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Abstract: - This study introduces a novel non-linear real-time filter based on the concept of Free Energy, which is
applied to estimate the state of mobile robots in dynamic environments. By leveraging the principles of Bayesian
inference, the proposed Free Energy Filter aims to minimize prediction errors between the observed and estimated
trajectories. The approach extends existing non-linear filtering techniques, incorporating elements such as the
Fokker-Planck equation. The simulation results demonstrate the effectiveness of this method in improving the
control accuracy of unicycle robots equipped with the Bessel controller. The study also discusses comparisons
with traditional Kalman filtering, highlighting the advantages of the proposed approach in adapting to noisy and

uncertain conditions.
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1 Introduction

The concept of “Free Energy” is central to the
theory that views the brain as a system striving to
minimize uncertainty or surprise in its perceptions
and actions. This idea, widely developed by [1],
[21, 131, [4]], and his colleagues, [5], [6]], is rooted in
Bayesian inference principles. It provides a unifying
framework to explain how the brain processes sensory
information, makes predictions, and learns from its
environment.

Essentially, the brain is modeled as a system
that constantly makes inferences about the state of
the world based on noisy and partial sensory data.
To reduce the uncertainty of these inferences, the
brain updates its internal models of the world by
minimizing a quantity known as “Free Energy.”
This minimization is equivalent to adjusting the
predictions generated by the brain so that they are
more consistent with the observed sensory signals,
achieved through continuous feedback between
expectations (predictions) and the perceived reality
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(sensory data).

In the context of a mobile robot, the Free
Energy framework can be applied to develop control
algorithms that allow the robot to navigate and adapt
to a dynamic environment. Here, the algorithm would
aim to minimize the discrepancy between predicted
and observed trajectories, continuously adjusting its
movements and decisions to maintain a state of low
free energy, in other words, a state in which the
robot’s actions are more aligned with its internal
model predictions about the environment.

This approach provides a robust and adaptable
method for controlling autonomous systems, allowing
the robot not only to react to changes in the
environment but also to anticipate and proactively
adjust its behavior to maintain optimal performance.

The structure of this study unfolds as follows.
We begin with the introduction of the necessary
definitions and notation, followed by the presentation
of the unicycle robot with the Bessel controller
and closed-form trajectory solutions in Section [2]
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The subsequent sections delve into the Free-Energy
concept and Kalman Filter in sections and
sections [2.3|respectively.

In Section (3] we present the Free-Energy Filter.
Section provides an introduction to the Free
Energy Principle, while Section outlines the
problem statement. In Section we discuss a
specific case involving the Unicycle Robot equipped
with the Bessel Controller. This section includes an
analysis based on two Taylor expansion approaches:
the integration first-order Taylor expansion,
discussed in Section [3.3.1] and the second-order
Taylor expansion, detailed in Section[3.3.2]

Section {4| is devoted to Simulation, where we
provide practical examples and simulation results. In
Section [6] we present the results obtained from the
simulations.

The conclusion offers insights and outlines
avenues for future research in Section[Zl We discuss
potential future Research in Section|7.1

2 Notation and Definitions:

Preliminaries

In this section, some definitions are provided for the
sake of completeness.

2.1 Unicycle Robot with Bessel’s Controller
In this study, unicycle robots are considered (Figure/[I]
and Eq. [I):

T cos® 0 U
[532] = |sin® 0 [Ul} (1)
I3 0 1] LY2

where, the control inputs (U, Up) € R! x R!

Y ﬁ

i A
/e
J

Figure 1: Unicycle-like robot with coordinates.
Source: created by the authors

According to [7]], asymptotic stability can be

achieved for this kind of robot globally using the
following controller Eq.

U, =
Uy =

With Bessel of the first order:

a3C1J1(0)0? + 5aCsJ2(0)03

a®© @

E-ISSN: 2224-2856

460

Juan Andrés Roteta Lannes,
Andres Gabriel Garcia, Osvaldo Enrique Agamennoni

J1(@); = (—94%3 +2 +0°
JQ(@)? — 06 +06

Resulting in the control according to [7]], as
follows (Eq.

5

8)0% + 5aCy (% — &2)ed

Ul = GBCl(% - %83 +
U2 = a@
3)

2.2 Free-Energy concept

The following equation is a key component in the
extended formulation of the “Free-Energy” model,
which seeks to implement in a biologically plausible
way how perceptual systems can differentially weigh
sources of sensory information based on their noise
level.  This equation helps to understand how
the neural network can learn to recognize features
encoded in covariance patterns among sensory inputs
and how these representations can be adjusted
through experience and continuous learning.

. e P(WY) -
min Ln d
p(y,9) / (@) q(9) Y

Given ¢(y) as a probability density function
(PDF), for example, a Dirac delta distribution. Here,
y represents the real perception or measurement and ¢
represents the estimate given by the algorithm of the
system.

Specifically, it describes an update to the model’s
variables that allows capturing the uncertainty
associated with the different features of the stimuli.

“)

2.3 Kalman Filter

The Kalman filter is maybe the most famous
algorithm in the area of estimation and control, and
it is still the reference point when someone wants
to compare a new filter, even if the assumptions
of Kalman are not always valid. The filter works
in two steps, one step is the prediction where the
state is propagated using the system model, and the
second step is the correction where the prediction
is adjusted with the real measurement. By doing
this alternation between prediction and correction the
error goes down and the estimation becomes better.

The Kalman filter is optimal only in linear systems
with Gaussian noise, and this is something that
everybody repeats, but it is still true, so when
the system is non-linear or when the noise is not
Gaussian the Kalman filter does not perform so
well. Nevertheless, because it is simple and fast
it has been used for decades in many engineering
applications, from control of vehicles to robotics and
signal processing, [8]], [9].
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In this work we are using Kalman filter not as the
main tool but more as a reference. We compare our
Free Energy filter with it, so the reader can see what
is better and what is worse. The comparison is made
in the particular case of the unicycle robot with the
Bessel controller, so both filters are applied under the
same conditions. In this way it is more fair to evaluate
if the new method really brings an improvement or
not.

3 Free-Energy Filter

3.1 Free Energy Principle

The Free Energy principle was originally developed
by Karl Friston and it has been applied a lot in
neuroscience, but here we try to use the same logic
for a robotic system. The principle says that a system,
if it wants to keep stability and adapt to changes,
must reduce the difference between what it expects
and what it really perceives. This difference is
usually called prediction error or Free Energy, and the
minimization of it is the central mechanism.

In other words, the system has an internal model of
the world and then it receives new data from sensors.
If the data and the model are not aligned, then the
system feels surprise, so it changes the model or it
changes its actions, and little by little the surprise
gets smaller. This is why the principle is powerful,
because it explains perception and action in one single
framework.

For robots, the same principle can be very useful.
Robots are always working in environments with
noise and uncertainty, and they need to act in real
time. By minimizing Free Energy, the robot can
adapt better and keep the estimation of states closer
to the reality. It is not only reacting but also
anticipating, which is something very important when
the conditions are changing quickly.

Mathematically, the principle can be expressed
in Eq. [5 which is the same form that we already
introduced before in Eq.

. . pW,9) .
min [apin pelay

This equation shows that the system is trying to
make the approximate posterior ¢(7) closer to the real
joint distribution p(y, ). The meaning is simple: the
closer they are, the less surprise, the less Free Energy.

The terms of the equation can be explained like
this:

1. ¢(g) is the approximate distribution of the hidden
variables, it is basically what the system believes
after observing.

2. The fraction inside the logarithm compares what
is predicted with what is real, so if there is a big
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difference the Free Energy is large, and if they
are similar then the Free Energy is small.

So the general idea is not complicated, although
the equations look hard at first sight. The principle
gives a way to adjust continuously the states of the
system so that prediction and observation are aligned
as much as possible.

3.2 Problem Statement
Let us consider a nonlinear system with noise
described as follows:

{j?(t) = f(z,p) + &
y(t) = C(t) + &,

Where:

* The first equation represents the real system,
* The third represents the real measurement.

Furthermore, &, is defined as a general source
noise.

The Free Energy Minimization Problem is then
formulated as [3]]:

min Ln p(x(t), &(1), ) (©)

Applying the Fokker-Planck equation to the
system, [[10], we get:

We now introduce a variable separation for the
joint probability.

Thus, the wupdated Fokker-Planck equation
becomes:

=1
T ) DEANE PP A
=1 laxiaxj 2 P v

This can be further simplified to the following.
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p(xa ~aM) : gO(t) =
_ (Z 88%(]%(%“) p(%l“)) o(t)
i=1 !
" H? 1.7 -
’ 1:1; Ox;0x; <2MT p(x’Qj) -

o n m 82 1A . ~
CENOEDIDY Fen P p(,2)

Thus, the ratio of the scaled probability becomes:

p(t) 1

p(@, I, 1) _ _ 1
_W(x>'iaﬂ) —|—@(l‘,.f,ﬂ) gp(t) o

We return to the Free Energy minimization
problem (Eq. [6]), where:

_W(IE,IIA,’,/J/) + @(m’j7ﬂ)

o=

p(z, T, 1)
We now redefine two terms for simplification.
—W(x,i,u)
/Bl xviuﬂ = T~ N
. > i E] 1 Jz,0z; ax7 (p(z, @)
Bo(w, &, p) =
p(@, &, 1)

Thus:

o= Pu(a, o) + Bl i) i ()

Finally, recalling the Free Energy minimization
condition (Eql6)) and defining @ = 0 (in Eq[7)), we
arrive at the final equation.

i=1
n m 82 ) 1 , (8)
" ;; 00 (p( 737)5#
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3.3 Particular case: Unicycle Robot with

Bessel Controller
Taking as a particular case the model of the unicycle
robot along with the control presented in the paper
“Asymptotic Stability of Unicycle-Like Robots: The
Bessel’s Controller” by Garcia 2020, as previously
mentioned, the following set of state equations is
derived.

3 5 7
fi = &1 = cos @(BaCl © — aCl@— + SaC’l%
5 7
+ 5(102g — 5a02%)
3 ©° o7
fo =9 =sin @(3@01 - aC’l— + 3a01@
5 7
+ 5&022 — 5a02@—)
f3 = x3 = a@

In this case, the variables x; and x2 are not present
in f1, f2 and f3, so:

dfl = —sin®
<3aC’17 - aC’l?—g + 3a01% + 5a02%5 — 5aCy %)
+cos©

(941G — 5aC1 5 + 2100 £ + 250029 — 350,55 )
dfs __

76 = cos©

(301G — aC1 55 + 3aC1 £ + 5002 %" — 5aCs )
+sin©

(941G — 5aC1 G5 + 21001 £ + 25002 % — 350055 )
dh _

a0 = a

Next, we substitute the approximate Taylor series
for cos(©) and sin(O):

cos(f) ~ 1 — 367 + ;0% — 7%096
- 1 _1p2 . 1pa 1 g6
sin(f) ~ 1 — 16% + ;01 — =16

This results in the following.

(f1=i1= ( - %@2 + ﬁ@4 720@6)
(301G — aC1 55 + 3aC1 £ + 5002 % — 5aC, )

. - 3 5 (._)7
fa=12= (9 &+ 10— 50w

(301 - aclE +3aCy 2 +5aC2 % — 50255 )
fa=y=aO
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The distribution of terms is as follows.
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We rewrite to simplify: F(0) = 8f1(®) +

| 01(0) 1 215O) and F5(0) = f1(©)+f2(© 4 1x(©).
fi=21= resulting in:
(301G - aC1 55 +3aC1 £ + 50029 — 5aC, )
—le? 1.,0°P(©,0,1)
(301G - aC1 55 + 3aC1 £ + 50029 — 5aC ) 2 002 oP(©.6.1
20" Fi(O)P(0,6, i) - Fy(©) =5
3aC1 — aC1 G5 + 3aC1 5 + 50029 — 5aCy % )
% Q6 To minimize mén In p*(©, O, 1), we assume that
3aC’1% — aCl% + 3a01% +5aC, & 3 5a02§—) theta is near ©* and with F»(0*)%E ~ 0
fo=ibg = 1.,0°P(©*,0, ) A
e o S P00 3 4 _ F(0%)P(0,0, 1)
e (3aC’1 aC1 55 + 3aC1 557 + 5aC2 - — 5aC'2%> 2 00
—%3 This leads to the following.
(3&01 3 CLCl 16 + 3&01 384 + 5CLC2 8 5&02%)
+O° 0? A
120 —InP(O,0,u) =
CR or 002
3aC} aCq 6 T 3aC1 381 + 5(102? — 5&02%) .
5040 <
. P(©,0, 00
3aC15 — aCi$5 + 3aC1 2] + 5402 % — 500255 ) S
Thus:
Jo=y =00 O P60~ 2RO O
Taking partial derivatives. 002 M 2!
; For © — O*
4= (14367~ fot koY)
(3aC1S" — aC1 55 + 3aC £ + 5002 — 5aC, )
+ (1 - 302+ 5,0 — =565)

1@6

dfs
%:(1_%92"‘%@4 720 )

Returning to Equation |8} for the proposed model,
it becomes:

f1(©) | 0f2(©)  0f3(O)
- 0 oo T o0 )
P(©,0, 1) — (f1(9) + f2(8) + f3(O))
OP(©,0,1) 0°P(©,0,0)1
90 g2 2t
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(3@01%3 — aCl% + 3a01@ + 5a02% — 5aCsy %)
1 1 o4
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Volume 20, 2025



WSEAS TRANSACTIONS on SYSTEMS and CONTROL
DOI: 10.37394/23203.2025.20.46

At this point, solutions are sought through two
different ways:

3.3.1 Taylor expansion of order 1 around 6* and
subsequent integration

If we expand In P(©,0, 1) around © — ©*and
integrate (Eq. [9), we get the following.

0 0 A A
— InP(O* —InP ~
(55 I P(O76,1) = (5510 P(©,6, 1))
6*
2
6
InP(©,0, 1) = InP(6*,0, 1)
dln P(©,0, 1) .
—_— 0-06 0(2
* < 00 ‘@—e*) ( )+0@)
Differentiating:
) .~ . 9mlnP(©,0,pn) B
76 InP(O,0,u) ~ 50 loee — constant
Evaluating between © and O, we get the
following.
e*
:/F1(® de = G(0") — G(©)
6

The resulting expression is as follows:
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3.3.2 Taylor expansion of order 2 around 6*
As an alternative to the previous point, if the first term
of the Eq. [0]is assumed to be zero; then:

2 . 2 A
equivalent to
0= F(0) — F1(0)

The resulting expression is as follows:
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4 Simulation

In this section we explain how we did the simulations
that are used to test the Free Energy filter and to
compare it with the Kalman filter. The simulations
were made in MATLAB with Simulink, because
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this platform is very common and also allows us
to represent the system with blocks that are easy to
connect. In this way we can build a model of the robot
and the filters and then see how they behave when
noise is added.

The general structure of the simulation is shown
in Figure 2 Appendix). We created four main blocks.
The first one is the Robot Dynamics block, where
we simulate the kinematic equations of the unicycle
robot together with the control inputs of the Bessel
controller. This block gives the trajectory of the robot
in a way that is close to what would happen in real life.

The second block is the Control block, which
applies the Bessel controller and generates the
actions.  This is important because the Bessel
controller is what makes the robot stable and it is
also what defines the type of trajectory that will be
followed.

The third block is the Kalman Filter block. Here
we implemented the classical Kalman filter, so that
we can have a reference to compare. Even if we know
that Kalman filter has limitations, it is still the baseline
in filtering problems.

Finally, the fourth block is the Free Energy Filter
block. This block contains the equations that we
derived before and it updates the estimated state
by minimizing Free Energy. The idea is that this
block should adapt better to noise and nonlinearities
compared with the Kalman filter.

The interaction between the blocks produces a
complete simulation where we can see the robot
trajectory, the estimation of the states, and also the
errors of both filters. The outputs of the simulation
include graphs of trajectories and graphs of estimation
error, so it is easy to see the difference between the
two methods.

We also tested with different noise conditions. In
the first case we used a noise power of 0.01 with a
sample time of 0.1, which is a relatively low noise
situation. In the second case we used a noise power
of 0.5 with a sample time of 0.01, which is stronger
noise and more difficult for the filters. This way
we can evaluate how robust each filter is in different
scenarios.

The important point of this section is not only to
show that the Free Energy filter works, but also to
show that it works under the same conditions where
the Kalman filter is tested, so the comparison is fair
and the conclusions are reliable.

5 Materials and Methods

All simulations were performed on a Core M1 Apple
laptop with 4GB RAM, using MATLAB release
2023b. The ODE113 (Adams) solver was employed
with a maximum relative tolerance error of le-1.
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6 Results and Discussion

In this section we look at the results that came out of
the simulations and we try to understand what they
mean for the Free Energy filter compared with the
Kalman filter. The focus is on the estimation of the
state of the unicycle robot when the Bessel controller
1s used, because this was the main test case.

Figure [3] (Appendix) and Figure [3] (Appendix)
show the estimated angles in both filters, while
Figure ] (Appendix) and Figure [6| (Appendix) show
the errors. By looking at these plots it is possible to
see some clear tendencies.

From the results it can be seen that when the noise
is small both filters work reasonably well, but the
Free Energy filter of second order gives smoother
estimates. When the noise is bigger the difference is
more clear, because the Kalman filter starts to show
bigger errors and the Free Energy filter still adapts
better. This indicates that the Free Energy filter is
more robust when the conditions are not ideal.

It is also interesting that the first order Free Energy
filter, when it is applied, sometimes performs worse
than Kalman. This is a limitation of the first order
approximation, because it is too simple to capture the
nonlinearities. On the other hand, the second order
expansion gives results that are clearly better in both
cases of noise, which shows that the order of the
approximation is an important factor.

Another point is that the computational cost of
the Free Energy filter is similar to the Kalman filter.
This is important because if the filter was too slow
then it would not be useful for real-time control, but
here we see that it can be applied in real time without
problems.

So, in summary, the discussion shows that the Free
Energy filter of second order is a better option than
Kalman when there is uncertainty and strong noise.
The first order version is not always better, but it still
provides some insight, and the second order version
is the one that really makes the difference.

7 Conclusion

This study introduced a Free Energy-based nonlinear
filter as an advanced solution for real-time control and
state estimation in mobile robotics. The simulations
demonstrated that, while the first-order FE filter may
not consistently outperform the Kalman filter, the
second-order FE filter delivers superior results under
both tested noise conditions. Its ability to handle
nonlinear dynamics and adapt to non-Gaussian noise
establishes its robustness and practical utility.

The computational efficiency of the FE filter
and the straightforward implementation make it a
promising candidate for integration into low-power
embedded systems. These characteristics suggest its
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potential for broad application across diverse robotic
platforms and scenarios.

Future work will focus on refining the FE filter for
higher efficiency, extending its application to more
complex systems, and conducting comparative
studies with other filtering methods. These
advancements could further establish the FE filter as
a leading solution for real-time robotic navigation
and control.

7.1 Future Research

* Conduct a comparative analysis with other
advanced filtering techniques.

» Extending the application of the FE filter to larger
and more complex robotic systems.

» Developing generalized versions of the FE filter
for broader applications.
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APPENDIX
This appendix includes the additional figures related to the simulations presented in this work. It shows the
complete Simulink model used for testing the Free Energy Filter, together with the comparative results that
illustrate the estimation behavior and error performance under different noise conditions.
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Figure 2: Simulink Model. Source: created by the authors
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Figure 3: Comparative angle graph with noise type 1. Source: created by the authors
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Figure 4: Comparative error with noise type 1. Source: created by the authors
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Figure 5: Comparative angle graph with noise type 2. Source: created by the authors
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Figure 6: Comparative error with noise type 2. Source: created by the authors
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