WSEAS TRANSACTIONS on SYSTEMS and CONTROL
DOI: 10.37394/23203.2024.19.53

A. H. Noreldeen, F. A. Mohammed,
Aya A. Ahmed, F. R. Karar

On the Dihedral Homology of A ,-algebras

A. H. NORELDEEN®, F. A. MOHAMMED", AYA A. AHMED, F. R. KARAR
Department of Mathematics,
Faculty of Science, Aswan University,

Aswan,
EGYPT

*Corresponding Authors

Abstract: - In this paper, we will show and discuss the Steenrod operators and their applications within the
framework of the dihedral homology of A-infinity algebras. Steenrod operations have proved to be important
tools in developing the study of homological elements and various homological theories, such as the Adams
spectral sequence and the Sullivan conjecture, as they were first introduced in algebraic topology. These
operators have proven to be invaluable in advancing our understanding of topological and algebraic structures.
Therefore, we focus on the generalization of these methods for more general applications, particularly with
projective homogeneous varieties over a-characteristic fields. We begin by defining Steenrod operators in
dihedral homology of A-infinity algebras, and we will explain the complex relations between these algebraic
structures and the homology theory-derived operations.
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1 Introduction
The Steenrod operations were at first presented in
the algebraic topology over the late 1930's. This
operation is performed on the topological spaces'
modulo & homology.

These operations have been used to verify
several conclusions in the algebraic topology. Later,
they employed in new ways, for as when discussing
the Sullivan conjecture or the Adams spectral
sequence. The operations were soon used in the
study of projective homogeneous types in algebraic
geometry. Although Steenrod operations moduloa,
which operate over fields of characteristic @, do not
yet exist, this is due to several factors. As a
consequence, given the specific values of a
characteristic of the basic field, several significant
concerns surrounding projective homogeneous
varieties remain unanswered. For example, some of
the most complex quadratic form theorems are
undefined when the base domain of characteristic is
two.

The Steenrod operations constructions aimed at
Chow groups modulo the major number «
designated in [1], [2]. Like Steenrod's initial
construction, they all include taking into the action
how a cyclic group of order a affects the result of
a replicas of a particular scheme. Specifically on a
square of the particular projective homogeneous
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variation, the Steenrod operations are employed as a
means of generating new algebraic cycles and
offering motives decomposition of this variation.
According to the Rost nilpotence theorem, the
identical conclusion was obtained using merely
reduced Steenrod operations.

Algebraic topology generally aims to offer
algebraic techniques to extricate topological spaces.
One such diagram that turns out to be very exciting
is the infinity homology H.(V,A) for a space V. In
this case, we obtain an additional infinity algebras
structure not immediately offered by homology
groups, and we can compute this algebra more
easily than we can with homotopy groups.

Furthermore, it goes out that if we select the
constant A ,-algebras M to be one of infinite fields
with the form F,, for a prime ¢, we have even
additional structure. In this instance, Steenrod
presented the stable homology operations, which are
natural transformations Y: H,(—,F,) = Hn,(— F,)
with specific properties that it turns out combine to
produce an infinity algebras.

Without ever taking into account topological
spaces, it is possible to study the Steenrod algebra,
as it is known. A further restriction on the existence
and behavior of such spaces is imposed by the fact
that homology operations with these abilities can be
explicitly created for any topological space.
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The aim of [2] has examined how generalized
the Steenrod operations can be constructed in
relation to multiplicative spectral sequences. [3], [4]
have been used to study Adams operations in
Hochschild, cyclic homology of the de-Rham
algebra, and allowed loop spaces.

We study Adams operations on the Ag-
algebras by the rational coefficients are developed
and proved to descend to the universal relating to
their group law oriented cohomology theories. We
introduce and study some basic statements of the
dihedral homology theory of A-algebras, and we
define Adams and Steenrod operators in algebras.
The main study of this paper is the form of the
Adam’s and Steenrod's of the dihedral homology of
an Ay-algebras. We introduce the Steenrod
operator in dihedral homology on A -algebras.

2 The Dihedral Homology of A-
Algebras

A -algebras is one of several branches of algebras,
and it has certain unique properties. It is described
as a graded algebra with graded maps, which
satisfies some conditions. Stasheff introduced
infinity algebras in the 1960's and provides the
properties of topological algebras. Its homological
theory was also studied in (2013) by Alaa. H., Y.
Gouda. In view of this, we will show some previous
studies of some definitions, theorems and algebraic
properties of A-algebras and its homological
properties by using the references, [5], [6].

2.1 Definition, [7]

By considering a differential module (C,§) such
as 6:C, = C,_q, then we can define a simplicial
faces as 0,:C, » Cp_1,0 <1 <n, whered,0; =
0;-10,, 1 <, additionally 9, refers to be the (C, §)-
simplicial faces. Let the permutation ¢ of a
symmetrical ~group X, of g-elements of
permutations, in which its components are
(0 (11), -, 0 (1)) that operates on (14, ..., ;) where
1 < -+ <y, then (o (1), ...,0’@)) write as:

o(p) =0 @) —v(o (), 1<A<g,
while, y(o (1)) is a number

(0 (1), ey 0 (14), e, 0 (1))

of

As of right now, the differential module (C, §) with
the family map:

J= a(ll,...,l%): Cp—=Cpyg 1=g=<p 0<1; <
<y S p, 11,...,16,:6 Z, can be used to define
the F,,-module (C, §, 3), which satisfy that:
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Since I; indicates the of

(0 (1), ..., 01(1\4)) such as:

0 (1) < <0 () <0 (grr) < <0 (1g).

permutations

Then, 0 = 0@1y,...1,) 18 the Fo-differential of (€c,6)is
the co-simplicial of faces of F,-module.

Therefore, let g = 1, then 6(6(11)) =0, 1 =0,

let g = 2, then:

8(00,2)) = O-1)9012) ~ B0z 11 < s

let g = 3, then:

5(6(11:12:13)) = _6(11)6(12’13) - 6(11,12)6(13)
= 005-290105) ~ 00,-145-1)00y)
+0(,-1)0(1,.15)
+00,,,-1)00,) U <1<l

We can define a module of cyclic differential
(C,6,%) by using define of differential module
(G,6) and the map % = {tp: C, - Cp}, Vp =0,

p+1_ —
t = le,, 6t, =1,6.

Similarly, we can get a module of dihedral
differential (C, §, %, 7) by define the map:
v ={ry:C, > C,}, Vp=0, 1} = le,,

Then we have:

Tpty 64/}, = rl,&

— 4 -1
=1, 1
For the cyclic and the dihedral modules, we have:
altﬁ = #,_151_1, 0<t < #7
0oty = 0, 07 = 17p_10,_1, 0<1<p.
Then, the DF,-module (C,6,%,#,0) can be
identified as the dihedral module, such that it is
through oco-simplicial of faces, subsequently
(G, 6,%,r) denotes a module of dihedral differential
and fulfils that:

Voy,nng)r =

{’tﬁ_ﬁl a(11—1,___,1‘1)—1)1 14 > 0 (2)
D01y m=0

(g-1)
a(tl,...,lq)"’}’ = (_1)4 qz /r;?—%a(p—%,..,,;;—ll), 11 =0. (3)

2.2 Definition, [5]
Assume that M = {Mp}, VpeEZ,p>0, is a
unital Ag-algebra where the Ay -algebra
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(M,8,¢,) be any differential module (M, 6),
as 6: M, » M,_,, prepared through a family of
functions {¢,: (M ®@*D), - M, }, fulfilling
the preceding relations for each integer p > 1,
since 6(<pp_1) =68¢,-1+ (—1)?¢,_16,

8(pp-1) =

RS Waky G DRk (1 R.Q01®
s—1

q);a—c;—l ® 1 ® ® 1); (4)

g—s—1

For example, the relations (4) have the following
forms:
e forp =1:then §(¢py) =0,

o forp=2:
6(91) = 9o(@o @ 1) — 9o (1 ® ¢o),
o forp=3:

8(92) = Po(@1 ® 1+ 1 ¢1) — p1(9o
®1%2-1Q ¢y ®1+1%2
& @o).

Since (M, 6, @,,) is the Ay-algebra and given
by auto-morphism x: M, > M,,, the involutive
A-algebra also can be identifying as the complex
(M, 0, (p;,,*):]\/[ﬁ - M, such as Vm €M, *
(m) =m* and the conditions are fulfilled as
follows:

(m) =m,  §(m")=6(m),
(pn(mo ® mq ® ® mp ® m;p+1)*
= (—1Dép,(m) @ m), Q ...
® mi ® my).

r@-1)
Such  that & = > + Yosicjsp || |lMy1,

» = 0. Therefore, a module of a dihedral
differential remains the complex (°M (M), %, 7, 6),
such as p = %1, also

t,(me® ..Qm,)=(-1)fm,@m,Q
m;Q ...xQ My _q,

1p(me ® .. Q@ my,) = o(—1)Ymy @ m), @
My_1 Q .. Q my,

§(mp® ..Q m,) =37 (-1)Fm;® ..®
M1 Qm, Q ... my,.

2.3 Theorem, [5]

The dihedral module (DF,-module) is defined as
(eM (M), t,,8), if (M, 8, <p;,,*) seems to be the
involutive A, -algebra.
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2.4 Definition, [5]

For the field K of a characteristic zero, the one-
dimensional vector spaces of degrees —1 and 1 with
O-differential, respectively, are denoted by the
notations XK and X 'K. The free formalized
augment differential of the graded associative
algebra denoted by TV, which is produced by
V and given by:

fv=nv®ﬁ=%xVx(V®V)x....
»=0

Over 7%, V, we refer to the sub-algebra with element
orders equal to or greater than .

2.5 Definition, [6]
Suppose that (M, Q) and (IV', Q") are A -algebras.
Then the Aq-morphism of A.—algebras are a
map f of associative algebras:

[T XN = T 3,
such that Qof =foQ" and f preserves the
involution: f(m*) = f(m)*.

2.6 Definition, [6]
If the space of derivations Der(Ts;Y,"*M™) for
the A -algebra (M, Q), then the differential graded
vector space M is the Hochschild homology
complex HHg(M, M) of M with coefficients in
itself:

CHa(M, M) = ¥ 'Der(To X 'M™). (5)
2.7 Definition, [5]
Let (M, Q) be the involutive A -algebras. So the
cyclic homology of Ay-algebras HCq(M) is a
differential graded vector space CCq (M), which is
represented by:

CCa(M) =312 [T MH®,, (6)

Such as, Z, is the cyclic group of order 1.

2.8 Definition, [8]
By considering M is A-algebras (M, 8, ¢,,), then
the cyclic differential module (C(M),t,8) is
denoted by:
CM) = {C(M)s,n}l
since C(M)g, = (M®(n+2))s,
vn,s =0,
t,(my Q ... Q my)

— (_1)|mn|(|mo [+:+]ms_q| My,

RQmy & ..Q mg_q,
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6n(’l/n0 X .Q /I’VLS%
— Z(_1)|m0 [+:+]mp—q] my X ...
k=0

Q@ my_1 & dmy & My & My,
such |m| =* means that, m € M,. Also, suppose
that the family of maps:

b = {’&(kl,...,ks): C(M)n,p - C(M)n—s,p+s—1}'
0<k < <ks<n,
n,p =0,
denoted by:
ey, k)

f (_1)3(17*1)1@1' ® @51 ® 1®Mn=s-1),
| ifo<j<n-—s,(ky, . k) =0G,j+1,..,j+s—1)

(DI Do, sntd,  if1<q<s,
and (ky, ..., ks) = (0,1,..,s—q—1L,n—q+1Ln—-q+2,..,n

0 otherwise.

The quadruple (C(M),%,0,4') is the cyclic
modules of oo-simplicial sides, for each Ag-
algebras (M, 8, ;).

Also, we can define a cyclic homology HC (M)
of A-algebra by the cyclic homology HC(C(M))
of the cyclic modules of oo-simplicial sides
(M), t,0,4").

HE(M) = (TotC’(C’(M)),D), D=D,+D, (7)

Consequently, the cyclic homology HC(M) of

A -algebra is the homology of the chain complex
3tc(M) = (Tot€(C(M)),D), D = D, + D,

associated with the

bicomplex (C(C(M)), D, Dy).

Note that if an A -algebra is a differential
associative algebra (M, 6§, ¢,) , where @, = ¢
andp, =0, n>0, then the chain
bicomplex (C(C(M)), D;,D;) coincides with the
Tsygan chain bicomplex for the differential
associative algebra (M, §, @,,).

chain

2.9 Definition, [6]
For a graded vector space M be with an involution.
Then the dihedral group of order 2p symbolized

by D, sinceD, = [r,s|r? =8* =1, srs" " =
#71]. Then there are the following two actions of

D, onM® , vm, € M.

1- The dihedral action can be described as:
r(mi@m,; @ ..Q m,) = (—1)m, @m; ®
e ® My,

s(/ml Rm, ® ...®/m3,) = (fml Rm, R ..&Q

mﬁ)*.
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2- The skew-dihedral action can be described as:
r(m @m, ® ..Q m},) =(-D*m, @ m; ®
@ M,y

s(m @m; ® ..Q m,) =—(m @m, ®

. ® m‘/p)*.

3 Problem Solution

Through this section, we discuss and study the
Steenrod’s operator for the dihedral homology of
A-algebras. By using [9], [10] and [11] let us
assume that K be the field with characteristic zero,
where M is the commutative K -infinity algebras.
Suppose that [Dp] is a dihedral category, then
K [Dp] is an A, -algebras related with [Dp] over K
[1], [4], [7]. Also, Ay is describing on the K[D, |-
module, the construction of the commutative
K [Dp]—algebra as determined by:

MO s EM @ M) Lo EMEMP @ M (8)

where A is the homomorphism of K [Dp], and f is
defined by:
f((mo @ 10) @ (my @ 1) ® ... @ (s @ 1))
=(my@m; Q.. Q m,)
® (1o @11 @ ... ® 7).

Assume that foA= %Ay provides the
commutative multiplication in*Myp. We indicate
that®Aq, is the K [Dp]—homomorphism known on the
A-algebras K [Dp], the multiplication K [Dp]
— X[D,]| ®4 K[D,], like thatk >k @k, k €
K[Dy]

As ("Mp @y “Mp )is
module, then through the
(EMp % EMp) one can describe K [Dp]-module

(%[Dp] Qe %[Dp])
multiplication on

construction and K [Dp]—module homomorphism f,
subsequently:

£ (k((mo ® 170) ® (11 ® 1) ® ..

® (m; ® 1))

=k(my @ m; Q ... Q my)
Rrng@n R ... Q ng)

= K((mo Rm Q ... Q my)
® 1o @1 @ ... ® ny))

= kf ((mo @ 1) @ (M1 @ 1)
® .. Q (ms ® ny)),
K € JC[Dp] ©)
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Therefore, the morphism®As is the K [Dp]-
module homomorphism. Then the dihedral
homology E xt;?[,Dp] (*Mp, (Xp),) can  be
determined by applying the normalized bar
construction S(£), [3]. By assuming that L be the
triples(*Myp, K [D, |, Kp), (K [D,], K[Dp], %),
and also let JK [Dp] be the kernel identity £
- K[D,].

We establish the identity of the normalized bar
structure (L) with the #£-module: B(L) =
*Mp Quxip, 1 T(IK[Dy]) ®xio, 1 Ko where
T(JK [Dp]) be the algebraic tensor of JXK [Dp].
Obviously the K-module B(L) can be graded. Then
the elements of K-module S (£) is possible to write:
mvq, vy, ... ,Us|R € B(L)s, m € EM, v; €
K[D,] ., # € XKp.

The differential §: (L)s — B(L)s—1 and the
argument f: (L) — *Myp ®x[p, | Kp written as:
Slmlvy vy ... |vs]£]

= muvy[v;|vs] ... [
s—1

D Dl v o lvisal - [us1

+ E_—ll)sm[vﬂ o U1 U . (10)

and flvy] ... [usl# =0, f(m[£)=0.

Also, the maps § and f can be defined for { in the
similar way.

As a reminder, the differential & for £ seems to be
the left K [Dp]—module homomorphism, with §S +
S6 =1 — of, where ¢ is the homomorphism as:

0:Kp — B({) ,and S:B()s — B(Ds+1,

is assumed by the forms:
o) =[1£Q[] Swlvl..[vsl#) = v[vy] ... [us]k.

Obviously, in the complex B(E)s

&
e . . .
— EMyp %[DP] B(Q), there is the differential
§=1Q

K[DP]S.

From [9], we have the next:

Homypp, | (B@), (SMp)). = (BE)).
= Homy[p (B(*Mp), K [D,], (Kp).)

Then,
HDp(A) = Extlfjp | (M, (Kp).) =

HinB(L).). (11)
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Assume the triples L=
((SMD),%[DP],%D)and ¢ =
((S]\’/\FD),?’@ [Dp],ﬂ?@) and ruminate the

product I': B(£L ® {) — B(L) ® B({).

Describe on f(L£) such that a construction of
associative algebra through multiplication
8= B ("B , Bucip, | B ) :BL) — B(L) ® B(L) and
on a complex (B(£)), the next multiplication:

(B, ® (B~ (B ® BL)), & .. (12)

The following lemma is simply confirmed by
applying the standard methods of the homological
A -algebras.

3.1 Lemma

By assuming that 7 is a subgroup of a symmetrical
group &, and € seems to be the K [n]-free resolution
K[n]-module X such &, = K[n] through v, the

generator of K[m], since [€ ® B(L)]s =
Yit+j=s&i @ Bj(L), the module E & L(L) is
graded.

Then the graded K [m]complexes exist with the
next conditions of the homomorphism A: € ® S(L)
— B(L)®" such as:

(1) A(e®bH6)=0, b €EL(L)y and e € E;, i > 0.
(i) A(vy @ ) = A®" (), if b €

B(L), A®":B(L) — B(L)®”.

(iii) The map A for (L) is the homomorphism of
the left XK [Dp]-module, as K [Dp] works on &
&® B(L) through the relation K(e Q H)e Q £6.
(iv) A(e; ® B(L)s) = 0 When i > (~ —1).

Additionally, each pair of homomorphisms with
similar properties has XK [n]-homotopy. Now, give
the X [Dp]-homomorphism Q the following
definition:

Q:EQ (B(L))®" — B(L),, since;

Qe @ 2)(X) =Bx)A(e Q@ £),e € E x €
(B(L))® and ¢ € B(L).

B: (B(L),)®" — (B(L)®),, is a homomorphism
that is trivial.

Proof: Now, the operator in H(8(L),) will be
defined. In lemma (3.1), considering K = Z/P.
Assume that€ has the normal X (Z/P)-free
resolution. Here, the free K (Z/P) -module using
the generator 1+;, denoted as &; fori = 0. Assuming
that the graded &; = £~ remains the free K (Z/P)-

module using the generator v ~*.
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Letting a € HB(L), and define the
homomorphism:  9t;: H, (B(L)s) — Hpy—i (B(L)
asf(a) = Q*(’U’_i X ap),i > 0.

Now, The Steenrod operator P; defined with the
operator R;, as follows:

1) If p = 2then, ps(a) =N, _s(x) €

Hyrs(B(L)y), since N; = 0if i <O.

2) If p > 2 then,
ps(@) = (1)°v(=q)N 25 p-1(@) €
}[@+25(;7—1)(.3(L)*),
23395(@) = (_1)SV(_%)m(%—Zs)(p—1)—1(a') €
H@+25(;¢—1)+1(ﬁ(£)*);
where 9t; = 0 and £ = 0 or1 and
y(=a) = (-} (ml),m =22 if g =27-+¢
,i1<0.

3.2 Theorem
Given that X = Z/P and M is the commutative
K -infinity algebras, so the next homomorphisms
"Steenrod map" defined for the dihedral homology
group  HD(M) as:

(1) Pi: e HDs(M) = ¢ H Dy (M), if p = 2,

(i) P;: e HDs (M) - s}[Ds+2i(;a—1)(M)a and
BP;: e HDs(M) = ¢ HDsris2i(p-1y(M)  if
p>2.

The following characteristics apply to the
operators P; and BP; :
Pil s3p,00) = 0,if p=2,i>s,

1) Pil .3, = 0,if p > 2, 20 > s,

BPi|, 3ep,00) = 0,if p > 2, 20 =5,
2) P(a)=a,ifp=2i=s orp>

2and 2i = s,

3) P=XPi®Pp and BP; =¥ B

Pili+t P QP
4) The next relations of Adam are satisfied by the
operators P; and BP;:
(a) If g < pb and p = 2, we have:

By PyPs Z(—l)wi(% —pi,(p—-Db -y +i
i

- 1)- 5B}/*‘Py+ﬁf—ifpi

Sincey =0orlforp=2,alsoy=1forp>2
and for any two integers i and #, there exist:

@G5 .. ,
(lj)=l'—y" lf lZO,jZO,
0 if i<0,7<0,

®If gy <pb,p=2andy =0or1, then:
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B, PP = (1—7) Z(—l)@“(@/f

l
—pi,p-Db—y+i
—1).BP, i P;

=Y DM - g

i
+10). B, Py 51 BP,

By noted that, the  operators ByP; and
B, P, represent, respectively, P and BF.

Proof: By assuming that the triple € = (R, M, T),
when M is the commutative A -algebras for X =
Z /P, such T and R are the left and the right
commutative M -algebras, respectively. Because of
the explanation above and taking into consideration

the triple £ = ((SMD),%[Dp]JCD), we get that

K [Dp] is the commutative A -algebras over K =
Z [P, EMy and Ky, respectively, the left and right
commutative K [Dp]—algebras and
hence H ((B(L),) = ; HD(M).

4 Conclusion

In our paper, we introduced and studied another
definition for the Steenrod operator for dihedral
homology of A -algebras. It is shown by applying
a tensor product of the group of symmetry-free
resolution, besides the normal Ay-algebras
resolution by the dihedral group and does sporadic
Steenrod operation computations and obtains a little
approximation.
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