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Abstract: - This paper discusses the construction of a mathematical model for a planar seven-link bipedal model 
which is comprised of an upper body and two legs (thigh, shank and feet in every leg) in the sagittal plane. 
Procedures of kinematic model and dynamic model constructions are presented in this paper. The mathematical 
model for dynamic equations of motion based on the absolute angle is obtained using Lagrange’s equations. 
Then, a dimension transformation of mathematical model into relative angles was performed. New inertia 
matrix of the transformed equations was verified to be symmetric. Periodic cubic spline is used to obtain 
smooth walking trajectories of every joint in the biped model. Computed torque controller was applied in the 
trajectory tracking control of the proposed bipedal robot model. To investigate the performance of motion 
controller, a simulation study was conducted. The simulation results show that the performance of the purposed 
motion controller is superior with very minimal tracking error. In future, the controller will be extended and 
modified with various types of intelligent approaches to give continuous, automatic and online computation of 
required inertia matrix with certain constraint while the system is in motion. 
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1 Introduction 
In this modern time, many research groups are 
actively involved in human bipedal robotics 
research including humanoid robots and 
exoskeletons. These types of robots are required to 
walk naturally to provide a sense of intimacy to 
human being. To achieve this, an accurate model of 
human gait has to be obtained to reflect natural 
human walking trajectories [1]. However, human 
walking pattern is a complex activity. It is hard for 
human’s gait pattern to be directly incorporated into 
the bipedal robot model due to complex bipedal 
structure and excessive many degrees of freedom 
(DOF) in human gait [2]. 

There are 20 or more degrees of freedom (DOF) 
involved in human walking motion [3]. The 
inclusion of these high DOF into the mathematical 
model of human gait pattern could be problematic 
and may greatly restrict the implication of this 
model in the following engineering control tasks. 
Thus, the human model for the gait analysis has to 
be as simple as possible. Many research efforts have 
been devoted into the solution of this complicated 
control mechanism. They simplified the complex 
human biped model into various types of biped 
locomotion model which include two-link [4], three-

link [5], five-link [6] and seven-link gait model  [7]  
that constrained in sagittal plane. 

This research study focused on the development 
of mathematical model for seven-link human 
bipedal model. Then, the mathematical model is 
applied in the MATLAB Simulink to observe the 
performances of the bipedal robot system. 

This paper is structured as follows. Section 2 
shows the kinetic model and dynamic equations of 
motion model for seven-link biped robot system 
using Lagrange’s Equation. Analysis in Section 3 is 
presented the controller involved to observe the 
performances of bipedal robot system. This section 
also shows the simulation parameters setup and 
results from this study. Section 4 will be carried out 
the results and discussion. Finally, the conclusions 
of the study are made and some recommendations 
for future work is mentioned in Section 5. 

 
 

2 Mathematical Modelling of     
Seven-Link Biped Model 

In general, robot manipulators can be defined as a 
mechanical system that consists of links connected 
by joints. The links are numbered sequentially from 
the base (link 0) and up to the end-effector (link ݊) 
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[8]. The joints coincide to the contact points 
between two links. An actuator is usually placed at 
the joint. Therefore, every joint is controlled by an 
actuator independently and the joint movements 
give the relative movement of the links. 

This section shows the kinematic model and 
dynamic equations of motion of the seven-link 
biped model briefly. To obtain the mathematical 
model of the biped system in this study, Lagrange’s 
equations of motion has been used. The procedure 
of the derivation will be shown in this section 
briefly. 
 
 
2.1 Kinematic Model 
The human biped is modeled as the seven serial 
links mechanism in sagittal plane as shown in     
Fig. 1. The seven links consists torso (link 4) and 
three links in each leg which are thigh                
(link 3 and 5), shank (link 2 and 6) and feet        
(link 1 and 7). These links are connected via rotating 
joints which are two hip joints, two knee joints and 
two angle joints. The joints are assumed to be 
frictionless and every of them are driven by an 
independent DC motor. The derivation of 
mathematical model in this study was similar to that 
of S. Tzafestas et al. [3] [6] with the exception that 
this study concentrated more on the seven-link 
biped model instead of the initial simpler five-link 
biped model. 
 

 
Fig. 1: Seven link planar biped model 

 
 
 
 

To simplify the derivation, some assumptions 
have been made for example both left and right 
sides of the biped model are assumed to be 
symmetric; the biped locomotion is constrained to 
the sagittal plane only, and the friction of the ground 
is assumed to be large enough to avoid slippage at 
of the supporting end. 

Walking dynamics usually takes place on the 
sagittal plane [9] which is defined as a plane that 
can be divided body parts into right and left sides 
[10]. The sagittal plane analysis drives the human 
biped gait pattern similar to the human gait pattern. 
 
From Fig 1, the parameters of the biped model are 
shown as follows: 
 
݉௜  : mass of link 
 ௜   : length of linkܮ
     ௜௖ : distance between the center of mass and theܮ

lower joint of link 
 ௜    : moment of Inertiaܫ
 ௜  : angle of link with respect to the horizontal axisߠ

(absolute angle) 
 ௜  : relative angle deflections of the correspondingݍ

joints 
 
ሺݔ௜௖,  ௜௖ሻ are the coordinates of center of mass ofݕ
link ݅ which is shown in (1) based from Fig. 1. 
 
ଵ௖ݔ ൌ െܮଵ௖ܿߠݏ݋ଵ 
ଵ௖ݕ ൌ  ଵߠ݊݅ݏଵ௖ܮ
 
ଶ௖ݔ ൌ െܮଵܿߠݏ݋ଵ ൅ ଵߠ݊݅ݏ݄ ൅  ଶߠݏ݋ଶ௖ܿܮ
ଶ௖ݕ ൌ ଵߠ݊݅ݏଵܮ ൅ ଵߠݏ݋݄ܿ ൅  ଶߠ݊݅ݏଶ௖ܮ
 
ଷ௖ݔ ൌ െܮଵܿߠݏ݋ଵ ൅ ଵߠ݊݅ݏ݄ ൅ ଶߠݏ݋ଶܿܮ ൅  ଷߠݏ݋ଷ௖ܿܮ
ଷ௖ݕ ൌ ଵߠ݊݅ݏଵܮ ൅ ଵߠݏ݋݄ܿ ൅ ଶߠ݊݅ݏଶܮ ൅  ଷߠ݊݅ݏଷ௖ܮ
 
ସ௖ݔ ൌ െܮଵܿߠݏ݋ଵ ൅ ଵߠ݊݅ݏ݄ ൅ ଶߠݏ݋ଶܿܮ ൅ ଷߠݏ݋ଷܿܮ ൅  ସߠݏ݋ସ௖ܿܮ
ସ௖ݕ ൌ ଵߠ݊݅ݏଵܮ ൅ ଵߠݏ݋݄ܿ ൅ ଶߠ݊݅ݏଶܮ ൅ ଷߠ݊݅ݏଷܮ ൅  ସߠ݊݅ݏସ௖ܮ
 
ହ௖ݔ ൌ െܮଵܿߠݏ݋ଵ ൅ ଵߠ݊݅ݏ݄ ൅ ଶߠݏ݋ଶܿܮ ൅  ଷߠݏ݋ଷܿܮ
          ൅ሺܮହ െ  ହߠݏ݋ହ௖ሻܿܮ
ହ௖ݕ ൌ ଵߠ݊݅ݏଵܮ ൅ ଵߠݏ݋݄ܿ ൅ ଶߠ݊݅ݏଶܮ ൅  ଷߠ݊݅ݏଷܮ
          െሺܮହ െ  ହߠ݊݅ݏହ௖ሻܮ
 
଺௖ݔ ൌ െܮଵܿߠݏ݋ଵ ൅ ଵߠ݊݅ݏ݄ ൅ ଶߠݏ݋ଶܿܮ ൅ ଷߠݏ݋ଷܿܮ ൅  ହߠݏ݋ହܿܮ
           ൅ሺܮ଺ െ  ଺ߠݏ݋଺௖ሻܿܮ
଺௖ݕ ൌ ଵߠ݊݅ݏଵܮ ൅ ଵߠݏ݋݄ܿ ൅ ଶߠ݊݅ݏଶܮ ൅ ଷߠ݊݅ݏଷܮ െ  ହߠ݊݅ݏହܮ
          െሺܮ଺ െ  ଺ߠ݊݅ݏ଺௖ሻܮ
 
଻௖ݔ ൌ െܮଵܿߠݏ݋ଵ ൅ ଵߠ݊݅ݏ݄ ൅ ଶߠݏ݋ଶܿܮ ൅ ଷߠݏ݋ଷܿܮ ൅  ହߠݏ݋ହܿܮ
           ൅ܮ଺ܿߠݏ݋଺ ൅ ଻ߠ݊݅ݏ݇ ൅  ଻ߠݏ݋଻௖ܿܮ
଻௖ݕ ൌ ଵߠ݊݅ݏଵܮ ൅ ଵߠݏ݋݄ܿ ൅ ଶߠ݊݅ݏଶܮ ൅ ଷߠ݊݅ݏଷܮ െ  ହߠ݊݅ݏହܮ
          െܮ଺ߠ݊݅ݏ଺ െ ଻ߠݏ݋ܿ݇ ൅  ଻ߠ݊݅ݏ଻௖ܮ
                                                                              (1) 
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2.2 Dynamic Model 
The dynamic equations of a robot manipulator in 
closed form can be acquired by using Lagrange’s 
Equations. It is one of the most common approaches 
used in the computation of robotic dynamic model. 

In the past, Lagrange formulation has been used 
to derive the mathematical model of dynamic 
motion equations for the human biped model. The 
human biped model that can be generated from 
Lagrange’s Equations [2] which are two-link [4], 
three-link [5], five-link [6] and seven-link gait 
model [7]. S. Tzafestas et al. [6] shown the 
calculations of five-link biped model using relative 
angles term. However, up to this date, the derivation 
of mathematical model for a seven-link biped model 
has still not been fully covered. The mathematical 
model as proposed by D. J. Braun et al. was 
considerably crude, and it lacked out of the essential 
information clarity needed in the comprehensive 
study of the biped robot dynamics [7][11]. 

In this study, the biped dynamic model is further 
simplified by considering only the single-leg 
support phase. During the single-leg support phase, 
one of the biped is in contact with the surface 
(support leg) carrying all of the biped weight, whilst 
the other leg which is freely swinging in the mid air 
in the forward walking direction [12] as shown in 
Fig. 1. The Lagrange’s equation of motion can be 
written in the following form: 
 
݀

ݐ݀
ቆ
ܮ݀

ሶߠ݀ ݅
ቇ െ

ܮ݀

݅ߠ݀
ൌ ߬௜ 

                                                                              (2) 
where ܮ ൌ ܭ െ ܲ 
 
 Lagrangian of ݊-DOF robot manipulator : ܮ
 kinetic energy :ܭ
ܲ: potential energy 
 
The procedure of Lagrange’s equations of motion 
formulation can be found in Appendix A and B. 
These equations can be arranged in the general form 
(The full equations can be referred in Appendix C) 
as 
 
ሷߠሻߠሺܦ ൅ ,ߠ൫ܪ ሶ൯ߠ ൅ ሻߠሺܩ ൌ ఏܶ                (3) 
 
where 
ߠ ൌ ሾߠଵ, ,ଶߠ ,ଷߠ ,ସߠ ,ହߠ ,଺ߠ ଻ሿߠ

் 

ఏܶ ൌ ሾ ఏܶଵ, ఏܶଶ, ఏܶଷ, ఏܶସ, ఏܶହ, ఏܶ଺, ఏܶ଻ሿ
் 

,ߠ൫ܪ ሶ൯ߠ ൌ col ቎ ෍ ሺ݄௜௝ሺߠሶ௝ሻ
ଶ

଻

௝ୀଵሺ௝ஷ௜ሻ

቏	

ሻߠሺܩ ൌ colሾܩ௜ሺߠሻሿ 
ሻߠሺܦ ൌ ,݅										ሻ൧ߠ௜௝ሺܦൣ ݆ ൌ 1,… , 7 
 
with 
 
 joint angle vector : ߠ

ఏܶ : generalized torque corresponds to ߠ௜ 
   ሻ   : 7ൈ7 symmetric, positive-definite inertiaߠሺܦ

matrix 
,ߠ൫ܪ  ሶ൯ : 7ൈ1 vector of Coriolis and Centripetalߠ

torques 
 ሻ      : 7ൈ1 vector of gravitational torquesߠሺܩ
 

However, only six of seven DOF can be 
controlled directly by the driving torques at every 
joint. The angle ߠଵ at the contact point with the 
walking surface which is known as hypothetical 
joint 0 is controlled indirectly using the gravitational 
effects [12]. The model in Equation (3) is 
transformed model using the relative angle for the 
control purpose.  

The dynamic motions of the biped model are 
calculated in the terms of relative angles the link for 
the control purpose which is 
 
ሷݍሻݍሺܦ ൅ ,ݍሺܪ ሶݍ ሻ ൅ ሻݍሺܩ ൌ ௤ܶ                (4) 
 
Based on Fig. 1, ݍଵ, ,ଶݍ ,ଷݍ ,ସݍ ,ହݍ  ଻ are theݍ  and	଺ݍ
relative angle deflections of the corresponding joints 
and can be calculated as follows: 
 
଴ݍ ൌ  ଵߠ

ଵݍ ൌ
ߨ

2
െ ଵߠ െ  ଶߠ

ଶݍ ൌ ଷߠ െ  ଶߠ
ଷݍ ൌ ସߠ െ  ଷߠ
ସݍ ൌ ߨ െ ସߠ െ  ହߠ
ହݍ ൌ ଺ߠ െ  ହߠ

଺ݍ ൌ ଺ߠ ൅ ଻ߠ െ
ߨ

2
 

                                           (5) 
where 
߬଴ : driving torque at toes of the supporting leg 
߬ଵ : driving torque at the ankle of the supporting leg 
߬ଶ : driving torque at knee of the supporting leg 
߬ଷ : driving torque at hip of the supporting leg 
߬ସ : driving torque at hip of the free leg 
߬ହ : driving torque at knee of the free leg 
߬଺ : driving torque at ankle of the free leg 
 
The seven-link model is using the ݍ௜ ሺ݅ ൌ 0,1, … ,6ሻ 
instead of ߠ௜ ሺ݅ ൌ 1,2, … ,7ሻ of where corresponds to 
the hypothetical joint 0 at the contact point with 
଴ݍ ൌ  .ଵߠ

WSEAS TRANSACTIONS on SYSTEMS and CONTROL
Nurfarahin Onn, Mohamed Hussein, Collin Howe Hing Tang, 

 Mohd Zarhamdy Md Zain, Maziah Mohamad, Wei Ying Lai

E-ISSN: 2224-2856 162 Volume 10, 2015



The relationship between ߠ and ݍ as follows: 
 

ఏܶ௜ ൌ ෍ ௝߬

ݍ߲
݆

݅ߠ߲
,

଺

௝ୀଵ

																		݅ ൌ 1,2, … ,7 

           			                                 (6) 
which gives 
 
ఏܶ௜ ൌ .ܧ ߬      (7) 

 
where ܧ is a 7ൈ6 matrix and ߬ is a 6ൈ1 matrix.  
 
Therefore, the relation is formed as below: 
 

ఏܶ ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
െ1 0 0 0 0 0
െ1 െ1 0 0 0 0
0 1 െ1 0 0 0
0 0 1 െ1 0 0
0 0 0 െ1 െ1 0
0 0 0 0 1 1
0 0 0 0 0 ے1

ۑ
ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
߬௤ଵ
߬௤ଶ
߬௤ଷ
߬௤ସ
߬௤ହ
߬௤଺ے

ۑ
ۑ
ۑ
ۑ
ې

 

                                                                               (8) 
 
The generalized torques ௤ܶ௜ corresponds to the 
relative angle displacements which are: 
 
௤ܶ଴ ൌ 0 and ௤ܶ௜ ൌ ߬௜                                             (9) 

 
where ߬௜ is the actual driving torques at the joints of 
the model. ௤ܶ଴ ൌ 0 shows that the angle ݍ଴ of the 
hypothetical joint 0 is not directly controlled by a 
driving torque.  
 
The angular displacement of every link can be 
written in terms of ݍ௜ which are: 
 
ଵߠ ൌ  ଴ݍ

ଶߠ ൌ
ߨ

2
െ ଴ݍ െ  ଵݍ

ଷߠ ൌ
ߨ

2
െ ଴ݍ െ ଵݍ ൅  ଶݍ

ସߠ ൌ
ߨ

2
െ ଴ݍ െ ଵݍ ൅ ଶݍ ൅  ଷݍ

ହߠ ൌ
ߨ

2
൅ ଴ݍ ൅ ଵݍ െ ଶݍ െ ଷݍ െ  ସݍ

଺ߠ ൌ
ߨ

2
൅ ଴ݍ ൅ ଵݍ െ ଶݍ െ ଷݍ െ ସݍ ൅  ହݍ

଻ߠ ൌ െݍ଴ െ ଵݍ ൅ ଶݍ ൅ ଷݍ ൅ ସݍ െ ହݍ ൅  ହݍ
                                                                             (10) 
 
From the relationship follows: 

௤ܶ௜ ൌ ෍ ఏܶ௝

݆ݍ߲
݅ݍ߲

଻

௝ୀଵ

	,																݅ ൌ 0,1, … ,6 

                                                                             (11) 

Thus, the generalized torques ௤ܶ௜ can be obtained as 
 
௤ܶ଴ ൌ െ ఏܶଵ ൅ ఏܶଶ ൅ ఏܶଷ ൅ ఏܶସ െ ఏܶହ െ ఏܶ଺ ൅ ఏܶ଻ 

௤ܶଵ ൌ െ ఏܶଶ െ ఏܶଷ െ ఏܶସ ൅ ఏܶହ ൅ ఏܶ଺ െ ఏܶ଻ 

௤ܶଶ ൌ ఏܶଷ ൅ ఏܶସ െ ఏܶହ െ ఏܶ଺ ൅ ఏܶ଻ 

௤ܶଷ ൌ ఏܶସ െ ఏܶହ െ ఏܶ଺ ൅ ఏܶ଻ 

௤ܶସ ൌ െ ఏܶହ െ ఏܶ଺ ൅ ఏܶ଻ 

௤ܶହ ൌ ఏܶ଺ െ ఏܶ଻ 

௤ܶ଺ ൌ ఏܶ଻                                                             (12) 
 
Using the relationship in Equation (9), (10) and 
(12), the equations of motion are transformed into 
the following forms which are: 
 
ሷ1ߠ11ܣ ൅ ሷ2ߠܣ ൅ ሷ3ߠ13ܣ ൅ ሷ4ߠ14ܣ ൅ ሷ5ߠ15ܣ ൅ ሷ6ߠ16ܣ ൅ ሷ7ߠ17ܣ ൅ܪ௤0 ൅ ௤0ܩ ൌ ௤ܶ0 ൌ 0 
 
where 1ܣ௝ ൌ െ1ܦ௝ ൅ 2௝ܦ ൅ 3௝ܦ ൅ 4௝ܦ െ 5௝ܦ െ 6௝ܦ ൅ ݆			,7௝ܦ ൌ 1,2,3,4,5,6,7	
௤0ܪ  ൌ െ1ܪ ൅2ܪ ൅3ܪ ൅4ܪ െ5ܪ െ6ܪ ൅7ܪ 

௤0ܩ ൌ െ1ܩ ൅ 2ܩ ൅ 3ܩ ൅ 4ܩ െ 5ܩ െ 6ܩ ൅  7ܩ

 
ሷ1ߠ21ܣ ൅ ሷ2ߠ22ܣ ൅ ሷ3ߠ23ܣ ൅ ሷ4ߠ24ܣ ൅ ሷ5ߠ25ܣ ൅ ሷ6ߠ26ܣ ൅ ሷ7ߠ27ܣ ൅ܪ௤1 ൅ ௤1ܩ ൌ ௤ܶ1 
 
where 2ܣ௝ ൌ െ2ܦ௝ െ 3௝ܦ െ 4௝ܦ ൅ 5௝ܦ ൅ 6௝ܦ െ ݆					,7௝ܦ ൌ 1,2,3,4,5,6,7 

௤1ܪ ൌ െ2ܪ െ3ܪ െ4ܪ ൅5ܪ ൅6ܪ െ  7ܪ
௤1ܩ ൌ െ2ܩ െ 3ܩ െ 4ܩ ൅ 5ܩ ൅ 6ܩ െ  7ܩ

 
ሷ1ߠ31ܣ ൅ ሷ2ߠ32ܣ ൅ ሷ3ߠ33ܣ ൅ ሷ4ߠ34ܣ ൅ ሷ5ߠ35ܣ ൅ ሷ6ߠ36ܣ ൅ ሷ7ߠ37ܣ ൅ܪ௤2 ൅ ௤2ܩ ൌ ௤ܶ2 
 
where	 3௝ܣ ൌ 3௝ܦ ൅ 4௝ܦ െ 5௝ܦ െ 6௝ܦ ൅ ݆					,7௝ܦ ൌ 1,2,3,4,5,6,7	
௤2ܪ  ൌ 3ܪ ൅4ܪ െ5ܪ െ6ܪ ൅7ܪ 
௤2ܩ  ൌ 3ܩ ൅ 4ܩ െ 5ܩ െ 6ܩ ൅  7ܩ

 
ሷ1ߠ41ܣ ൅ ሷ2ߠ42ܣ ൅ ሷ3ߠ43ܣ ൅ ሷ4ߠ44ܣ ൅ ሷ5ߠ45ܣ ൅ ሷ6ߠ46ܣ ൅ ሷ7ߠ47ܣ ൅ܪ௤3 ൅ ௤3ܩ ൌ ௤ܶ3 
 
where	 4௝ܣ ൌ 4௝ܦ െ 5௝ܦ െ 6௝ܦ ൅ ݆					,7௝ܦ ൌ 1,2,3,4,5,6,7 
௤3ܪ  ൌ 4ܪ െ5ܪ െ6ܪ ൅7ܪ 
௤3ܩ  ൌ 4ܩ െ 5ܩ െ 6ܩ ൅  7ܩ

 
ሷ1ߠ51ܣ ൅ ሷ2ߠ52ܣ ൅ ሷ3ߠ53ܣ ൅ ሷ4ߠ54ܣ ൅ ሷ5ߠ55ܣ ൅ ሷ6ߠ56ܣ ൅ ሷ7ߠ57ܣ ൅ܪ௤4 ൅ ௤4ܩ ൌ ௤ܶ4 
 
where	 5௝ܣ ൌ െ5ܦ௝ െ 6௝ܦ ൅ ݆					,7௝ܦ ൌ 1,2,3,4,5,6,7	

௤4ܪ ൌ െ5ܪ െ6ܪ ൅7ܪ	
௤4ܩ ൌ െ5ܩ െ 6ܩ ൅  7ܩ

 
ሷ1ߠ61ܣ ൅ ሷ2ߠ62ܣ ൅ ሷ3ߠ63ܣ ൅ ሷ4ߠ64ܣ ൅ ሷ5ߠ65ܣ ൅ ሷ6ߠ66ܣ ൅ ሷ7ߠ67ܣ ൅ܪ௤5 ൅ ௤5ܩ ൌ ௤ܶ5 
 
where 6ܣ௝ ൌ 6௝ܦ െ ݆					,7௝ܦ ൌ 1,2,3,4,5,6,7 

௤5ܪ ൌ 6ܪ െ7ܪ 
௤5ܩ ൌ 6ܩ െ  7ܩ

 
ሷ1ߠ71ܣ ൅ ሷ2ߠ72ܣ ൅ ሷ3ߠ73ܣ ൅ ሷ4ߠ74ܣ ൅ ሷ5ߠ75ܣ ൅ ሷ6ߠ76ܣ ൅ ሷ7ߠ77ܣ ൅ܪ௤6 ൅ ௤6ܩ ൌ ௤ܶ6 
 
where 7ܣ௝ ൌ ݆					,7௝ܦ ൌ 1,2,3,4,5,6,7 

௤6ܪ ൌ  7ܪ
௤଺ܩ ൌ       ଻ܩ

                       (13) 
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The equation of motion is further modified and 
transformed into the equation using the relative 
angle (The full equations can be found in Appendix 
D) which is 

 
ሷݍሻݍ௤ሺܦ ൅ ,ݍ௤ሺܪ ሶݍ ሻ ൅ ሻݍ௤ሺܩ ൌ ௤ܶ             (14) 
 
where 
 
,௤ሺ݆ܦ 1ሻ ൌ െܣ௝ଵ ൅ ௝ଶܣ ൅ ௝ଷܣ ൅ ௝ସܣ െ ௝ହܣ െ ௝଺ܣ ൅  ௝଻ܣ
,௤ሺ݆ܦ 2ሻ ൌ െܣ௝ଶ െ ௝ଷܣ െ ௝ସܣ ൅ ௝ହܣ ൅ ௝଺ܣ െ  ௝଻ܣ
,௤ሺ݆ܦ 3ሻ ൌ ௝ଷܣ ൅ ௝ସܣ െ ௝ହܣ െ ௝଺ܣ ൅  ௝଻ܣ
,௤ሺ݆ܦ 4ሻ ൌ ௝ସܣ െ ௝ହܣ െ ௝଺ܣ ൅  ௝଻ܣ
,௤ሺ݆ܦ 5ሻ ൌ െܣ௝ହ െ ௝଺ܣ ൅  ௝଻ܣ
,௤ሺ݆ܦ 6ሻ ൌ ௝଺ܣ െ  ௝଻ܣ
,௤ሺ݆ܦ 7ሻ ൌ ݆ ௝଻       withܣ ൌ 1,2,3,4,5,6, 7 
 

,ݍ௤ሺܪ ሶݍ ሻ ൌ ,௤଴ܪൣ ,௤ଵܪ ,௤ଶܪ ,௤ଷܪ ,௤ସܪ ,௤ହܪ ௤଺൧ܪ
்
 

ሻݍ௤ሺܩ ൌ ,௤଴ܩൣ ,௤ଵܩ ,௤ଶܩ ,௤ଷܩ ,௤ସܩ ,௤ହܩ ௤଺൧ܩ
்
 

௤ܶ ൌ ൣ ௤ܶ଴, ௤ܶଵ, ௤ܶଶ, ௤ܶଷ, ௤ܶସ, ௤ܶହ, ௤ܶ଺൧
்

 

 
 ሻ is 7ൈ7 symmetric, positive definite inertiaݍ௤ሺܦ

matrix, ܪ௤ሺݍ, ሶݍ ሻ is the 7ൈ1 vector of centripetal and 
Coriolis torques, ܩ௤ሺݍሻ is the 7ൈ 1 vector of 
gravitational torques and ௤ܶ is the vector of control 
torques applied at each joint. This mathematical 
model of human biped will be carried out using 
relative angles in term of absolute angles ߠ௜ 
(i=1,2,3,4,5,6,7). To verify the new inertia matrix 
 ሻ from the obtained transformed human bipedݍ௤ሺܦ
model, this matrix is symmetric.  
 
 

3 Analysis 
The performance of the proposed seven-link bipedal 
robot model with computed torque motion control 
scheme was investigated and verified in this study 
through simulation analysis. All simulation studies 
were performed using computation platform by 
Simulink®, MATLAB®. The following sections 
will be provide detailed descriptions on computed 
torque control scheme, trajectory planning, and the 
simulation setup. 
 
 
3.1 Computed Torque Control 
In this study, a computed torque control scheme 
with additional proportional-derivative (PD) control 
is used in trajectory tracking of the proposed biped 
model. Based on Fig. 2, the generalised computed 
torque equation is: 
 
௤ܶ ൌ ݑሻݍ௤ሺܦ ൅ ,ݍ௤ሺܪ ሶݍ ሻ ൅  ሻ                      (15)ݍ௤ሺܩ

 
Fig. 2: PD-based computed torque control scheme 
[8] 
 
The trajectory error, ݁ is: 
 
݁ ൌ ݍ െ  ௥                                                           (16)ݍ
 
where 
 
 actual joint trajectory : ݍ
 ௥ : reference joint trajectoryݍ
 
The control law based from PD control law is: 
 
ݑ ൌ ሷ௥ݍ ൅ ஽ܭ ሶ݁ ൅  ௉݁                                           (17)ܭ
 
where 
 
஽ܭ ൌ ݀݅ܽ݃ሾ݇஽௜ሿ 
௉ܭ ൌ ݀݅ܽ݃ሾ݇௉௜ሿ 
 computed angular acceleration control signal :ݑ
 
In order to attain the critical damped closed loop 
performance, the value of ܭ஽ and ܭ௉ are: 
 
஽ܭ ൌ ݀݅ܽ݃ሾ2ߣሿ 
௉ܭ ൌ ݀݅ܽ݃ሾߣଶሿ 
 
where ߣ is the desired natural frequency of the 
closed-loop system 
 
Due to the existence of leg contact with ground, the 
component ݑ଴	 cannot be computed with Equation 
(18) because it is chosen that ௤ܶሺ1ሻ ൌ 0, and the 
biped model has pre-determined non-controllable 
joint ݍ଴. Therefore, ݑ଴ and ݑ௜ାଵ can be computed as 
follows: 
 

଴ݑ ൌ െ
1

௤ሺ1,1ሻܦ
∙ ቐ෍ሾܦ௤ሺ1, ݆ ൅ 1ሻ ∙ ௝ାଵሿݑ

଺

௝ୀଵ

൅ ௤ሺ1ሻܪ ൅  ௤ሺ1ሻቑܩ

                                                                                                          (18) 
௜ାଵݑ ൌ ሷ௥௜ݍ ൅ ஽௜ܭ ሶ݁௜ ൅  ௉௜݁௜               (19)ܭ
 
where ݅ ൌ 0,1,2,3,4,5 
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3.2 Trajectory Planning 
The trajectory of revolute joints is divided into 100 
segments throughout one gait cycle. There are many 
approaches that have been used in the interpolation 
and approximation in the trajectory planning. A 
good approach for linking the segments is required. 

The gait cycle has to be continuous and 
periodically linked together in order to achieve a 
normal continuous motion. Therefore, Equation (20) 
generates the reference trajectory for link ݇ [13]: 
 
ሻݐ௞ሺߠ ൌ ܽ௜ ൅ ܾ௜ሺݐ െ ௞ሻݐ ൅ ܿ௜ሺݐ െ ௞ሻݐ

ଶ ൅ ݀௜ሺݐ െ ௞ሻݐ
ଷ     (20) 

 
Human walking motion is in periodic function. 

Thus, a periodic cubic spline function can give the 
smoothness of velocity and acceleration of the biped 
model. The periodic boundary conditions have to be 
followed so that the trajectory will be continuous 
periodically. The boundary conditions are: 
 
଴ߠ ൌ  ௡                   (21)ߠ
ሶ଴ߠ ൌ  ሶ௡                (22)ߠ
ሷ଴ߠ ൌ  ሷ௡                (23)ߠ
 
From Equation (22), the coefficients of cubic spline 
are computed as follows: 
 
ܽ௜ ൌ  ௜                                                                 (24)ߠ
 
ܿ ൌ  (25)                                                             ݖଵିܣ
 
where 
 
ܣ

ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
2ሺ݄௡ିଵ ൅ ݄଴ሻ ݄଴ 0 ⋯ 0 ݄௡ିଵ

݄଴ 2ሺ݄଴ ൅ ݄ଵሻ ݄ଵ 0 ⋮ 0

0 ݄ଵ 2ሺ݄ଵ ൅ ݄ଶሻ ݄ଶ 0 ⋮
⋮ 0 ⋱ ⋱ ⋱ 0
0 ⋮ ⋱ ⋱ 2ሺ݄௡ିଷ ൅ ݄௡ିଶሻ ݄௡ିଶ

݄௡ିଵ 0 ⋯ 0 ݄௡ିଶ 2ሺ݄௡ିଶ ൅ ݄௡ିଵሻے
ۑ
ۑ
ۑ
ۑ
ې

 

 

ܿ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
ܿ଴
ܿଵ
ܿଶ
⋮

ܿ௡ିଶ
ܿ௡ିଵے

ۑ
ۑ
ۑ
ۑ
ې

 

ݖ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
଴ݖ
ଵݖ
ଶݖ
⋮

௡ିଶݖ
ے௡ିଵݖ

ۑ
ۑ
ۑ
ۑ
ې

 

 
with ݄௜ ൌ ௜ାଵݐ െ  ௜ݐ
 

and ݖ௜ାଵ ൌ 3 ቂ
ఏ೔శమିఏ೔శభ

௛೔శభ
െ

ఏ೔శభିఏ೔

௛೔
ቃ 

Then, the value ܿ௜ is substituted into Equation (26) 
and Equation (27) to obtained the value of ܾ௜ and ݀௜. 
 

ܾ௜ ൌ
௜ାଵߠ െ ௜ߠ

݄௜
െ
ሺ2ܿ௜ ൅ ܿ௜ାଵሻ݄௜

3
 

                                                                            (26) 
 

݀௜ ൌ
ܿ௜ାଵ െ ܿ௜
3݄௜

 

                                                                           (27) 
 
Finally, all the values of ܽ௜, ܾ௜, ܿ௜ and ݀௜ are 
substituted back into Equation (22) to obtain smooth 
walking trajectories of the joints. Fig. 3 shows the 
walking trajectories of every joint for biped robot 
model which are carried out by J. Perry and J. M. 
Burnfield [14]. 

 

 
Fig. 3: Walking trajectories of every joint 

 
 
3.3 Simulation Parameters Setup 
The parameters of the biped robot model used in 
this study are shown in Table 1: 
 
Table 1: Parameters of human biped model [15][16] 

Link 
Link 

Number 
Mass, m (kg) 

Length, 
L (m) 

Loccation 
of Centre 
of Mass, 
Lc (m) 

Moment 
of 

Inertia, I 
(kgm2) 

Torso 4 0.678M=44.07 0.75 0.375 0.990776 
Thigh 3,5 0.1M=6.5 0.52 0.260 0.138952 
Shank 2,6 0.046M=3.0225 0.37 0.185 0.065435 

Foot 
1 

0.0145M=0.9425 
0.27 
with 

k,h=0.07 

0.180 
0.008774 
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The sampling time in this study is 0.001s. 
Through Heuristic Method, the ߣ was found to be 
28rad/s. Therefore the controller gains for PD 
controller are: 
 
݇௉=784/s2 
݇஽=56/s 
 
 

4 Results and Discussion 
This section will be presenting the results and 
discussion of this study. Fig. 4 until Fig. 9 show the 
tracking errors for each joints of the bipedal system. 
These results show that the system performs very 
well with considerably low trajectory tracking error. 
Therefore, the system is considerably stable and 
controllable. 

 
Fig. 4: Tracking error of joint 1 

 
Fig. 5: Tracking error of joint 2 

 
Fig. 6: Tracking error of joint 3 

 
Fig. 7: Tracking error of joint 4 

 
Fig. 8: Tracking error of joint 5 

 
Fig. 9: Tracking error of joint 6 

 
Table 2 summarizes the averaged tracking errors 

of each joints achieved in the bipedal robot model 
using PD-based computed torque control. 
 
Table 2: Averaged tracking error of every joint 
obtained using computed torque control 

Joint 
Averaged Tracking 

Error (deg) 
1 0.0261 
2 0.0377 
3 0.0190 
4 0.0295 
5 0.0347 
6 0.0219 
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5 Conclusion 
This paper presents a complete mathematical 
derivation workout for a generalized seven-link 
biped robot model walking on a flat horizontal 
surface. The equations of motion for the single 
support phase were constructed by using the biped 
model with one support leg is in contact with the 
surface carrying all of the biped weight, while the 
other leg which is freely swinging in the mid air in 
the forward walking direction. These equations were 
also developed using Lagrange’s Equations using 
relative angles. The symmetrical matrix of new 
inertia matrix ܦ௤ሺݍሻ shows that the obtained 
transformed human biped model is verified. 

Trajectory planning is conducted by using 
periodic cubic spline to get smooth walking 
trajectories of every joint in the human biped model. 
Simulation study is done to explore the motion 
control performances of the seven-link biped robot 
using the obtained mathematical model using 
Simulink®, MATLAB® is successful in tracking 
the reference trajectories by giving small error value 
of every joint in the human bipedal model. For the 
future time, the controller of the human biped model 
will be extended and modified with different types 
of intelligent techniques to provide continuous, 
automatic and online computation of required inertia 
matrix under constraint while the system is in 
motion. 
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APPENDIX A 
 
A. Kinetic Energy 
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APPENDIX B 
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                               ൅ߠሶହ
ଶሾെ݉଻ܮହ݇ ହߠሺݏ݋ܿ െ ଻ሻߠ ൅ ݉଻ܮହܮ଻௖ ହߠሺ݊݅ݏ ൅  ଻ሻሿߠ

                               ൅ߠሶ଺
ଶሾെ݉଻ܮ଺݇ ଺ߠሺݏ݋ܿ ൅ ଻ሻߠ ൅ ݉଻ܮ଺ܮ଻௖ ଺ߠሺ݊݅ݏ ൅  ଻ሻሿߠ

                               ൅݃ܿߠݏ݋଻ሾ݉଻ܮ଻௖ሿ ൅  ଻ሾ݉଻݇ሿߠ݊݅ݏ݃
 

APPENDIX C 
 
ଵଵܦ ൌ ݉ଵܮଵ௖

ଶ ൅ ଵܫ ൅ ݉ଶܮଵ
ଶ ൅ ݉ଶ݄

ଶ ൅ ݉ଷܮଵ
ଶ ൅ ݉ଷ݄

ଶ ൅ ݉ସܮଵ
ଶ ൅ ݉ସ݄

ଶ ൅ ݉ହܮଵ
ଶ  

           ൅݉ହ݄
ଶ ൅ ݉଺ܮଵ

ଶ ൅ ݉଺݄
ଶ ൅ ݉଻ܮଵ

ଶ ൅ ݉଻݄
ଶ 

ଵଶܦ ൌ ൬
݉ଶܮଵܮଶ௖ ൅ ݉ଷܮଵܮଶ ൅ ݉ସܮଵܮଶ
൅݉ହܮଵܮଶ ൅ ݉଺ܮଵܮଶ ൅ ݉଻ܮଵܮଶ

൰ ଵߠሺݏ݋ܿ ൅  ଶሻߠ

           ൅൬
െ݉ଶ݄ܮଶ௖ െ ݉ଷ݄ܮଶ െ ݉ସ݄ܮଶ
െ݉ହ݄ܮଶ െ ݉଺݄ܮଶ െ ݉଻݄ܮଶ

൰ ଵߠሺ݊݅ݏ ൅  ଶሻߠ

ଵଷܦ ൌ ሺ݉ଷܮଵܮଷ௖ ൅ ݉ସܮଵܮଷ ൅ ݉ହܮଵܮଷ ൅ ݉଺ܮଵܮଷ ൅ ݉଻ܮଵܮଷሻ ଵߠሺݏ݋ܿ ൅  ଷሻߠ
            ൅ሺെ݉ଷ݄ܮଷ௖ െ ݉ସ݄ܮଷ െ ݉ହ݄ܮଷ െ ݉଺݄ܮଷ െ ݉଻݄ܮଷሻ ଵߠሺ݊݅ݏ ൅  ଷሻߠ
ଵସܦ ൌ ݉ସܮଵܮସ௖ ଵߠሺݏ݋ܿ ൅ ସሻߠ െ ݉ସ݄ܮସ௖ ଵߠሺ݊݅ݏ ൅  ସሻߠ
ଵହܦ ൌ ሺെ݉ହܮଵܮହ ൅ ݉ହܮଵܮହ௖ െ ݉଺ܮଵܮହ െ ݉଻ܮଵܮହሻ ଵߠሺݏ݋ܿ െ  ହሻߠ
             ൅ሺ݉ହ݄ܮହ െ ݉ହ݄ܮହ௖ ൅ ݉଺݄ܮହ ൅ ݉଻݄ܮହሻ݊݅ݏ	ሺߠଵ െ  ହሻߠ
ଵ଺ܦ ൌ ሺെ݉଺ܮଵܮ଺ ൅ ݉଺ܮଵܮ଺௖ െ ݉଻ܮଵܮ଺ሻ ଵߠሺݏ݋ܿ െ  ଺ሻߠ
            ൅ሺ݉଺݄ܮ଺ െ ݉଺݄ܮ଺௖ ൅ ݉଻݄ܮ଺ሻ݊݅ݏ	ሺߠଵ െ  ଺ሻߠ
ଵ଻ܦ ൌ ሺ݉଻ܮଵ݇ െ݉଻݄ܮ଻௖ሻ ଵߠሺ݊݅ݏ ൅ ଻ሻߠ ൅ ሺ݉଻ܮଵܮ଻௖ ൅ ݉଻݄݇ሻܿݏ݋	ሺߠଵ ൅  ଻ሻߠ

 
ଶଵܦ ൌ  ଵଶܦ
ଶଶܦ ൌ ݉ଶܮଶ௖

ଶ ൅ ଶܫ ൅ ݉ଷܮଶ
ଶ ൅ ݉ସܮଶ

ଶ ൅ ݉ହܮଶ
ଶ ൅ ݉଺ܮଶ

ଶ ൅ ݉଻ܮଶ
ଶ  

ଶଷܦ ൌ ሺ݉ଷܮଶܮଷ௖ ൅ ݉ସܮଶܮଷ ൅ ݉ହܮଶܮଷ ൅ ݉଺ܮଶܮଷ ൅ ݉଻ܮଶܮଷሻܿݏ݋	ሺߠଶ െ  ଷሻߠ
ଶସܦ ൌ ݉ସܮଶܮସ௖ ଶߠሺݏ݋ܿ െ  ସሻߠ
ଶହܦ ൌ ሺെ݉ହܮଶܮହ ൅ ݉ହܮଶܮହ௖ െ ݉଺ܮଶܮହ െ ݉଻ܮଶܮହሻ ଶߠሺݏ݋ܿ ൅  ହሻߠ
ଶ଺ܦ ൌ ሺെ݉଺ܮଶܮ଺ ൅ ݉଺ܮଶܮ଺௖ െ ݉଻ܮଶܮ଺ሻܿݏ݋	ሺߠଶ ൅  ଺ሻߠ
ଶ଻ܦ ൌ െ݉଻ܮଶ݇݊݅ݏሺߠଶ െ ଻ሻߠ ൅ ݉଻ܮଶܮ଻௖ܿݏ݋	ሺߠଶ െ  ଻ሻߠ
 
ଷଵܦ ൌ  ଵଷܦ
ଷଶܦ ൌ  ଶଷܦ
ଷଷܦ ൌ ݉ଷܮଷ௖

ଶ ൅ ଷܫ ൅ ݉ସܮଷ
ଶ ൅ ݉ହܮଷ

ଶ ൅ ݉଺ܮଷ
ଶ ൅ ݉଻ܮଷ

ଶ  
ଷସܦ ൌ ݉ସܮଷܮସ௖ ଷߠሺݏ݋ܿ െ  ସሻߠ
ଷହܦ ൌ ሺെ݉ହܮଷܮହ ൅ ݉ହܮଷܮହ௖ െ ݉଺ܮଷܮହ െ ݉଻ܮଷܮହሻ ଷߠሺݏ݋ܿ ൅  ହሻߠ
ଷ଺ܦ ൌ ሺെ݉଺ܮଷܮ଺ ൅ ݉଺ܮଷܮ଺௖ െ ݉଻ܮଷܮ଺ሻ ଷߠሺݏ݋ܿ ൅  ଺ሻߠ
ଷ଻ܦ ൌ െ݉଻ܮଷ݇݊݅ݏሺߠଷ െ ଻ሻߠ ൅ ݉଻ܮଷܮ଻௖ ଷߠሺݏ݋ܿ െ  ଻ሻߠ
 
ସଵܦ ൌ  ଵସܦ
ସଶܦ ൌ  ଶସܦ
ସଷܦ ൌ  ଷସܦ
ସସܦ ൌ ݉ସܮସ௖

ଶ ൅  ସܫ
ସହܦ ൌ 0 
ସ଺ܦ ൌ 0 
ସ଻ܦ ൌ 0 
 
ହଵܦ ൌ  ଵହܦ
ହଶܦ ൌ  ଶହܦ
ହଷܦ ൌ  ଷହܦ
ହସܦ ൌ  ସହܦ
ହହܦ ൌ ݉ହܮହ

ଶ ൅ ݉ହܮହ௖
ଶ െ 2݉ହܮହܮହ௖ ൅ ହܫ ൅ ݉଺ܮହ

ଶ ൅ ݉଻ܮହ
ଶ 	 

ହ଺ܦ ൌ ሺ݉଺ܮହܮ଺ െ ݉଺ܮ଺ܮ଺௖ ൅ ݉଻ܮହܮ଺ሻܿݏ݋	ሺߠହ െ  ଺ሻߠ
ହ଻ܦ ൌ െ݉଻ܮହ݇ ହߠሺ݊݅ݏ ൅ ଻ሻߠ െ ݉଻ܮହܮ଻௖ܿݏ݋	ሺߠହ ൅  ଻ሻߠ
 
଺ଵܦ ൌ  ଵ଺ܦ
଺ଶܦ ൌ  ଶ଺ܦ
଺ଷܦ ൌ  ଷ଺ܦ
଺ସܦ ൌ  ସ଺ܦ
଺ହܦ ൌ  ହ଺ܦ
଺଺ܦ ൌ ݉଺ܮ଺

ଶ ൅ ݉ଶܮ଺௖
ଶ െ 2݉଺ܮ଺ܮ଺௖ ൅ ଺ܫ ൅ ݉଻ܮ଺

ଶ  
଺଻ܦ ൌ െ݉଻ܮ଺݇݊݅ݏሺߠ଺ ൅ ଻ሻߠ െ ݉଻ܮ଺ܮ଻௖ ଺ߠሺݏ݋ܿ ൅  ଻ሻߠ
 
଻ଵܦ ൌ  ଵ଻ܦ
଻ଶܦ ൌ  ଶ଻ܦ
଻ଷܦ ൌ  ଷ଻ܦ
଻ସܦ ൌ  ସ଻ܦ
଻ହܦ ൌ  ହ଻ܦ
଻଺ܦ ൌ  ଺଻ܦ
଻଻ܦ ൌ ݉଻݇

ଶ ൅ ݉଻ܮ଻௖
ଶ ൅  ଻ܫ

 
 

APPENDIX D 
 
A. Inertia Matrix 
 
௤ሺ1,1ሻܦ ൌ ଵଵܦ െ ଵଶܦ2 െ ଵଷܦ2 െ ଵସܦ2 ൅ ଵହܦ2 ൅ ଵ଺ܦ2 െ ଵ଻ܦ2 ൅ ଶଶܦ ൅ 	ଶଷܦ2
                 ൅2ܦଶସ െ ଶହܦ2 െ ଶ଺ܦ2 ൅ ଶ଻ܦ2 ൅ ଷଷܦ ൅ ଷସܦ2 െ ଷହܦ2 െ ଷ଺ܦ2 ൅ 	ଷ଻ܦ2
                 ൅ܦସସ െ ସହܦ2 െ ସ଺ܦ2 ൅ ସ଻ܦ2 ൅ ହହܦ ൅ ହ଺ܦ2 െ ହ଻ܦ2 ൅ ଺଺ܦ െ  ଺଻ܦ2
                 ൅ܦ଻଻ 
௤ሺ1,2ሻܦ ൌ ଵଶܦ ൅ ଵଷܦ ൅ ଵସܦ െ ଵହܦ െ ଵ଺ܦ ൅ ଵ଻ܦ െ ଶଶܦ െ ଶଷܦ2 െ ଶସܦ2 ൅ 	ଶହܦ2
                  ൅2ܦଶ଺ െ ଶ଻ܦ2 െ ଷଷܦ െ ଷସܦ2 ൅ ଷହܦ2 ൅ ଷ଺ܦ2 െ ଷ଻ܦ2 െ ସସܦ ൅ 	ସହܦ2
                  ൅2ܦସ଺ െ ସ଻ܦ2 െ ହହܦ െ ହ଺ܦ2 ൅ ହ଻ܦ2 െ ଺଺ܦ ൅ ଺଻ܦ2 െ  ଻଻ܦ
௤ሺ1,3ሻܦ ൌ െܦଵଷ െ ଵସܦ ൅ ଵହܦ ൅ ଵ଺ܦ െ ଵ଻ܦ ൅ ଶଷܦ ൅ ଶସܦ െ ଶହܦ െ ଶ଺ܦ ൅ 	ଶ଻ܦ
                  ൅ܦଷଷ ൅ ଷସܦ2 െ ଷହܦ2 െ ଷ଺ܦ2 ൅ ଷ଻ܦ2 ൅ ସସܦ െ ସହܦ2 െ ସ଺ܦ2 ൅ 	ସ଻ܦ2
                  ൅ܦହହ ൅ ହ଺ܦ2 െ ହ଻ܦ2 ൅ ଺଺ܦ െ ଺଻ܦ2 ൅  ଻଻ܦ
௤ሺ1,4ሻܦ ൌ െܦଵସ ൅ ଵହܦ ൅ ଵ଺ܦ െ ଵ଻ܦ ൅ ଶସܦ െ ଶହܦ െ ଶ଺ܦ ൅ ଶ଻ܦ ൅ ଷସܦ െ  ଷହܦ
                  െܦଷ଺ ൅ ଷ଻ܦ ൅ ସସܦ െ ସହܦ2 െ ସ଺ܦ2 ൅ ସ଻ܦ2 ൅ ହହܦ ൅ ହ଺ܦ2 െ  ହ଻ܦ2
                  ൅ܦ଺଺ െ ଺଻ܦ2 ൅  ଻଻ܦ
௤ሺ1,5ሻܦ ൌ ଵହܦ ൅ ଵ଺ܦ െ ଵ଻ܦ െ ଶହܦ െ ଶ଺ܦ ൅ ଶ଻ܦ െ ଷହܦ െ ଷ଺ܦ ൅ ଷ଻ܦ െ ସହܦ െ 	ସ଺ܦ
                 ൅ܦସ଻ ൅ ହହܦ ൅ ହ଺ܦ2 െ ହ଻ܦ2 ൅ ଺଺ܦ െ ଺଻ܦ2 ൅  ଻଻ܦ
௤ሺ1,6ሻܦ ൌ െܦଵ଺ ൅ ଵ଻ܦ ൅ ଶ଺ܦ െ ଶ଻ܦ ൅ ଷ଺ܦ െ ଷ଻ܦ ൅ ସ଺ܦ െ ସ଻ܦ െ ହ଺ܦ ൅  ହ଻ܦ
                  െܦ଺଺ ൅ ଺଻ܦ2 െ  ଻଻ܦ
௤ሺ1,7ሻܦ ൌ െܦଵ଻ ൅ ଶ଻ܦ ൅ ଷ଻ܦ ൅ ସ଻ܦ െ ହ଻ܦ െ ଺଻ܦ ൅  ଻଻ܦ
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௤ሺ2,1ሻܦ ൌ  ௤ሺ1,2ሻܦ
௤ሺ2,2ሻܦ ൌ ଶଶܦ ൅ ଶଷܦ2 ൅ ଶସܦ2 െ ଶହܦ2 െ ଶ଺ܦ2 ൅ ଶ଻ܦ2 ൅ ଷଷܦ ൅ ଷସܦ2 െ  ଷହܦ2
                  െ2ܦଷ଺ ൅ ଷ଻ܦ2 ൅ ସସܦ െ ସହܦ2 െ ସ଺ܦ2 ൅ ସ଻ܦ2 ൅ ହହܦ ൅ ହ଺ܦ2 െ  ହ଻ܦ2
                  ൅ܦ଺଺ െ ଺଻ܦ2 ൅  ଻଻ܦ
௤ሺ2,3ሻܦ ൌ െܦଶଷ െ ଶସܦ ൅ ଶହܦ ൅ ଶ଺ܦ െ ଶ଻ܦ െ ଷଷܦ െ ଷସܦ2 ൅ ଷହܦ2 ൅  ଷ଺ܦ2
                  െ2ܦଷ଻ െ ସସܦ ൅ ସହܦ2 ൅ ସ଺ܦ2 െ ସ଻ܦ2 െ ହହܦ െ ହ଺ܦ2 ൅ ହ଻ܦ2 െ  ଺଺ܦ
                  ൅2ܦ଺଻ െ  ଻଻ܦ
௤ሺ2,4ሻܦ ൌ െܦଶସ ൅ ଶହܦ ൅ ଶ଺ܦ െ ଶ଻ܦ െ ଷସܦ ൅ ଷହܦ ൅ ଷ଺ܦ െ ଷ଻ܦ െ ସସܦ ൅  ସହܦ2
                  ൅2ܦସ଺ െ ସ଻ܦ2 െ ହହܦ െ ହ଺ܦ2 ൅ ହ଻ܦ2 െ ଺଺ܦ ൅ ଺଻ܦ2 െ  ଻଻ܦ
௤ሺ2,5ሻܦ ൌ ଶହܦ ൅ ଶ଺ܦ െ ଶ଻ܦ ൅ ଷହܦ ൅ ଷ଺ܦ െ ଷ଻ܦ ൅ ସହܦ ൅ ସ଺ܦ െ ସ଻ܦ െ  ହହܦ
                 െ2ܦହ଺ ൅ ହ଻ܦ2 െ ଺଺ܦ ൅ ଺଻ܦ2 െ  ଻଻ܦ
௤ሺ2,6ሻܦ ൌ െܦଶ଺ ൅ ଶ଻ܦ െ ଷ଺ܦ ൅ ଷ଻ܦ െ ସ଺ܦ ൅ ସ଻ܦ ൅ ହ଺ܦ െ ହ଻ܦ ൅ ଺଺ܦ െ  ଺଻ܦ2
                 ൅ܦ଻଻ 
௤ሺ2,7ሻܦ ൌ െܦଶ଻ െ ଷ଻ܦ െ ସ଻ܦ ൅ ହ଻ܦ ൅ ଺଻ܦ െ  ଻଻ܦ
 
௤ሺ3,1ሻܦ ൌ  ௤ሺ1,3ሻܦ
௤ሺ3,2ሻܦ ൌ  ௤ሺ2,3ሻܦ
௤ሺ3,3ሻܦ ൌ ଷଷܦ ൅ ଷସܦ2 െ ଷହܦ2 െ ଷ଺ܦ2 ൅ ଷ଻ܦ2 ൅ ସସܦ െ ସହܦ2 െ ସ଺ܦ2 ൅  ସ଻ܦ2
                 ൅ܦହହ ൅ ହ଺ܦ2 െ ହ଻ܦ2 ൅ ଺଺ܦ െ ଺଻ܦ2 ൅  ଻଻ܦ
௤ሺ3,4ሻܦ ൌ ଷସܦ െ ଷହܦ െ ଷ଺ܦ ൅ ଷ଻ܦ ൅ ସସܦ െ ସହܦ2 െ ସ଺ܦ2 ൅ ସ଻ܦ2 ൅ ହହܦ ൅  ହ଺ܦ2
                 െ2ܦହ଻ ൅ ଺଺ܦ െ ଺଻ܦ2 ൅  ଻଻ܦ
௤ሺ3,5ሻܦ ൌ െܦଷହ െ ଷ଺ܦ ൅ ଷ଻ܦ െ ସହܦ െ ସ଺ܦ ൅ ସ଻ܦ ൅ ହହܦ ൅ ହ଺ܦ2 െ ହ଻ܦ2 ൅  ଺଺ܦ
                  െ2ܦ଺଻ ൅  ଻଻ܦ
௤ሺ3,6ሻܦ ൌ ଷ଺ܦ െ ଷ଻ܦ ൅ ସ଺ܦ െ ସ଻ܦ െ ହ଺ܦ ൅ ହ଻ܦ െ ଺଺ܦ ൅ ଺଻ܦ2 െ  ଻଻ܦ
௤ሺ3,7ሻܦ ൌ ଷ଻ܦ ൅ ସ଻ܦ െ ହ଻ܦ െ ଺଻ܦ ൅  ଻଻ܦ
 
௤ሺ4,1ሻܦ ൌ  ௤ሺ1,4ሻܦ
௤ሺ4,2ሻܦ ൌ  ௤ሺ2,4ሻܦ
௤ሺ4,3ሻܦ ൌ  ௤ሺ3,4ሻܦ
௤ሺ4,4ሻܦ ൌ ସସܦ െ ସହܦ2 െ ସ଺ܦ2 ൅ ସ଻ܦ2 ൅ ହହܦ ൅ ହ଺ܦ2 െ ହ଻ܦ2 ൅ ଺଺ܦ െ  ଺଻ܦ2
                  ൅ܦ଻଻ 
௤ሺ4,5ሻܦ ൌ െܦସହ െ ସ଺ܦ ൅ ସ଻ܦ ൅ ହହܦ ൅ ହ଺ܦ2 െ ହ଻ܦ2 ൅ ଺଺ܦ െ ଺଻ܦ2 ൅  ଻଻ܦ
௤ሺ4,6ሻܦ ൌ ସ଺ܦ െ ସ଻ܦ െ ହ଺ܦ ൅ ହ଻ܦ െ ଺଺ܦ ൅ ଺଻ܦ2 െ  ଻଻ܦ
௤ሺ4,7ሻܦ ൌ ସ଻ܦ െ ହ଻ܦ െ ଺଻ܦ ൅  ଻଻ܦ
 
௤ሺ5,1ሻܦ ൌ  ௤ሺ1,5ሻܦ
௤ሺ5,2ሻܦ ൌ  ௤ሺ2,5ሻܦ
௤ሺ5,3ሻܦ ൌ  ௤ሺ3,5ሻܦ
௤ሺ5,4ሻܦ ൌ  ௤ሺ4,5ሻܦ
௤ሺ5,5ሻܦ ൌ ହହܦ ൅ ହ଺ܦ2 െ ହ଻ܦ2 ൅ ଺଺ܦ െ ଺଻ܦ2 ൅  ଻଻ܦ
௤ሺ5,6ሻܦ ൌ െܦହ଺ ൅ ହ଻ܦ െ ଺଺ܦ ൅ ଺଻ܦ2 െ  ଻଻ܦ
௤ሺ5,7ሻܦ ൌ െܦହ଻ െ ଺଻ܦ ൅  ଻଻ܦ
 
௤ሺ6,1ሻܦ ൌ  ௤ሺ1,6ሻܦ
௤ሺ6,2ሻܦ ൌ  ௤ሺ2,6ሻܦ
௤ሺ6,3ሻܦ ൌ  ௤ሺ3,6ሻܦ
௤ሺ6,4ሻܦ ൌ  ௤ሺ4,6ሻܦ
௤ሺ6,5ሻܦ ൌ  ௤ሺ5,6ሻܦ
௤ሺ6,6ሻܦ ൌ ଺଺ܦ െ ଺଻ܦ2 ൅  ଻଻ܦ
௤ሺ6,7ሻܦ ൌ ଺଻ܦ െ  ଻଻ܦ
 
௤ሺ7,1ሻܦ ൌ  ௤ሺ1,7ሻܦ
௤ሺ7,2ሻܦ ൌ  ௤ሺ2,7ሻܦ
௤ሺ7,3ሻܦ ൌ  ௤ሺ3,7ሻܦ
௤ሺ7,4ሻܦ ൌ  ௤ሺ4,7ሻܦ
௤ሺ7,5ሻܦ ൌ  ௤ሺ5,7ሻܦ
௤ሺ7,6ሻܦ ൌ  ௤ሺ6,7ሻܦ
௤ሺ7,7ሻܦ ൌ  ଻଻ܦ
 

B. Coriolis and Centripetal Torques Matrix 
 
ଵଵܪ ൌ 0 

ଵଶܪ ൌ ൬
െ݉ଶ݄ܮଶ௖ െ ݉ଷ݄ܮଶ െ ݉ସ݄ܮଶ
െ݉ହ݄ܮଶ െ ݉଺݄ܮଶ െ ݉଻݄ܮଶ

൰ ଵߠሺݏ݋ܿ ൅  ଶሻߠ

             െ൬
݉ଶܮଵܮଶ௖ ൅ ݉ଷܮଵܮଶ ൅ ݉ସܮଵܮଶ
൅݉ହܮଵܮଶ ൅ ݉଺ܮଵܮଶ ൅ ݉଻ܮଵܮଶ

൰ ଵߠሺ݊݅ݏ ൅  ଶሻߠ

ଵଷܪ ൌ ሺെ݉ଷ݄ܮଷ௖ െ ݉ସ݄ܮଷ െ ݉ହ݄ܮଷ െ ݉଺݄ܮଷ െ ݉଻݄ܮଷሻ ଵߠሺݏ݋ܿ ൅  ଷሻߠ
               െሺ݉ଷܮଵܮଷ௖ ൅ ݉ସܮଵܮଷ ൅ ݉ହܮଵܮଷ ൅ ݉଺ܮଵܮଷ ൅ ݉଻ܮଵܮଷሻ ଵߠሺ݊݅ݏ ൅  ଷሻߠ
ଵସܪ ൌ ሺെ݉ସ݄ܮସ௖ሻ ଵߠሺݏ݋ܿ ൅ ସሻߠ െ ሺ݉ସܮଵܮସ௖ሻ ଵߠሺ݊݅ݏ ൅  ସሻߠ
ଵହܪ ൌ െሺ݉ହ݄ܮହ െ ݉ହ݄ܮହ௖ ൅ ݉଺݄ܮହ ൅ ݉଻݄ܮହሻ ଵߠሺݏ݋ܿ െ  ହሻߠ
              	൅ሺെ݉ହܮଵܮହ ൅ ݉ହܮଵܮହ௖ െ ݉଺ܮଵܮହ െ ݉଻ܮଵܮହሻ ଵߠሺ݊݅ݏ െ  ହሻߠ
ଵ଺ܪ ൌ െሺ݉଺݄ܮ଺ െ ݉଺݄ܮ଺௖ ൅ ݉଻݄ܮ଺ሻ ଵߠሺݏ݋ܿ െ  ଺ሻߠ
             ൅ሺെ݉଺ܮଵܮ଺ ൅ ݉଺ܮଵܮ଺௖ െ ݉଻ܮଵܮ଺௖ሻ ଵߠሺ݊݅ݏ െ  ଺ሻߠ
ଵ଻ܪ ൌ ሺ݉଻ܮଵ݇ െ݉଻݄ܮ଻௖ሻ ଵߠሺݏ݋ܿ ൅ ଻ሻߠ െ ሺ݉଻ܮଵܮ଻௖ ൅ ݉଻݄݇ሻ ଵߠሺ݊݅ݏ ൅  ଻ሻߠ
 
 
 
 
 

 
ଶଵܪ ൌ  ଵଶܪ
ଶଶܪ ൌ 0 
ଶଷܪ ൌ ሺ݉ଷܮଶܮଷ௖ ൅ ݉ସܮଶܮଷ ൅ ݉ହܮଶܮଷ ൅ ݉଺ܮଶܮଷ ൅ ݉଻ܮଶܮଷሻ݊݅ݏ	ሺߠଶ െ  ଷሻߠ
ଶସܪ ൌ ݉ସܮଶܮସ௖݊݅ݏ	ሺߠଶ െ  ସሻߠ
ଶହܪ ൌ െሺെ݉ହܮଶܮହ ൅ ݉ହܮଶܮହ௖ െ ݉଺ܮଶܮହ െ ݉଻ܮଶܮହሻ݊݅ݏ	ሺߠଶ ൅  ହሻߠ
ଶ଺ܪ ൌ െሺെ݉଺ܮଶܮ଺ ൅ ݉଺ܮଶܮ଺௖ െ ݉଻ܮଶܮ଺ሻ݊݅ݏ	ሺߠଶ ൅  ଺ሻߠ
ଶ଻ܪ ൌ െሺെ݉଻ܮଶ݇ሻ ଶߠሺݏ݋ܿ െ ଻ሻߠ ൅ ݉଻ܮଶܮ଻௖݊݅ݏ	ሺߠଶ െ  ଻ሻߠ
 
ଷଵܪ ൌ  ଵଷܪ
ଷଶܪ ൌ െܪଶଷ 
ଷଷܪ ൌ 0 
ଷସܪ ൌ ݉ସܮଷܮସ௖݊݅ݏ	ሺߠଷ െ  ସሻߠ
ଷହܪ ൌ െሺെ݉ହܮଷܮହ ൅ ݉ହܮଷܮହ௖ െ ݉଺ܮଷܮହ െ ݉଻ܮଷܮହሻ݊݅ݏ	ሺߠଷ ൅  ହሻߠ
ଷ଺ܪ ൌ െሺെ݉଺ܮଷܮ଺ ൅ ݉଺ܮଷܮ଺௖ െ ݉଻ܮଷܮ଺ሻ݊݅ݏ	ሺߠଷ ൅  ଺ሻߠ
ଷ଻ܪ ൌ െሺെ݉଻ܮଷ݇ሻ ଷߠሺݏ݋ܿ െ ଻ሻߠ ൅ ݉଻ܮଷܮ଻௖݊݅ݏ	ሺߠଷ െ  ଻ሻߠ
 
ସଵܪ ൌ  ଵସܪ
ସଶܪ ൌ െܪଶସସ 
ସଷܪ ൌ െܪଷସ 
ସସܪ ൌ 0 
ସହܪ ൌ 0 
ସ଺ܪ ൌ 0 
ସ଻ܪ ൌ 0 
 
ହଵܪ ൌ െܪଵହ 
ହଶܪ ൌ  ଶହܪ
ହଷܪ ൌ  ଷହܪ
ହସܪ ൌ ସହܪ ൌ 0 
ହହܪ ൌ 0 
ହ଺ܪ ൌ ሺ݉଺ܮହܮ଺ െ ݉଺ܮହܮ଺௖ ൅ ݉଻ܮହܮ଺ሻ݊݅ݏ	ሺߠହ െ  ଺ሻߠ
ହ଻ܪ ൌ ሺെ݉଻ܮହ݇ሻ ହߠሺݏ݋ܿ ൅ ଻ሻߠ െ ሺെ݉଻ܮହܮ଻௖ሻ݊݅ݏ	ሺߠହ ൅  ଻ሻߠ
 
଺ଵܪ ൌ െܪଵ଺ 
଺ଶܪ ൌ  ଶ଺ܪ
଺ଷܪ ൌ  ଷ଺ܪ
଺ସܪ ൌ ସ଺ܪ ൌ 0 
଺ହܪ ൌ െܪହ଺ 
଺଺ܪ ൌ 0 
଺଻ܪ ൌ ሺെ݉଻ܮ଺݇ሻ ଺ߠሺݏ݋ܿ ൅ ଻ሻߠ െ ሺെ݉଻ܮ଺ܮ଻௖ሻ݊݅ݏ	ሺߠ଺ ൅  ଻ሻߠ
 
଻ଵܪ ൌ  ଵ଻ܪ
଻ଶܪ ൌ െܪଶ଻ 
଻ଷܪ ൌ െܪଷ଻ 
଻ସܪ ൌ ସ଻ܪ ൌ 0 
଻ହܪ ൌ  ହ଻ܪ
଻଺ܪ ൌ  ଺଻ܪ
଻଻ܪ ൌ 0 
 
௜ܪ ൌ ௜ଵܪ ൅ ௜ଶܪ ൅ ௜ଷܪ ൅ ௜ସܪ ൅ ௜ହܪ ൅ ௜଺ܪ ൅ ݅ ௜଻    whereܪ ൌ 1,2,… ,7 
 
௤଴ܪ ൌ െܪଵ ൅ ଶܪ ൅ ଷܪ ൅ ସܪ െ ହܪ െ ଺ܪ ൅  ଻ܪ
௤ଵܪ ൌ െܪଶ െ ଷܪ െ ସܪ ൅ ହܪ ൅ ଺ܪ െ  ଻ܪ
௤ଶܪ ൌ ଷܪ ൅ ସܪ െ ହܪ െ ଺ܪ ൅  ଻ܪ
௤ଷܪ ൌ ସܪ െ ହܪ െ ଺ܪ ൅  ଻ܪ
௤ସܪ ൌ െܪହ െ ଺ܪ ൅  ଻ܪ
௤ହܪ ൌ ଺ܪ െ  ଻ܪ
௤଺ܪ ൌ  ଻ܪ
 

C. Gravitational Torques Matrix 
ଵܩ ൌ ଵ௖ܮଵሺ݉ଵߠݏ݋ܿ݃ ൅ ݉ଶܮଵ ൅ ݉ଷܮଵ ൅ ݉ସܮଵ ൅ ݉ହܮଵ ൅ ݉଺ܮଵ ൅ ݉଻ܮଵሻ 
         െ݃ߠ݊݅ݏଵሺ݉ଶ݄ ൅݉ଷ݄ ൅݉ସ݄ ൅݉ହ݄ ൅ ݉଺݄ ൅݉଻݄ሻ 
ଶܩ ൌ ଶ௖ܮଶሺ݉ଶߠݏ݋ܿ݃ ൅ ݉ଷܮଶ ൅ ݉ସܮଶ ൅ ݉ହܮଶ ൅ ݉଺ܮଶ ൅ ݉଻ܮଶሻ 
ଷܩ ൌ ଷ௖ܮଷሺ݉ଷߠݏ݋ܿ݃ ൅ ݉ସܮଷ ൅ ݉ହܮଷ ൅ ݉଺ܮଷ ൅ ݉଺ܮଷሻ 
ସܩ ൌ  ସ௖ሻܮସሺ݉ସߠݏ݋ܿ݃
ହܩ ൌ െ݃ܿߠݏ݋ହሺ݉ହܮହ െ ݉ହܮହ௖ ൅ ݉଺ܮହ ൅ ݉଻ܮହሻ 
଺ܩ ൌ െ݃ܿߠݏ݋଺ሺ݉଺ܮ଺ െ ݉଺ܮ଺௖ ൅ ݉଻ܮ଺ሻ 
଻ܩ ൌ ଻௖ሻܮ଻ሺ݉଻ߠݏ݋ܿ݃ ൅  ଻ሺ݉଻݇ሻߠ݊݅ݏ݃
 
௤଴ܩ ൌ െܩଵ ൅ ଶܩ ൅ ଷܩ ൅ ସܩ െ ହܩ െ ଺ܩ ൅  ଻ܩ
௤ଵܩ ൌ െܩଶ െ ଷܩ െ ସܩ ൅ ହܩ ൅ ଺ܩ െ  ଻ܩ
௤ଶܩ ൌ ଷܩ ൅ ସܩ െ ହܩ െ ଺ܩ ൅  ଻ܩ
௤ଷܩ ൌ ସܩ െ ହܩ െ ଺ܩ ൅  ଻ܩ
௤ସܩ ൌ െܩହ െ ଺ܩ ൅  ଻ܩ
௤ହܩ ൌ ଺ܩ െ  ଻ܩ
௤଺ܩ ൌ  ଻ܩ
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