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Abstract: This paper is concerned with fuzzy cellular neural networks with distributed delays. Sufficient condi-
tions on the existence, uniqueness and global exponential stability of equilibrium point are established by using
the Homeomorphism theory and applying elementary inequality 2ab < a? + b?. Moreover an example is given to

llustrate results obtained.
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1 Introduction

Since cellular neural networks(CNNSs) was first intro-
duced by Chua and Yang in 1998 [1, 2]. The dynam-
ical behaviors of CNNs and CNNs with delays (DC-
NNi5s) have received much attention due to their poten-
tial applications in associated memory, parallel com-
puting , pattern recognition, signal processing and op-
timization problems(see [3, 4, 5, 6,7, 8,9, 10, 11, 12,
13, 14, 15, 16]).The existence of equilibrium point and
global stability are one of the most important fields in-
vestigated by some researchers. When a neural circuit
is employed as associated memory, the existence of
many equilibrium points is a necessary feature . How-
ever, in application to solve optimization problem-
s , the networks must possess a unique and globally
asymptotically stable (GAS) or globally exponential
stable(GES) equilibrium point for every input vector.
Based on traditional CNNs, Yang and Yang [17, 18]
proposed another type-fuzzy cellular neural networks
(FCNNs), which integrates fuzzy logic into the struc-
ture of cellular neural networks . Unlike CNNs struc-
ture, FCNNs has fuzzy logic between its template in-
put and/or output besides the sum of product opera-
tions. Studies have shown that FCNNs has its po-
tential in image processing and pattern recognition.
Like the traditional CNNs, the stability of the system
is very important in the design of the FCNNs. In re-
cent years some results on stability for FCNNs have
been derived(see [17, 18, 19, 20, 21, 22, 23, 24, 25]).
To the best of our knowledge. FCNNs with delays
are seldom considered. Authors in reference([21, 22])
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gave some conditions to guarantee the globally stabil-
ity of FCNNs with constant delays and time-varying
delays. In formulating the network model, the time
delay is assumed to be discrete. This assumption is
reasonable. However a more satisfactory hypothesis is
that the time delays are continuously distributed over
a certain duration of time such that the distant past
has less influence compared to the recent behavior of
the state. Author in [19] considered FCNNs with fi-
nite distributed delays and found some sufficient con-
ditions to ensure the existence and global exponential
stability of equilibrium point. Based on these consid-
erations above, in this paper we consider the following
FCNNs with infinite distributed delays.

#i(t) = —diwi(t) + Y ai; fi(z;(t) + D bijuy
j=1 j=i
+ /\ ;i g; (/ Eij(s)x;(t — s)ds)
j=1 0
+ \/ Bij9; (/ kij(s)x;(t — s)ds)
j=1 0
+ /\ Tijuj + \/ Hl'ju]' + Ii (1)
j=1 j=1
i = 1,2,---,n, where d; > 0 represents the pas-

sive decay rates to the state of ith unit at time ¢.
ajj, B3ij, T;; and H;; are elements of fuzzy feedback
MIN template and fuzzy feedback MAX template,
fuzzy feed forward MIN template and fuzzy feed for-
ward MAX template, respectively. a;; and b;; are el-
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ements of feedback template and feed forward tem-
plate. A and \/ denote the fuzzy AND and fuzzy OR
operation, respectively. x;,u; and I; denote state, in-
put and bias of the ith neurons, respectively. f;(-) and
g;(-) are the activation functions. k;; denote delay k-
ernels.

Suppose that system (1) has an initial condition
with z;(t) = ¢i(t)(i = 1,2---,n),t > 0. De-
note a continuous solution of system (1.1) with ini-
tial condition by x(t,0, ¢). For convenience denote
solution by z(t) if no confusion should occur, where
z(t) = (21(t),22(t),...,2,(t))T (T denote trans-
pose). For z € R™, we define the vector norm ||z| =
(P | @i )2, Forany 6 = (61,62, ¢n)”
(where C' = C(]|—7,0], R")), we define a norm in C

by 61l = [S0 (5P sezaco [B3()P)]

Definition 1 The equilibrium point = =
(%25, ...,25)T of system (1.1) is said to be

GES, if there are constants X\ > 0 and M > 1 such
that, for any t > 0

lz(t) — 2*[| < Mll¢ — a* ™.

Definition 2 If f(t) : R — R is a continuous func-
tion, then the upper right derivative of f is defined as

DT f(t) = lim sup

I—0t

S+ D)~ )

Definition 3 [//]. Amap H : R" — R" is a home-
omorphism of R" onto itself if H is continuous and
one-to-one and its inverse map H™~' is also continu-
ous.

Lemmad4 [/1]. Let H : R"* — R" be continuous. If
H satisfies the following conditions

(1) H(x) is injective on R"

(2) |[H(z)|| = oo as [lz]| — oo

Then H is homeomorphism.

Lemma 5 [17]. Suppose x and y are two states of
system (1), then we have

n

N\ i ()
j=1

n

Z |vijl|gj ()

N cijgi(z;) -

Jj=1

—9;(y),(2)
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and
\/ Bijg;(x5) \/ Biigi(ys)
j=1 j=1
< > 1Biillg(xs) — gi(yi)]-3)
=1

To obtain our results, we make the following assump-
tions.
(A1) f;(-) and g;(-)(j = 1,2,...,n) are globally
Lipschitz continuous, i. e., there exist positive con-
stant ; and o such that

—9i(W)| < ojlz—yl,

|fj(x) lgj ()
4

and f;(0) = g;(0) = 0 forany z,y € Rand j =
1,2,....n

(A2) The delay kernels k;; : [0,00] — [0, 00] are
continuous functions and they are assumed to satisfy

/ kij(s)ds = 1;/ kij(S)e)\st < 0. 5)
0 0

where A > 0.

When the activation functions are bounded, the
existence of an equilibrium point of a neural net-
work can be guaranteed by the use of the Brouwer’s
fixed point theorem. This, however, is not the case
if the functions are unbounded and it could happen
that there are no equilibrium points. Thus it becomes
the main objective of this paper. In Section 2, we will
give the existence and uniqueness of equilibrium point
for fuzzy cellular neural networks. Results for global
exponential stability of fuzzy cellular neural network-
s with distributed delays will be given and proved in
Section 3. An illustrative example will be given to
show effectiveness of our results in Section 4. Con-
clusion will be given in Section 5.

—fiw)] < pjlz—yl,

2 Existence and uniqueness of equi-
librium point

In this section, we will discuss the existence and u-
niqueness of equilibrium point for fuzzy cellular neu-
ral networks (1).

Firstly, we study the existence and uniqueness of
the equilibrium point, considering the following equa-
tion associated with system(1)

—dzi(t) + Z aij fi(2;(t)) + Z biju;
j=1
+ N\ ijgila;(t) + \/ Bijg;(x;(t))
j=1 Jj=1
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n n
+ /\ Tijuj + \/ Hijuj‘ —|—IZ‘ =0.
j=1 j=1

Define the map H as follows

H(x) = (hl(x1)7h2(x2)a--whn(wn))Ta (6)
in which
hz(azl) = —d; .IIZ Z a”f] a:j + Z biju]'
j=i
+ /\ @ijg;(2;(t)) + \/ Bijgi(x;(t))
j=1 j=1
+ N\ Tiju; + \/ Hiju; + I (7)

j=1 j=1

Theorem 6 Assume that (Al) and (A2) hold, Sup-

pose there exist real numbers 6; > 0, (i = 1,2,...,n)
such that

1 & 1 &
5 D laijlu; + 3 > (s + 18ij1)a;
= =

|ajz|.“z

<
Il
-

+
N | =
="
|

(’aﬂ‘ + ’/BJZD 0 3)

<
Il
-

+
N | —
=
SIS

then system (1) has a unique equilibrium point t*

Proof:We define map H as (6) and (7), we only need
to show that H satisfies two conditions of Lemma 1.
Firstly, we will show that If x # T then H (z) #
H(Z) holds for any x,Z € R™. Suppose, by contra-
diction, that map H is not injective on R™. In other

words, there exist z # T such that H(z) = H(Z); i.
e,fort =1,2,...,n
= —di(x; — T;) Zazj f] x] f](fj))

+ /\ i () — /\ @95 (T;)

j=1 j=1
n n
+V Bijgi(x;) =\ Bijg;(T;)
j=1 j=1
=0 9
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Applying assumption (A1) and Lemma 5, we obtain

dilri =7 < ) aylfixy) = f(T))]
j=1
+ A aijgi(zy) — N\ aijg(@;)
j=1 j=1
n n
+ \/ Bijgi(xj) — \/ Bij9i(T;)
i=1 j=1

IN

n
Z |aijlpgle; — 4]

n
Z (laij + Bijl)ojlz; — z;

and from which we get

230 Sidilwy — T
n n
< D 0| laislpg2le — Tl |z — T
=1 7j=1

n
Z s + |Bij|)os2|lzi — Tl |z — 75
7j=1

where §; > 0. Using elementary inequality 2ab <
a? + b? in the above, it follows that

2 idi|w — T)?
< 25 Z|aij|uj\$i—fz‘|2
7j=1
n
+ ) laijlpgley — 75

Il
—

J

+ —Ti’2

M=

(Jaij| + [Bijl) 0|

<.
I
—

M=

+3 (|aj| + |Bijl)ojlz; — xj|2}

I
—

I
M: -

1

.
I

d; {Z |aij|ps|@; — Z]?

9

5, |ajilpile; — Tl

M:

+

Il
—

J

+> (laij| + 18i5]) 05|z — Tl

-

Il
—

J

+
SdSe

(|0‘J1| +18jil)oi|zi — xiQ}

<
Il
-
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which in turn gives
1 n
2500 0 di— §Z|aij|uj
_*Z |aJ2’Mz
j= 1

5 Z (levis| + 18i51)e
7j=1

l\')

[\ \
—_

23" Dol + 1850 }\xi—xﬂ

j=1%
< 0

By applying (8) to the above we can lead to the equal-
ity x; = T;, for each ¢ = 1,2,...,n implying that
x = Z. This contradicts our choice of x # Z. Hence
the map H is injective on R". Now we only need to
show that ||H(x)|| — oo as ||z|| — oo. for sake of
convenience.

Set
H*(z) = (B} (21), B5(x2), . .. by (2) "
where
hi(z) = —diwi+ Y aij(fi(z;) — f;(0))
j=1

/\ ai;9;(0)
\/ Bzggj

n
+ N\ aijg;l;) -
j=1

+ 'V Bijgi(x;) —

Jj=1

) (10)

We consider

2is

0ilxs|sgn(x;) b (x;)

Z 0i|zi|sgn(x;)

X [—dimi + Z aij(fi(x;) — £(0))

j=1
n n
+ N\ aiigi(z;) — /\ aijg; (0)
j=1

j=1

+ '\ Bijgj(x;)
j=1
S -

1=

Gamol
j=1

IN

dilzs| + = Zu]!amﬂlwz\ll‘]l
] 1

1
1 n
§ Z (Jevig| + [Bij]) 2zl 25]
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IN

s
I
-

5z{ d|x2|2+ Zﬂjlawazﬁ
j 1

pjlas||as)?

<
Il
=

+

+
DO | N | —

o (Joviz| + [Bij]) ||

<
Il
-

+
DO |

oj(|aiz| + !%\)\%‘\2]

7j=1
n 1 n
= D6 —di+§z,uj\azj\
i=1 j=1
1 .4
+§Z |ajilpi + 5 ZU] (Jeiz| + 18i51)
— 7
7j=1 ] 1
1 -5 2
+§Z*(!aﬁ!+!ﬂjz‘\)0i |
j=1"
n
S *’I’]Zél|1}l|2
i=1
where

. 1 &
19533,11%@ {di -3 jzl 1ijlai;]

|a]Z|:U’Z -

1 n
B > ojlleus] + 18i51)
j=1

N)\»a

j l
Zgj |avji| + |ﬁji|)0i} >0

Applying Holder’s inequality to the above, we obtain

min ()]l

n
< 0 il < 25 sgn(x;)h
i—1

o) ()

= max (6;)||H"(z)|l]|«]

1<i<n

=3

i (i) |z

< max
1<i<n

Therefore it follows that | H*(z)| >
mlnl<z<n(6 H H

—— Which directly implies that
1 1<z<n

| H*(z)]| —> oo as ||z]] — -+oo. Hence there
exists a unique equilibrium point x = z* such that
H(z*) = 0. The proof of Theorem 6 is complete. O
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3 Global exponential stability of
fuzzy cellular neural networks

In this section, we will analyze the global exponential
stability of the unique equilibrium point x* of system
(1) under sufficient condition (8) .

Let z* = (x%,23,...,2%)T be the equilibrium
point of system(1.1), we make a transform for system
(L.1): zi(t) = xi(t) — 27 (i = 1,2,...,n), we have

Mﬂz—mz+Z%M%>

+ /\ Qi gj ( —5) —i—:vj)ds)
—/\a”g](/oook xds)
—%Vﬁ%%<Amk z]ﬁ—$+x)%)
ilﬂﬂ(/m%@ﬁwg (11
where z;(t) = @;(t), ®i(t) = $i(t) — af,i,j =

1,2,...,n.fort € (—o0,0].

Clearly, the equilibrium point * of system (1) is
GES if and only if the equilibrium point O of system
(11) is GES. In the following, we only study glob-
al exponential stability of the equilibrium point O for
system (11).

Theorem 7 Let the conditions (Al) — (A2) hold, If
(8) is satisfied, then the system (11) has a unique equi-
librium point O of system which is GES.

Proof: The existence and uniqueness of an equilibri-
um point O follow from Theorem 1. Let z(¢) denote
an arbitrary solution of system (11). Calculating the
upper right derivative D*|z;(t)| and noting that as-
sumptions (A1)-(A2) above and Lemma 5, we have

DT [zi(t)] < —dilzi(®)] + D laijli|zi(t)]
j=1
+> (il + [8ij])o;
j=1
< [ ki)t — )lds (12
0
fori=1,2,...,n;t > 0.

since (8) holds, we can choose a small constant A > 0
such that

- d + Z |az]|,u_] + Z

|aﬂ|ﬂz
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1 n
+ 5 Z < |az] + |5@] / kz] )\sds)
7j=1
1.6,
+ 35 Z 2 ((Jea| + 1B5l)
2245,

[e.e]

X
S—

@@kmw>wgo (13)
Set
wi(t) = eMzi(t)] = eM|ai(t) — xf]; t > 0. (14)

for: =1,2,---,n. Estimating the upper right deriva-
tive D" w;(t) and noting that (12), we have

Dt wi(t) = XeM|zi ()| + MDY |z(0)|
< AMa(t)] - dieM|z(t)]

n n
A
+ > lagluge™ |z (0] + D (ol + [851)
j=1 j=1
X0 /OO kij(s)eM|z;i(t — s)|ds
J ij J
0
and this gives

)+ > laijlpjw;(t)

J=1

D+ wl(t) S ()\ - dl)wl(t

+> (laijl + 1Bis1)

></ kij(s)ew;(t — s)ds
0

Now we consider the following Lyapunov functional
n n
>0 | wi(t) + 3 _(lass] + 1By )
7j=1

i=1
(/t . ?(r)d’r) ds><16)

5)

< [

Calculating the upper right derivative DV (t) along
the solution of (15), we obtain

DT V(t)

n
= Zé (2@02 t) D w;(t +Z|Oéu|+|ﬁw
7j=1

/ ki ()™ 1) -

ga( Juw? (t)

n
+ ) 2]ag|pjwi(t)w;(t)
j=1

wf-(t - s)]ds)

IN
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+ Y (sl + 1Bisl)o;
j=1
2k;j(s)eMw;i(t)w;(t — s)ds

0
n

+ > (laizl + 1Bi51) o

j=1

X /OOO kij(s)er [w?(t) - wJQ-(t — s)]ds)

IN
M:

5 (201 = diyw(2)

.
Il

_l’_

|aj|pgw ( )+w )]

'Mz I

<
I
—_

4
NE

(’aw’ + |BZ]D

i
8}—‘

kij(s)eX[w? (1) + wi(t — s)lds

X
S—

(|aw| + |Blj|)

o

4
M=

<.
Il
-

X
S—

()X W (1) — wi(t — s)]ds)

)+ Z |a1]’MJ

2(\ — d;)w

-
I

I
_|_
1 E?
O

n
Iaﬂluz () + > (o] + 1Bi51)o;
j=1

=9
&7

1

big(s)eds ) wi ()

O;
Z(lajil + |Bjil o

X
M:c\8

_l’_

Iy

1

/Oook ’\Sds> 2(t)>

(A di+ 5 Z’aw’ﬂ]

J

X

VRS

I
HM:
l\D\ [

ww

05
5*]’@]1’,“1 +5 Z (|aij| + [Bij])oj
_7 1

k:l-j(s)e)‘sds>

><<OO

_l’_

S—

C)q

1
2: gj(\aﬂl +1Bjil)oi
X ( - kji(s)eksds>) w?(t)

Noting (13) that it follows that D™V (¢) < 0, for t >
0. This in turn implies V() < V(0), for all ¢ > 0.

||M:

S—
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Furthermore
V(o) = Z(SZ (w + Z |041J| + |B@y
i=1 j=1
o) 0
X /0 kij(s)ers </s w?(r)dr) ds)
n n 5
= > 4 (W?(O) + Z 5i(|aji| + |Bjil)oi
i=1 j=1 "
oo 0
X /0 kji(s)ers (/_S w?(r)dr) ds)
< 6 ( Zgj |l + 1Bjil) i
i=1 j=1

></ kﬂ(s)e/\ssdb’)( sup w?(s))
0 —00<s<0

Recall that sup ., _.<olzi(s)? < oo(i =
1,2,...,n), and from assumption (A2) it is clear that
V(O) < oo. Hence V' (t) < V(0) < oo forall ¢ > 0.
From (16) we have

n_ o Swi(t) < V()

7j=1
<3 (di + > di(lagil + [Bjil)os
i=1 j=1

></ k:ji(s)e’\ssds)< sup w?(s))
0 —00<s<0

for t > 0. Applying (14) in the above, we obtain

Yy 0N (t) — i)
< Z ((5'—1-25' |Ozji|+‘ﬁjl")0¢
7j=1

sup

|@i(s) — wﬂ2>
00<s<0

/ kji(s e’\ssds><

Which in turn gives

D lwilt)—ai]* < ge” 2“2( sup_|zi(s) — 7
i=1 00<s<0
(17

for t > 0, where

n
& = 1<¢<12,al}§j<n{5i+z5j(!@ji!+!5ji)0

Jj=1

T ()M n {5
X/O kji(s)e sds}/lrgilgn{él}21
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Hence from (17) and noting that z;(s) =
¢i(s), —0o < s < 0, it follows that

lz(t) — 2*|| < Me™|l¢ — 2|

fort > 0, where M = £ >. This means the equilibri-
um point of system (1) is global exponential stability.
The proof of Theorem 7 is complete. O

Remark 1 If we don’t consider fuzzy AND and OR
operation, System (1) becomes traditional cellular
neural networks. It is obvious that the results in [13]
are the corollary of Theorem 7. Therefore the results
of this paper extend the previous known publication.

Remark 2 In this paper, we don’t assume the bound-
edness, monotonicity, and differentiable of activation
functions. Clearly, these functions satisfying assump-
tion (A1) are more general. For example, the Gaus-
sian and inverse Gaussian functions have been used in
the circuit designs and applications of cellular neural
networks.

4 An example

In this section, we give an example to illustrate effec-
tiveness of our results.

Example 4.1 Consider the following fuzzy cellular
neural networks with distributed delays.

W= —dun(t) + 5 aryf(a(t)
+ N\jm11jg; (Jo° kaj(s)a;(t — s)ds)
+ Vi1 Buigs (J5° kaj(s)a;(t — s)ds)
+ 351 bijuy
+ Ny Tjus + Vi Hyjuj + It

W= —dawa(t) + S5 agf(w(1)
+ N\jm1 2ig; (Jo° kaj(s)a;(t — 5)ds)
+ V2 Bojgi (Jo© kaj(s)z;(t — s)ds)
+ 307 bajuy
+ Ny Tojus + Vo) Hojuj + I

where
o-(22) a-(] 1)
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IS

PN

) e
filwi) = gi(z) = —|xil,i = 1,2, i = b = 4,u1 =
up = 1,k;(t) = ﬁ(i,j = 1, 2) and the matrices
T = (Tij)2x2, H = (H;j)ax2 are identity matrices.
Clearly f;(-),g:(-) are unbounded and Lipschitz con-
tinuous with the Lipschitz constants p; = o; = 1. set
01 =1,00 =2.

By simply calculating, we can easily check that
system (18) satisfy assumptions (Al)-(A2) and (8).
This illustrates the global exponential stability of sys-
tem (18).

N[O

N|— |
[N

SN—

=

8=

=
W=
NN

5 Conclusion

In this paper employing the elementary inequality
2ab < a® + b?, constructing a new Lyapunov func-
tional, and applying the Homeomorphism theory, we
have derived a new conditions of the existence, u-
niqueness of the equilibrium point. The fuzzy cellular
neural networks with distributed delays is GES under
these conditions. In contrast with the previous papers,
these conditions are independent of delays. Further-
more, the removal of the bounded-ness condition on
activation functions gives the networks a wider scope
of applicability particularly to optimization problems
which contain unbounded constraints.
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