
Abstract: This paper introduces a novel three-dimensional chaotic system with minimal algebraic complexity,
combining hyperbolic tangent and absolute value nonlinearities in only five terms. Despite its structural simplicity,
the system exhibits rich chaotic dynamics verified by positive Lyapunov exponents and fractional Kaplan-Yorke
dimension. By applying Julia fractal transformations to the system’s state variables, we generate complex
multi-wing chaotic attractors with controllable structure and enhanced topological complexity. The number
of wings is directly determined by the polynomial order m, enabling systematic generation of multi-wing
configurations. The scaling coefficient k controls spatial extent, while the complex constant Z0 modulates wing
symmetry and distribution. The fractal transformation preserves dissipative and chaotic properties while enriching
phase space geometry through smooth, analytically defined polynomial mappings. Potential applications include
secure communication, chaotic encryption, random number generation, and biomedical signal processing.
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1 Introduction

Three-dimensional chaotic systems represent a
fundamental class of nonlinear dynamical systems
capable of demonstrating complex aperiodic behavior
with relatively simple mathematical structure. The
systematic study of three-dimensional chaos was
initiated by the classical works of Lorenz [1],
Rössler [2], and Chua [3], which demonstrated
that deterministic systems with a minimal number
of variables can generate unpredictable dynamics.
Since these pioneering studies, numerous variations
of three-dimensional chaotic systems with different
types of nonlinearities have been proposed.

An extensive comparative analysis of fifty
three-dimensional chaotic systems was presented
in [4], where the main characteristics of known
models, including their topological properties,
Lyapunov exponents, and practical applications,
were systematized. Remarkably, among the systems
considered, only two models utilized absolute
value nonlinearity, while systems with hyperbolic
tangent nonlinearity were not represented in this
review at all. Meanwhile, the choice of nonlinearity
type significantly affects the dynamic properties
of the system and the possibilities for its practical
implementation. Systems with absolute nonlinearity
attract particular attention due to the simplicity of
circuit implementation, since they do not require
analog multipliers, and possess a number of unique

properties, such as hidden attractors, multistability,
and the ability to shift the attractor without changing
the dynamics.

In recent years, there has been a significant
increase in interest in three-dimensional systems
with absolute nonlinearity. Thus, in [5], a
new three-dimensional chaotic system with line
equilibrium was proposed, possessing hidden
attractors and demonstrating high efficiency in
image encryption tasks. A system with variable
boosting and hidden attractors was investigated
in [6], where the possibility of controlling the
position of the attractor in phase space was
shown. Further development of this direction
is presented in [7], where systems with a single
absolute term are proposed, demonstrating
rich dynamics and promising applications in
data encryption. Of particular interest is the
recently published work [8], which presents a
new three-dimensional chaotic model of financial
processes with absolute nonlinearity. This system is
characterized by a maximal Lyapunov exponent
of 0.1355, demonstrating multistability with
coexistence of chaotic and periodic attractors.
A system with an extremely wide offset range was
analyzed in [9], which expands the possibilities for
synchronization control. Parallel to systems using
absolute nonlinearity, research on three-dimensional
chaotic systems with the hyperbolic tangent function
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tanh(x) is actively developing. This function has a
number of advantages: it is smooth, bounded (with
values in the interval (−1, 1)), and monotonically
increasing, which simplifies mathematical analysis
compared to piecewise linear functions. Systemswith
tanh-nonlinearity are often used to replace piecewise
linear characteristics, for example, in Chua’s circuit,
while ensuring continuous differentiability, which
significantly simplifies the calculation of Lyapunov
exponents and Jacobians.

In [10], three-dimensional jerk systems
with a single tanh-nonlinearity are investigated,
characterized by a third-order differential equation
of the form

...
x = J(ẍ, ẋ, x), where the function

J contains a hyperbolic tangent term. It was
shown that such systems can be implemented as
compact electrical circuits and find applications in
biomedical modeling. Modifications of classical
Lorenz and cubic systems by introducing tanh-terms
allow the generation of different types of attractors:
single scrolls when the term is introduced in the
third state, double scrolls in the first state, and
four scrolls in the second state. Systems without
equilibrium points possessing tanh-nonlinearity
[10] attract particular attention. Such systems
demonstrate hidden attractors and are of significant
interest for the theory of nonlinear dynamical
systems. The generation of multi-scroll attractors
through composite hyperbolic tangent functions
was investigated in [11], where it was shown
that sequences of tanh-functions create ”grids” of
attractors through multiple switching points in phase
space.

An alternative approach to constructing complex
attractors was proposed by Elwakil et al. [12], who
modified a Lorenz-type system to create an attractor
with a complex ”butterfly-like” structure. Their
work demonstrated that purposeful modification
of nonlinear terms can lead to qualitatively new
topological forms of attractors. Of particular
interest are systems with absolute nonlinearity
investigated by Tamba et al. [13], where it was
shown that introducing a term of the form |x| into a
system of differential equations not only simplifies
circuit implementation but also generates rich
dynamics, including chaotic regimes with unusual
synchronization properties. This work emphasized
the promise of using piecewise linear nonlinearities
for generating chaotic signals in applications
requiring a high degree of unpredictability. Despite
significant progress in studying three-dimensional
chaotic systems with various types of nonlinearities,
the generation of multi-wing attractors remains a
relevant problem. Multi-wing attractors possess a
more complex topological structure compared to
classical double-scroll systems like Lorenz or Chua,

which expands the possibilities for their application
in secure communication systems, pseudo-random
sequence generation, encryption of medical and color
images, as well as in modeling complex processes in
economics, biology, and electronic circuits.

A promising direction for generating multi-wing
attractors is the use of fractal processes. In [14],[15], a
method for generating a multi-wing spherical chaotic
attractor by embedding a fractal process directly into
the differential equations of the system was proposed.
This approach leads to a change in the vector
field itself and represents a dynamically equivalent
transformation in which equilibrium points do not
multiply but unfold in space, generating a multi-wing
structure. This is a rigorous dynamical transformation
preserving the fundamental properties of the original
system. An alternative approach is presented in
[16],[17], where the Julia fractal process is applied
to the trajectories (signals) of a chaotic memristive
system through coordinate transformation or iterative
mapping. In contrast to the method of embedding the
fractal into the vector field, this approach represents
fractal design rather than fractal dynamics, providing
visual enrichment of the attractor structure without
changing the basic dynamics of the system.

In the present work, a new three-dimensional
chaotic system is proposed that combines both
types of nonlinearities: the absolute function
and the hyperbolic tangent. A distinctive feature
of the proposed system is its minimal algebraic
complexity: it contains only five terms in the
right-hand sides of the differential equations,
making it one of the simplest among known
three-dimensional chaotic systems with combined
nonlinearity. Despite its structural simplicity, the
system demonstrates rich dynamics and serves as
a basis for developing a method for generating
multi-wing chaotic attractors through a process based
on Julia fractals. The proposed approach allows the
purposeful construction of complex attractors with a
specified number of wings, opening new prospects
for controlling the topology of chaotic systems while
maintaining computational efficiency.

The paper is organized as follows. The
Introduction provides a brief overview of
the current state of the problem. Section 2
presents a mathematical description of the new
three-dimensional chaotic system with combined
nonlinearity. Section 3 is devoted to dynamical
analysis of the proposed system, including
investigation of equilibrium points, local stability,
and geometric structure of phase portraits. Section
4 describes the method of applying the Julia fractal
process to the new three-dimensional chaotic system
for generating multi-wing attractors. Section 5
investigates multi-wing chaotic systems obtained
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Figure 1: Convergence plot of the Lyapunov
exponents for system (1) with a = 0.55.

through the modified Julia fractal with a scaling
coefficient. Section 6 is devoted to the generation
of multi-wing chaotic systems using high-order
Julia fractals. Section 7 analyzes the influence of
a nonzero complex constant on the structure of
multi-wing attractors. The Conclusion summarizes
the main results of the work and outlines directions
for future research.

2 A mathematical model of the new

proposed 3D dynamic system
In this section, we present amethod for deriving a new
3D dynamical system from a modified Lorenz system
[12], where the linear piecewise signum function
is replaced with the hyperbolic tangent function, as
follows: 

du

dt
= a(−u+ v)

dv

dt
= −wtanhu

dw

dt
= |u| − 1

(1)

where a = 0.55 and the initial conditions are u(0) =
v(0) = w(0) = 1. Note that the chaotic attractors in
system (1) exhibit a different topology compared to
those in the standard Lorenz system [1]. In system (1),
the chaotic attractors form phase portraits resembling
two-winged butterflies. Using the methodology of
Binouse et al. [19] and Sandri [20], we can computed
all LEs

LE1 = 0.12790, LE2 ≈ 0, LE3 = −0.69261.

Consequently, system (1) exhibits chaotic behavior,
as indicated by the presence of a positive Lyapunov
exponent. Fig. 1 illustrates the dynamics of
the Lyapunov exponents corresponding to chaotic
behavior at a = 0.55. The corresponding
Kaplan-Yorke dimension is approximately DKY ≈

Figure 2: Bifurcation diagram versus parameter a.

Figure 3: Power spectra of the system (1) (blue) and
Lorenz system (red).

2.206, which is notably higher than that of the Lorenz
system (DKY ≈ 2.06) [18]. The bifurcation diagram
with respect to variations in the parameter a is
depicted in Fig. 2. These results clearly indicate that
system (1) exhibits chaotic regimes over an interval
a ∈ (0.18, 2).

Fig. 3 shows the power spectra of system (1)
and the Lorenz system [1], shown in blue and red,
respectively. The spectrum of system (1) exhibits a
sharp power-law decay with energy concentrated in
the low-frequency region (0-5 Hz). The nonsmooth
nonlinearity |u| generates a complex folded structure
of the attractor, resulting in a high fractal dimension
despite the compact spectrum. In contrast, the
Lorenz system displays a more uniform energy
distribution across frequencies with two distinct
peaks around 5-10 Hz and 15-20 Hz, reflecting
the characteristic switching dynamics between the
attractor’s lobes. The fully smooth nonlinearities
yield lower geometric complexity despite the broader
spectral content. These results demonstrate that
spectral characteristics do not directly correlate with
fractal dimension: nonsmooth systems can exhibit
higher Kaplan-Yorke dimensions while maintaining
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visually simpler frequency spectra.

3 Dynamic analysis
In this section, the fundamental dynamical properties
of the proposed system (1) are investigated.

3.1 Equilibrium points and local stability

analysis
System (1) is invariant under the discrete symmetry
transformation

S : (u, v, w) 7→ (−u,−v, w). (2)

Indeed, under this transformation the right-hand sides
of system (1) remain unchanged, since |u| and tanhu
are even and odd functions of u, respectively. As
a consequence of this symmetry, the phase space
is divided into two symmetric regions with respect
to the (w)-axis, and the system possesses a pair of
symmetric equilibrium points

E1 = (1, 1, 0), E2 = (−1,−1, 0),

which are mapped into each other by S.
A direct substitution confirms that both points

satisfy u̇ = v̇ = ẇ = 0. The Jacobian matrix of
system (1) is given by

J(u, v, w) =

 −a a 0
−w sech2u 0 − tanhu
sgn(u) 0 0

 . (3)

Evaluating the Jacobian at the equilibrium points
yields identical characteristic equations for E1 and
E2:

P (λ) ≡ A0λ
3 +A1λ

2 +A3 = 0, (4)

where

A0 = 1, A1 = a, A2 = 0, A3 = a tanh(1).

The system is stable if and only if all principal minors
of the Hurwitz determinant are positive [21]:

A0 > 0, ∆1 = A1 > 0, ∆2 = A1A2−A0A3 > 0.
(5)
According to the Routh-Hurwitz stability criterion (5)
for equation (4) at a = 0.55, we find

∆1 = 0.55 > 0, ∆2 = −0.4188 < 0 (6)

Since not all Hurwitz minors are positive, the
characteristic equation (4) has roots with positive real
parts, indicating instability.

λ1 = −0.9833, λ2,3 = 0.2166± 0.6157 i. (7)

Since each equilibrium point has one negative
real eigenvalue and a pair of complex conjugate

Figure 4: Phase portraits of system (1) for a = 0.55:
(a) 3D attractor; (b) u-v; (c) u-w; (d) v-w planar
projections. Equilibria E1 and E2 are marked by red
and blue dots.

eigenvalues with positive real part, both E1 and
E2 are unstable saddle-focus equilibria. The
negative real eigenvalue λ1 = −0.9833 defines
a one-dimensional stable manifold W s: trajectories
starting near E1,2 along this direction are attracted
toward the equilibrium. A pair of complex
conjugate eigenvalues λ2,3 = 0.2166 ± 0.6157 i
with positive real parts forms a two-dimensional
unstable manifold W u, causing trajectories to spiral
away from the equilibrium in the plane spanned by
the corresponding eigenvectors. The competition
between W s and W u generates a Shilnikov-type
mechanism: a trajectory is attracted toward E1 along
W s, undergoes a spiral motion in W u, and then
switches to the neighborhood of E2, repeating the
cycle. This explains the characteristic double-wing
butterfly-like structure shown in Fig. 4.

The system symmetry S : (u, v, w) 7→
(−u,−v, w) ensures that both wings of the attractor
are topologically identical and related by this
mapping. Unlike the Lorenz attractor, where
switching between wings is determined by the sign of
variable x, switching in system (1) is governed by the
sign of u via the |u| nonlinearity in the third equation.
This results in a higher fractal dimension and a more
compact power spectrum (Fig. 3).

3.2 Phase portraits

Figure 4 illustrates the numerical simulation of
system (1) in the three-dimensional phase space and
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its planar projections. The 3D attractor exhibits
a two-winged butterfly-like structure, with each
wing organized around one of the saddle-focus
equilibria E1 and E2. The projections onto the
(u, v), (u,w), and (v, w) planes further reveal
the spiral nature of trajectories near the equilibria,
consistent with the presence of complex eigenvalues.
The observed switching of trajectories between the
neighborhoods of E1 and E2 is governed by the
unstable manifolds and leads to sustained chaotic
motion. This mechanism explains the emergence of
the double-scroll-type chaotic attractor observed in
Fig. 4, while maintaining a topology distinct from the
classical Lorenz attractor.

3.3 Statistical analysis: 0-1 test for chaos
To provide rigorous statistical confirmation of the
chaotic nature of system (1), we apply the 0-1 test
for chaos proposed by Gottwald and Melbourne [22,
23]. Unlike the classical Lyapunov exponent analysis,
the 0-1 test operates directly on a scalar time
series without requiring phase-space reconstruction
or knowledge of the underlying equations, and yields
a single binary indicatorK ∈ [0, 1]: K ≈ 1 indicates
chaotic dynamics, whereas K ≈ 0 corresponds to
regular (periodic or quasi-periodic) behaviour.

Let {ϕ(n)}Nn=1 be a scalar observable extracted
from the trajectory of system (1); here we use the
variable u(n). For a fixed parameter c ∈ (0, 2π),
two auxiliary variables are defined by the cumulative
sums

pc(n) =

n∑
j=1

ϕ(j) cos(cj), qc(n) =

n∑
j=1

ϕ(j) sin(cj).

(8)
The mean square displacement of the vector (pc, qc)
is then computed as

Mc(n) = lim
N→∞

1

N

N∑
j=1

[(
pc(j + n)− pc(j)

)2
+

+
(
qc(j + n)− qc(j)

)2]− Vosc(c, n), (9)

where the oscillatory correction term is
Vosc(c, n) =

(
〈ϕ2〉 (1 − cosnc)

)
/
(
1 − cos c

)
,

with 〈ϕ2〉 denoting the time average of ϕ2. The
asymptotic growth rate of Mc(n) discriminates
between the two regimes: for chaotic dynamics
Mc(n) grows linearly in n (diffusive behaviour of
the (pc, qc) trajectory), whereas for regular dynamics
Mc(n) remains bounded. The binary indicator is
obtained as the correlation coefficient

Kc = corr(n, Mc) =
cov(n, Mc)√
var(n) var(Mc)

, (10)

Figure 5: Results of the 0–1 test for chaos for
system (1) with a = 0.55. Left: unbounded
Brownian-like trajectory of (pc(n), qc(n)),
characteristic of chaotic dynamics. Centre:
histogram of Kc over nc = 100 values of c,
sharply concentrated near Kc ≈ 1. Right: linear
growth of M(n) versus n, confirming diffusive
behaviour. Median K = 0.9978 ≈ 1 confirms chaos
in system (1).

where n = (1, 2, . . . , nmax)
> and Mc =

(Mc(1), . . . ,Mc(nmax))
> with nmax = bN/10c.

To suppress the sensitivity of Kc to the particular
choice of c, the final estimate is taken as the median
over nc = 100 values of c drawn uniformly from
(π/5, 4π/5), avoiding resonances with dominant
frequencies of the signal [22]:

K = medianc{Kc}. (11)

System (1) was integrated with a = 0.55 and
initial conditions (u0, v0, w0) = (1, 1, 1) over the
interval t ∈ [0, 8000] using a Runge–Kutta solver
with relative tolerance 10−9. The first 30% of the
trajectory was discarded as a transient, and N =
5000 uniformly subsampled points of the variable
u(t) were used as the observable ϕ. The numerical
results are summarised as follows:

K = median{Kc} = 0.9978, 〈Kc〉 = 0.9955,

σK = 0.0064. (12)

The value K = 0.9978 ≈ 1, obtained from a time
series of N = 5000 points, unambiguously confirms
the chaotic nature of the dynamics of system (1). The
small standard deviation σK = 0.0064 demonstrates
that the estimate is robust with respect to the choice
of the parameter c.

The results are illustrated in Fig. 5. The left
panel shows the trajectory of the auxiliary vector
(pc(n), qc(n)) in the (p, q)-plane for a representative
value of c. The trajectory exhibits unbounded,
diffusion-like Brownian motion over the range
p, q ∈ [−45, 45], which is the hallmark of chaotic
dynamics; a regular system would produce a bounded
Lissajous-type curve. The central panel displays the
histogram ofKc values over all nc = 100 realisations
of c: the distribution is sharply concentrated in
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the interval [0.99, 1.00] with no values below 0.94,
confirming the robustness of the estimate. The right
panel presents themean square displacementM(n) as
a function of n: the clearly linear growth with slope
approximately equal to unity is consistent with the
diffusive regime predicted by theory [22] for chaotic
systems, and is in sharp contrast with the bounded
M(n) expected for quasi-periodic motion.

4 Fractal process in a new 3D chaotic

system
To generate multi-scroll chaotic attractors, we apply
the classical Julia fractal process to system (1). The
Julia set iteration is given by Zn+1 = Z2

n+Z0, where
Zn = xn+iyn are complex numbers. Initially, we set
Z0 = 0 to focus on the fundamental transformation.
Let Y = R3 with coordinates (u, v, w). We define
the fractal mapping f : X → Y as [14, 15]:

f : (x, y, z) 7→ (x2 − y2, 2xy, z), (13)

or equivalently,

u = x2 − y2, v = 2xy, w = z. (14)

The Jacobian matrix of this mapping is:

Df =


∂u
∂x

∂u
∂y

∂u
∂z

∂v
∂x

∂v
∂y

∂v
∂z

∂w
∂x

∂w
∂y

∂w
∂z

 =

[
2x −2y 0
2y 2x 0
0 0 1

]
. (15)

The inverse Jacobian is:

Df−1 =
1

2(x2 + y2)

 x y 0
−y x 0
0 0 2(x2 + y2)

 . (16)

The relationship between the coordinate systems is
given by: [

u̇
v̇
ẇ

]
= Df

[
ẋ
ẏ
ż

]
. (17)

Therefore, we obtain:[
ẋ
ẏ
ż

]
= Df−1

[
u̇
v̇
ẇ

]
=

1

2(x2 + y2)
×

×

 x y 0
−y x 0
0 0 2(x2 + y2)

[
u̇
v̇
ẇ

]
. (18)

Substituting u = x2 − y2, v = 2xy, and w = z
into system (1), we obtain the transformed system
components:[

u̇
v̇
ẇ

]
=

a[−(x2 − y2) + 2xy]
−z tanh(x2 − y2)
|x2 − y2| − 1

 . (19)

Figure 6: Phase space projections (a)-(c) and
3D portrait (d) of the multi-wing chaotic attractor
generated by system (20).

Applying the inverse Jacobian transformation (18) to
(19), the multi-wing chaotic system becomes:

ẋ = x
2(x2+y2)

[
a(−(x2 − y2) + 2xy)

]
+

+ y
2(x2+y2)

[
−z tanh(x2 − y2)

]
,

ẏ = −y
2(x2+y2)

[
a(−(x2 − y2) + 2xy)

]
+

+ x
2(x2+y2)

[
−z tanh(x2 − y2)

]
,

ż = |x2 − y2| − 1.

(20)

System (20) represents the multi-wing chaotic system
obtained by applying the Julia fractal process to the
original system (1). This transformation generates a
richer chaotic attractor with multiple wins, where the
number of wings can be controlled through the fractal
process parameters.

The geometric structure of the resulting
multi-wing attractor is illustrated in Fig. 6,
which presents four complementary perspectives
of the phase space dynamics. The x-y plane
projection reveals a characteristic four-wing
butterfly-like structure with pronounced lobes
extending symmetrically from the central region.
This symmetry is a direct consequence of the
quadratic transformation f in equation (13), which
maps the original dynamics onto a surface exhibiting
rotational symmetry. The vertical projections (x-z
and y-z planes) demonstrate the complex stretching
and folding mechanism in the z-direction, where
the attractor exhibits a funnel-shaped structure
expanding from approximately z = −5 to z = 22.

WSEAS TRANSACTIONS on SYSTEMS and CONTROL 
DOI: 10.37394/23203.2026.21.17 M. I. Kopp, I. Samuilik

E-ISSN: 2224-2856 175 Volume 21, 2026



These projections reveal how trajectories spiral
outward in the horizontal plane while simultaneously
being stretched vertically, creating multiple layers
of orbits that characterize the multi-wing topology.
The 3D phase portrait synthesizes these observations,
showing how the four wings emerge naturally from
the interplay between the horizontal expansion
induced by the Julia transformation and the vertical
dynamics governed by the absolute value nonlinearity
in the z-component. The dense concentration of
trajectories near the center, gradually dispersing
into distinct wing structures, indicates the presence
of an unstable equilibrium region from which
chaotic orbits are repelled into the outer lobes.
This morphology demonstrates that the fractal
transformation successfully enriches the phase space
structure, transforming a single-scroll attractor into
a geometrically complex multi-wing configuration
while preserving the chaotic nature of the dynamics.

5 Multi-wing chaotic systems

generated by modified Julia fractal

with coefficient

Now we consider multiplying the term Z2
n in the Julia

fractal expression Zn+1 = Z2
n + Z0 by a coefficient

k, obtaining the modified Julia fractal [15]:

Zn+1 = kZ2
n + Z0. (21)

In this case, the mapping matrix takes the form:

Dfk =


∂u
∂x

∂u
∂y

∂u
∂z

∂v
∂x

∂v
∂y

∂v
∂z

∂w
∂x

∂w
∂y

∂w
∂z

 =

[
2kx −2ky 0
2ky 2kx 0
0 0 1

]
.

(22)
The inverse Jacobian becomes:

Df−1
k =

1

2k(x2 + y2)

 x y 0
−y x 0
0 0 2k(x2 + y2)

 .

(23)
Using the samemethod as in the previous section, and
applying the transformation u = k(x2 − y2), v =
2kxy, w = z to system (1), we obtain the modified
multi-wing chaotic system:

ẋ = x
2k(x2+y2)

[
a(−k(x2 − y2) + 2kxy)

]
+

+ y
2k(x2+y2)

[
−z tanh(k(x2 − y2))

]
,

ẏ = −y
2k(x2+y2)

[
a(−k(x2 − y2) + 2kxy)

]
+

+ x
2k(x2+y2)

[
−z tanh(k(x2 − y2))

]
,

ż = |k(x2 − y2)| − 1.
(24)

Figure 7: Chaotic attractors of system (25) in the x-y
plane for different values of parameter k: (a) k = 0.1;
(b) k = 1.0; (c) k = 10.0; (d) k = 100.0.

Simplifying by canceling the coefficient k in the
numerator and denominator:

ẋ = x
2(x2+y2)

[
a(−(x2 − y2) + 2xy)

]
+

+ y
2(x2+y2)

[
−z tanh(k(x2 − y2))

]
,

ẏ = −y
2(x2+y2)

[
a(−(x2 − y2) + 2xy)

]
+

+ x
2(x2+y2)

[
−z tanh(k(x2 − y2))

]
,

ż = k|x2 − y2| − 1.

(25)

Fig. 7 demonstrates the phase space projections
of system (25) in the x-y plane for parameter
a = 0.55 and various values of the scaling coefficient
k. The analysis reveals a systematic geometric
transformation of the multi-wing attractor structure
as k varies across multiple orders of magnitude.
For k = 0.1, the attractor exhibits a spatially
extended configuration spanning approximately
x, y ∈ [−15, 15]. The four-wing butterfly structure
remains recognizable but appears distorted and
asymmetric, with one wing extending significantly
further than the others. This asymmetry suggests that
small values of k weaken the constraining effect of
the nonlinear terms, allowing trajectories to explore
larger regions of phase space before being folded
back toward the central manifold. The relatively
sparse distribution of trajectories indicates that the
chaotic dynamics operate on a much larger spatial
scale compared to higher k values. At k = 1.0, the
canonical four-wing structure emerges with optimal
geometric balance and symmetry. The attractor
occupies the region x, y ∈ [−4, 4] and displays

WSEAS TRANSACTIONS on SYSTEMS and CONTROL 
DOI: 10.37394/23203.2026.21.17 M. I. Kopp, I. Samuilik

E-ISSN: 2224-2856 176 Volume 21, 2026



the characteristic butterfly morphology with four
well-defined lobes arranged symmetrically about
the origin. The trajectory density is substantially
higher than at k = 0.1, indicating that orbits are more
tightly confined within the attractor’s basin. This
configuration represents the natural scaling of system
(25) where the fractal transformation preserves the
essential topological features of the original system
(1) while generating the multi-wing structure through
the quadratic mapping. As k increases to 10.0, a
dramatic compression of the attractor occurs, with
the phase space extent reduced to approximately
x, y ∈ [−2, 2]. The four-wing structure becomes
significantly more compact and densely packed.
The wings retain their fundamental shape but appear
thicker and more concentrated, with trajectories
forming multiple layers that create a visually solid
appearance in the central region. This compression
demonstrates that larger k values strengthen the
nonlinear coupling through both the tanh(k(x2−y2))
term and the modified z-dynamics, creating stronger
restoring forces that confine trajectories to a smaller
spatial domain. At the extreme value k = 100.0,
the attractor undergoes maximal compression,
occupying only x, y ∈ [−2, 2]. The four-wing
topology is still preserved, but the structure appears
almost perfectly symmetric and highly concentrated.
The individual wings become sharply defined with
smooth, nearly linear boundaries, and the central
region exhibits extremely high trajectory density.
The attractor resembles a tightly wound cross or star
pattern, where the chaotic dynamics are compressed
into a minimal spatial volume while maintaining
topological complexity. The saturation of the tanh
function at large arguments (k(x2 − y2)) contributes
to this regularization, as the nonlinear term effectively
becomes a sign function, creating piecewise-linear
dynamics in different regions of phase space.

This systematic scaling behavior reveals that
the coefficient k functions as a geometric control
parameter that modulates the spatial extent of the
chaotic attractor without fundamentally altering its
topological structure.

6 Multi-wing chaotic systems

generated by high-order Julia

fractal
Starting from the classical Julia iteration

Zn+1 = Z2
n + Z0, (26)

we replace the quadratic term Z2
n by a higher-order

powerZm
n and obtain the generalized high-order Julia

fractal [14, 15]:

Zn+1 = Zm
n + Z0, m ∈ N+. (27)

For m > 2, this complex mapping can be
embedded into the continuous-time framework of
Section 4 by introducing the transformation

u+ iv = (x+ iy)m, w = z,

that is,

u = <[(x+ iy)m], v = =[(x+ iy)m].

Under this transformation, the state vector (x, y, z)
is mapped to (u, v, w), and the dynamics of the
original chaotic system are reconstructed in the new
coordinates.

Applying the inverse Jacobian of the mapping
(x, y) 7→ (u, v), the resulting multi-wing chaotic
system takes the form[
ẋ
ẏ
ż

]
=


Sm−1

m|x+iy|2m−2 − Tm−1

m|x+iy|2m−2 0
Tm−1

m|x+iy|2m−2

Sm−1

m|x+iy|2m−2 0

0 0 1

[
a(−u+ v)
−w tanhu
|u| − 1

]
,

(28)
where the matrix represents the inverse Jacobian
of the polynomial mapping (x, y) 7→ (u, v) and
ensures that the flow of the original system in
(u, v, w) is consistently transferred back to the
(x, y, z) coordinate space.

The coefficientsSm−1 andTm−1 are defined as the
real and imaginary parts of (x+ iy)m−1:

Sm−1 = <[(x+ iy)m−1] =

=


xm−1 +

(m−2)/2∑
l=1

(−1)l
(
m− 1

2l

)
xm−2l−1y2l, m even,

xm−1 +

(m−1)/2∑
l=1

(−1)l
(
m− 1

2l

)
xm−2l−1y2l, m odd,

(29)

Tm−1 = =[(x+ iy)m−1] =

=



m/2∑
l=1

(−1)l−1

(
m− 1

2l − 1

)
xm−2ly2l−1, m even,

(m−1)/2∑
l=1

(−1)l−1

(
m− 1

2l − 1

)
xm−2ly2l−1, m odd.

(30)
Similarly, the explicit expressions for u and v are

given by
u = <[(x+ iy)m] =

=


xm +

m/2∑
l=1

(−1)l
(
m

2l

)
xm−2ly2l, m even,

xm +

(m−1)/2∑
l=1

(−1)l
(
m

2l

)
xm−2ly2l, m odd,

(31)
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Figure 8: Attractors of a multi-wing chaotic system:
(a) m = 3 (6-wing chaotic system); (b) m = 4
(8-wing chaotic system); (c)m = 5 (10-wing chaotic
system); (d)m = 6 (12-wing chaotic system).

v = =[(x+ iy)m] =

=



m/2∑
l=1

(−1)l+1

(
m

2l − 1

)
xm−2l+1y2l−1, m even,

(m+1)/2∑
l=1

(−1)l+1

(
m

2l − 1

)
xm−2l+1y2l−1, m odd.

(32)
Extensive numerical simulations indicate that for

any integer m > 1, system (28) produces a
multi-wing chaotic attractor. Fig. 8 illustrates the
projections of these attractors onto the x-y plane for
a = 0.55 andm = 3, 4, 5, 6, respectively.

A remarkable scaling law is revealed by the
high-order Julia transformation: the number of wings
in the attractor is equal to 2m. Specifically, for
m = 3 a six-wing attractor with three-fold rotational
symmetry is obtained; for m = 4 an eight-wing
structure with four-fold symmetry emerges; for m =
5 the attractor develops ten wings; and for m =
6 a highly intricate twelve-wing configuration is
produced.

Asm increases, the wings becomemore numerous
and more densely distributed around the origin,
while preserving the global radial symmetry
inherited from the complex polynomial mapping
(x + iy)m. This demonstrates that the high-order
Julia fractal transformation provides a systematic and
flexible mechanism for controlling the topological
complexity of chaotic attractors through a single
integer parameterm.

Figure 9: Transformation of the multi-wing chaotic
attractor in the x-y plane form = 3 at different values
of the complex constant Z0: (a) Z0 = −0.5 + i1.5;
(b) Z0 = −1.5 + i2.5; (c) Z0 = −3.5 + i3.5; (d)
Z0 = 4.4− i5.5.

7 Influence of a nonzero complex

constant
In the previous analysis, the complex constant
in the generalized Julia mapping was assumed to
be zero, which leads to a symmetric polynomial
transformation of the form

u+ iv = (x+ iy)m.

In this subsection, we investigate the effect of
introducing a nonzero complex constant [15]:

Z0 = x0 + iy0 6= 0

into the transformation,

u+ iv = (x+ iy)m + Z0. (33)

Since Z0 is an additive constant, the Jacobian matrix
of the mapping and its inverse remain unchanged.
Therefore, the local stretching and foldingmechanism
responsible for the generation of multi-wing chaotic
attractors is preserved. The role of Z0 is to shift
the image of the polynomial mapping in the complex
plane, which results in a deformation of the global
geometry of the attractor. Numerical simulations
show that a nonzero Z0 breaks the exact rotational
symmetry of the 2m-wing structure obtained forZ0 =
0. Depending on the magnitude and phase of Z0, the
wings become asymmetric and unequally distributed
around the origin, while the total number of wings
remains unchanged. This indicates that the complex
constant acts as a deformation parameter controlling
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the spatial arrangement of the wings rather than their
number.

Fig. 9 illustrates the topological transformation
of the multi-wing chaotic attractor as the complex
constant Z0 varies. For Z0 = −0.5 + i1.5 (Fig. 9a),
the system exhibits a symmetric six-wing attractor
with uniform distribution of trajectories. As Z0

changes to Z0 = −1.5 + i2.5 and Z0 = −3.5 +
i3.5 (Fig. 9b and Fig. 9c), progressive symmetry
breaking occurs, with trajectories redistributing
among the wings. A dramatic topological change
is observed at Z0 = 4.4 − i5.5 (Fig. 9d), where
the attractor collapses into an asymmetric two-wing
structure. This demonstrates the structural sensitivity
of multi-wing attractors to parameter variations and
reveals how Z0 acts as a bifurcation parameter
controlling the attractor’s morphology.

7.1 Perspectives on the application of

Mandelbrot iterations

The Mandelbrot iteration process Zn+1 = Z2
n +

c, where c is a fixed complex constant and Z0 =
0, is structurally similar to the Julia transformation
employed in this work. The key distinction lies in the
role of the control parameter: in the case of the Julia
set, the value of c is fixed while the initial condition
Z0 varies across the phase space. In the Mandelbrot
approach, conversely, the parameter c itself is varied
for a fixed Z0 = 0, which yields a different
parametric dependence for the attractor morphology.
This opens the possibility of generating attractors
with an irregular distribution of ”wings” that lack the
strict 2m-fold rotational symmetry characteristic of
the standard Julia transformation.

8 Conclusion
In this paper, we have introduced a novel
three-dimensional chaotic system combining
hyperbolic tangent and absolute value nonlinearities.
Despite its minimal algebraic complexity with only
five terms, the system exhibits rich chaotic dynamics
with a positive Lyapunov exponent LE1 = 0.12790
and Kaplan-Yorke dimension DKY ≈ 2.206.
The system possesses two unstable saddle-focus
equilibrium points and generates a symmetric
two-wing attractor. The principal contribution of this
work is the systematic application of the Julia fractal
process to generate multi-wing chaotic attractors.
By introducing the polynomial transformation
u + iv = (x + iy)m derived from the generalized
Julia iteration Zn+1 = Zm

n + Z0, we developed a
framework that enriches the phase space topology
while preserving chaotic properties. Numerical
simulations revealed a remarkable scaling law:
the number of wings equals 2m, where m is the

polynomial order. The classical transformation
(m = 2) produces a four-wing attractor, while higher
orders generate six, eight, ten, and twelve wings for
m = 3, 4, 5, 6, respectively. The scaling coefficient
k provides geometric control over attractor size
without altering topology, and the complex constant
Z0 enables asymmetric wing configurations while
preserving wing number. The proposed methodology
offers several advantages: smooth analytical
transformations avoiding piecewise discontinuities,
explicit control through parameters m, k, and Z0,
and preservation of chaotic dynamics. The minimal
structure and combination of tanh and absolute
value functions facilitate hardware implementation
for secure communications and chaotic encryption
applications.

Future research directions include experimental
circuit validation, investigation of synchronization
properties for secure communications, extension to
higher-dimensional and memristive systems, and
exploration of alternative fractal processes such as
the Mandelbrot fractal for generating novel attractor
topologies.
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