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1 Introduction

Many models in physics and technics can be described
by parabolic equations. We pay special attention to
extreme problems related to corresponding bound-
ary value problems. Let us consider in the rectangle
Qr = (0,1) x (0,T) the mixed problem for the heat
equation with a free convection term

Ut = Ugg + b(l’)ux, (':U7 t) € QT7 (1)
u(0,t) = @(t), u(1,t) =1(t), ¢>0,(2)
u(x,0) (x), 0<z<l, 3)

for a sufficiently smooth coefficient b satisfies
|b(z)] < b, * € [0,1], and the functions ¢ €
WH0,T), v € Wa(0,T), £ € Ly(0,1). We mean
that the functions b, &, v are fixed and ¢ is a control
function to be found. The mixed problem (1) — (3)
arises in the engineering temperature control problem
in an extended industrial greenhouse with lower heat-
ing and upper ventilation (see [3], [4], [5]). The prob-
lem is to find control function ¢(t) making the tem-
perature u(z,t) at z = ¢ € (0, 1), maximally close
to the given one z(¢) during the whole time interval
(0,T). The quality of the control is estimated by a
quadratic cost functional.

Let us note that extremum problems for parabolic
equations with integral functionals were considered
by different authors (see [18], [8], [10], [11]). One
of the first studies is the paper [10] where the heat
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equation with the third type boundary condition con-
tains the control function is considered. In [10] for
the extremal problem with the final observation func-
tional the existence of minimizer is proved in the
class of measurable control functions not exceeding
to some constant. The existence and uniqueness of
minimizer are also proved (see [10]) in the case of a
functional with an additional quadratic term. Some
of the later results deal with non-homogeneous equa-
tion and right-hand side as a distributed in Q)7 control
function and the distributed or boundary observation
([18], [19]). The other problems of minimization with
final observation and the problem of the control opti-
mal time are considered in [8], [11], [9], [23]. The re-
view of early results is contained in [9], survey of later
works is contained in [23], see also [3], [13]. Note that
our formulation of the extremal problem with point-
wise observation is different from those formulated in
the papers listed. Also the case of the equation with
a free convection term was not previously considered.
Closely relates to our formulation of problem is the
problem with distributed control and pointwise obser-
vation with an additional quadratic control function
term (see [18]). For such problem in [18] the exis-
tence and uniqueness of minimizer are proved.

We prove the existence and uniqueness of the con-
trol function g (t) from a convex set (the minimizer)
giving the minimum to this functional, and study the
structure of the set of accessible temperature func-
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tions. We also prove the “’dense controllability” of the
problem for some set of control functions. In compar-
ison with our previous results ([3] —[6]) now we con-
sider the parabolic equation with non self-adjoint el-
liptic operator and an arbitrary convex closed bounded
set of control functions. To do this we use methods of
qualitative theory of differential equations and, in par-
ticular, some methods described in [1] and [2].

2 Main Results

Propose a mathematical approach to solve the prob-
lem.

Definition 1 . By VQI’O(QT) denote the Banach space
of functions u € W21 ’O(QT) with the finite norm

“)

su u(x,t + ||u
OgthH( )HLQ(U,l) | :vHLz(QT)

HUHVQLO(QT)

and such that t — wu(-,t) is a continuous mapping
[07 T] — L2(07 1)

The formula to the norm in the space V, *(Qr)
is introduced in [16], p.26. This norm naturally corre-
sponds to the energy balance equation for the mixed
problem to the parabolic equation ([16], ch. 3, for-
mula (2.22)).

Definition 2 . By W;(QT) denote the space of all
functions n € WHQr) such that n(z,T) = 0,
n(0,t) = 0.

The values of the functions 7(x, T') and n(0, t) we
consider in the trace sense (see [16], ch. 1, th. 6.3, p.
71).

Definition 3 . We call the function v € V,°(Qr)
an energy class weak solution to problem (1)—(3) if it
satisfies the boundary condition u(0,t) = ¢(t) and
the integral identity

/ (U:Jcnz - buzn - unt) dx dt
Qr

1 T
_ /f(x)n(x,O)d:E—l—/ W(t) (1, 1) dt (5)
0 0

for any function n(x,t) € Wzl (Qr).

Under the conditions ¢, € W4(0,7T), and £ €
Ls(0, 1) the weak solution from the set W, *(Qr) au-

tomatically belongs to VQI’O(QT) ([16], ch. 3, par. 3).
By standard technique (see [15], [16]) we can obtain
the following estimate for the solution to problem (1)—

3):
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Theorem 4 . There exists a unique weak solution to
problem (1)—(3) belonging to VQI’O(QT) with the fol-
lowing inequality:

HuwHVQLO(QT) (6)
< Cull€llpo0,) + lellwz oy + 18llwyo.1)):
where the constant C is independent of @, 1 and .

Hereafter denote by w,, the unique solution to
the problem (1) — (3) with ¢, € W4(0,7),& €
L5(0, 1), existing according to theorem 4.

Suppose z € Ly(0,T). Let ® C W5 (0,T) be a
bounded closed convex set.

For some ¢ € (0, 1) define the functional

T
el = [ glet) = 2@)Pd. @)
The value of the function u,(c,t) € L2(0,7T) we
also consider in the trace sense.
Consider the minimization problem for this func-
tional and put

®| = inf J . 8
mlz, ®] = inf J]z, ] ®)
Theorem 5 . There exists a unique function pg(t) €
® such that m|z, ®] = J[z, o).

Definition 6 . We call the problem (1)—(3), (8) exactly
controllable from ® C W4(0,T) to Z C Lo(0,T), if
for any z € Z there exists g € O such that

J[Z, ()00] =0. (9)

Definition 7 . By the exact control we denote the
function @y € ® making the functional J|z, ] to van-
ish:

Jz, p0] = /OT (g (e, 1) — 2(t))* dt = 0.

The next theorem shows that the set Z of func-
tions z € Lo(0,7") admitting exact controllability is
sufficiently “small” subset of Lo (0, 7).

Theorem 8 . The set Z of all functions z € L2(0,T")
admitting exact controllability for ® = W4 (0,T) is a
first Baire category subset in Lo(0,T).

Definition 9 . We call the problem (1)—(3), (8)
densely controllable from ® C W3(0,T) to Z C
L2(0,T), if for any z € Z we have

inf  Jlz 4]
. r 2
= $2£ ; (up(c,t) — 2(t))7dt = 0.
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The following result proves the dense controlla-
bility for Z = L9(0,T) and ® = W} (0, T).

Theorem 10 . For any z € Lo(0,T) the following
equality holds

inf

J|z, ] = 0.
PEW,(0,7) (2. ¢]

(10

3 Proofs

Proof of theorem 5. The proofs of results on the exis-
tence and uniqueness are based on the following state-
ment concerning the best approximation in Hilbert
spaces.

Theorem 11 ([4]). Let A be a convex closed set in a
Hilbert space H. Then for any x € H there exists a
unique element y € A such that

—y|| = inf ||z — 2.
| —yll = inf Jlo 2|

Let
B = {y = ug@(ca ) NGNS Q} C LQ(O,T).

Use the convexity of ¢ we see that B is a convex set.
By theorem 4 we obtain that B is a bounded set in
L5(0,T). Now we prove that B is a closed subset
of L2(0,7). Let {y;}32, C B be a fundamental se-
quence in L2(0,7") having the limit y € Ly(0,7),
ly — yj”LQ(o,T) — 0, 7 — oo. The correspond-
ing sequence {¢;} C @ by the boundedness of ® is
a weakly precompact set in Wi (0,7). By the con-
vexity of ® and Mazur theorem [21] ¢ is a weakly
closed subset of W} (0, 7). Therefore, there exists
a subsequence (we denote it by {¢;}72,, t00) such
that w — Jhﬁrgo pj = ¢ € P. Hence, by Mazur the-

orem there exist the numbers a;; > 0,1 < 5 < [,

I = 1,2,..., Zé‘:1 aj; = 1, such that for some
@ € O we have

l

Q1= Y. ajip;j.
j=1

Therefore, for the corresponding sequence of solu-
tions

1
Ug, = Y ity (12)
j=1
we obtain
|lug, — U%H\/Ql’O(QT) (13)
< Gl = pllwyor) =0, Lp— o0
E-ISSN: 2224-2856
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This means that ug,(0,t) = ¢(t), and the integral
identity

/QT((U@)xnx — b(x)(ug,)en — ug,nt) dx dt

1 T
= [ @m0 de+ [ b@und 14
0 0

holds for any function 7(z, t) € Wi (Qr). Taking into
account relations (11), (13), and (14), we see that there
exists the limit function v € VQLO(QT), which is a
weak solution to problem (1)—(3) with the boundary
function ¢, and

”’U, — u‘;’lHV;’O(QT) < Cl”@ - QBIHWZI(O,T)‘

So, by the embedding estimate (see [16], Ch. 1, sec.
6, form. 6.15) we obtain

lu(e, ) = ug, (¢, M o0

Callu — U HVQI’O(QT)

C1Calle — @illwa o)

IN

IN

whence y = u(c,-) € B and B is a closed subset in
Ly(0,T).

Therefore, by theorem 11, there exists a unique
function y = u(c, ), where u € VQLO(QT) is a solu-
tion to problem (1)—(3) with some ¢y € ¢ such that

sérelg J[Za (10} - J[Z, (100]

Now we prove that such g € ® is unique. If not,
consider a pair of such functions (1, @2 and the cor-
responding pair of solutions ., , uy,. The function
U = Uy, — Uy, 1s a solution to the problem

U = Uy + b(T)Uy, (15)
0<t<T, O<z<l1,
@(0,t) o), 0<t<T, (16)
o(t) = @1(t) — pa(t),
ife,t) = 0, 0<t<T, a7
iy(1,t) = 0, 0<t<T, (18)
a(z,0) = 0, 0<az<l. (19)

Taking into account integral identity (5) with the
function n(x, t) equal to 0 on [0, ¢] x [0, T], we obtain
that the function @ on the rectangle Qgﬁ) = (¢,1) x
(0,T) is equal to the solution of the problem

iy = g+ b(2)i, (20)
0<t<T, c<zxz<l,

(e, t) = 0, 0<t<T, 21)

y(1,t) = 0, 0<t<T, (22)

u(z,0) = 0, ec<z<l. (23)

Volume 14, 2019



WSEAS TRANSACTIONS on SYSTEMS and CONTROL

But the solution to problem (20)-(23) vanishes on

[c, 1] x [0,T], whence we have

u(x,t) =0, e<ax<l, 0<t<T. (24)
Now we prove that

u(z,t) =0, O<zx<l, O0<t<T. (25)

Note that by theorem 2 ([14], Sec. 11), the weak so-
lution % is a classical solution to equation (15) in Q7.
Now we use theorem 5 ([17], Sec. 3). It establishes
the following.

Consider a function u(z,t) € C*1(Q), Q C R?
such that uy = ug, + ¢(x)u in Q. Suppose G is a
connected component of the set Q N {¢ = ¢y}, and G
is a connected open subset of Gy. If u] & = 0, then
ulg, = 0.

Let us consider the function

v(z,t) = ue™ 2 Jo M2 (26)
which is a classical solution to equation
b b?
T < (;) + f?) v 27)

By the equalities (24) and (26) we obtain v(x,t) = 0,
c <z < 1,0 <t < T. Applying this theo-
rem to the solution v of the equation (27) with ¢ =

(b(‘”) ERLAC; )) for any t9 € (0,7) with Gy =

(0,1) x {to} and G = (¢,1) x {to}, we obtain that
v(z,t) =0,0 <2z <1,0<t<T. So, by (26) we
have (24) which gives the equality (25). Therefore,
@(x,t) = 0 forany z € (0,1) and ¢t € (0,7). This
means that ¢(¢) = @(0,¢) = 0. The proof of Theorem
5 is complete. O

Corollary 12 . From the theorem 5 we can obtain the
existence and uniqueness theorems for some practi-
cally important classes of control functions (see [3],

[3D).

Proof of theorem 8. At first we prove the follow-
ing analog to the classical maximum principle.

Theorem 13 . Let u € V,"*(Q7) be a solution to the

problem
Ut = Ugy + b(x)uxy (a:,t) S QT; (28)
w(0,t) = @(t), wue(l,t)=0, (29)
O<ze<l, 0<t<T,
u(z,0) = 0, 0<z<l. (30)
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Then for almost all (z,t) € Qr the following inequal-
ities hold:

f
min{0, €88 1[% T]cp( )}

< wu(z,t) < max{0,ess sup ¢(t)}.
t€[0,T]

3D

Proof of theorem 13. Let £k = ess sup ¢(t). We
te[0,7

define the function u*) = max{u — k,0}. By the

same way as in the proof ([15], Ch. 3, Sec. 7, th. 7.1)

we can obtain for 0 < ¢; < T the following relations

/(()(a:tl d:c+2// )2dzdt
t1
= // b(z uxdxdt
< W / / (w®)2dzdt
0 JO
1 t1
+ / / (ul®)2dxdt. (32)
0 JO

Let y(t) = sup Hu(k)(:c,T)HLQ(OJ). It follows from
0<7<

<7<t
(32) that
V) + 20wl

< ity () + [|ul (33)

HLQ Qty)"

(2b2)~1 we obtain by (33) that
||u<k)HV1’O(Qt y < 0. Therefore, for almost all (x,t) €
2 1

Q@+, we have u(x,t)

Taking t1 <

< max{0,ess sup ¢(t)}.
te(0,t1]

Repeat this process to (0,1) x (¢1,2¢1), (0,1) X
(2t1,3t1), ..., we obtain the right inequality from
(31). Similar considerations with the function —u
proves the left inequality from (31). O

Consider the solutions u, (z,t) € V' (Qr),
J = 1,2. Denote & = u,, — Uy,. The function u
is a solution of equation (1) with the boundary condi-
tions

w(0,t) = @(t) = p1(t) —pa(t), (34
Uy (1,t) = 0, (35)
and the initial condition
a(x,0) = 0. (36)
From (31) we obtain
%] oo (@r) < llp1 = P2l Lo 0,7) (37

and, consequently, by the continuity of solution to
equation (28),

sup |u(e,t)] < |l¢1 — (38)

P2 Lo 0,7)-
te[0,7)
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By integrating inequality (38), we obtain

(e, )| o0y < VT llo1 — 2l ) (39)

Suppose the functions ¢ and (5 are the exact control
functions for given z; and z». This means that

T
A(%ﬂ@ﬂ—%@fﬁZQ
1,2.

J[Z » Pj ] =
j =
In this situation inequality (39) invokes the inequality

21 = 22l a0y < VTlle1 — @2llre o) (40)
for arbitrary functions z; () and z2(¢) admitting exact
controllability.

Let Z C Ly(0,T) be a set of exactly controllable
functions. We have Z7 = U3;_, 2\, where Zy; C
L9(0,T) is the set of functions exactly controllable
with p € @y = {90 € W21(0aT)7 ||<:0HW21(0,T) < M}
For any M = 1,2, ... consider an arbitrary sequence
of control functions {cpj” } C @y and the correspond-
ing sequence {z;(t)} = {uwéw(c,t)} C Zp- The set

@), is a bounded set in W (0, T'). By the embedding
theorem for W3 (0, T'), we have

s — oM o) =0, Lp—>o0,  (41)
for some subsequence cpé\f . Therefore, by (40), (41)
we get for the sequence {z;, } C Z); the relation

125, = 24, | Lo 0,7) (42)

< \/THSO?ZJ - @%”LOO(O,T) — 07 lap — 0Q.

It follows from (42) that Z; is a pre-compact set
in Ly(0,T). So, Zys is nowhere dense in Ly(0, 7).
Thus, since Z = U§;_;Zn, we conclude that Z is
a first Baire category set in Ly(0,7"). Theorem 8 is
proved. O
Proof of theorem 10. Let us represent the solu-
tion of the problem (1) — (3) in the form
Uy =V + W 43)
where v and w are solutions of the following boundary
value problems

Vp — Vg — b(x)vy, = 0, (44)
O<z<l, 0<t<T,

v(0,t) = (t), 0<t<T, (45)

vp(1,8) = 0, 0<t<T, (46)

v(z,0) = 0, 0<z<l. (47)
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and
Wy — Wyy — b(X)wy; = 0, (48)
O<z<l, 0<t<T,
w(0,t) = 0, 0<t<T, (49)
we(l,t) = ®(t), 0<t<T, (50)
w(z,0) = &x), 0<z<1l. (51)

Therefore, denote v = v, we have

T
Tz, 0] = /0 (e t) — 21 (1)2dt, ¢ € (0,1), (52)

where 21 (t) = z(t) — w(c,t) € L2(0,T). It follows
from the inequality

inf

J[z, 0] < inf
peW}(0,T)

— eeW}(0,T),(0)=0

— 4 f T 7t B ; th
S"EWQI((JI,I%),@(O):Ofo (vg(c,t) — 21(1))

J[z, ¢](53)

that to establish (10) it is sufficient to prove that

T
inf / vo(e,t) — 21 (4))2dt = 0. (54
W3 (0.1).0(0)=0.Jo olert) = 21(8)) oY
Let us construct the weak solution v, € W, °(Qr) of
problem (44) — (47) for ¢ € W3 (0,T), p(0) = 0. At
first we consider the function P € V,"(Qr) which is
a weak solution of the mixed problem

P — Py — b(z)Py = 0, (55)
0<z<l, 0<t<T,

P0,t) = 1, 0<t<T, (56)

P(1,t) = 0, 0<t<T, (57)

P(z,0) = 0, 0<zxz<1. (58)

It means that P satisfies the integral identity
| Palne = bay) — P dwdt =0 (59
T

for any function 7 € W4 (Qr) and P(0,t) = 1 in the
trace sense. At first we establish the existence to the
function

P=pP-1 (60)
which is a solution of the problem
P, — Py —b(2)P, = 0, (61)
0<z<1, 0<t<T,
P(0,t) = 0, 0<t<T, (62)
P,(1,t) = 0, 0<t<T, (63)
P(z,0) = —1, 0<z<1.(64)
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Then we can prove the existence and uniqueness of
such solution by Galerkin method by the same way
as the solution « in theorem 11. Now we prove the
following representation formula:

ws(et) = [ PP

The weak solution v = v,, satisfies the integral iden-
tity

x,t —T)dT. (65)

| (el = ba)n) — vmy) dodt =0 (66)

for any function € Wi (Qr) and v(0,t) = ¢(t) in
the trace sense.. It follows from (59), (65) that for any
function 7 € W3 (Qr) we have the equalities

/ (Ux(nm - b(-T)U) — U?]t) dx dt
Qr

[ ([ eer
_ /t o (T)P(x,t — T)dTm) dx dt

///

P(z,t — 7)ny)dx dr dt

/<p //TT (x,8)(Ne(zys +T)

bn(z,s+ 1)
—  P(x, S)T]t(l', s+7))dz ds) dr = 0.

Py, t = 7)(ne — b(x)n)

The last equation is valid because 7(x, s+7)|s=7—r =
n(x,T) = 0. Therefore, the integral identity holds
for any function n € W3(Qr). Moreover, tak-
ing the sequence of smooth functions ¢;(t) vanishes
in the neighborhood of zero and such that | —
‘PjHWQl(o,T) — 0, 7 — oo, we obtain from (56), (59)
that v;(0,t) = p;(t) = @(t), j — oo in W3 (0,T).
It means that v(0,t) = ¢(t) in the trace sense and the
equality (65) is proved.

We can define the trace P(c
(0,1).

We use the following property of linear manifolds
in Hilbert space ([20], ch. 2, par. 4, lemma 2):

) € L2(0,T), c €

Theorem 14 . The linear manifold G is dense in
Hilbert space H if and only if there are no non-zero
element which is orthogonal to any element of G.

Now we apply these theorem to H = Lo(0,7)
and the linear manifold G {ve(e,t), o(t) €

E-ISSN: 2224-2856
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0
D(0,T) =C* (0,T)}. To prove (10) it is sufficient
to prove that if for any ¢ € D(0,T") we have

T
A 2 (t)op(e, t)dt

/OT z1(t) (/Ot P(c,t - T)@’(T)dr)dt =0,

then z; () = 0. We can transform (68) as

(68)

/ z1(t /Pct—T '(T)drdt (69)
/ ¢'( / z1(t)P(e,t — 7)dtdT = 0.

By (69)

T
/ 21(t)P(e,t — 7)dt = const, 7 € [0,T], (70)

but .
/‘awpmt—nﬁ:o, 1)
T
SO
T
/ At P(et—1)dt =0, 7€[0,T]. (72)
After the transformation of variables we have
T
/ z1(t)P(c,t — 1)dt (73)

T
/t z1(T)P(c, T — t)dr
T—t
/0 21(T — 8)P(e, T — s —t)ds
/Oq 21(T — s)P(c,q — s)ds
/Oq 29(8)P(c,q — s)ds = 0,

for almost all ¢ € (0,7), here 22(t) = z1(T — t) €
Ly(0,T) C Ly(0,7).

Now we apply Titchmarsh convolution theorem
([22], theorem 7):

Theorem 15 . Let £ € L1(0,T), ¢ € L1(0,T) are
functions such that

/5

almost everywhere in the interval 0 < t < T, then
&(t) = 0 almost everywhere in (0, ) and ((t) = 0
almost everywhere in (0, 3), where a > 0, § > 0,
a+p>T.

((t—7)dr =0 (74)
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We use Theorem 15 to the functions P(c,-) and
z9(+). By equality (73) we obtain that there exist o >
0,8 >0, a+ S > T such that za(s) = 0 almost
everywhere in (0, o) and

P(c,s) =0 (75

almost everywhere in (0, 3).

Now we prove that 5 = 0. In the contrary let
6> 0.

Applying maximum principle (31) from theo-
rem 13 to problem (55) — (58) we obtain that 0 <
P(z,t) < 1 almost everywhere in Q7. It follows
from equality (64) and regularity theorem ([12], Ch.
7, par. 7.1, theorem 6) that P is a smooth function in
([0,1] x [e,T7) for any € € (0,T"), and it is a classical
solution of equation (55) in Q7. Then

0<P(x,t)<1, 0<z<1, e<t<T. (76)
Let us suppose that
Ple,t) =0, 0<c<l1, 0<t<p<T, (77

and consider the function P(z,t) in the domain
Qa2 = (0,1) x (8/2,T). Note that by (76), (77)

P(c,B) =0= P(z,t) (78

inf
(z,t)EQp/2,T
and (¢, 8) € Qp. By the strong maximum principle
([12], Ch. 7, par. 7.1, theorem 11) we obtain that P =
0in (0,1)x(8/2, B). Itis impossible due to boundary
condition (56). This contradiction means that 3 = 0.
So, by the inequality o + 8 > T we have o > T
and z9(t) = 0 almost everywhere in (0,7"). Now,
z1(t) = 0 almost everywhere in (0, 7).

Therefore, by the Lemma 14 we obtain equality
(10). Theorem 10 is proved. g

4 Conclusion

For the minimization problem for one-dimensional
parabolic equation with free convection term and
pointwise observation the existence and uniqueness of
a control function from a prescribed set are proved,
and the structure of the set of accessible temperature
functions is studied. We also prove the dense control-
lability of the problem for some set of control func-
tions.
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