™Y(K(t,)HT — S35 (O)HAT)T
X q,(t, T),

G,(T,T) =0
Differentiating G, (t, T) with respect to t, from (A-
38) and A(t) = e®* in (17), we have (B-15).

_ang, D) _§Te-"tq, 1)

—e P AT(OHTR-L(3(t) — HX(t, ©))

+e~ ¥ AT(OHTIT (Oq, (L, T) (B-15)
= —7q,(t,T)

—HTR™(¥(t) — HX(t, 1))

+HTJ] (0)e® g, (t,T)

Substituting (B-13) into (B-15), we obtain (B-16).
_angz, D a0

—H"R™'(y(t) — HX(t, 1))

—(TDTe“T’thl (t,T)

(B-14)

YHTRL(R(t, OHT — S35 (0)HT)T (B-16)
X G (t,T),
4.(T,T) =0
(QE.D))
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