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Abstract: - Steering system is an important man-machine interface, for which transmits driver's lateral control 
intention to the vehicle. In order to improve the vehicle lateral stability, a double closed-loop control scheme of 
yaw rate for active front steering system was proposed in this paper. To investigate the control effects of the 
double closed-loop control scheme of yaw rate, a two degree-of-freedom (2DOF) vehicle model and brushless 
dc motor (BLDCM) model were built, as well as numerical simulations and virtual tests based on CarSim 
software were conducted at different limiting conditions. Results indicate that response delay of vehicle driving 
on the road with low adhesion coefficient could be reduced with the help of the proposed yaw rate control 
scheme, as well as effects of unexpected yaw disturbance on response characteristics of vehicle could be 
weakened effectively. 
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1 Introduction 
Lateral stability is considered one of the most 
important aspects of vehicle active safety, while 
vehicle is running at limiting conditions. It is 
noteworthy that steering system is an important 
man-machine interface, for which transmits driver's 
lateral control intention to the vehicle. Since BMW 
AG has developed its active front steering system 
(AFS), more attention is paid for that active front 
steering control system, for which can increase ride 
comfort and active safety. Furthermore, existing 
research results indicate that a greater vehicle 
controllability and lateral stability could be achieved 
by active front steering control than by four-wheel 
steering (4WS) system or direct yaw-moment 
control (DYC) system especially for full braking 
testing on a μ - split road and slalom testing on 
packed snow[1]. 

At present, a number of studies are focused on 
yaw rate control for active steering system. The 
research emphasis are on the decision control of 
yaw rate[2][3], as well as the applying of advanced 
control theories to the yaw rate control[4]. However, 
problem of the control accuracy of the actuator 
motor for active front steering has been forgotten.  

The aim of this paper is to investigate a double 
closed-loop control scheme of yaw rate, one closed-
loop is used for angular displacement tracking 
control, and the other closed-loop is used for 
decision control of yaw rate. By double closed-loop 
control of yaw rate, response delay of vehicle 
driving on the road with low adhesion coefficient 
can be reduced, as well as effects of unexpected yaw 
disturbance on response characteristics of vehicle 
could be weakened effectively. 

The rest of this paper is organized as follows: in 
section 2, two-degree-of-freedom (2DOF) vehicle 
model, brushless dc motor (BLDCM) model, and 
side wind model are described briefly. Section 3 
describes the double closed-loop control scheme, as 
well as the angular displacement tracking controller 
and decision controller of yaw rate were designed. 
In section 4, a serious numerical simulation of 
limiting condition were carried out, and followed by 
virtual tests based on CarSim software in section 5. 
Conclusions are presented in 6. 
 

2 Modeling  
2.1 Vehicle Model 
In this paper, assuming steering angle and side slip 
angle to be small, then the 2DOF vehicle model can 
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be derived, which is shown in Fig.1. And, the lateral 
translation and rotational yaw motion equations 
written in the vehicle fixed frame take the following 
form[5][6]. 
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Fig.1 2DOF vehicle model 
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Here, m  represents total mass of the vehicle; fl  and 

rl  are distance between centre of gravity (CG) and 

the front and rear axle; fF  and rF  represent the 

front and rear tire force. r and   are the yaw rate 

and chassis side slip angle at centre of gravity; wF  

represents a wind force acting at the aero dynamical 
center of the side surface at a distance wl , from the 

center of gravity; ZI  is the moment of inertia with 

respect to a vertical axis through the CG, and V  is 
the magnitude of velocity vector at CG; f  and r  

represent side slip angle of the front and rear tire;   

is the road adhesion factor; fK  and rK  represent 

the tire cornering stiffness; f  is the front wheel 

steering angle. 
Then, the state space equation of the 2DOF 

vehicle model is: 
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2.2 BLDCM Model 
In this paper, brushless dc motor (BLDCM) was 
used as the actuator motor for active front steering, 
and equivalent circuit model of the BLDCM is 
shown in Fig.2[7]. 
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Fig.2 Equivalent circuit model of the BLDCM 

 
Applying Kirchhoff’s voltage law for the three 

phase stator loop winding circuits yields 
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Here, au , bu  and cu  are phase voltages; ae , be  and 

ce  represent the back-EMF waveforms, which are 

functions of angular velocity of the rotor shaft; ai , 

bi  and ci  are phase currents; aR , bR  and 

cR represent the phase resistances; aL , bL  and cL  

are stator self inductances; abM , acM , baM , bcM , 

caM  and cbM  represent the mutual inductances. 

The BLDCM mathematical model can be 
represented by the following equation in matrix 
form 
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Assuming the rotor has a surface-mounted design, 
and no saliency such that the stator self inductances 
are independent of the rotor position[7], hence 

a b cL L L L    (8) 

And, the mutual inductances will have the form 

ab ac ba

bc ca cb

M M M

M M M M

 

   
 (9) 

Assuming three phase balanced system, all the 
phase resistances are equal, then 

a b cR R R R    (10) 

Thus, equation (7) can be rewritten as 
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For the star type conjunction on three-phase 
winding is adopted, holds[8] 

0a b ci i i    (12) 

b c aMi Mi Mi    (13) 

Then, equation (11) can be replaced by 
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Since the electromagnetic torque for this three-
phase BLDCM is dependent on the current, speed 
and back-EMF waveforms, the instantaneous 
electromagnetic torque can be represented as 

 1
ac a a b b c c

ac

T e i e i e i


    (15) 

For the speed of the BLDC motor can be 
controlled by means of a three-phase and half-
bridge pulse-width modulation (PWM) inverter, 
then the dynamic characteristic equations of 
BLDCM can be represented as[9]  
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where, U  is the applied voltage; ac  is the motor 

speed; equL  is the inductance of the stator; equi  is the 

current of the circuit; equR  is the resistance of the 

stator; E  is the back electromotive force; acT  is the 

torque of motor; LT  is the load torque; acB  is the 

viscous coefficient; acJ  is the moment of inertia; 

TacK  is the motor torque constant; eacK  is the back 

electromotive force constant. 
 

2.3 Side Wind Model 
In this paper, a wind model proposed by National 
Aeronautics and Space Administration (NASA) was 
used to simulate the driving environment with the 
disturbance of side wind. The transfer function of 
the side wind is of the fourth order and was obtained 
by Gawronski and Mellstrom[10][11] 
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Here, s is the Laplacian operator, 0 3.42a  , 

1 686.3a  , 2 230.1a  , 3 3.902a  , 0 0.354b  , 

1 22.78b  , 2 224.7b  , 3 38.3b  , 4 0.331b  . 

For vehicle dynamics applications, since gusts 
with frequencies greater than 2 Hz are not interested, 
an additional filter was added to limit the gust 
variations to within the frequency band of 
automotive chassis response. The transfer function 
of the additional filter can be given by[10]  

  1

1
F s

s



 (20) 

 

3 Double Closed-loop Control Scheme 
To reduce the time lag of the steering system, which 
accounts for 60 percent of the total time lag[12], 
control accuracy of the actuator motor for active 
front steering appears especially important. Thus, a 
double closed-loop control scheme of yaw rate for 
active front steering is introduced, which is shown 
in Fig.3.  
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Fig.3 Double closed-loop control scheme. 

 
Referring to Fig.3, the inner closed-loop is used 

for angular displacement tracking control, and the 
outer closed-loop is used for decision control of yaw 
rate. 

 
3.1 Angular Displacement Tracking Control 

Based on the characteristic equations of the 
BLDCM model, the open-loop transfer function 

 UG s  from the applied voltage to the angular 

displacement has the form 

    
Tac

U

Tac eac equ equ ac ac

K
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 (21) 

The controller  C s  was chosen to be a PID 

controller, and the transfer function is 

  i
p d

K
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s
    (22) 

Then, construction of the closed loop system 
could be shown in Fig.4. 
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Fig.4 The angular displacement tracking control. 

 
Then, the transfer function  UG s  is converted 

into observable state space system and given by the 
model as[13] 
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Where, A is the system matrix; B is the input 
matrix; C is the output matrix, and D is the direct-
feed through matrix; x  is the state variable; *

ac  is 

the reference input; *
ac ace     is the tracking error; 

u  is the control input; w  is the disturbance input; y  

is the output variable. 
In view of the fact that reference input does not 

affect the procedure of controller design, assuming 
input of the system is zero for the convenience of 
controller design. Thus, the tracking error e  has the 
form 

ace y     (24) 

Let kx ydt  , kx y ,the control input u is 

p i k du K Cx K x K Cx      (25) 

Then, the control problem of the closed-system is 
equivalent to the problem of parameter 
determination for robust PID 

controller. , ,p i dK K K K    ., for a real scalar such 

that 0  , and the transfer function  H s  from  

disturbance w  to the controlled output must satisfy 
the following H∞ norm constrained control 

 H s 

  (26) 

Define  Tˆ , kx x x , and then state space 

realization of the closed-loop augmented system for 
system (23) can be expressed as[13] 

 ˆ ˆ

ˆ ˆ

x A BKC x Bw
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Given a real scalar  , then the necessary and 

sufficient condition for the asymptotic stability of 
the closed-loop system (27), as well as satisfying 
(26) is equivalent to the existence of a positive 
definite symmetric matrices P , which is the solution 
of the following inequality 

   T

2 T Tˆ ˆ 0

A BKC P P A BKC

PC CP BB 

  

  
 (28) 

According to the Schur complement theory, 
equation (28) can be rewritten as  

T

2

ˆ
0

ˆ

PC

CP I



 

 
 

  
 (29) 

Where,  
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For equation (29) contains nonlinear terms, 
replacement of variable matrix must be conducted, 
and denote S KCP , as well as define 
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Thereupon, solving problem for the Robust PID 
controller K  is equivalent to the existence of matrix 
variable '

11 22[ , , ]S P P  satisfying 
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Then, parameters of the angular displacement 
controller K  are 

' 1 1
22 1K S P C   (32) 

Here, 
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By using the function and calculator provided by 
LMI toolbox, parameters of the angular 
displacement controller can be solved.  

 
3.2 Decision Control of Yaw Rate 

In light of existing research results, reference 
values of yaw rate and side slip angle can be 
calculated by the following first order delay model 
[4][14] 
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The main objective for yaw rate control is to 
reduce the response delay of vehicle driving on the 
road with low adhesion coefficient, thus to make the 
response characteristics of vehicle close to that on 
the road with good adhesion coefficient, reference 
value of road adhesion coefficient 0  was chosen as 

0.85.  
Define re  is the error between reference and real 

values of yaw rate, and e  is the error between 

reference and real values of side slip angle. Then, 

re and e  can be obtained by following function  

r d
sta d

d

e r r
e x x

e  
   

         


 (34) 

Yaw rate control was conducted based on the 
feedback of yaw rate and side slip angle together, as 
well as control law stau  can be described as  
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Let [ , ]sta sr sK K K  , then the control law 

described in equation (35) can be rewritten as 

'1
sta p sta stau K e

G
   (36) 

For '
p is applied by driver and active steering 

control together, thus assuming ' 0p   in the 

control law stau  described in equation (36), which 

dose not affect the design of the yaw rate controller. 
Thus, the control law stau  has the following form 

sta sta stau K e  (37) 

To study the optimal control problem, 
performance index of linear quadratic regulator 
(LQR) was introduced and described by[15]  

 
0
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2
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Here, Q  and R  are weighting matrices, 2 2Q R   

is positive semidefinite matrix, 1 1R R   is positive 
definite matrix, and the method to choose 
parameters of weighting matrices Q  and R  was 

shown in reference[16]. In the performance index of 
equation (38), T

sta stae Qe can be used to measure the 

comprehensive error between the reference and real 
values during the whole control period, and T

sta stau Ru  

used to limit the control energy. 
The first-order derivative of the errors re and e  

can be given by 
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Then, variation method was adopted to solve the 
problem of linear quadratic optimal control, and the 
following hamiltonian function can be given by 
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Here,  t  is the lagrange multiplier vector. 

Thus, control equation can be expressed as  
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H
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that is 
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and adjoint equation is given by 
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denote 

    stat P t e   (44) 

Then, first-order derivative of  t is defined as 

         sta stat P t e t P t e t      (45) 

Let equation (43) equals equation (45), combine 

equations (39) and (44), as well as A

、 B


 、 Q  

and R  are constant matrices. With 
t  and   0P t  , the algebraic Riccati equation 

can be defined as follows  
1 0T TQ PA A P PBR B P   

   
 (46) 

Parameters of matrix P  can be obtained by 
solving equation (46), then parameters of the 
optimal controller can be calculated by the 
following equation 

1 T
staK R B P


 (47) 

According to the parameters of active steering 
actuator, additional angle *

ac  conducted by yaw rate 

control is  
*
ac sta staGK e   (48) 

 

4 Numerical Simulation 
To verify the control effectiveness of the double 
closed-loop control scheme, a serious numerical 
simulation of limiting conditions were carried out. 
Referencing the limiting conditions adopted by 
existing literatures, with or without disturbance of 
side wind on ice-snow road condition was used as 
limiting conditions. Performance of the double 
closed-loop control scheme of yaw rate was verified 
from two aspects: decrease of response delay for 
vehicle driving on the road with low adhesion 
coefficient, as well as inhibition effects of 
unexpected yaw disturbance on the response 
characteristics of vehicle. 
 
4.1 Limiting Condition I 

In limiting condition I, road adhesion coefficient 
and vehicle velocity were chosen as 0.2 and 80Km/h 
respectively. Sinusoidal input was used as steering 
wheel angle, which amplitude and frequency were 
chosen as 3 degree and 0.1Hz respectively. 
Simulation results of yaw rate in limiting condition I 
are shown in Fig.5. 
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Fig.5 Results of yaw rate in limiting condition I 
As shown in Fig.5, response delay of yaw rate is 

serious without yaw rate control. By double closed-
loop control for yaw rate, vehicle yaw rate can track 
the reference value of yaw rate very well. In 
addition, response delay of vehicle driving on the 
road with low adhesion coefficient can be reduced, 
so the control effect is good. 

 
4.2 Limiting Condition II 

Limiting condition II was based on the limiting 
condition I, and disturbance of side wind was 
applied. The speed model of side wind proposed by 
National Aeronautics and Space Administration 
(NASA) was adapted to simulate driving 
environment with the effect of side wind. The speed 
of the side wind and force conducted by side wind 
are shown in Fig.6 and Fig.7 respectively. 
Simulation results of yaw rate in limiting condition 
II are shown in Fig.8. 
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Fig.6 Side wind speed 
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Fig.7 The force conducted by side wind 

0 5 10 15 20
-0.02

0

0.02

0.04

0.06

0.08

Time (s)

Y
aw

 R
at

e 
(R

ad
/s

)

 

 
No Control

Reference

With Control

 
Fig.8 Results of yaw rate in limiting condition II 
 
Compared with Fig.5, it can be inferred from 

Fig.8 that amplitude of yaw rate is increased with 
the disturbance of side wind, that is to say, a greater 
yaw disturbance was produced. By double closed-
loop control for yaw rate, vehicle yaw rate can still 
track the reference value of yaw rate very well, and 
the tracking error is small, which means that the 
lateral stability can be improved.  

Thus, effects of unexpected yaw disturbance on 
the response characteristics of vehicle can be 
weakened effectively. 

 

5 Virtual Test in Limiting Conditions 
To further validate the effectiveness of the 

double closed-loop control scheme of yaw rate, 
virtual test of limiting condition I and II were 
conducted based on CarSim software. Extended 
Simulink function of CarSim was used to construct 
co-simulation model between CarSim and Simulink, 
detailed modeling process can be described as 
follows. 
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Firstly, characteristic parameters of main part for 
whole vehicle was set in the main screen of the 
CarSim software, as well as terrain characteristics of 
virtual road was set in the module of “Test 
Specifications”. Performance parameters of whole 
vehicle can be set in the module of “Vehicle 
ConFig.ration”, in which car body model was 
selected as “Sprung mass (whole)”. Meanwhile, 
road adhesion coefficient can be set in the sub 
module of “Proceduce”.  

Secondly, steering system was set for “Steering 
(Simple)”, as well as the double closed-loop control 
scheme of yaw rate and speed model of side wind 
were created in the platform of Simulink. 
Meanwhile, characteristic parameters of the steering 
system could be adjusted accordingly. 

Thirdly, in the module of “Miscellaneous Data” 
for the main screen of CarSim software, control 
characteristics of speed can be set as “Control: 

Speed (Closed Loop) VS. Time”, then the constant 
speed condition can be realized by this control mode. 

Finally, running mode was selected as “Run 
Control with Simulink” in the main screen of the 
CarSim software, as well as input and output signals 
were set in the screen of “I/O Channels”. Here, yaw 
rate, side slip angle and speed were set as output 
signals, while steering wheel angle and force 
conducted by side wind were set as input signals. 
Meanwhile, active mode for the input signals was 
selected as “Replace”. 

Then, construction of co-simulation commu-
nication interface between CarSim and Simulink 
was completed, and the co-simulation commu-
nication interface was shown in Fig.9.  

The two kinds of limiting conditions were 
applied to the virtual tests based on CarSim, and 
results of the virtual tests in limiting condition I and 
II are shown in Fig.10 and Fig.11 respectively. 

 

Fig.9 Co-simulation communication interface between CarSim and Simulink 
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Fig.10 Virtual test results of yaw rate in limiting 
condition I 
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Fig.11 Virtual test results of yaw rate in limiting 

condition II 
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As shown in Fig.10, by double closed-loop 
control for yaw rate, vehicle yaw rate can track the 
reference value of yaw rate very well, which means 
that response delay of vehicle driving on the road 
with low adhesion coefficient can be reduced, as 
noted in the numerical simulation study of the 
limiting condition I. 

It is obvious from the Fig.11 that effects of 
unexpected yaw disturbance on the response 
characteristics of vehicle can be weakened 
effectively, as is pointed out in the numerical 
simulation study of the limiting condition II. 

The above results suggest the view that the 
effectiveness and robustness of the double closed-
loop control scheme of yaw rate is good. This also 
proves the results obtained in the former numerical 
simulation study. 

 

6 Conclusion 
To improve the control accuracy of the actuator 
motor for active front steering, a double closed-loop 
control scheme of yaw rate for active front steering 
was proposed, and a serious numerical simulation of 
limiting conditions were conducted. To further 
validate the effectiveness of the double closed-loop 
control scheme of yaw rate, virtual tests of limiting 
conditions were carried out based on CarSim 
software. Numerical simulation and virtual test 
results indicate that response delay of vehicle 
driving on the road with low adhesion coefficient 
can be reduced by double closed-loop control of 
yaw rate, and effects of unexpected yaw disturbance 
on the response character-ristics of vehicle can be 
weakened effectively. Thus, the effectiveness and 
robustness of the double closed-loop control 
scheme of yaw rate is good. 
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