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1 Two-dimensional dispersion

problem

Let us assume that D is a two-dimensional bounded
area with an open border S. Let us assume that
pollution sources are located at points r, =(x,,y,) of
area D (i=1,2,..., N) . Let w(r,t) denote the pollutant
concentration at r=(X,y) and at time t. For

simplicity, the dispersion of the pollutant in
D x (0,T) is studied using a 2D advection-diffusion

equation

Ba_tl'”+u' Vy+oy -V uVy=f
(1.1)

where
f =2Qi<t>5(r—ri),(1.z>

Q,(t) and I; are the pollution output and location of
the ith source; U =U(r,t) is the known nondivergent

wind velocity (climatic or calculated using a model),
that is,

V-U=0,(.3)
o(r,t)>0 determines the decay rate of the
concentration contaminant | as a result of various
physical and chemical processes, and u(r,t)>0. The

initial condition for equation (1.1) is

p(r,0)=y"(r) (1.4)
As a rule, the flux of the pollutant across S is
unfamiliar. To formulate a well-defined problem
according to Hadamard [3], care must be taken when
using boundary conditions [4, 5]. We now formulate
boundary conditions that are acceptable from both
physical and mathematical points of view. Let
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U, =U N be the projection of the velocity U onto
the unit outward normal N to the boundary. We divide
the boundary S into two parts: the part S™ (where
U, =0, and the pollution flux is directed out of the
region D) and the part S~ (where U, <0, and the

pollution flux is directed into D) (Figure 1). And on
these boundaries, we will impose the following
conditions:

0 _
pEE-U.w=0 on S (15

0 +
,u—a%ZO on S” (1.6)

According to condition (1.5), the total flux of the

pollutant (both diffusive and advective) across S is
zero. On the other hand, condition (1.6) means that the

diffusion flux @Oy /0N across S'is negligible
compared to the advective flux U, . In the limiting
case when ©=0 (there is no diffusion), condition
(1.5) reduces to the condition ¥ =0 (there is no
contamination on S~ ), and condition (1.6) vanishes,
as expected. Indeed, the problem of pure advection
(#=0=0) does not require a condition on the
outflow part S* where the solution  is determined
by the method of characteristic lines [2]. We will see
later that problem (1.1)-(1.6) is also well posed from
a mathematical point of view, since it has a unique
solution that depends continuously on y°(r), and the
number N, the strength Q, (t) and the location I; of

sources.
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Domain D

Fig. 1. A limited industrial region D with border
S=S"US".

2 Integral balance equations

Integrating equation (1.1) over D and considering
(1.3), (1.5) and (1.6), we obtain an equation for the
total mass of the pollutant

d
—| ydr= L — dr—J U,wdS
dthV/ XQ JDm// SLU v

(2.1)
Now, let us multiply equation (1.1) by v and integrate

the resulting equation over D using (1.3), (1.5) and
(1.6). Then we obtain

S widr=25 00wy

—ZI (oy’ +,U|V(//|2)dl’ —f U, pdS +.[ U y’dS
D S* S”
(2.2)
Equation (2.2) describes the behavior of the solution
norm |jy/|| :(J. Dl//zdr)l/z. Given that U <0 on S~

and U_>0on S", equation (2.2) accepts the form
d
[ viar=23 0w

_2‘[0 (oy’ +,L1|V1//|2)d|‘—_[S |Un|l//2d8

(2.3)

Thus, the total pollutant concentration, as well as the
solution norm, increase due to the action of pollution
sources (Q.(t)>0) and decrease as a result of
dissipation (o >0), diffusion (x#£>0), and the
transport of the pollutant across the region boundary

D.
If Q(t)=0 foralli (there are no active pollution

sources in D), both J oW dr and ||l// || decrease with
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time. Moreover, if dissipation is also absent (
0=0, u=0)and U, =0 on S (thisis, of course,
an idealized case), then

d d
—[wdr=0, —| w’dr=0 (24
ikl dtjo'/’ @4

In other words, we have at our disposal two
conservation laws for verifying numerical algorithms
and computer programs [10].

3 Positive definiteness of the operator
Let us demonstrate that the operator

Ay =U- Vy+oy -V 1Vy (3.1)
associated with problem (1.1)-(1.6) is positive
definite. Its domain is the set

@z{weC2(5)| ,uzl// Uw=0onS and

¥
oy

S =0 n Sl (D) 32)

U

where D=DUS. Let L, (D) be the Hilbert space
with the inner product

(v.9)=] oy(ng(rdr
and the norm ||1//|| = (I Dt//2dr)l/2 . Then

(Ay.w)=| wU- Vydr
+j Dm//dr—j oW Ve uVdr (3.3)
Since V-U =0, we can write
V- wU)=2p U Vy.
Also,
V- (V) =y V- (V) +p| Vy [
Therefore, using the divergence theorem, we obtain

_[ VR V!//dI’Z%.[ U~ ndS

:%U U dS +I Sy/zunds} (3.4)

and - ‘
=] oWV (@yydr=| o u Vi P dr
—J w uVy - ndS (3.5)
S

Let us use now that S=S"US". Then (1.5) and
(1.6) lead to

| o V- (uVp)dr=| o |V dr
—J « wU.dS 3.6
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Using formulas (3.4) and (3.6) in (3.3) leads to
(Avw)=] olow’+p Ty [idr

+%f s*|U,|dS>0 3.7)

So, A is positive definite operator. Note that A is
positive semidefinite if c=0 and U =0 at S,

and antisymmetric if c=0, #=0 and U =0 at

S.

4 Uniqueness and stability of the
solution
Let us write the problem (1.1)-(1.6) in operator form:

0
Fr+Aw="1 @

w(0) =y’ (4.2)
where A : ® < H — H is a positive semidefinite
operator: (Ay,y) >0 forany y # 0. Then

G =) - (Apy) (33)
And

0
Gew =iyl @
where ||l// || = «/(l//, v) . The inequality (4.4) leads to
Sllil e

Integrating (4.5) over time interval (0,t), we obtain

' 0
<] Itldz+fy] @o
We used condition (4.2) in (4.6). Then
v <T - max| f(r,v) +[v"] @.7)

0<t<T

Due to the linearity of the problem, the solution is
stable against perturbations.
Similar arguments guarantee the uniqueness of the

solution. Indeed, if there are two solutions y, and v/,
to problem (4.1)-(4.2) then Sy =y, -y, is also a

solution with o’ =0 and §f =0. Therefore, due
to (4.7), oy =0, i.e., both solutions coincide.

Thus, (Ay,w) >0 implies the stability. It should
be noted that (Aw,w)>0 is also a necessary

condition for stability. Indeed, a perturbation in the
form of an eigenfunction corresponding to the
negative eigenvalue will grow over time.

Note that a similar result holds for the discrete
problem obtained after discretizing problem (4.1) —
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(4.2). Furthermore, this property enables the use of
the splitting method to construct implicit and
unconditionally stable schemes designed for the
efficient solution of 2D and 3D dispersion problems
[10].

5 Adjoint problem associated with the
dispersion problem
Now let us formulate, in the same domain D x (0,T)
, another problem related to the problem (1.1)-(1.6)
[4,5]:
0
~F-U- Vg+og-V- (uVg) = p(r.t) (5.1)
g(r,T)=0 i D (5.2)

0 -
,u—é%:o on S (5.3)

,u%—?l+Ung =0 on S” (5.4)

with the same velocity U as in equation (1.1) and
p(r,t) is a forcing, which we will define later.
Let us compare problems (1.1)-(1.6) and (5.1)-(5.4)
in the case when f(r,t)=0 and p(r,t)=0.Itis
evident that after t'=T-t

'=—U, problem (5.1)-(5.4) takes the same form
as the dispersion problem (1.1)-(1.6). As a result, the

substitutions and

output boundary S* (or input boundary S7) of
problem (1.1)-(1.6) becomes the input boundary S~

(output boundary S “Yof problem (5.1)-(5.4). That is
precisely why boundary conditions (1.5) and (1.6) are
replaced by boundary condition (5.3) and (5.4).
Moreover, it follows from this that the problem (5.1)
- (5.4) is well-posed in the sense of Hadamard only if
it is solved in the reverse time direction: from t =T
tot=0.

Thus, the uniqueness and stability of a solution to the
problem (5.1) - (5.4) directly follows from the results
obtained in section 4. It can be shown that the
operator of problem (5.1) -(5.4) is adjoint to the
operator of problem (1.1)-(1.6). Therefore, in what
follows we will call (5.1) - (5.4) the adjoint problem.

6 Dual estimates of pollutant
concentrations

In the following, we will refer to estimates of the
pollutant concentration based on the solution to the
dispersion problem (1.1)—(1.6) as direct estimates.
However, in this section, we derive alternative and
equivalent adjont counterparts, using the solutions to
the adjoint problems (5.1)—~(5.4).
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To this end, we multiply equations (5.1) and (1.1)
respectively by w(r,t) and g(r,t), subtract one

equation from the other, and then integrate the result
over Dx(0,T). Accounting the conditions (1.5)-(1.6)

and (5.3)-(5.4), the forcing (1.2), and the initial
condition (5.2) , we obtain

IOT ) p(r,t)w(r,t)drdt:ZJ: g(r,H)Q,(t)dt

+jD g(r,0) w° (r)dr (6.1)

Let us consider two special forms of the forcing
p(r,t):

1) If we set p(r,t)=56(t—t;)S(r—r;) in(5.1) then
(6.1) yields another (equivalent) estimate of the
pollutant concentration at the monitoring point

(rj.t):

w(r,-,tj>=il[)Tg(n,oq(t)dwf g(r,0)p (D

D
(6.2)
2) let 7€[0,T] and Q< D be a monitoring zone

JIf

with area |Q

if (rt)e(T-7,T)xQ

1/(z]QY),
rt)=
PRy { 0 ,  otherwise
(6.3)

in equation (5.1) then relation (6.1) yields another
(equivalent) estimate of the mean pollutant
concentration in the domain Qx (T —7,T):

ﬁijﬁ w(r,tydrdt =2IOT g(r,.HQ ()t

+jD g(r,0)y’(r)dr (6.4)

Thus, we have two direct estimates

J(¥)=w(r;,t;)and
_Lr
J)= T Tj L w(r,t)drdt (6.5)

and two adjoint estimates

¥)=3 JOT 9. 0Q -+ g(r, 0 (ryer

(6.6)
appearing on the right side of (6.2) and (6.4) which use
the solutions of two different problems (5.1)-(5.4).
The adjoint estimate (6.6) is important because it
provides an explicit dependence of the pollutant
concentration J(yw) on the source emission

intensities Q,(t) over interval (0,T) and on the
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initial pollutant distribution °(r) in D. Moreover,
the adjoint solution g(r,t) is nonnegative and

independent of Q. (t) and w’(r). Consequently, the

values g(r;,t) and g(r,0) serve in estimate (6.6) as

weight functions (or influence functions)
characterizing the contribution of each pollution

source and the initial pollutant distribution °(r).

It should be noted that as the length of the interval
(0,T—7) increases, the influence of the initial
pollutant concentration °(r) decreases. Indeed, due
to (6.3), p(r,t)=0 if te(0,T-7), and due to
dissipation (o >0), the quantity g(r,0) in (6.6)
tends to zero as (T —7) > .

We also note that direct estimates use the solution of
dispersion problem (1.1)-(1.6), which makes it
possible to analyze the environmental situation in any
part of the region D x (0,T). On the other hand,
solutions to adjoint problems (5.1)-(5.4), calculated
for a point (r;,t;)e Dx(0,T) or environmentally
significant zone €2, do not depend on the number of
pollution sources N, as well as on their intensity
Q.(t) and location F;. This feature makes adjoint
N -
r-

estimates very effective for studying the
Q, (t) -dependence

dependence of concentration J(y) in the zone €2

dependence, and/or

[6, 7]. In particular, they are necessary when solving
the problem of optimal control of industrial
emissions or identifying the intensity and location of
unknown pollution sources. In general, dual
estimates complement each other quite well when
solving various pollution problems.

7 Emission control

Typically, short-term control is conducted over a
brief period - ranging from a few hours to a few days
- and is applied to relatively small areas. Such control
is usually associated with periods of atmospheric
stability (calm conditions, atmospheric inversions).
Measures taken during such control usually include
actions leading to an immediate reduction in
pollutant emissions. Besides, the particular goal of
monitoring under conditions of atmospheric stability
is to maintain pollutant concentrations within
sanitary limits.

Let us formulate the mathematical problem of such
management. Assume that a dispersion model *:

Q 2 is used for the forecasting of pollutant

concentrations ¥ in Dx[0,T],
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where Q={Q1,Q2,...,QN} is composed of time-

varying discharge levels Q, from N sources

positioned at I eD. Let |Q| be an area of

environmentally sensitive region Qc D. Let us
assume that the result obtained using the predictive

model M with emission rates (j is unsatisfactory,
ie., J(l//(j) > JO where J(WQ) is the mean
pollutant concentration in Qx[T —7,T], and Jis
the sanitary limit. This result implies that the
discharge levels Q= {Q,,Q,,...,Qy} are excessive,
and the regulatory task is to determe reduced
discharge levels Q = {Ql* ,Q,,...,Qy} such that a re-

forecast with new levels § for the same time period
[0,T] yields the desired result:

Jys)<Jdo )

For simplicity, we will use J () in place of J(/5)

. To meet the condition J(y)<J, the emission

intensity Q must satisfy

i IT g(r,HQMdt<a (7.2)
1=l 0
where ‘
a=J, —J g(r,0)y°(r)dr (7.3)
D

is the parameter characterizing the possibility of
controlling emissions [6]. Indeed, if & =0 then the
condition (7.2) can be satisfied only if QE 0 in
(0,T).
production activity. If « <0, then the control

problem has no solution.
The case a >0 is of interest. It occurs when the

This means a complete cessation of

pollutant concentration " accumulated over a
preceding period is relatively low.

8 General problem of optimal control
Let () = {q,(t),q,(t),...,qy (t)} be anelement of

aspace H with the norm

N . /2 N T 172
IIGIIE(ZIIquILZ[O,T]J _LZ Iqiz(t)dtJ .
1= 0

1=1

Define the functional
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F@=[o-d
= jT(Qi —q) dt (8.1

=1 0
on the set

O={qt) eL[0.T]| G20, (i=1..,N)
and J(yy)<Jy}8.2)

where the components Q(t) of (j(t) are new
emission levels that ensure adherence to sanitary
norm in the zone Q: J ()< J.

The optimal control problem consists in determining
such Q* € 0O that

F(Q)=inf F(d) 8.3)

It should be noted that the components Q' (t) impose

minimal constraints on production activities.
Typically, the variational problem (8.3) is solved
using successive approximations based on the model

M Overall, this process is not highly efficient, as it
necessitates a large volume of computations.
Therefore, we now employ an adjoint approach
without re-evaluating the model M.
Theorem 1. Let a>0. Then the optimal control
problem (8.3) has a unique solution.

Proof. First of all, define the admissible set ® as
follows:

O={qt) eL,[0,T] |g =0, (i=1..,N)
and r g(ﬁ,t)qi(t)dtéa} (8.4)

The set ® is convex. Indeed, let {j,J, €® and
0<A<1.Then

N
le ;g(ri D{20,;(O)+(1-)g, (D} dt <
In addition,
F@)= glei |

is strictly convex in ® . These results guarantee the
uniqueness of the solution. Q.E.D.
We now prove the existence of a solution.

Lemma 1. The admissible set ® isclosed in H .
Proof. We demonstrate that @ =® . Let (, € ©.

Then there is a sequence {qk} <O with the property
that
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||(T|k —CT0||—>O as K— oo
We demonstrate by reductio ad absurdum that
Qi =0 Vi(i=1,...,N).

Suppose that for some j, (,; <0 in a set | C[O,T]

of positive measure: | I | > 0. Then
I S 2
la. -6 =3 [aa®)-a,®] o
i= 0

2'[| |:qkj (t)_qoj(t):| ’ dt
>| g2 (tdt=1>0

for every k which contradicts the convergence of the
|g(ri ’t)”Lz[O,T] is finite,

sequence {(, }. Hence,
and

”qki (t)_%i(t)”,_z[oﬂ —0as K—>o0.

By the Schwarz inequality,
N T N 1
;JOQ (1, Dg, (Hdt — ; j ,9(ri, gy (Dt
and taking the limit in
N T
ZJ.Og(rist)qki (t)dt <o as K>
i=1

leads to

N T
Zjog(ri ,t)qu (t)dt <a,ie.,
qo €®.QED.

Lemma 2 [1]. In a uniformly convex Banach space,
a closed convex set contains exactly one point closest
to a given point.

Theorem 2. The optimal control problem (8.3) has a
solution.

Proof. The Hilbert space H is a uniformly convex

Banach space [1]. Furthermore, the set @ CH is
closed and convex according to Theorem 1 and

Lemma 1, and Q & ©® since

iﬂg(n,t)q (H)dt > (8.5)
i=1

Then, according to Lemma 2, there exists a point

Q* € ® minimizing the distance between ® and

(j . The point is a solution. Q.E.D.
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In the case of a single source in D, the explicit form
of the solution to optimal control problem (8.3) is
given by Theorem 3.

Theorem 3. Let Q(t) be the strength of a point
source located at the point r, and let J (WQ) > JO

. Then
Q' M=Q®-L9(r,1),

A=)~} | [ g (hdt s6)

is a solution of problem (8.3), if Q"(t)>0 for all
t €[0,T].
Proof. Consider the Lagrangian

L(@)=F (@~ g(r,.hat)dt—ar)

The solution (8.6) is its first variation. In fact, Q" (t)
is positive and belongs to ® , because

| ar,.HQ et

0

=J,-| 9,0y’ (ndr=a

Let q(t)=Q"(t)+5q(t) belong to the set ® and
differ from Q' (t). Then

—IOT o(r,.Hsq(t)dt

> [ g(r, .HQ Ot -

and

F@)-F(Q)=-24 [ g(r.bogmyt

0

:
+] [Gawrdt>o
0
Consequently, (8.6) is a solution to problem (8.3).
Q.E.D.

9 Identification of intensity of a new
point source

Estimating the intensity of an unknown air pollution
source based on a given set of observed data is a
classical inverse problem.
Addressing these issues is of particular importance in
view of efforts to determine fault of individuals and
enterprises and to assess environmental impacts.
Since the problem (1.1)-(1.6) is linear, we assume
that only a single source is active, located at point
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r,eD, w’(r)=0 and its emission rate Q(t) is
unknown.
Let R €D be the monitoring place, and let (R, t;)

denote the pollutant concentration calculated using
the dispersion model at the placeR and time

t, e (0,T), j=12,...,M . Then the adjoint estimate
(6.6) of the pollutant concentration y/(R,t;) is

w(R.t,) = IOJ Qg (r,,tydt,
j =12,...M (9.1)

In (9.1), we considered that the adjoint model
solution g;(r,t) is equal to zero on the interval
(t;,T). Therefore, for each j, the solution g;(r,t)
of the adjoint problem (5.1)-(5.4) must be calculated
only in the time interval (0,t;) under the condition
depends only on the dispersion conditions, the
monitoring site R, the moment of sampling t; , but

reD. These adjoint solutions

are independent of the source intensity Q(t).

Relations (9.1) describe the explicit relationship
between the emission level Q(t) (cause) and the

pollutant concentration y/(R,t;) at point R and time
t; (effect). It should be noted that to use equations

(9.1) it is necessary to calculate M different solutions
of the adjoint problem (5.1)-(5.4).

In the particular case when the process of atmospheric
dispersion is stationary, the operator of the dispersion
problem does not depend on time. Therefore,

gj(r,t) =g,(r, T —t; +1) in (O,tj) ,
j=12,...M9.2)
where g, , called the basic kernel, is the solution to the
adjoint problem (5.1)-(5.4) for p(r,t)=0(t-T)d(r-R).

The use of basic kernel simplifies the calculations,
since formulas (9.1) take the form

¥
vdRm)=LQaman—n+um,
]=12,...M 9.3

and by calculating only kernel ¢, one can establish

explicit connections between Q(t) and w(R,t;).

Assume that the measurements at the place R
contain minor errors oy,
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v, (R)=w(R;t;)+oy,,
j=12,..,M (9.4)

with the mean error equal to zero:

1
szﬂay/i =0 (9.5)

9.1 Unknown constant source
Suppose that a pollutant source with unknown
constant intensity Q(t) =Q, acts in t €(0,T) at a

known point I, e D.
Then relations (9.1) take the form

W(Rat]) :QcJ:J gj(rODt)dt s
j=12,...M (9.6)

Summing relations (9.6) over | from 1 to M and
using (9.5) we obtain

S vR)=Q. 30,0000 07

Due to (9.4) and (9.5),

§Wj<R)=§w<R,tj>,

and (9.7) leads to
4
Y v R1=Q. Y [ 9,0, et
= = %o
Therefore,
U
Q=131 ] 9,000 09
IE IE
Thus, measurements /;(R) and pollutant
concentrations  w(R,t;) calculated using the

dispersion model, allow to determine the constant
intensity of the source if its location I, is known.

9.2 Unknown instantaneous source
Let us assume that at a specific (known) time t; and
at a specific (known) point F,, an instantaneous

release of a pollutant of unknown intensity Q,
occurred, - that is,

Q)=Q, s(t—t)), 0<t; <T (9.9
Therefore, due to (9.1),
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v(R)=Q, [ 8t-t)g,r, it

0
=Q,9;(r,t)) . j=12,...,M (9.10)

Summing relations (9.10) over | again, and using
equations (9.4), (9.5), we get

Q, =<2w,-(R)) {29,-«0;:)}* ©.11)

9.3 The total mass of a pollutant emitted
from a non-stationary source

Estimation of the emission level of an unknown
nonstationary point source it is more complicated.
However, it is easy to estimate the minimum of the
total mass of the pollutant emitted into the
atmosphere as a result of the accident. Such an

assessment can be performed if the location I of the

source is known. A recent example is the release of
radioactive substances from the Fukushima nuclear
power plant [9]. In what follows, we denote by

m=ﬂQmm

the total mass of a pollutant released from a source
located at point I, within the time (0,T).

Definition 2. A monitoring site R will be called
useful if

2 vi(R)>0
M
j=1

for the time series {l//j (R)} )

Definition 3. Let R be a useful monitoring site. We
denote

wR=§wj(R) and @R<t)=§gj<ro,t>

Theorem 4. Let R,,...,R, be useful monitoring
sites. Then

m>max{ys /)
where

Gr, =max{@Ri (t)} >0

0<t<T
i=L...,N (9.12)
Proof. We assume that condition (9.5) is satisfied.
Then, summing relations (9.1) over all ], substituting

equations (9.4) and (9.5) into the sum, and considering
Definition 3, we get
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Ve = _[OTQ(t)QRi(t)dt, i=1,...N

By definition of Grg,, we have

' Q)g, (Dt <Gs | Qe i=1,.,N

and therefore

4,

T .
< j Q(t)dt, i
0
Ri
Applying the maximum to this inequality over all i,
we estimate the minimum for the total mass m.

Q.E.D.

=1,.,N

9.4 Average intensity of a non-stationary
source

Let Q(t) be an unknown emission level Q(t) of the
point source. Assume we know its location I, in the
region D . Let us denote by Q the average intensity
of this source during a time interval (0,T). To

estimate Q of this source we sum formula (9.1) over
index |, use (9.4), (9.5), and apply the mean value
theorem. As a result,

Z%GFEMRWZZEQWM“Mt

=[ QO g,m.03dt=Q 3. [ g, r, et
and

o {;ﬁle (R)} {i JOT 9, (r,.ydt}"

(9.13)
It should be noted that all the results obtained for the
case where condition (9.5) holds can be generalized to

the case
(DL 6w;)/M=0.

10 Identification of the location of
permanent and instantaneous sources
In Section 9, assuming the source location I, to be
known, we determined the unknown discharge levels
Q. and Q, for constant and instantaneous sources. In
this Section, we propose a method for identifying the
location I, of a continuous source, as well as the

location I, and time of release t, of an instantaneous
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source. We will introduce nonlinear Localization
Functions whose zeros will define both I, and ft,.

After determining these two parameters, the emission
rates of both sources are determined by formulas (9.8)
and (9.11).

10.1 Constant source

Assume that the emission rate of the source is
constant: Q(t) =Q, =Const, t €(0,T).
Definition 4. For useful monitoring site R we define

v, =2w1 and g(n)=[ {;ﬁlgja,t)} dt

Theorem 5. If R,R,,...,R are useful monitoring

sites then the source location I, is the zero of the
Localization Function

O()=In {1+ [WaGs (0 -V5 G(NT}

i=1
(10.1)
while the discharge rate is

Q. =vr10g (ro)}_1 .

Proof. Application of (9.8) to each site yields

Vi
Q=—"-—
gr (1)
and
Vr
Qc:,\ ! ,,Izl, .,N
g ()
Then
Ve Ve

—— = — , Or
gRi(rO) gR(rO)

2 -
(weGr () ~¥g Ge(r)) =0, i=1..N

Summing over 1 yields
~ ~ 2
i[ngRi (ro)_';VRi gR(ro)] =0 (10.2)
1=
ie., ®D(r,)=0. Once the source position I, is

determined, the source intensity Q_ is calculated
using formula (9.8). Q.E.D.

10.2 Instantaneous source
For an instantaneous source (9.9), it is necessary to
determine three parameters: the location F, and
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strength Q, of the source as well as the release time

t.

e
Definition 5. For useful monitoring site R we define

Ve :Z’}il Y and gR(r’te):Z'}A=1gj(rate)-
Theorem 6. If R,R,,...,R,, are useful monitoring

site then the point (r,,t;) is the zero of the
Localization Function

o(r,t,)=In{ 1+

S Waba (1) Ve G (LT} (103)

1=1
while the discharge rate is

Q =9/ gR(rO’te*) .
Proof. Application of (9.11) to each site yields

Qe:% and Qe:Al//—Ri*, i=1..,N
gR(rOJte) gRi(r(]Dte)
Then
V/Ri* —_ l//R* . or
gRi (roate) gR(rODte)

~ % ~ % 2 .
(Wa0s (1, 1) ~Yg Ga (1,8 =0, i=L..N

Summing over 1 yields

i(WRgRi (rovt:)_l//Ri QR (roat:))z =0

1=1
(10.4)
From (10.4) it follows that ®(r,,t;)=0. After
finding r, and t; from @(r,,t;)=0, Q, is
determined using formula (9.11). Q.E.D.
Note that the functions §, are positive. Therefore,

the admissible set for R; is

FCZ{I’0 eD: ﬁQRi (r0)>0} (10.5)

i=1

for the constant source, and

Ff{(ro,te) e Dx(0,T): ﬁQRi (r,,t,)> 0}

(10.6)

for the instantaneous source. In practice, knowledge
of the admissible regions (10.5) and (10.6) narrows
the search range for the zeros of Localization
Functions and lowers computational overhead.
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11 Tikhonov regularization for the
identification of nonstationary outliers
Assume that the point source intensity depends on
time, and

at the site R. We now present a method for
reconstructing  nonstationary  discharge rates.
Consider the following inverse problem:

o 1T /dQ)?
minimize J(Q):EJ‘O(W) dt 111

subjectto Q (t)>0, te(0,T),
Q0)=Q(M)=0(11.2)

and

o<y (R)-[ Qg it <,

0
j=L.,M (11.3)

This problem is solved using the Tikhonov

regularization method. The functional (11.1) is

minimized to filter out errors Sy/; and determine the

magnitude of outliers. The parameter & >0 is used to
expand the feasible region of the inverse problem. This
parameter influences the solution smoothness, and its
optimum value coincides with the maximum error

magnitude Oy ;.

11.1 Existence and uniqueness of a
regularized solution

We now prove the existence and uniqueness of a
regularized solution of problem (11.1)-(11.3) [8]. Let
H be the Hilbert space of real-valued absolutely
continuous  functions on [0,T] such that

g(0)=q(T)=0 and ('(t)=0q/ot is square
integrable. The inner product and norm in H are
defined as follows:

(p.a), =] {p (®9

Jal,, = /(a.9),-

The unknown discharge level Q(t) e H, since it is a
non-negative continuously differentiable function, i.e.,

Q(t) e C'[0,T])and Q(0) =Q(T) =0.
The feasible set for the variational problem (11.1)-
(11.3) is defined as
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F={geH: qt)>0in[0,T] and

—e<y,(R)-[ g, (r, it <e,

0
j=1.,M (11.5)
where
£2 & =max, |5wj|.
Due to (9.5), Q e F, forall £ > &", and consequently

F, is a non-empty set in the space H . We now need
some results to prove the existence and uniqueness of
the regularized solution to the inverse problem.
Theorem 7 [1]. A non-empty closed convex set in a
uniformly convex Banach space has a unique point
closest to a given point.

Lemma 3 [1]. The space H is a uniformly convex
Banach space.

Lemma 4. The feasible space F, isaconvexsetin H

Proof. Let 0,,0,€F, and Ae(0,1). Then
AQ+(1-4)q,eH and Aq,+(1-4)q,20 in [0,T].

However, for each j (j=1,..,M), we have

l//j (R) - J.Oj [/'qu (t) + (1 - ﬂ)Qz (t)] gj (ro’t)dt‘

<A

'/’,—(R)_J'O" ql(t)gj(ro,t)dt‘

+(1-4)

l//j(R)_IOi qz(t)gj(ro,t)dt‘

<Ae+(1-Ae=¢
Thus, AQ, +(1-A4)q, € E, and E, is convex. Q.E.D.

Lemma 5. Any sequence converging in the space H
converges uniformly.
Proof. Let q(t) e H . Then

290 [, a@dr - [ a(erer

—|J;sentt- g dr+ [ sent-D () dr

jOT sen(t—)q'(0)dr

where te[0,T]. Therefore, using the Schwarz

inequality, we obtain

2lq(t)| < \/LT [sgn(t—7)Pdz|q|, = JT la,, (11.6)

As a result, any converging in H sequence converges
uniformly. Q.E.D.
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Lemma 6. The feasible space F, isaclosed setin H

Proof. We now demonstrate that F, — F,. Let q € F,

0

. Then, there is a sequence {(,},_, in F, such that
||qn —q||H —0 as N —oo, and according to Lemma

5, {q, } converges to ( uniformly. Moreover,

v (R)- foj q(t)g, (r,, tHdt

;i (R)— ,fOT q(tg; (I’O,t)dt‘

<

W;(R)—f; g,(H9 ,-(ro,t)dt‘

T
] Ja®-0,0]g, (r.vat
Let
.
C =max; '[Ogj(ro,t)dt <.

Using (11.3) and (11.6) in the last estimate leads to

v (R)- foj q(t)g, (r,, tHdt

.
<e+0.54T Ja—a,, IO g, (r,,)dt
< g+O.SC\ﬁ||q—qn||H
and

<¢g

wj(R)—IO" a(g, (1, Hdt

as N —> 00, Thus, all constraints in (11.5) are satisfied.
The inequality q(t) >0 is demonstrated using the law

of contradiction. Let q(t,)<0 for some t, €(0,T).
Due to uniform convergence of the sequence {(,} to
g on [0,T] as n—>o,
o (&) —aty)| <[acty)]/2
for sufficiently large number N , and therefore
Ay (t,) <a(t)/2 <0,
which contradicts the fact that qy € F,. Thus, qeF. .

Q.E.D.
Note that ¢ (t) =0 is the only constant function in

the space H , besides, due to Lemma 7, .(t) ¢ F, .

Thus, the regularized solution Q, to the inverse

problem can be neither zero nor constant.
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Lemma 7. If y, (R)>&" =max; |y, |for some K (
1<K <M)then g, ¢F, forany ¢ from the interval
e <e<y(R).

Proof. Let us apply the law of contradiction once
again. If (, € F, then

tx
v (R)- fo Q. 9y (r,,Hdt< e

for some K in (11.5), ie., w (R)<e& which

contradicts € <y, (R), and consequently ¢, ¢F,.
Q.E.D.

It should be noted that the conditiony, (R) > ¢” is fully
justified and implies that the values w(R,t;)
significantly exceed the data uncertainties.

Theorem 8. Let y, (R) > &” = max |5y for some K

(1K <M). Then the variational problem (11.1)-
(12.3) has a unique non-trivial solution for any

& <le" i (R).
Proof. By Lemma 3, H is a uniformly convex
Banach space, and by virtue of (9.4), Q € F, for all

g>¢&", ie, F is a non-empty set. In addition,

according to Lemmas 4 and 6, the feasible space F, is
a closed convex set in H. Note that ¢, ¢ F, as
<y (R). As a result, by Theorem 7, there is a
unique function Q, in the feasible space F, that
minimizes the distance to the function (|, . By virtue of
(11.1), Q, also minimizes the functional J() on the

feasible space F,. Therefore, Q, is a regularized

solution of the inverse problem.

12 Numerical experiments
Let us consider a 1D pollution model:

w2

=~ H—— + oy = QO — xo),
xe(0,1), t e(0,T)(12.1)

1Y 0,020, t>0122)
OX

uaa—‘/x’a,u -yl L t>0(123)

w(X,0)=0 xe(0,1)(12.4)
where 1 >0 and 0 > 0, x; is the source location in

D = (0,1), and Q(t)is the source intensity. As a
result, the pollutant mass in D increases because of
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intensity Q and decreases owing to outflow at x = 1
and exponential decrease (g > 0):

a 1
= veoa=ew-¢vao
0 1
—fo oy (x,t)dt

The problem operator
62

A=—u +oy

0x?
is positive semidefinite:

(Aw,w)=[#<%>zdx

2 1 2
+y (1,t)+f0 oy’ (x,t)dt =0

Consequently, the well posed diffusion model (12.1) -
(12.4) exists, is unique, and depends continuously on
the initial condition and the external driver.

Applying Lagrange’s identity (Ay,g) = (v
, A*g)to the problem (12.1) - (12.4) makes it possible
to desing the following adjoint problem:

Tt " Hoxe To9i =Pkt
x e(0,1), t (0,T)(12.5)

09,
1—2(0,t)=0, t>0(12.6)
OX

09; . o _
ﬂa(l,t) =—¢g;(Lt) , t>0(12.7)

gj(x,T) =0, xe(0,1)(12.8)
Where p(x, t) = 6(t — t;)6(x — R) is the forcing,
and Ris the monitoring site in D. As a result, we obtain

tj

v (R ) = f Q(t)g;(xo, t)dt

We now use dispersign model (12.1) - (12.4) to
estimate the parameters of constant and instantaneous
sources. Since the dispersion conditions in this
example are stationary, the basic kernel

9a(xq, 1)
= Z e~ Akrto)(T=0 cog(2, x,),
k=1

te(0,T) (12.9)
has the property gq(xo, T —t; +¢t) = g;(xo,t) for
t < t;. Thus, the solutions g; of the adjoint model

(12.5) - (12.8) are calculated using the basic kernel
(12.9). Figure 2 shows the basic kernel g, (X, t) and
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adjoint functions g;(xo, t) for the moments t; = 3
and t; = 15. For series (12.9), the following
parameters were used: x, = 0.5 km, R = 0.2 km,
(=10km, u=01km? 6=0.01h"1, T =
20 hand K = 10000.

Synthetic data v/, are generated according to equation
(9.4), where the corresponding values y/(R,t;) for
each experiment are calculated using the Fejér-
Fourier series, and the errors Sy, are uniformly
distributed with zero mean value.

07

——g-alpha
L
(R PR )

1 ?hy
Fig. 2. Basic kernel g, (%o, t)and adjoint functions
gj(xo, t)for t; = 3and ¢; = 15.

Experiment 1. First, consider a constant source
located at the point x; = 0.5km with intensity

Q. = 100kgh™1. Figure 3, Figure 4 and Figure 5
show the Localization Function d(x,) for different

monitoring areas R and R;. It should be noted that in
all cases, the zero of the Localization Functions d(x,)

correctly determine the location of the emission
source. In addition, Theorem 5 allows us to correctly

calculate the intensity Q. = 100 of the source.
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Fig. 3. Localization Function d(X,) for the
monitoring sites R = 0.2and R; = 0.4.

Fig. 4. Localization Function d(X,) for the
monitoring sites R = 0.2and R; = 0.8.

Fig. 5. Localization Function d(X,) for the
monitoring sites R = 0.7and R; = 0.9.
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Experiment 2. Let us consider the case of an
instantaneous source located at x5 = 0.7 km with a
strength Q, = 120 kg at time t; = 12 h. Figure 6
and Figure 7 show Localization Functions ®(X,,t,)

for various monitoring sites Rand Rj.

We see that the zeros of Localization Functions
correctly identify the place and moment of the
emission. Furthermore, Theorem 8 makes it possible

to correctly calculate the source strength Q, = 120.

0 i I 1 1 I i 1 1
0 o1 [F] 03 0.4 as 06 07 08 [X] 1

Fig. 6. Cross-sections of the Localization Function
D(X,,t,) for different t,. The monitoring sites are
R =0.4and R; = 0.8.

a i i L i i L L
0 0 [H] 03 0 05 06 07 (1] 09

Fig. 7. Cross-sections of the Localization Function
D(X,,t,) for different t,. The monitoring sites are

R = 0.8and R, = 0.9.
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