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measurement. The traditional Chandrasekhar-type algorithms use the Kalman filter gain to compute the
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faster than the traditional Chandrasekhar-type algorithms, depending on the model dimensions.
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1 Introduction

Consider discrete time, k = 0, invariant linear
systems, which are traditionally formulated by the
state space equations, [1]:

x(k + 1) = Fx(k) + w(k) (1)

z(k) = Hx(k) + v(k) 2

Here, x(k) defines the state vector of dimension
n with Gaussian noise w(k) of zero mean and
covariance Q and z(k) defines the measurement
vector of dimension m with Gaussian noise v(k) of
zero mean and covariance R. In addition, F is the
transition matrix and H is the output matrix. All the
model parameters F, H, Q, R are constant. The initial
state x(0) is Gaussian with mean X, and covariance
P,.

The discrete time Kalman filter, [1], [2], is the
celebrated algorithm, which computes the state
estimation x(k/k) and the estimation error
covariance P(k/k) as well as the state prediction
x(k/k—1) and the prediction error covariance
matrix P(k/k —1). The prediction and estimation
error covariances do not depend on the
measurements; thus they can be computed off-line
using the equations
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0(k) = HP(k/k — DHT + R 3)
K(k) = P(k/k — 1)HTO"1 (k) 4)
P(k/k) = [1 — K)H]P(k/k — 1) (5)
P(k + 1/k) = Q + FP(k/K)FT (6)

with initial condition P(0/—1) = P,.

Here, MT denotes the transpose of M, I denotes
the identity matrix, and K(k) is the Kalman filter
gain. Note that the existence of the inverse of 0(k)
is ensured assuming that R is positive definite (this
has the reasonable meaning that no measurement is
accurate).

It is well known, [1], that P(k/k — 1) can be
computed independently of the measurements, using
the discrete algebraic Riccati equation:

P(k+ 1/k) = Q + FP(k/k — 1)FT

—FP(k/k — HT

[HP(k/k — 1)HT + R]"*FP(k/k — 1)FT 7
In the infinite measurement noise covariance

case, where R = oo, the discrete algebraic Riccati
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equation takes the form of the algebraic Lyapunov
equation:
P(k+ 1/k) = Q + FP(k/k — 1)FT (8)

In addition, if the model is asymptotically stable,
then there is a unique steady state prediction error
covariance P, which satisfies the discrete algebraic
Riccati equation:

P = Q + FPFT — FPHT[HPHT + R]~'HPFT )

In the case R = oo, if the model is asymptotically
stable, then there is a unique steady state prediction
error covariance matrix P, which satisfies the
algebraic Lyapunov equation:
P = Q + FPFT (10)

Due to the importance of the Riccati equation,
significant bibliography exists about iterative or
algebraic solutions, [1], [3], [4], [5], [6], [7]
Chandrasekhar-type algorithms have been part of
the folklore associated with the Riccati equation,
[1]. Methods are described in [8], based on the
solution of so-called Chandrasekhar-type equations
than the classical Riccati-type equation. An
important advantage of this method is the reduction
in computational burden, when the state dimension
is much greater than the measurement dimension,
[1]. Chandrasekhar-type algorithms can be used to
iteratively compute the prediction error covariance,
[1], [8] or to compute the steady state solution of the
Riccati equation. Chandrasekhar-type algorithms are
applicable to Kalman filters, [9], [10] and to time
varying as well as time invariant distributed
systems, [11].

All Chandrasekhar-type algorithms use the
Kalman filter gain. Iterative and algebraic
algorithms for the computation of the steady state
Kalman filter gain have been derived in [12]. The
basic idea of this work is to eliminate the Kalman
filter gain from the Chandrasekhar-type algorithms’
equations, to reduce the computational effort, [10].

The Kalman filter gain elimination concept and
the proposed variations of Chandrasekhar-type
algorithms can find application in steady state
Kalman filter design, where the Riccati equation
solution is required. In addition, the proposed
algorithms can be applied in control problems. The
basic problems in control theory are (a) the
controller design problem (control law design for
the dynamical system) and (b) the state estimation
problem (computation of the estimate of the states
of the dynamical system). The Linear Quadratic
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Regulator (LQR) and the Kalman filter solve the
associated problems, [13]. The proposed algorithms
can be applied in the case of linear dynamical
systems, to estimate the control effectiveness of the
actuator on behalf of an actuator stuck fault incident
occurring on airplanes, [14], to Kalman filter design
that accounts for measurement differences, for the
case of time-correlated measurement errors, [15], to
Global Positioning System (GPS) and Inertial
Navigation System (INS) integration during GPS
outages using machine learning augmented with
Kalman filter, [16].

The novelty of this work concerns: (a) the use of
the Kalman filter gain elimination concept in the
Riccati equation solution, (b) the derivation of
Chandrasekhar-type  algorithms  with  gain
elimination, (c) the computation of the calculation
burdens of the Chandrasekhar-type algorithms, (d)
the determination of the faster Chandrasekhar-type
algorithm via the system dimensions.

The paper is organized as follows: Section 2
summarizes the traditional Chandrasekhar-type
algorithms. The Chandrasekhar-type algorithms
based on Kalman filter gain elimination are derived
in Section 3. In Section 4, the traditional and the
proposed Chandrasekhar-type algorithms are
compared concerning their calculation burdens.
Section 5 summarizes the conclusions.

2 Traditional

Algorithms
The basic idea in Chandrasekhar- type algorithms is
to factorize the difference:

Chandrasekhar-type

8P(k) = P(k+ 1/k) — P(k/k — 1) (11)
as
SP(K) = Y(K)S(K)YT (k) (12)

where S(k) is square symmetric matrix with
dimension equal to:

r= rank(SP(O)) (13)

with r < n.

There exist various equivalent Chandrasekhar-
type equation sets. In this section, we deal with two
Chandrasekhar-type algorithms, which are well
described in [1]; we refer to these algorithms as
Chandrasekhar-type algorithm — version 1 and
Chandrasekhar-type algorithm — version 2.
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Chandrasekhar-type algorithm — version 1

0(k + 1) = 0(k) + HY(K)S(K) YT (K)HT

Kk + 1) = [KK)OK) + YK)SK YTKHT0 1 (k + 1)
Y(k + 1) = F[I — K(k + 1)H]Y(K)

Sk + 1) = S(k) + SK)YTRHTO L (K)HY(K)S(K)

P(k + 1/k) = P(k/k — 1) + Y(K)S(K) YT (k)

for k = 0,1, ..., with initial conditions
P(0/-1) =P,

0(0) = HP(0/—-1)HT + R

K(0) = P(0/—1)HT0~1(0)

Y(0) and S(0) are derived by factoring

8P(0) = Y(0)S(0)YT(0) = P(1/0) — P(0/—1)
= Q+ FP(0/—1)FT
— FK(0)0(0)KT(0)FT — P(0/-1)

The easiest initialization is proposed, P(0/—1) =
P, = 0, as then the dimensions of Y(0) and S(0)
can be helpfully low, [1]. In this case:

P(0/—1) =P, =0

0(0) =R

K(0) = 0

Y(0) and S(0) are derived by factoring SP(0) =
Y(0)S(0)Y"(0) = Q

In particular, Chandrasekhar-type algorithms
may be more attractive computationally for P(0/
-1)=P,=0,[1].

In the case where P(0/—1) = P, = 0 and Q has
full rank, we get Y(0) = I and S(0) = Q.

Chandrasekhar-type algorithm — version 2

0k +1) = 0(k) + HY(K)S(K)YT(K)HT

Y(k + 1) = F[I — K(k)H]Y(k)

S(k+ 1) =SK) — SK)YT(HTO 1 (k + 1)HY(K)S(K)
K(k + 1) = K(k) + F1Y(k + 1)SRYT(KHTO 1 (k + 1)
P(k+ 1/k) = P(k/k— 1) + Y(K)S(k)YT (k)

for k = 0,1, ..., with initial conditions
P(0/-1) =P,

0(0) = HP(0/—1)HT +R

K(0) = P(0/—1)HT0~1(0)

Y(0) and S(0) are derived by factoring

8P(0) = Y(0)S(0)YT(0) = P(1/0) — P(0/—1)
= Q+ FP(0/—1)FT
— FK(0)0(0)KT(0)FT — P(0/-1)

It is known that if S(0) = 0, then the version 1
is preferred, while if S(0) < 0, then the version 2 is
preferred. In addition, if the initial condition
P(0/—1) is equal to the solution of the algebraic
Lyapunov equation (10), then S(0) < 0, [1].
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Remark 1.

The Lyapunov equation is a special case of the
Riccati equation in the infinite measurement noise
covariance case, where R = oo. Then, form both the
above two versions of Chandrasekhar-type
algorithms we get the Chandrasekhar-type algorithm
for the Lyapunov equation:

Chandrasekhar-type algorithm — Lyapunov
equation

Yk + 1) = F¥(K)
P(k + 1/k) = P(k/k — 1) + Y(R)¥T (k)

for k = 0,1, ..., with initial conditions
P(0/-1) =P,
Y(0) is derived by factoring
§P(0) = ¥(0)¥T(0) = P(1/0) — P(0/-1)
= Q+ FP(0/—1)FT — P(0/-1)

Remark 2.

Chandrasekhar-type algorithms can be applied to
compute the steady state limiting solution of the
Riccati equation. In this case, Chandrasekhar-type
algorithms are implemented for k = 0,1, ..., until
|[P(k+ 1/K) — P(k/k — 1)|| < &, where € is the
convergence criterion and ||M|| denotes the norm of
the matrix M.

3 Chandrasekhar-type

with Gain Elimination
The basic idea is to eliminate the Kalman filter gain
from the equations of Chandrasekhar-type
algorithms, working as in [17].

This can be achieved by defining the ratio A(Kk)
(the term Ratio corresponds to the Greek term
'Abyoc’):

Algorithms

AGK) = [1 - KERH)]K(K) (14)

In this section we are going to develop two
Chandrasekhar-type  algorithms  with  gain
elimination that correspond to the two versions of
the traditional Chandrasekhar-type algorithms of the
previous section; we refer to these algorithms as
Chandrasekhar-type algorithm with gain elimination
— version 1 and Chandrasekhar-type algorithm with
gain elimination — version 2.
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Chandrasekhar-type algorithm with gain
elimination — version 1

0(k + 1) = 0(k) + HY(K)S(K) YT (k)HT

Ak + 1) = A(K) + Y(R)SK) YT (K)HTR™!

Y(k + 1) = F[I + Ak + DH]"'Y(K)

Sk + 1) = S(k) + SK)YT (KWHTO L (K)HY(K)S(K)
P(k + 1/k) = P(k/k — 1) + Y(K)S(K)YT (k)

for k = 0,1, ..., with initial conditions
P(0/—1) =P,

0(0) = HP(0/—1)HT + R

A(0) = P(0/—1)HTR™?

Y(0) and S(0) are derived by factoring

8P(0) = Y(0)S(0)YT(0) = P(1/0) — P(0/—1)
= Q+ FP(0/—1)FT
— FK(0)0(0)KT(0)FT — P(0/—1)

Proof.
For the Kalman filter gain, from (3) and (4) we get:
K(k) = P(k/k — 1)HT[HP(k/k — 1)HT + R] !
= K(K)HP(k/k — 1)HT + K(K)R(k)
=P(k/k— 1)HT
= K(k)HP(k/k — DHT + K(k)
=P(k/k— 1)HTR™?
= K(k) = [I — K(K)H]P(k/k — 1)HTR™*

Then using (14) we derive:

A(k) = P(k/k — 1)HTR™! (15)
Then, using (15) and (4) we derive:
K(k)O(k) = A(k)R (16)

Then we are able to eliminate the Kalman filter
gain from the Chandrasekhar-type algorithm -
version 1:

Kk+1)=
[KK)OK) + YK)SEKYT(KHTI0O 1 (k + 1)
= K(k+1)0kk+1)
= K&O0(k) + Y(K)SK)YT(kHT
= Ak+ DR = AR + Y(K)SK)YT(KHT

Hence

Alk+1) = AK) + YR)SKYT(KHTR™T  (17)
In addition, using (3), (4) and the Matrix

Inversion Lemma' we get:

K(k) = P(k/k — DHT[HP(k/k — 1)HT + R] !

= P(k/k — 1) — K(k)HP(k/k — 1)HT

1

Let A,C be nonsingular matrices. Then,
[A+BCD]"* = A1 —A"'B[C"!' + DA 'B]"'DA?
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=P(k/k—11) — P(k/k — 1)HT
[HP(k/k — 1)HT + R]"*HP(k/k — 1)
[P~'(k/k—1) + HTR"'H ]!
[1-K&HIP(k/k— 1)

= [P7Y(k/k— 1) + HTR"'H]!
= [I-K&H] =[P~ 1(k/k—1)

+ HTR™IH] P71 (k/k — 1)

= [I — K(k)H] = [I + P(k/k — 1)HTR™1H] !

=

Then using (14) we derive:

[1—K&H] =[1+AK)H]™?! (18)
Hence, we are able to eliminate the Kalman
filter gain from the Y(k+ 1) equation of the
Chandrasekhar-type algorithm — version 1:
Y(k+ 1) = F[I + A(k+ DH] 1Y (k) (19)
It is obvious that equations (17) and (19)
substitute equations for K(k+ 1) and Y(k + 1) of
the Chandrasekhar-type algorithm — version 1,
eliminating the use of Kalman filter gain.

Chandrasekhar-type algorithm with gain
elimination — version 2

0k + 1) = 0(k) + HY(K)SK) YT (K)HT

Y(k + 1) = F[I + ACGH] 1Y (k)

Sk + 1) = S(k) — S(K)YT(RHTO 1 (k + 1)HY(K)S(K)
Ak + 1) = AK) + YR)SK) YT (K)HTR?

P(k + 1/k) = P(k/k — 1) + Y(K)SK)YT (k)

for k = 0,1, ..., with initial conditions
P(0/—1) =P,

0(0) = HP(0/—-1)HT +R

A(0) = P(0/—1)HTR™?

Y(0) and S(0) are derived by factoring

8P(0) = Y(0)S(0)YT(0) = P(1/0) — P(0/-1)
= Q+ FP(0/—1)FT
— FK(0)0(0)KT(0)FT — P(0/—1)

Proof.

We are able to eliminate the Kalman filter gain from
the Y(k + 1) equation of the Chandrasekhar-type
algorithm — version 2, by using (18):
Y(k + 1) = F[I + A(K)H] 1Y (k) (20)
In addition, are able to eliminate the Kalman filter
gain from the Chandrasekhar-type algorithm -
version 2:

K(k+ 1) = K(k)

+FY(k+ DSKYT(KHTO 1 (k + 1)
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Kk + 1)0(k + 1) = K(k)o(k + 1)
+F71Y(k+ 1)S(K)YT(k)HT
Kk + 10k + 1)
= KK)[0(k) + HY(K)SK)YT(k)HT]
+F71Y(k+ 1)SK)YT(KHT
Kk + 10k + 1)
= K(k)0(k)
+ K(KHY(K)S(K)YT(k)HT
+F7tY(k+ 1)S(K)YT(K)HT
Ak + DR = A(K)R + K(K)HY(K)S(K)YT(K)HT
+F7tY(k+ 1)S(K)YT(K)HT
Ak + DR = A(K)R + K(K)HY(K)S(K)YT(K)HT
+F1F[1 + AGQH] YRS YT (K)HT
Ak + 1R = A(K)R + K(K)HY(K)S(K)YT(KHT
+ I+ AKH]YYK)SK)YT(KHT
Ak + 1)R = A(K)R
+HEKEH + [1 + AQH] I Y®SKYT(KHT
Ak + 1)R = A(K)R
+HKEKH + I — KKHY®SKYT(KHT
Ak + DR = A(K)R + Y(K)S(K)YT(K)HT

Hence

A(k+1) = A(K) + Y(K)S(K)YT(K)HTR! (21)
It is obvious that equations (20) and (21)

substitute equations for K(k+ 1) and Y(k+ 1) of

the Chandrasekhar-type algorithm - version 2,

eliminating the use of Kalman filter gain.

4 Comparison of the Algorithms

It is established that the Chandrasekhar-type
algorithms with gain elimination have been derived
from the traditional Chandrasekhar-type algorithms.
Thus the traditional as well as the proposed
Chandrasekhar-type algorithms are equivalent
algorithms concerning their behavior, since they
compute theoretically the same prediction error
covariances. Since all the algorithms are iterative, it
is reasonable to compare the algorithms concerning
their per iteration calculation burdens.

Scalar operations are involved in matrix
manipulation operations, which are needed for the
implementation of the  Chandrasekhar-type

algorithms. Table 1 summarizes the calculation
burden of needed matrix operations. Note that S
denotes a symmetric matrix. The details for the
multi-dimensional model n > 2, m > 2 are given in
[17].
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Table 1. Calculation Burden of Matrix Operations

Matrix Matrix Calculation
Operation Dimensions Burden
C=A+B | (nxm)+(nxm) nm
S=A+B (nxn)+ nxn) %nz-i—%n
B=I1+A (nxn)+ (nxn) n
C=A'B nxm)-(mx®) 2nmf — nf
S=A-B (nxm)-(mxn) n2m+nm—%n2—%n
B=A"1 nxn %(16n3 —3n%2—n)

The per iteration calculation burdens of the
Chandrasekhar-type algorithms for the general
multidimensional case, where n = 2,m > 2, are
analytically calculated in the Appendix and
summarized in Table 2.

Table 2. Calculation Burden of Chandrasekhar-type

algorithms
Chandrasekhar-type Calculation
algorithms Burden
CBergr =2n® —n?+n
traditional +§(16m3 —3m? —m)
(gain use) +4n?m — 2nm + 5nm?
versionl +3n%r —nr + 2nr?
+2m?r — mr + r?m + nmr
CBiraz = 4n® —2n% +n
traditional +%(16m3 —3m? —m)
(gain use) +6n?m — 3nm + 5nm?
version 2 +3n%r —nr + 2nr?
+2m?r — mr + r’m + nmr
CBerager = 2n° —n? +n
1 3 2
proposed %;3(16713 3n2 n)
(gain elimination) +5(16m* — 3m* —m)
versionl +6n%°m — nm + nm?
+3n%r — nr + 2nr?
+2m?r — mr + r?m + nmr
CBcragez = 2n® —n? +n
1 3 2
proposed %;3(16713 3n2 n)
(gain elimination) +5(16m® —3m* —m)
version 2 +6n?’m — nm + nm?
+3n%r — nr + 2nr?
+2m?r — mr + r?m + nmr

From Table 2 we realize that we are able to
determine, which Chandrasekhar-type algorithm is
faster:

1. Chandrasekhar-type algorithms — version 1
CBcra1 — CBCTAGEll
= g{16m3 + (24n — 3)m?
— (12n? 4+ 6n+ 1)m
— (16n3 — 3n% — n)}

The areas (wrt the model dimensions), where

the proposed gain elimination algorithm or the
traditional algorithm is faster, are shown in Figure 1.
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The following Rule of Thumb is derived: The
proposed Chandrasekhar-type algorithm with gain
elimination is faster than the traditional
Chandrasekhar-type algorithm, when m/n > 0.835

%0 faster Chandrasekhar-type algorithm - version 1
T T T T T T T T T

80 [
701
60 [ gain elimination
€
_5 50
[2]
c
2aot
S
30
20 conventional
10 [
0 . . . . . . . . .
0 10 20 30 40 50 60 70 80 90 100

dimension n
Fig. 1: The faster Chandrasekhar-type algorithm —
version 1

2. Chandrasekhar-type algorithms — version 2
CBcraz — CBcracge2
= 2n{24m? — 12m
— (4n? + 3n — 1)}
The areas (wrt the model dimensions) where the

proposed gain elimination algorithm or the
traditional algorithm is faster are shown in Figure 2.

5 faster Chandrasekhar-type algorithm - version 2

40

w
o
T

w
S

gain elimination

dimension m
N N
o (4]
T T

conventional

0 10 20 30 40 50 60 70 80 90 100
dimension n

Fig. 2: The faster Chandrasekhar-type algorithm —
version 2

The following Rule of Thumb is derived: The
proposed Chandrasekhar-type algorithm with gain
elimination is faster than the traditional

Chandrasekhar-type algorithm, when m/n > 0.412.

3. Traditional Chandrasekhar-type algorithms
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CBcra1 — CBcraz )
=gﬂﬁm3—3m2
—(12n2 —6n+ 1)m
—6(2n3 —n?)}

The areas (wrt the model dimensions) where
version 1 or version 2 is faster, are shown in Figure
3.

The following Rule of Thumb is derived: version 1
is faster than version 2, when m/n > 1.1738.

120 faster traditional Chandrasekhar-type algorithm

100 -

80

60 version 2

dimension m

401

20+ version 1

0 L 1 1 1 1 1 1 L L
0 10 20 30 40 5 60 70 80 90 100

dimension n
Fig. 3: The faster traditional Chandrasekhar-type
algorithm

4. Proposed Chandrasekhar-type algorithms

CBcrace1 = CBcracz
The proposed version 1 is as fast as version 2.

Thus we conclude that which algorithm is faster
depends on the state dimension n and the
measurement dimension m and not on the
dimension r defined in (13). Hence, the knowledge
of the system dimensions n and m can determine,
which Chandrasekhar-type algorithm is faster.

Finally, the per iteration calculation burdens of
the traditional Lyapunov equation and the
Chandrasekhar-type algorithm for the Lyapunov
equation, are analytically calculated in the Appendix
and summarized in Table 3.

Table 3. Calculation Burden of Algorithms
for the Lyapunov equation solution
Algorithms Calculation Burden

CBLE = 3n3

traditional

Chandrasekhar-type CBcraLg = 3n°r
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As in Table 3 appears the Chandrasekhar-type
algorithm for the Lyapunov equation is faster than
the traditional Lyapunov equation, when r < n.

Example. Consider the system dimensions n =
6, m = 3 for estimation of three-dimensional radar
tracking [18]. Then CBgraz — CBceragez > 0 and
hence the proposed Chandrasekhar-type algorithm —
version 2 is faster than the traditional one.

5 Conclusions

In this paper, new variations of Chandrasekhar-type
algorithms eliminating the Kalman filter gain are
proposed. The calculation burdens of the
Chandrasekhar-type algorithms are derived. The
proposed Chandrasekhar-type algorithms may be
faster than the traditional ones, depending on the
model dimensions. It has been shown that the
determination of the faster Chandrasekhar-type
algorithm can be achieved via the system
dimensions.

A subject of future research is to investigate the
application of corresponding Chandrasekhar-type
algorithms to dynamical continuous-time systems,
[19], [20], [21], and to discrete-time anti-linear
systems, [22]. Another area of future research may
be the use of the derived Chandrasekhar-type
algorithms with gain elimination in the derivation of
time varying, time invariant, and steady state
Kalman filters.
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APPENDIX

The per iteration calculation burdens of the
Chandrasekhar-type algorithms for the general
multidimensional case, where n = 2,m > 2, are
analytically calculated in Table 4, Table 5, Table 6
and Table 7. The per iteration calculation burdens of
the traditional Lyapunov equation and the
Chandrasekhar-type algorithm for the Lyapunov
equation, are analytically calculated in Table 8 and
Table 9.

Table 4. Chandrasekhar-type algorithm — version 1
Matrix Operation Calculation Burden

Wi (k) = Y(k)S(k)

W (k) = Wy (k)Y (k)

Wi (k) = Wy (k)H”

2nr? —nr

1 1
nzr+nr—5n2 —on

2n’m —nm

Nicholas Assimakis, Maria Adam

Table 5. Chandrasekhar-type algorithm with gain
elimination — version 1

Matrix Operation

Calculation Burden

Wy (k) = Y(k)S (k)

2nr? —nr

W, (k) = Wi (k)Y (k)

1 1
nzr+nr—5n2 —n

Ws (k) = Wp(k)H"

2n’m —nm

W, (k) = HW; (k)

1
nm? + nm —-m? —
1

-m

2
0(k + 1) = 0(k) + W, (k) ~m? +-m
Ws (k) = W,(K)[HTR™Y] 2n’m —nm
Ak + 1) = A(k) + Ws (k) nm
Ak + 1)H 2n?m —nm
I+ A(k+ 1)H n
I+ Ak + 1)H]™? (16n° — 302 —n)
F[I + A(k + 1)H] ! 2n% — n?

Y(k+1)=F[I+ Ak 2y — nr

+ DH]Y (k)

W, (k) = HW;(k) nm2+nm—%m2—%m

0~ (k)

%(16m3 —3m?2-m)

0k +1) = 0(k) + W, (k) ~m? +~m We (k) = HW; (k) nmr — mr
K(k)O(k) 2nm? — nm W7(k) = O_I(k)W6(k) 2m2r — mr
Ws(k) = K(k)O(k) + W5 (k) nm W (k) = Wq ()W, (k) r?m+rm— %rz - %r
0~1(k + 1) 2(16m* — 3m? — m) S(k +1) = S(k) + Wy (k) r24or
K(k+1) = Ws (k)0 (k + 1) 2nm? — nm P(k +1/k) = P(k/k — 1) + W, (k) n?+-n
K(k+ 1DH 2n’m —nm

I—K(k+ 1)H n

CBcrager = 2n® —n®* +n+ %(16713 —3n%—n)

F[I — K(k + 1)H] 2n3 —n2 +%(16m3 —3m? —m) + 6n*m — nm + nm?
Y(k+1)=F[I — Kk + 1)H]Y (k) 2n’r —nr +3n%r —nr + 2nr? + 2m?%r — mr + r’m + nmr
0-1(k) 2(16m* — 3m? — m)

We (k) = HW, (k) nmr —mr Table 6. Chandrasekhar-type algorithm — version 2
W, (k) = 0~ (k)W (k) 2m?r —mr Matrix Operation Calculation Burden

Wy (k) = WT ()W, (k) rPm+rm—-r?—-r

S(k +1) = S(k) + Wg(k) ;rz + %r
P(k +1/k) = P(k/k — 1) + W, (k) In24in

2 2
CBcrap =2n° —n? +n+ 2(16m3 —3m?—m)
+4n?*m — 2nm + 5nm?
+3n%r — nr + 2nr? 4+ 2m?r —mr + r’m + nmr
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Wi (k) = Y(k)S (k)

2nr? —nr

W, (k) = Wi (k)Y (k)

1 1
n’r+nr—-n—-n

Ws (k) = W (k)H™

2n’m —nm

W, (k) = HW; (k)

1 1
nm? + nm—-m? —-m

0(k + 1) = 0(k) + W,(k) m? +-m

0~ 1(k +1) (16m® — 3m? —m)
K(H 2n’m —nm

I —K(k)H n

F[I — K(k)H] 2n® —n?
Y(k+1) =F[I - K(k)H]Y (k) 2n%r —nr

W5 (k) = HW; (k) nmr —mr
We(k) = 071 (k + D)W (k) 2mPr — mr

W7(k) = Wg(k)Ws(k)

1
Z_cr

1
2
rrm-+—rm-—-r
+ 2 2

S(k +1) = S(k) — Wy (k) SrZ4or
K(k)o(k) 2nm? — nm
We(k) = WI (k)0 (k + 1) 2nm? — nm
Wo(k) = FY(k +1) 2n3 —n?
Wi (k) = Wo(k)Wg (k) 2n’m — nm
K(k + 1) = K(k) + Wy (k) nm
P(k +1/k) = P(k/k — 1) + W, (k) “n?+-n

CBeraz = 4n® — 2n? +n + Z(16m* — 3m? —m)

+6n?m — 3nm + 5nm?

+3n%r —nr + 2nr? 4+ 2mPr —mr + r’m + nmr
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Table 7. Chandrasekhar-type algorithm with gain
elimination — version 2

Matrix Operation

Calculation Burden

Wi (k) = Y(k)S (k)

2nr? —nr

W, (k) = Wi ()Y (k)

1 1
n2r+nr—5n2 —-Zn

2

Ws (k) = Wy (k)HT

2n’m —nm

W, (k) = HW;(k)

1 1
nm? +nm —Emz —-m

2

0k + 1) = 0(k) + W,(k) ~m? +—m
Ws (k) = W, (K)[HTR™1] 2n’m —nm
Ak + 1) = Ak) + Wa (k) nm
A(KH 2n’m —nm
[+ A(kH n

[l +AC)H] ! (160 —3n% —n)
F[I + A(k)H]™! 2n3 —n?

Y(k +1) =F[I + A()H]1Y (k) 2nr —nr

0~1(k + 1)

l(16m3 = 3m2 —m)
6

We(k) = HW, (k)

nmr —mr

Wy (k) = 071 (k + W (k)

2m?r — mr

Ws(k) = WGT(k)W7(k)

1 1
r’m+rm—-r?—-r

S(k + 1) = S(k) — Wy(k) 12 4oy
P(k +1/k) = P(k/k — 1) + Wy (k) n?+-n

CBcragez = 2n* —n* +n+ %(16713 —3n%2—-n)
+%(16m3 —3m? —m) + 6n?m — nm + nm?

+3n%r —nr + 2nr? + 2m?r —mr +r’m + nmr

Table 8. Lyapunov equation

Matrix Operation Calculation Burden
FP(k/k —1) 2n® —n?
FP(k/k — 1)FT n®+-n?—-n
P(k+1/k) = Q + FP(k/k = DFT|  ~n?+-n

CB,r = 3n®

Table 9. Chandrasekhar-type algorithm — Lyapunov

equation

Matrix Operation

Calculation Burden

Y(k+1)=F¥(k)

2n?r —nr

Y()W¥T (k)

1 1
n’r+nr—-n®—-n

P(k +1/k) = P(k/k — 1) + Y ()W (k)

1 1
~n?+:>n
2 2

CB.g = 3n%r
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