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Abstract: This paper investigates boundary value problems (BVPs) for both linear and nonlinear discrete systems
with a focus on input-to-state stability (ISS). We begin by analyzing homogeneous and nonhomogeneous linear
systems, deriving explicit solution formulas using mathematical induction. Solvability conditions for these
systems are established, providing necessary and sufficient criteria for the existence of solutions. The study is
then extended to nonlinear discrete systems, where perturbation terms are introduced, and equivalent transformed
BVPs are derived. By applying solvability conditions, we analyze the transition from nonlinear to linear cases
as perturbations approach zero. The results contribute to the understanding of ISS properties in discrete-time
dynamical systems and serve as a foundation for stability analysis and numerical methods in solving BVPs in
discrete settings.
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1 Introduction

The notion of exponential dichotomy and its
connection with nonlinear dynamics goes back to [1]
on stable manifolds. This fact was known and used
by [2], [3] in the study of transversal intersections
for stable and unstable manifolds [4]. One of the
main results in this direction was obtained by [5],
[6], and then was generalised in the works [7] (see
also [8], [9], [4], [10] and recent preprints [11] (here
the corresponding assertions were obtained for the
interconnected system in Banach space [12], [8]).
Later, in the paper of [13](thesis of conference) and
the known paper of [14] the notion of Moore-Penrose
pseudoinverse matrix was introduced. This concept
has since been thoroughly studied and extended
in modern operator theory and matrix analysis
[15], [16], [17], [18]. This definition gave the
possibility to investigate the so-called incorrect
problems [19] (such tasks can have a non-unique
unstable solution under perturbations solution not
for any right parts of the considered equations, for
more about ill-posed problems, see [20]). Such
correctness conditions were formulated by [21],
[22] (existence of solutions of the corresponding
problem, uniqueness and continuous dependence
from the right-hand parts (stability) see also [23],
[9], [20]), see also works on regularization theory
[23]. We are going to investigate systems which
can admit dichotomy (or have bounded solutions).
Last year, among of such systems interconnected
systems become more popular (see [24], [25]).

Interconnected systems represent the class of systems
such that components or elements of subsystems
interact with each other (see also recent results in
discrete systems [12]). Such systems, sometimes
called aggregated systems, were studied as early as
the 1980s of the 20th century. It turns out that many
structured systems can be modeled as special cases of
more general interconnected systems. The stability
of an interconnected system consists of two or more
switched systems.

The theory of generalized invertible and
Moore-Penrose pseudoinverse operators [7] gives
the possibility to investigate the case of resonance
boundary-value problems (incorrect by Hadamard).
Furthermore, recent advances in the study of discrete
dynamical systems [26], [27], [28], [29] contribute to
better understanding of the complexity and stability
phenomena addressed in our problem settings.

This definition gave the possibility to investigate
the so-called incorrect problems [19] (such tasks
can have a non-unique unstable solution under
perturbations solution not for any right parts of
the considered equations, for more about ill-posed
problems, see [20]). Such correctness conditions
were formulated by [21], [22] (existence of solutions
of the corresponding problem, uniqueness and
continuous dependence from the right-hand parts
(stability) see also [23], [9], [20]), see also works
on regularization theory [23]. We are going to
investigate systems which can admit dichotomy
(or have bounded solutions). Last year, among
of such systems interconnected systems become
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more popular (see [24], [25]). Interconnected
systems represent the class of systems such that
components or elements of subsystems interact with
each other (see also recent results in discrete systems
[12]). Such systems, sometimes called aggregated
systems, were studied as early as the 1980s of the
20th century. It turns out that many structured
systems can be modeled as special cases of more
general interconnected systems. The stability of
an interconnected system consists of two or more
switched systems.

The theory of generalized invertible and
Moore-Penrose pseudoinverse operators [7] gives
the possibility to investigate the case of resonance
boundary-value problems (incorrect by Hadamard).

This framework, originally laid out by Tikhonov
and Arsenin in their foundational monograph [30],
established rigorous methodologies for analyzing
and solving ill-posed problems. These include
approaches to ensuring stability, regularization, and
well-posedness, all of which are central to the
study of discrete boundary-value problems in systems
exhibiting instability under perturbations.

2 Statement of the problem. Neural

networks
In the past few years, neural networks such as
Hopfield neural networks [31], [32] (single layer
neural network with general non-linear and additional
internal linear connections among neurons), cellular
neural networks and associative memory neural
networks have attracted the attention of many
mathematicians, physicts and computer scientists
due to the wide range of applications in pattern
recognition associative memory and combinatorial
optimisation. Among them the Cohen-Grossberg
neural networks are an important one, which can be
described by the system of ODE (signal processing
and the design of networks) [33]. The general form
of such equations has the following form

x′i(t) = −ai(xi(t))

bi(xi)− n∑
j=1

cijgj(xj)

 , i ≥ 2,

(2.1)
The number of neurons, ai - are the amplification
functions, bi are appropriately behaved functions,
and gj are activation functions. Firstly proposed
and studied by [33]. It includes a lot of models
from evolutionary theory, population biology, and
neurobiology. In a special case (when ai(xi) =
1, bi(xi) =

ci
Ri
xi(t)+Ii we obtain a Hopfield network

(see recent paper [32])). It should be noted a priori
that we must investigate the considered problem in
the case when provided that the boundedness of the

solutions is guaranteed (it is a natural assumption for
such tasks). It should be noted that the Hopfield
network is an interconnected system with the linear
part that admits an exponential dichotomy, and the
proposed method in [11] can be applied to such a
system and to Cohen-Grossberg in special cases.

In the presented proposal we try to investigate the
following boundary-value problem for the following
systems of differential and difference equations,
which model the simple version of the neural
networks

x
′

i(t, ε) = diIixi(t, ε)− εcidix
2
i (t, ε)+

xi(n+ 1, ε) = diIixi(n, ε)− εcidix
2
i (n, ε)+

+εdixi(t, ε)
n∑

j=1

aijfj(xj(t, ε)), (2.2)

with additional boundary conditions

xi(0, ε)− xi(T, ε) = αi, (2.3)

where aij can be considered as a control parameters.
In this model xi(t, ε) denotes the state of the
i-th neuron at time t, dixi and cixi represent
the amplification and behavior functions at time t,
respectively, ε is a small parameter. Moreover, in
further considerations, we suppose that diIiT 6= 0.
Condition (2.2) represents the two-point boundary
condition, αi are the set of parameters. We can
consider such boundary-value problem as in the
finite-dimensional case (i = 1, n), as in the countable
case (i = 1,∞) and in the case when we consider
the given problem in the case of Hilbert or Banach
spaces (in this case, quadratic nonlinearity can be
interpreted in another way). A discrete analogue of
such a problem can be represented in the following
form

xi(n+ 1, ε) = diIixi(n, ε)− εcidix
2
i (n, ε)+

+εdixi(n, ε)
n∑

j=1

aijfj(xj(n, ε)), (2.4)

xi(0, ε)− xi(n, ε) = αi. (2.5)

2.1. Linear Case
Let us now consider the following generated linear

system of equations:

(xoi )
′(t, ε) = diIix

0
i (t) (2.6)

subject to the boundary condition

xoi (0)− xoi (T ) = αi. (2.7)

With using of standard technique of differential
equations we obtain the following assertion.
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Theorem 1 (Existence and Uniqueness of Solution -
Linear Case). The boundary-value problem (2.6),
(2.7) is always solvable. The general solution is given
by:

xoi (t, αi) =
ediIit · αi

1− ediIiT
. (2.8)

In the discrete case:

xoi (n+ 1) = diIix
o
i (n) (2.9)

with the boundary condition:

xoi (0)− xoi (m) = αi (2.10)

Suppose that

xoi (0) =
αi

1− (diIi)m
(2.11)

Theorem 2 (Solvability Conditions )
A. 1) Boundary Value Problem (BVP) (2.9), (2.10)
is solvable if and only if the condition (2.11) is
satisfaied.
2) The set of solutions of (2.9), (2.10) has the form

xoi (n) = (diIi)
nxoi (0) +

n∑
j=0

(diIi)
n−jhi(n) (2.12)

B. 1) BVP (2.9), (2.10) is solvable if and only if the
next condition is satisfied

xoi (0) =
αi −

∑n
j=0(diIi)

n−jhi(n)

1− (diIi)m
(2.13)

2) The set of solutions of (2.9), (2.10) has the form
(2.12).

Moreover, the structural conditions for global
asymptotic stability of discrete-time monotone
systems, as established in [34], provide an essential
theoretical foundation that can be directly applied to
the solvability analysis of equations (2.9)–(2.12). The
criteria presented therein offer rigorous justification
for convergence in such systems and further support
the stability mechanisms discussed throughout this
section.

2.2. Nonlinear Case
We aim to derive a necessary condition for the

existence of a solution xi(t, ε) for the following
boundary value problem (BVP) in the nonlinear case:

x
′

i(t, ε) = diIixi(t, ε)− εcidix
2
i (t, ε)+

+εdixi(t, ε)
n∑

j=0

aijfj(xj(t, ε)) (2.13)

subject to the boundary condition

xi(0, ε)− xi(T, ε) = αi (2.14)

From the Cauchy formula, the general solution to
equation (2.13) is

xi(t, ε) = ediIit · x̄io + ε

∫ t

0
ediIi(t−τ)hi(τ, ε)dτ

(2.15)

Theorem 3 (Nesessary condition) Suppose that the
nonlinear BVP (2.13), (2.14) has a solution xi(t, ε)
, which for ε = 0 reduces to one of the solutions in
(2.8) and (2.15), denoted as xi(t, αi).

Then element αi must satisfy the system for
generating parameters αi

Fi(αi) = 0, i = 1, n,

where

Fi(αi) =
diαie

diIiT

1− ediIiT

(
n∑

j=0

aij

∫ T

0

fj

(
ediIiτ · αi

1− ediIiT

)
dτ +

ciαi

diIi

)

3 Examples
Example 1

Let us consider the following system of
differential equations:

x
′

1(t, ε) = d1I1x1(t, ε)− εc1d1x
2
1(t, ε)+

+εd1x1(t, ε)a12x2(t, ε)

with the boundary condition:

x1(0, ε)− x1(T, ε) = α1

Similarly, we consider the second equation:

x
′

2(t, ε) = d1I2x2(t, ε)− εc2d2x
2
2(t, ε)+

+εd2x2(t, ε)a21x1(t, ε)

with the corresponding boundary condition:

x2(0, ε)− x2(T, ε) = α2

That is, we define the functions:

f1(x1) = x1, f2(x2) = x2

For ε = 0, the exact solutions are given by:

x1(t, α1) =
ed1I1t·α1

1− ed1I1T

x2(t, α2) =
ed2I2t·α2

1− ed2I2T
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To analyze the case when ε 6= 0, we introduce the
following substitution:

x1(t, ε) = ed1I1t · x̄1o + ε

∫ t

0
ed1I1(t−τ)h1(τ)dτ

x2(t, ε) = ed2I2t · x̄2o + ε

∫ t

0
ed2I2(t−τ)h1(τ)dτ

Applying the next solvability condition from
Theorem 2, we derive:

diαie
diIiT

1− ediIiT
·

 n∑
j=0

aij

∫ T

0
fj

(
ediIiτ · αi

1− ediIiT

)
dτ +

ciαi

diIi

 = 0

2∑
j=0

a1j

∫ T

0
fj

(
ed1I1τ · α1

1− ed1I1T

)
dτ +

c1α1

d1I1
= 0

∫ T

0
f1

(
ed1I1τ · α1

1− ed1I1T

)
dτ+a12

∫ T

0
f2

(
ed1I1τ · α1

1− ed1I1T

)
dτ+

+
c1α1

d1I1
= 0

Under notebook

F1(α1) =

∫ T

0
ed1I1τ

((
ed1I1τ · α1

1− ed1I1T

)
+

+
d1a12e

d1I1τα1

1− ed1I1T
· ed2I2τα2

1− ed2I2T

)
dτ−

−
∫ T

0

ed1I1τ

(1− ed1I1T )2
· α2

1 · e2d1I1τ

View each -

1)
∫ T
0

ed1I1τ ·α2
1·e2d1I1τ

(1−ed1I1T )2 dτ =

=
α2
1(e

3d1I1T − 1)

3d1I1(1− ed1I1T )2

2)
∫ T
0

(
d1a12ed1I1τα1

1−ed1I1T · ed2I2τα2

1−ed2I2T

)
dτ =

=
d1a12α1α2(e

d2I2T − 1)

d2I2(1− ed1I1T )(1− ed2I2T )

Equating the obtained solutions:

α2
1(e

3d1I1T − 1)

3d1I1(1− ed1I1T )2
=

d1a12α1α2(e
d2I2T − 1)

d2I2(1− ed1I1T )(1− ed2I2T )

or

α1(e
3d1I1T − 1)

3d1I1(1− ed1I1T )
=

d1a12α2(e
d2I2T − 1)

d2I2(1− ed2I2T )

or
α1(1− e3d1I1T )

3d1I1(1− ed1I1T )
=

d1a12α2

d2I2

Thus, we obtain –

c1α1(1− e3d1I1T )

3d1I1(1− ed1I1T )
=

d1a12α2

d2I2
,

c2α2(1− e3d2I2T )

3d2I2(1− ed2I2T )
=

a21α1

d1I1
.

Let us consider the roots of the system, preferably
continuous ones.

Make the assumption that the solution is not
unique.

After further simplifications, the system can be
rewritten in matrix form:(

A B
C D

)(
α1

α2

)
= 0

where the coefficients are given by:

A =
c1(1− e3d1I1T )

3d1I1(1− ed1I1T )
,

B =
a12
d2I2

,

C =
c2(1− e3d2I2T )

3d2(1− ed2I2T )
,

D =
a21
d1I1

.

To obtain a nontrivial solution, we require the
determinant of the matrix to be zero:

AD −BC = 0.

This condition ensures that the system possesses
an infinite number of solutions, implying the presence
of a continuous spectrum of solutions. The general
form of the solution vector can thus be expressed as:

α1α2 = γ
B

A
1, ∀γ ∈ R

Thus, the system exhibits non-uniqueness in its
solutions under the given conditions.

Example 2
Consider the system of difference equations:

xi(n+ 1, ε) = diIixi(n, ε)− εcidix
2
i (n, ε)+
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+εdixi(n, ε)
n∑

j=1

aijxj(n, ε)

with the boundary condition:

xi(0, ε)− xi(m, ε) = αi

Our objective is to derive all possible solutions for this
system. Setting ε = 0, the system simplifies to:

xoi (n+ 1) = diIix
o
i (n) =

= (diIi)
2xoi (n− 1)

By iterating this equation, we obtain:

xoi (n) = (diIi)
n+1xoi (0)

To verify this hypothesis for n = 1, we substitute into
the boundary condition:

xoi (0)− xoi (m) = (1− (diIi)
m)xoi (0) = αi

Solving for xoi (0), we get:

xoi (0) =
αi

1− (diIi)m

Thus, the general solution to the homogeneous
equation with non-homogeneous boundary
conditions is:

xoi (n) =
αi(diIi)

n

1− (diIi)m

Now, we seek the general solution for the
non-homogeneous equation. Consider:

fj(xj) = xj

A general solution in this case takes the form:

xoi (n) = (diIi)
nαi +

∑m
j=0(diIi)

jh(m− j)

1− (diIi)m
+

+
n∑

j=0

(diIi)
jh(m− j)

To derive this result rigorously, consider:

xi(n+1, ε) = diIi (diIixi(n− 1, ε) + εhi(n− 1, ε))

+εh(n, ε)

Expanding iteratively,

xi(n+1, ε) = (diIi)
2xi(n−1, ε)+εdiIihi(n−1, ε)+

+εh(n, ε)

By induction, we obtain:

xi(n+1, ε) = (diIi)
n+1xi(0, ε)+ε

n∑
j=0

(diIi)
n−jhi(j, ε)

Substituting this into the boundary condition:

xi(0, ε)− xi(m, ε) = xi(0, ε)− (diIi)
mxi(0, ε)−

−ε
m∑
j=0

(diIi)
m−jhi(j, ε) = αi

Rearranging,

αi = (1− (diIi)
m)xi(0, ε)− ε

m∑
j=0

(diIi)
m−jhi(j, ε)

Taking the limit ε → 0, we obtain:

m∑
j=0

(diIi)
m−jhi(j, ε) = 0

Rewriting this in terms of the generating function:

m∑
k=0

(diIi)
m−k(dixi(m, ε)

n∑
j=1

aijfj(xj(m, ε))−

−cidix
2
i (m, ε)) = 0.

Since the generating function satisfies:

xoi (n) =
(diIi)

nαi

1− (diIi)m

we derive the necessary condition:

m∑
j=0

(diIi)
m−j (diIi)

mαi

1− (diIi)m
·

n∑
j=1

aij
(djIj)

mαi

1− (diIi)m
=

=
m∑
j=0

(diIi)
m−j

(
m∑
k=1

aik
(diIi)

kαk

1− (diIi)m
− Ci

)
·

· (diIi)
jαj

1− (diIi)m
= 0

Summing over terms separately:

m∑
j=0

(diIi)
m−j

j∑
k=1

aik(diIi)
k

1)
∑j

k=1(diIi)
k = diIi((diIi)j+1−1)

diIi−1

2)
∑j

k=1 aik(diIi)
k = ai1diIi((diIi)j+1−1)

diIi−1 =
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=
diIi((diIi)

j+1 − 1)

diIi − 1

3)
∑m

j=0
(diIi)m((diIi)j+2−diIi)

diIi−1 =∑m
j=0(diIi)

m+j+2 −
∑m

j=0(diIi)
m+1

diIi − 1
=

=
(diIi)

m+2((diIi)
m − 1)− ((diIi)

m+1(m+ 1)

diIi − 1
=

=
(diIi)

m+1((diIi)
m+1 − diIi − (m+ 1))

diIi − 1

Finally, substituting these results into the original
condition leads to:

m∑
j=0

(diIi)
m−j

j∑
k=1

aik(diIi)
k =

=
(diIi)

m+1((diIi)
m+1 − diIi − (m+ 1))

diIi − 1

In recent developments, significant attention has
been given to rigorous theoretical treatments of
stability and ISS conditions in interconnected and
monotone systems. In particular, [34] provided
concrete criteria for global asymptotic stability of
discrete-time monotone systems, demonstrating how
structural monotonicity can be exploited in stability
verification procedures. This complements the
classical ISS framework elaborated by [35], whose
monograph remains one of the cornerstones of
modern nonlinear control theory.

Furthermore, discrete-time formulations of ISS
have been thoroughly developed by [36], offering
robust characterizations and constructive tools that
apply directly to the types of boundary value
problems investigated in this paper. The role of
monotonicity and switching dynamics also emerged
in applications of small-gain theorems to large-scale
systems.

On a broader theoretical level, the thermodynamic
perspective introduced by [37], [38], and [39] opens
pathways for reinterpreting the stability of dynamical
systems under time-irreversible processes. Their
work highlights the deep relationship between
entropy, fluctuations, and structural transitions in
dissipative systems—a paradigm that resonates
with the non-uniqueness and bifurcation properties
encountered in ill-posed boundary value problems.

Finally, the foundational lecture notes by [40]
continue to serve as a rigorous entry point into

the theory of partial differential equations and
their well-posedness—a background indispensable
for bridging continuous and discrete formulations, as
seen in Sections 2 and 3 of this work.

4 Additional Applications and

Theoretical Context
Beyond the examples discussed, the results of
this paper have broader applicability to modern
mathematical modeling frameworks.

Our findings relate directly to stability theory
for nonlinear systems and differential equations, as
detailed in foundational texts such as [28], [41], [42].
Moreover, the proposed methods are relevant for
the study of well-posedness and control of boundary
systems [43], [44], and enrich the growing literature
on ISS (input-to-state stability) [35], [36], [34].

Additionally, insights into neural network
dynamics derived here resonate with earlier
theoretical and cognitive modeling works on
emergent behavior and learning [26], [27]. These
connections confirm the versatility of the analytical
techniques employed in this paper.

Therefore, this research extends classical
methods and enriches the set of tools available
for studying complex discrete and continuous
systems, including those arising in mathematical
biology, neurodynamics, and engineering control
applications.

5 Conclusion
This paper investigates boundary value problems
for Cohen-Grossberg neural networks in both linear
and nonlinear settings. In the linear case, we
have established explicit solvability theorems, while
in the nonlinear case, necessary conditions for
solvability are derived via perturbation analysis and
pseudoinverse operators. This approach is flexible
and generalizable, making it suitable for the analysis
of broader classes of dynamical systems.

The theoretical foundation developed herein
builds upon the classical framework of differential
equations [28], [41], [42] and extends it to
discrete-time systems, which are increasingly
relevant in modeling digital signal processing and
computational architectures. These results also
contribute to ongoing research in well-posedness and
input-to-state stability for nonlinear control systems
[43], [44], confirming the viability of the proposed
techniques for application in boundary control
problems and systems with structural feedback.

Furthermore, the applicability to modern
artificial intelligence is reinforced by connections
with emergent behavior in Hopfield-type and
Grossberg neural networks [26], [27]. These
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networks are foundational in modeling associative
memory, adaptive pattern recognition, and parallel
computation in both biological and engineered
systems.

Therefore, this study not only reinforces existing
results in operator theory and ISS stability but
also contributes to the understanding of how
abstract mathematical tools, such as Moore-Penrose
pseudoinverse operators, can be effectively applied
to nonlinear boundary-value problems arising in
modern control and neural computation frameworks.

References:

[1] A. Lyapunov, General problem of stability of
motion, Annals of Mathematics Studies, vol. 17,
pp. 1–157, 1947.

[2] H. Poincaré, ”On the three-body problem and
equations of dynamics,” Acta Mathematica, vol.
13, pp. 1–270, 1890, doi: 10.1007/BF02392506.

[3] H. Poincaré, New Methods of Celestial
Mechanics, Vol. I-III, Paris: Gauthier Villars,
1892 (English Translation, 1993).

[4] S.G. Krein, Yu.B. Savchenko, ”Exponential
dichotomy for partial differential equations,”
Differential Equations, vol. 8, no. 5, pp.
835–844, 1972.

[5] K.J. Palmer, ”Exponential dichotomies
and transversal homoclinic points,”
Journal of Differential Equations, vol.
55, no. 2, pp. 225–256, 1984, doi:
10.1016/0022-0396(84)90095-6.

[6] K.J. Palmer, ”Exponential dichotomies and
Fredholm operators,” Proc. Amer. Math. Soc.,
vol. 104, no. 1, pp. 149–156, 1988, doi:
10.2307/2047490.

[7] A. Boichuk, A. Samoilenko, Generalized
Inverse Operators and Fredholm
Boundary-Value Problems, 2nd ed., Berlin: De
Gruyter, 2016, doi: 10.1515/9783110378443.

[8] Yu.L. Daleckii, M.G. Krein, Stability of
Differential Equations in Banach Space,
Moscow: Nauka, 1970.

[9] D. Henry, Geometric Theory of Semilinear
Parabolic Equations, Berlin: Springer, 1981.

[10] O.A. Boichuk, O.O. Pokutnyy, V.P.
Zhuravl’ov, ”Bounded solutions of evolutionary
equations,” Ukrainian Mathematical Journal,
vol. 70, no. 1, pp. 5–29, 2018, doi:
10.1007/s11253-018-1485-0.

[11] O. Iskra, S. Dashkovskiy, A. Pokutnyi,
V. Slynko, Y. Zahorulko, ”Roughness
of dichotomy for interconnected system
of operator-differential equations,”
arXiv:2304.12859, accessed: Apr. 2023.

[12] O. Pokutnyi, ”Weak chaos in discrete systems,”
arXiv:2310.08220, accessed: Oct. 2023.

[13] E.H. Moore, ”On the Reciprocal of the General
Algebraic Matrix,” Bull. Amer. Math. Soc.,
vol. 26, no. 2, pp. 394–395, 1920, doi:
10.1090/S0002-9904-1920-03322-7.

[14] R. Penrose, ”Generalized inverse for
matrices,” Proc. Cambridge Philos. Soc.,
vol. 51, no. 2, pp. 406–413, 1955, doi:
10.1017/S0305004100030401.

[15] N. Higham, What Is the Pseudoinverse
of a Matrix?, [Online]. Available:
https://nhigham.com/2023/02/14/what-is-the-
pseudoinverse-of-a-matrix/, accessed: May
2024.

[16] J.C.A. Barata, M.S. Hussein, The
Moore–Penrose Pseudoinverse: A Tutorial
Review of the Theory, arXiv:1110.6882,
accessed: May 2024.

[17] M. Mohammadzadeh Karizaki, J.
Farokhi-Ostad, New Identities for
Moore–Penrose Inverses of Some Operator
Products and Their Reverse-order Laws,
Acta Mathematica Sinica, English Series,
vol. 39, no. 9, pp. 2005–2023, 2023, doi:
10.1007/s10114-023-2543-7.

[18] C. Cui, L. Qi, A Genuine Extension of
the Moore–Penrose Inverse to Dual Matrices,
arXiv:2304.07667, accessed: May 2024.

[19] A.N. Tikhonov, V.Y. Arsenin, Solutions of
Ill-Posed Problems, Philadelphia: SIAM, 2012,
doi: 10.1137/1.9781611972266.

[20] S. Li, S.V. Pereverzev, Regularization Theory of
Ill-Posed Problems, Berlin: De Gruyter, 2013,
doi: 10.1515/9783110282931.

[21] J. Hadamard, ”Sur les problèmes aux dérivées
partielles et leur signification physique,” Bull.
Univ. Princeton, vol. 13, 1902.

[22] J. Hadamard, Le problème de Cauchy et
les équations aux dérivées partielles linéaires
hyperboliques, Paris: Hermann, 1932.

WSEAS TRANSACTIONS on SYSTEMS and CONTROL 
DOI: 10.37394/23203.2025.20.30 Oleksandr Pokutnyi, Yuliia Zahorulko

E-ISSN: 2224-2856 274 Volume 20, 2025



[23] H. Engl, M. Hanke, A. Neubauer,
Regularization of Inverse Problems,
Dordrecht: Kluwer, 1996, doi:
10.1007/978-94-009-1740-8.

[24] Z.-P. Jiang, I.M.Y. Mareels, Y. Wang, A
Lyapunov formulation of the nonlinear
small-gain theorem for interconnected
ISS systems, Automatica, vol. 32,
no. 8, pp. 1211–1215, 1996, doi:
10.1016/0005-1098(96)00045-5.

[25] Z.-P. Jiang, A.R. Teel, L. Praly, Small-gain
theorem for ISS systems and applications, Math.
Control Signals Systems, vol. 7, no. 2, pp.
95–120, 1994, doi: 10.1007/BF01211549.

[26] S. Grossberg, Adaptive pattern classification
and universal recoding, Biol. Cybern.,
vol. 23, no. 3, pp. 121–134, 1976, doi:
10.1007/BF00344744.

[27] S. Grossberg, How does a brain build
a cognitive code?, Psychol. Rev.,
vol. 87, no. 1, pp. 1–51, 1980, doi:
10.1037/0033-295X.87.1.1.

[28] E.A. Coddington, N. Levinson, Theory of
Ordinary Differential Equations, New York:
McGraw-Hill, 1955.

[29] C.E. Frasser, O. Özer, First-order Ordinary
Differential Equations and Applications, LAP
LAMBERT Academic Publishing, 2020.

[30] A.N. Tikhonov, V.Y. Arsenin, Solutions of
ill-posed problems, Washington: V.H. Winston
& Sons, 1977.

[31] J.J. Hopfield, Neural networks and physical
systems with emergent collective computational
abilities, Proc. Nat. Acad. Sci. USA, vol.
79, no. 8, pp. 2554–2558, 1982, doi:
10.1073/pnas.79.8.2554.

[32] O. Boichuk, O. Pokutnyi, V. Feruk, D. Bihun,
Minimizing of the quadratic functional on
Hopfield networks, Electron. J. Qual. Theory
Differ. Equ., vol. 2021, no. 92, pp. 1–20, 2021,
doi: 10.14232/ejqtde.2021.1.92.

[33] M. Cohen, S. Grossberg, Absolute stability
and global pattern formation and parallel
memory storage by competitive neural
networks, IEEE Trans. Syst. Man Cybernet.,
vol. 13, no. 5, pp. 815–826, 1983, doi:
10.1109/TSMC.1983.6313075.

[34] S.N. Dashkovskiy, B.S. Rüffer, F.R. Wirth,
Discrete time monotone systems: Criteria for
global asymptotic stability and applications,
Proc. 17th Int. Symp. Math. Theory Netw. Syst.,
Kyoto, Japan, pp. 89–97, Jul. 2006.

[35] E.D. Sontag, Mathematical Control Theory.
Deterministic Finite Dimensional Systems,
2nd ed., New York: Springer, 1998, doi:
10.1007/978-1-4612-0577-7.

[36] Z.-P. Jiang, Y. Wang, Input-to-state stability for
discrete-time nonlinear systems, Automatica,
vol. 37, no. 6, pp. 857–869, 2001, doi:
10.1016/S0005-1098(01)00025-5.

[37] I. Prigogine, Time, structure, and fluctuations,
Science, vol. 201, no. 4358, pp. 777–785, 1987,
doi: 10.1126/science.201.4358.777.

[38] I. Prigogine, I. Stengers, Order Out of Chaos:
Man’s NewDialogue with Nature, Toronto/New
York: Bantam Books, 1984.

[39] I. Prigogine, The End of Certainty: Time,
Chaos, and the New Laws of Nature, New York:
Free Press, 1997.

[40] I.G. Petrovsky, Lectures On Partial Differential
Equations, New York: Interscience Publishers,
1954.

[41] B.D. Maccluer, P.S. Bourdon, T.L. Kriete,
Differential Equations – Techniques, Theory,
and Applications, Student ed., Amer. Math.
Soc., 2019.

[42] J.M. Maruskin, Ordinary Differential
Equations, Solar Crest Publishing, LLC,
2013.

[43] X. Yang, R. Rao, Well-posedness, dynamics,
and control of nonlinear differential system
with initial-boundary value, Mathematics,
vol. 11, no. 10, p. 2247, 2023, doi:
10.3390/math11102247.

[44] A. Cheng, K. Morris, Well-posedness of
boundary control systems, Proc. 43rd
IEEE Conf. Decis. Control, Nassau,
Bahamas, pp. 527–532, Dec. 2004, doi:
10.1109/CDC.2004.1428901.

WSEAS TRANSACTIONS on SYSTEMS and CONTROL 
DOI: 10.37394/23203.2025.20.30 Oleksandr Pokutnyi, Yuliia Zahorulko

E-ISSN: 2224-2856 275 Volume 20, 2025



Sources of Funding for Research Presented in a
Scientific Article or Scientific Article Itself
The work was supported by
SFI-PD-Ukraine-00014586.

Conflicts of Interest
The authors have no conflicts of interest to declare
that are relevant to the content of this article.

Creative Commons Attribution License 4.0
(Attribution 4.0 International , CC BY 4.0)
This article is published under the terms of the
Creative Commons Attribution License 4.0
https://creativecommons.org/licenses/by/4.0/deed.en_US

Contribution of Individual Authors to the
Creation of a Scientific Article (Ghostwriting
Policy)
The authors equally contributed in the present
research, at all stages from the formulation of the
problem to the final findings and solution.

WSEAS TRANSACTIONS on SYSTEMS and CONTROL 
DOI: 10.37394/23203.2025.20.30 Oleksandr Pokutnyi, Yuliia Zahorulko

E-ISSN: 2224-2856 276 Volume 20, 2025

https://creativecommons.org/licenses/by/4.0/deed.en_US

	Introduction
	Statement of the problem. Neural networks
	Examples
	Additional Applications and Theoretical Context
	Conclusion
	Blank Page



