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Abstract: This paper is devoted to an impulse control problem where the control can only be exerted at the arrival
times of the Poisson process IN. We generalized control state process and cost function, under some assumptions,
we obtained more general results. At the same time, we got the optimal control in special case.
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1 Introduction

The impulse optimal control problem is an important
research area in recent years. Baccarin [1] discussed
the optimal control of a multidimensional cash man-
agement system where the cash balances fluctuated
as a homogeneous diffusion process in R™. They
formulated the model as an impulse control prob-
lem on an unbounded domain with unbounded cost
functions. Under general assumptions they character-
ized the value function as a weak solution of a quasi-
variational inequality in a weighted Sobolev space
and they showed the existence of an optimal policy.
Meng and Siu [3] investigated an optimal reinsurance
and dividend problem of an insurance company with
the presence of reinvestments, or retained earnings,
they considered the general situation that the com-
pany needed to pay both fixed and proportional costs
as mixed classical and impulse control problems to
get the value function and the optimal strategy. Yao,
Yang and Wang [7] considered the dividend payments
and capital injections control problem in a dual risk
model. This leaded to an impulse control problem.
Using the techniques of quasi-variational inequalities
(QVI), this optimal control problem was solved. Nu-
merical solutions were provided to illustrate the idea
and methodologies, and some interesting economic
insights were included.

The stochastic control problems with random
intervention times were originally put forward by
Rogers and Zane in 1998 [4]. They discussed a sim-
ple model of liquidity effects by the complexity of
Log normal controlled state, there was no closed-form
solution for corresponding cost problem, but they es-
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tablished certain qualitative features of the solution.
Wang [5] simplified the controlled state, got explicit
solutions about a quadratic deviation cost and a pro-
portional control cost both discounted problem and
the ergodic problem. Yao etc [7] introduced a diffu-
sion in controlled state based on Wang’s, discussed
optimal control policies and value functions. The
main feature of control problems with random inter-
vention times is that the control is discrete, and control
can only be exerted at the arrival times of the Poisson
process N. This paper generalized state process and
cost function, under some assumptions, we obtained
more general results.

2 Mathematical Model

Consider a completed probability space ( 2, F,
P) with a filtration { F;}:>0 generated by a one-
dimensional Brownian motion W={W, : ¢t > 0},
N={N; : t > 0} is an F;-adapted Poisson pro-
cess with intensity A > 0, § = {6, : ¢t > 0}
is a non-negative J; progressive measurable process.
& = f[o,t) fsdNg is a non-negative left continuous
process, controlled state process evolves as follows

dXt = /L(Xt)dt—i-O'(Xt)th—dft
XO = X

where 1(+), o(-) satisfy conditions
for any n € N, there exists K, > 0 such that

D (|p(@)=p@)l+lo (@) =o () I{jzj<n lyl<ny < Knlz—y]

2)|p(x)] + o ()] < C(1 + |z])
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Definition 1 A set of admissible control 7 is that
m={&:t>0,X; >0}
Definition 2 A stopping time 1y is as follows
7o = inf{t > 0: X; = 0}

Definition 3 Value function

Vele) = B[ 7 F(X0de + e

where
e « > 0 is discount factor,

e () is non-negative function and h(-) €

C([0,00)),

e f(-) is non-negative function, and f(x) is
monotonic increasing, when x < m, f(x) = f(m),
when T > m.

The objective is to seek optimal control £*, in or-
der to get

V(r) = 21615%(90) = Ve= ().

Theorem 4 Suppose that there exists a function v(x)
satisfies

v(0) = h(0) (1

v(z) € C([0, +00) N CL0, +00) N C?[0,+00)) (2)

v"(2) < 0,2 >0 (3)
v'(m) = f(m),m >0 “4)
V' (z) >0 ®)

v(x) > V(z),Yx > 0.

Furthermore, if v(x) satisfies

L2 (@) (@) + p(a) () — (o + No(a)+

2
Aw(m) + f(m)(z —m))=0. D
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5@ () + () () — av(a) =0,

0<z<m

®)

then £ €  is optimal, such that
v(x) = Ve (z) = V (),
v(x) is corresponding return function.

Proof:
Lett =T AmoAinf{t >0: X* > T}, VT >0,

For {e v (X;) :
[0, 7], then we have

e (X (1)) —v(x)

t > 0} using It6 formula on

= /0‘r e_o‘t(%a2(Xt)v”(Xt)
(X)) (X,) — aw(X,))dt
+ / ~ato(X,)0! (X)W (1)

+ Y e (X - Ag) — u(X0)]

o<t<r

also

ola) = To(X() - [ e GoP X (X)

+ p(X)v'(Xe) — av(Xy))dt
- [ el (X, (X)W (1)

= ) e (X — AG) — v(Xy)]

o<t<r

by virtue of (6), we have

— " (@) + p(a) (2) — av(z))
> max {Mv(z —0) —v(@) + f(m)0)}

let

Volume 9, 2014



WSEAS TRANSACTIONS on SYSTEMS and CONTROL

then taking into account (3), (4), we have
g(z) € C[0,+00),and 0 < g(x) < f(m)x.
when A& > 0,

v( Xy — A&) —v(Xy) + f(m))A& < g(Xy)dNy

and

/0 Ceatm)de = 3 et f(m))A

0<t<r

SO

o(@) > e To(X (7)) + /0 Ay

- /0 " et (X, )0/ (X)) dW (1)

= Y (X — A&) — o(Xy) + f(m)AE]

o<t<r

*/07 ¢ f(m))de;

> e (X (1)) +/0 e” Y Ag(Xy)dt

_ /0 et (X,)0! (X)W (1)

+ [eetgant + [ epxias

= e omy(X (7)) — /0 e~tg(X,)dN,

_/T —od (X ) (Xt)dW(t)—i—/Teatf(Xt)d&
0 0

ea‘rh(o)_/ efozt
0

_/T —od o (X, ) (Xt)dW(t)—i—/Teatf(Xt)d&
0 0

g(Xt)dNt

where N; = {N; — Xt : t > 0} is compensation
Poisson process, it is also a martingale.
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Take expectation on both sides of inequality,we get

v(xz) > Ee”*Th(0) + E/OT e f(X,)d&,

_E/

Let

9(Xy)dN; — E / o X' (Xp)dW (t)

,
ZT—/ e
0

M, = /O e~ (X, )0/ (X,)dW (1)

g(Xt)dNt

we can prove —FE(Z, 4+ M;) > 0.
then we have

o(z) > Be="h(0) + B /0 "ot (X,)de,

when T' — 400,7 — 79, by the monotone conver-
gence theorem [2]

lim F

T—o0

"ot f(X,)dg — E / ety (x,)de,
0

v(z) > E / " om0t (X)) dé, + Be o h(X,)
0

which implies that v(z) > V (z).
Next we prove the existence of £*, such that

v(z) =V(x) = Vex(2)
Let
T =TA7 Ainf{t >0: X¢ >T)}
€ —{g 12 0h8 = [ 0w,
[0,t)
« ] 0, 05X <m
95‘{ X*—m, Xr> (10)
we have

e T u(X* (1Y) —v(x)

= [ et Ga ) + WXV (X))

0

—au(X)dt+ [ e o) X)W ()
0

Volume 9, 2014



WSEAS TRANSACTIONS on SYSTEMS and CONTROL

+ Y e Mu(XF = Ag) = f(m)u(X])]

o<t<t*

then

S0 (X "(X7)

+ p(XP)(XF) — av(X7))dt

* *

-/ "ot (X7 ) (XP)AW (1) + / "o f(m)de;
0 0

= Y (NG - AG) — o(X7) + f(m)AE]

o<t<r*

on account of

*

/0 e F(X)dg = Y et f(m))Ag

o<t<r*
and
v(X{ — Ag) —v(X]) + fF(m)AG = g(X{)AN;.

therefore

*

o) = e~ o(X* () + /O "ot fm)des

*

- [ et G ) + ) (X))
0

*

— av(X}))dt — /0 "ot (XYW (X)W (1)

*

- / e~0tg(XF)dN;
0

*

— T (X (7)) + / "ot fm)des

[ e < wox )
—av(X]) + Ag(X]))dt
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*

- /0 "ot (X (X7 )aW (1)

*

)
- / e~0tg(XF)dN;
0

as well

9(Xy)

0, 0<XF <my

| v(m) —o(X7) + (X)X —m), Xf >m.

an

substitution

T*

v(x) =6_aT*U(X*(T*))+/ e f(XT)dgf

0
—(Z2 + M)

where

7_*
z* = / e g(XF)dN*,
0

= [ et )aw
0
t ~
ZZ( + Mt* :/0 e_atg(Xt*)IHO’T*”dN*t

t
+ [ e o6 (X)) DoV
0

then Z; + M} is local martingale.

As a result there exists a sequence of stopping time
7/ 1 00, n € N such that (Z;)™ is a uniformly inte-
grable martingale with 0 initial value.

IAT*NAT] N
(ZF + M) = /0 e~ g(X7)dN*,

IAT*AT),
+ / e~ Mo (X)) (X})dW (t)
0

E((Z; + M{)™|Fre] = (Z3)™ + (MF)™)

!’ /

E((Z5 )™ + (Mp)™) = B((Z5)™ + (Mg)™») = 0

v(z) = e_a(T*ATT/L)U(X*(T* AT))

+ / "m0t f(X7)dE — (Z2)™ + (M2)™))
0
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Take expectation on both sides

v(z) = EefQ(T*AT;’/)U(X*(T* ATL))

+E/

Let 7, T oo(n — 00), where T' — oo, 7% 1 775,
at this moment,

_O‘tf 1 )&}

* %
o(z) = Ee-oTu(X*(r)+ E / e—ot e
0
* 5
Ee_O‘TOU(O))—i-E/ e~ de;
0

Ee 7o h(

Ve (2)

o
Xm>+f?4 et F(X7)de

O
From the above theorem, we know that the optimal
solution meet differential equation (7). But it is a
pity that this kind of equation no specific general
solution expression, so for as to no analytical so-
lution. Different forms of o(x) and p(z) have the
corresponding optimal solution in different forms,
we must according to the specific function to get the
optimal solution.

3 Example of optimal solutions

Model of linear stochastic growth

dXt Mdt + O'th —
XO = T

dg

where parameters satisfy © > 0,0 > 0, h(-) €
Cy([0,00)), and non-negative. f(-) is non-negative
function, f(x) is monotone increasing, when = < m,
f(z) = f(m), when z > m. and meet the following
assumptions, we can get the optimal solution of the
analytical form.
(I).2u% )\ > a?0?

4
(I1).£(0) > maz( 5 S s atm h(0)
(I11).xz € (0,m),0 < f'(z) < r1£(0)
where ;1 > 0 > ro are two roots of equation

2

o

—22 4 pz—a=0

2

71 > 0 > 75 are two roots of equation
2

%zZ—&—uz—(a—l—)\):O
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In linear stochastic growth model, theorem 4 changes
into

Theorem 5 Assume that there exists a function v(x),

satisfies
0(0) = h(0) (12)
v(x) € (C[0, +00) N CL[0, +00) N C?[0, +00)) (13)
v'(z) < 0,2 >0 (14)
v'(m) = f(m),m >0 (15)
v'(z) >0 (16)
1
s {=00(e) + @) ) + 5 @
Aw(z —0) —v(x) + f(m)0)} <0
then v(z) > V(z), Yz > 0.
furthermore, If v(x) satisfies
52 () + () () — (a4 Ao(a)+
A(o(m) + f(m)(x —m)) =0. (%)
x>m
1 2 //
—o*v"(z) + ' (x) — av(z) =0 (19)

2

when 0 < z < m, then £* € 7 is optimal control, such
that v(xz) = Ve« () = V(x), v(x) is corresponding
return function.

Lemma 6 Construct a function

F(z) =
where A+ B = h(0),

AT2 T +BT‘2 roT

roe"™h(0) — f(m)

roer2™m — piemm

A=

m is positive constant to be confirmed. In given con-
ditions, there exists unique constant m > 0, that

F(in) = 0.
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Proof: For
F(0) < O,F’(x) = AT%@TW + Brgergm >0,

and
lim F(x) =400
r—>00
then there exists unique constant m > 0, such that
F(m) =0, and

m—Tl_T2ln A (E)

Let
G(z) =a+ f(x)(be " + ce” %)

where
a = rira(ry — r2)h(0)

aryry
b= 7’% -
a—+ A
o
= ror1 T
a4+ A !

Lemma 7 Under assumption, there exists unique
constant m € (0,m), such that G(m) = 0.

Proof:
G0O) = a+ f(0)(b+¢)
= rira(ry — r2)h(0) + £(0)(r3 — i
o
+ OH_)\TQ(Tl —1r3))
2a
> h(0)(r; —ro)(rire + ﬁ) =0
. elritra)m 1. o
G(m) 7o (roer2m — prerim) EF(m) o+
o n
T a4 )\f(m) <0
For X
e(r1+r2)m

- — >0
7o (roem2m — ryer)

hence G(m) < 0.
and
G'(2) = /() (be™1" + ceT27)

+f(x)(=brie” ™" — croe™"?%)

since
b>0,—br; <0,c<0,—cre <0, f(z) >0,

then
flx)(=brie ™ —crqee™ %) < 0
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when 0 < f/(z) < r1£(0)

< rif(0)(be™ " 4 ce ")

+  f(z)(=brie” ™" — croe™"?%)

= brie” " (f(0) = f(2))

+ c(rf(0) = fz)ra)e " <0

thus G(x) is monotone decreasing on (0,7), then

there exists unique constant m € (0,77), such that
G(m) =0. O

G'(x)

Lemma 8 Under assumption,there exists function
vi(x),z € [m, 00) satisfies

+A(vi(m) + f(m)(z —m)) =0 (20)
vf(x) < 0,2 € [m,+00) (1)
vi(m) = f(m) (22)

Proof: Let
v1(x) = c2e™” + pr + q,x € M, 0)

where

AT%e”m + Br%e”m
Cy =

- 0
7?2267“2m <
A
p= mf(m)
(b —ma)A
alo+ A)

easy to get v1(x) meet (20).
By calculation we have

q= f(m)

vf (x) = cora2e™® < ()

(21) hold.

i.e.

(22) hold. O

Theorem 9 There exists v(x)satisfies all conditions
of theorem 5. At same time value function can be ob-
tained i.e.v(x), corresponding optimal control {f =
Jio.py 05dNs, 0F can be given by (10).
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Proof: Define a function v(z)

T rox
v(az):{ Ae™* + Be™?*,

vi(z), x>m.

0<z<m

where
r2e"™h(0) — f(m)
roer2™m — piemm
B =h(0) — A,
v1(x) is similar to lemma 8 .
from the definition of v(z), (15) hold, so v(z) €
C[0, +00) for

A=

v (m) = Arie™™ + Brie™™ v/l (m) = corp?e™™
by the simple calculation we have

o (m) = o/ (m)
sov(z) € C?[0,4+o0)
Due to (18), (19) we get v_(m) = v4(m),
consequently v(z) € C[0,4+00), (13) hold.
From the definition of v(z), we have v(0) = h(0),

(12) hold.
As aresult of

, Arie™® + Brge™*, 0<z <m;
v (x) = _ _
cor2e™r +p, T >m
(24)
we have v/(z) > 0, (16) hold.
V() = Ar%e”f + Briem®,  0<x<m;
corae™t. x> m.
(25)

v"(z) < 0, (14) hold.

We can easy to deduce Ae™'* 4+ Be"™* and v (x) are
solutions of differential equation (18), (19) separately.
Hence v(x) satisfies all conditions of theorem 5. i.e.
v(z) is optimal value function,corresponding optimal
control & = f[o,t) 0:dNy, 05 can be given by (10). O

4 Conclusion

In this paper, by introducing a random insertion into
the controlled state governed by a Poisson process, we
extend originally function and terminal condition for
function satisfied some conditions, and discuss suffi-
cient condition about the existence of optimal control.
In addition, we find the optimal solution about linear
stochastic growth.
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