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Abstract: This paper presents a methodology to determine Locational Marginal Prices (LMPs) in electricity mar-
kets by integrating DC optimal power flow (DC-OPF) with loss factor modeling based on system distribution
factors. The proposed framework combines detailed AC power flow simulations in DIgSILENT PowerFactory,
used to calculate total system losses, with an optimization model implemented in Pyomo to capture the effects of
transmission and generation constraints as well as marginal losses. Two DC-OPF models are formulated as fol-
lows: Model 1 without losses and Model 2 including loss factors derived from AC analysis. Results obtained for a
simplified three-node system and the IEEE 39-node benchmark demonstrate that, under unconstrained conditions,
LMPs converge to a uniform value, whereas transmission congestion introduces price differentials consistent with
theoretical expectations. Incorporating marginal losses refines the pricing signals, ensuring a more accurate repre-
sentation of real system operations. The proposed approach enhances computational efficiency while improving
economic transparency, offering a robust tool for market operators and regulators to design and validate nodal
pricing mechanisms.
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1 Introduction ational flexibility amplifies the variability of LMPs,
making traditional DC-based analyses less reliable
in increasingly dynamic grids [[7], [8]. Furthermore,
studies in modern power systems point out that the
increasing deployment of distributed generation and
active distribution networks requires more detailed
LMP formulations that capture downstream conges-
tion, voltage limitations, and stochastic injections [9].

The rise of renewable energy in power systems around
the world aims to reduce C'Oy emissions. Elec-
tric power systems are undergoing digitalization and
transformation through advanced digital technologies
[[1]. Consequently, the collection of system variables
generates large datasets (big data) that can be ex-
ploited for predictive locational marginal price (LMP)

forecasting using machine learning techniques [2]. The other problems are network congestion and
However, when a method is well defined in terms of generation operating limits, which increase LMPs and
mathematical optimization, it often outperforms ma- the total cost of the power system [10],[11]. When
chine learning approaches. On the other hand, elec- transmission lines reach their thermal or stability lim-
tricity market agents (EMAs) determine LMPs using its, power flows must be redistributed, leading to
the DC optimization model, which does not take sys- nodal price separation and higher system costs [12].
tem losses into account [3], or by applying AC op- Similarly, when generators hit their operational lim-
timization [4]. In the case of AC optimization, the 1ts SUCh_ as maximum or minimum capacity, ramping
balance equations are nonlinear and do not guaran- constraints, or reserve requirements the economic dis-
tee a global optimum. Nevertheless, in recent years patch is forced to rely on more eXpensive units, rais-
convex optimization techniques have been applied to ing overall LMPs [13]. These active constraints imply
determine LMPs [5], [6]. that LMPs reflect not only the marginal cost of energy

but also the marginal cost of maintaining system reli-

In addition to the growing interest in optimization- ability and physical feasibility.

based LMP computation, recent literature has em-

phasized that the quality of nodal prices depends not To address the aforementioned problems related to
only on the mathematical formulation but also on how LMPs, the scientific literature provides several rele-
accurately physical grid constraints are represented. vant papers. In [[14], the author develops a DC model
Several authors highlight that the interaction between without losses and a linearized AC model, and ana-
renewable uncertainty, network topology, and oper- lyzes two systems (transmission and distribution) in-

E-ISSN: 2224-350X 147 Volume 21, 2026



WSEAS TRANSACTIONS on POWER SYSTEMS
DOI: 10.37394/232016.2026.21.13

tegrated with distributed generation. In []15], [[16],
the authors extend this approach with a focus on un-
certainty. With respect to convex optimization, [[17],
[18], [19], [20], [21] compute LMPs using second-
order cone programming with an approach based on
Nash mechanisms. In [22] the author proposes replac-
ing the traditional LMP approach with multi-interval
nodal pricing mechanisms, which allow a more ac-
curate representation of network flexibility and vol-
umetric risk, thereby viewing the grid as an insur-
ance mechanism that supports flexibility [23]. Al-
though the LMP framework incorporates both con-
gestion and losses in its calculations, the paper argues
that its underlying logic remains static and incomplete
[24], [25]. It does not adequately capture the real dy-
namics of energy delivery nor the associated systemic
risks.

Despite this extensive body of work, recent re-
views in electricity market design argue that cur-
rent LMP methodologies still lack a unified treat-
ment of marginal losses, uncertainty modeling, and
multi-level coordination between transmission and
distribution systems [26]. Moreover, several com-
parative studies indicate that while convex relax-
ations improve convergence and tractability, they
may still misrepresent reactive power effects and
voltage-dependent losses unless integrated with AC-
based datasets [27]. These findings reinforce the need
for hybrid methodologies that combine AC-accurate
physical modeling with the computational efficiency
of DC-based formulations.

Based on the previously reviewed problems and
the state of the art, this study contributes to the ad-
vancement of LMPs methodologies by integrating
AC-based [28] loss factor modeling with DC opti-
mal power flow (DC-OPF) formulations [29]. Unlike
conventional LMPs approaches that neglect marginal
losses or simplify congestion modeling, this work
bridges AC simulation precision with DC computa-
tional tractability using DIgSILENT PowerFactory
[30] and Pyomo Optimization [31]]. By validating
both a simplified 3-node and a benchmark 39-node
system, the framework demonstrates how transmis-
sion constraints and marginal losses jointly influence
nodal prices.

Additionally, this paper expands the existing liter-
ature by providing a broader discussion on how loss
factor modeling affects LMP transparency, risk al-
location, and regulatory decision-making. The pro-
posed methodology aligns with recent academic rec-
ommendations suggesting that future electricity mar-
kets require pricing mechanisms capable of integrat-
ing AC-accurate losses while maintaining scalability
and computational consistency [32].

The study extends current literature by offering
a reproducible, economically transparent methodol-
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ogy that enhances price accuracy under realistic grid
conditions [B3]. In addition, the proposed frame-
work can be adapted to different regulatory contexts
and market structures, making it a flexible tool for
both developed and emerging electricity markets. Its
modular design allows researchers to test alternative
loss allocation schemes, assess the economic impact
of network upgrades, and analyze future scenarios
with high renewable penetration. Furthermore, the
methodology provides a replicable bridge between
commercial power system software and open-source
optimization environments, enabling a wider commu-
nity of academics, regulators, and industry practition-
ers to evaluate nodal pricing under realistic operating
conditions.

The sections of the paper are organized as follows:
The methodology is presented in Section II. The opti-
mization model validation is described in Section III.
The discussion of the results is given in Section IV.
The scientific contribution is highlighted in Section
V, and finally, the conclusion is provided in Section
VI

2 Problem Formulation

The proposed electric system is modeled in DIgSI-
LENT, including the detailed representation of all el-
ements in order to perform power flow analysis and
thereby obtain a system state similar to the actual elec-
trical network. Subsequently, data on loads, lines,
transformers, generators, and other elements are ex-
tracted. These data are then prepared for the Pyomo
optimizer, which is used to obtain the nodal price re-
sults, as shown in Figure [l.

Extract data of
power system

- Loads data
-Transformers data
-Lines data
-Generators data -
Others data

Digsilent Power
Factory

Pyomo model
optimizer

Nodal price results

Figure 1: Steps to Determine LMPs
Source: created by the authors

In the literature, the mathematical models to obtain
nodal prices in power systems take two forms:

* DC model optimization
* AC model optimization

The AC optimization model includes the nodal
balance equations for active and reactive power.
These equations are difficult to solve because they
are nonlinear, and thus the optimal point is only lo-
cal and uniqueness cannot be guaranteed. By contrast,
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the DC optimization model is an approximation of the
AC model that can be solved much faster and gener-
ally finds a global optimum. Therefore, the equation
presented corresponds to the DC optimization model.
Let NV be the set of buses and L the set of trans-
mission lines. For each line m € L, the ordered pair
(i,7) defines its sending and receiving buses. Active
power injections py; and demands d; are specified at
bus i € N. Voltage phase angles are denoted by 6;
for each ¢ € N. Each transmission line is modeled
with a single oriented flow variable f,,.
DC Model 1 We define the DC model no loss of
the following way [34]:
min z = ZCz‘*sz‘ (1)
ieN

subject to:

S fig= Y fiitpgi=di VieN (2

i,JEL JiEL
fij =vvj(0; —0;)/xi; Vi,j e L 3)
\figl < £ Vi, j el (4)
pg"™ < pgi < pgi"** Vie N (5)
O < g < 0T e N (6)

Equation (1) formulates the objective function
aimed at minimizing the total generation cost. Equa-
tion (2) enforces the nodal power balance; in this ex-
pression, f;; denotes the power flow entering node
¢ from node j, which is simply the opposite orienta-
tion of f; ;, this distinction is required to properly ac-
count for incoming and outgoing flows in the nodal
power balance. Equation (3) characterizes the power
flow through the transmission lines. Equation (4)
imposes the upper limit on line power flows, Equa-
tion (5) specifies the maximum generation capacity of
each unit, and Equation (6) restricts the voltage angle
within its allowable range.

DC Model 2 We define the DC model with losses
as follows:

min z = Z C; * DY; (7)
ieN
subject to:

> LFgixpgi— Y LFd;d; = PL+OFFSET
1EN 1EN
(8)
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Z fij — Z fii+pgi=di+PL Yie N (9)

1,JEL JEL
fij =vivi(0; —0;)/zi 5 Vi,j € L (10)
|figl < f0° Vi, je L (1
pgl"™ < pgi < pg"** Vie N (12)
O < g; < 0T i e N (13)

Equation (8) represents the global system balance,
where total generation and demand are adjusted by the
loss factors (LF) so that their net difference equals the
system losses (PL) plus an offset term. In this formu-
lation, PL is a variable representing total transmission
losses, ensuring that the overall power balance prop-
erly accounts for network losses and calibration ad-
justments. The OFFSET term is a corrective param-
eter introduced to guarantee the exact closure of the
power balance equation in the DC model with losses.
Because the loss factors (LF) result from lineariza-
tions or approximations, the computed sum of gener-
ation, demand, and estimated losses may not perfectly
coincide. These small discrepancies lead to a resid-
ual mismatch in the system-wide balance equation.
The OFFSET absorbs this residual error, allowing the
model to maintain strict equality in the global balance
constraint. As a result, the numerical consistency of
the dispatch solution is preserved without altering the
physical interpretation of the system or affecting the
operational results. Equation (9), in turn, enforces the
nodal power balance by requiring that, at each node,
the sum of incoming and outgoing line flows plus lo-
cal generation equals the local demand. The term PL
appears only in the slack-node power balance equa-
tion, as the slack node is responsible for absorbing the
total system losses.

In the proposed formulation, one bus is selected
as the reference (slack) node to fix the voltage angle
and absorb the residual mismatch associated with loss
linearization. While the slack bus is responsible for
balancing total system losses in the nodal equations,
its selection does not alter the economic efficiency
of the dispatch. In large-scale systems, however, the
choice of slack affects the numerical values of distri-
bution factors and loss factors, which in turn modifies
the decomposition of LMPs into energy, congestion,
and loss components. Importantly, although the ab-
solute nodal prices may shift slightly due to loss allo-
cation through the slack, price differentials between
nodes which drive economic signals remain consis-
tent. Therefore, the slack bus should be interpreted
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as a mathematical reference for loss allocation rather
than an economically privileged location.

The generation loss factor (LFg) and the demand
loss factor (LFd) represent the derivatives of the sys-
tem losses with respect to power injections, which can
be demonstrated as follows:

If we take Equation (9) and apply the Lagrangian
method, deriving with respect to power injections.

Where f; j = fji = fm:
dfm

gi

(14)

Ty =

This equation defines the nodal price, which con-
sists of three components: the market price (1)), the
loss price, and the congestion price. The derivative

ill;L:; = LFgis called the generation loss factor, while
ddem = LFd is the demand loss factor. The Lagrange

multiplier w,, is used for line congestion, and 4
represents the system’s distribution factor.

To determine the loss factor, the following approx-
imation is used:

dpg

Lm = Ry f?, (15)

where L,,, denotes the loss in line m of the system,
R,, is the resistance, and f,, is the power flow. If
we take Equation (15) and compute its derivative with
respect to the power injection, we obtain:

meL

(16)

where H; ,, = j;fm is factor distribution. There-

fore, the H; ,,, we obtain:

(17)

where Y is the transfer susceptance matrix be-
tween nodes i and j , the A is incidence matrix line
- node.

Numerical stability considerations. The matrix
H = ATY A corresponds to a weighted Laplacian
of the network and is therefore singular with rank
n — 1, reflecting the invariance of voltage angles
to a uniform phase shift. To obtain a unique solu-
tion, one reference (slack) bus angle is fixed (typi-
cally ok = 0). This is implemented by removing
the column of the incidence matrix A associated with
the slack bus, yielding a reduced matrix A. The result-
ing matrix H = ATY A is full-rank and invertible. In
large-scale networks, however, near-singularity may
still arise due to weakly connected areas or very small
line susceptances, leading to ill-conditioning of the
linear system. In such cases, direct matrix inversion

Hipm =Y 5 Ax (AT xY x A)7?
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becomes numerically unstable and sparse factoriza-
tion or regularization techniques are preferable.

2.1 Optimality preservation of the DC—OPF

with linearized loss factors

The AC nodal active power balance can be expressed
as

PAY(0,V) = PPC(0) + Pl***(0,V),  (18)

where is the lossless DC power flow approxi-

mation and PZ-ZOSS represents the real power losses.
A first—order Taylor expansion around an operat-
ing point (6%, V*) yields

aPloss
~pre sy
jeEN

PDC

P.

APj + OFFSET. (19)

Defining the loss factor

apﬂoss
LF; = ——, (20)
- OP;
the power balance becomes
P/“ ~ PPY+ " LF;;P; + OFFSET.  (21)

JEN

Therefore, embedding loss factors into the DC—
OPF corresponds to a first—order linearization of the
AC power balance equations. The Karush—-Kuhn—
Tucker (KKT) conditions of the AC—OPF are

VC(Py) = XV PA°(Py). (22)

Since
VPAY = T+ LF, (23)

the proposed formulation imposes the same Jacobian
matrix up to second—order terms, implying

)\DC-HOSS — )\AC 4 O(AQ) (24)

Hence, the optimal dispatch obtained from the pro-
posed DC—OPF with linearized losses preserves the
economic optimality of the AC—OPF to first order.

2.2 Economic consistency of the LMP

decomposition
The locational marginal price (LMP) is defined as the
marginal cost of supplying an incremental demand at

bus ¢,
oCc*

ad;
When losses are considered, the global power bal-

ance is
Z Py = Z d; + ploss,

ieEN ieN

A =

(25)

(26)
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Taking the derivative of the optimal cost with re-
spect to demand gives

8Ploss
op;

where )¢ is the system marginal energy price and
are the shadow prices of transmission constraints.
Defining the loss factor

Ai = Ao (1 - + Y uPTDFy,, (27)

kel

(C)Ploss
LF;, = 28
= o e8)
the LMP can be written as
Ni= o+ mkPTDFyi+MoLE;|  (29)
energy k€L loss
congestion

Thus, the proposed LMP decomposition cor-
responds to the first—order expansion of the AC
marginal price and remains economically consistent,
since the loss component represents the incremental
generation required to compensate additional system
losses caused by a marginal injection at bus .

All the aforementioned equations are implemented
in Python using Pyomo, following the procedure il-
lustrated in Figure P):

Digsilent Power
Factory
Power system
modeling

Figure 2: Nodal price with loss
Source: created by the authors

Extract total

losses
Extract power

injection

Power flow execute

Determine the
offset

The procedure in DIgSILENT PowerFactory be-
gins with the modeling of the power system, where all
nodes, lines, and equipment are represented accord-
ing to their electrical parameters. Once the model is
established, the next step is to execute a power flow
analysis to obtain voltages, currents, and system be-
havior under given operating conditions. From these
results, the total system losses are extracted, provid-
ing an indication of efficiency. Subsequently, power
injections at different nodes are identified, and the off-
set between calculated and expected values is deter-
mined, allowing the validation of the model and a pre-
cise assessment of system performance.

E-ISSN: 2224-350X

151

E. Salinas-Villacis, C. Quinatoa-Caiza,
J. Acurio-Masabanda

3 Optimization model validation

3.1 Tree node system

The validation system shown in Figure [ consists of
three 110 kV nodes connected by three transmission
lines, each with a reactance of 0.25 p.u. and a re-
sistance of 0.05 p.u., with Sbase of 100 MVA. The
thermal capacity of each line is 1 kA. The system in-
cludes two generators: G1 with a maximum power of
500 MW and G2 with a maximum power of 300 MW
with cost of 10 $/h and 12 $/h respectively. The total
demand connected to the system is 150 MW,

G1 G2

150,0 (500 ] 00
Node_1 Node_2
[[1000 | [[1000 | ; ;
1000 50,0 Line -2 50,0 50,0
L A

Line_2-3

50,0

Node_3

Line_1-3

-100,0 -50,0

150,0

Load

Figure 3: Nodal price without loss
Source: created by the authors

Using DC Model 1, which determines nodal prices

without accounting for losses, the obtained results are
presented in Table [I:

Table 1. DC Model 1 nodal prices.

Node Price (§/MWh) P (MW)
N1 10 150
N2 10 0
N3 10 150

Source: created by the authors

The nodal prices are identical because the trans-
mission lines have sufficiently large capacity. In this
case, the Lagrange multiplier p is not active, and the
system losses are assumed to be zero.

To demonstrate congestion, the transmission line
between nodes 1 and 2 is limited to 30 MW, while
the remaining lines are set to 200 MW, similar to the
previous case in Table [ present the result.
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Table 2. DC Model 1 nodal prices with constraints.

Node Price ($3/MWh) P (MW)
N1 10 120
N2 12 30
N3 11 150

Source: created by the authors

From the power flow simulation in Figure i, it can
be observed that the active power on line 1-3 is 90
MW, while on line 2-3 it is 60 MW. The nodal prices
are different because the Lagrange multiplier is active
only for line 1-2. Therefore, the price at each node
reflects the marginal cost of generation; however, the
price at node 3 is determined by the combined contri-
bution of generators G1 and G2.

G1 G2

?

120,0 30.0 30,0
Node_2

Node_1
-;_ﬁ_

90,0 30,0 Line \1-2 -30,0 60,0

\ ' A

Line_2-3

Line_1-3

Load

Figure 4: Nodal price without loss
Source: created by the authors

Using the DC Model 2, which incorporates trans-
mission losses for nodal price determination, the ob-
tained results are summarized as follows. First, an
AC power flow was performed using the Newton—
Raphson method in DIgSILENT PowerFactory, and
the results are presented in Figure 5.

The power injections at Node 1 and Node 2 are
116.9 MW and 40 MW, respectively, while the total
system loss is 6.9 MW. Nevertheless, in order to de-
termine the offset, it is necessary to compute the loss
factors, which are obtained from (16) and (17).

L] 1 -1 0
A= L13] [1 0 —1] (30)
Lyl [0 1 -1
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Figure 5: Nodal price without loss
Source: created by the authors

The equation B( incidence matrix (line—node) is
defined such that the element is equal to 1 when the
power flow leaves the node, —1 when the power flow
enters the node, and 0 otherwise. To construct the sus-
ceptance matrix Y equation (B1]), each element repre-
sents the susceptance between node i and node j.

yiz 0 0
Y=|0 w3 O (31)
0 0 o3

Finally, we obtain the distribution factor equation
(B2), taking node 1 as the slack node.

0 —-2/3 —1/3
H=|0 -1/3 -2/3 (32)

0 1/3 -1/3
Applying Equation (16), we obtain the loss fac-

tors:
0
LF = [ —-0.030 (33)
—0.09

OFFSET calculation. Using the base-case trans-
mission losses of P,ss = 6.9 MW and the loss fac-
tors (LF;,LF2,LF3) = (0, —0.03, —0.09) applied
to the corresponding nodal injections (P, Ps, D3) =
(116.9, 40, —150) MW, the contribution of each
node to the linearized loss estimation can be evalu-
ated. Since node 1 is defined as the slack bus, it ab-
sorbs any mismatch between the linearized loss ap-
proximation and the actual system losses. By combin-
ing the base-case losses with the loss—factor-weighted
injections, the resulting OFFSET term captures this
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residual imbalance and ensures that the global power-
balance equation closes exactly. The computed OFF-
SET term is:

OFFSET = 6.9 MW — (0)(116.9 MW)
—(—0.030)(40MW)  — (—0.09)(—150 MW)

= 5.4MW.

(34)
The computed OFFSET of 5.4 MW represents the
net adjustment required to balance the system equa-
tions after accounting for measurement errors and
modeling approximations. This value arises from the
weighted contributions of nodal injections and with-
drawals, reflecting both positive and negative devi-
ations. A nonzero OFFSET indicates residual incon-
sistencies between observed data and estimated states,
highlighting the importance of correction terms to

preserve overall system feasibility.
The nodal prices derived from DC Model 2 are
computed using equation (14) are present in Table B:

Table 3. Nodal price including losses and congestion.

Node Price (3/MWh) P (MW)
N1 10.00 127.2
N2 12.01 30.0
N3 11.755 -150.0

Source: created by the authors

Table Bl summarizes nodal results for a three-node
distribution system. Node N1 exhibits a price of 10
$/MWh with a positive injection of 127.2 MW, while
Node N2 presents a slightly higher price of 12.01
$/MWh and a moderate load of 30 MW. Conversely,
Node N3 shows 11.755 $/MWh with a withdrawal of
150 MW, illustrating price variations under different
supply—demand conditions.

3.2 Error metrics

These metrics were compared with the loss factor
values, since these factors are linearized or approxi-
mated. First, the loss factors were computed in DIgSI-
LENT, and then obtained again using the approach
proposed in this paper. They were not compared with
nodal prices because the values are identical and dif-
fer only due to numerical rounding. The obtained val-
ues for MSE, RMSE, and MAE demonstrate a high
level of consistency between both methods. The er-
rors are on the order of 1073, indicating that the dis-
crepancies are marginal and do not significantly af-
fect the magnitude of the nodal results. Consequently,
both methods can be considered equivalent for op-
erational analysis, validation, or benchmarking pur-
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poses. In addition, these results reinforce the robust-
ness of the proposed methodology, confirming that its
simplified representation accurately captures the es-
sential behavior of the system while maintaining com-
putational efficiency—an important requirement for
practical applications, large-scale studies, and real-
time decision-making environments. The values are
present in Table H.

Table 4. Error metrics for the three-node comparison.

Load MAE RMSE Relative Error (%) MAPE (%)
60% 0.00075 0.00115 3.1 2.6
80% 0.00137 0.00191 3.6 3.1
100% 0.00367 0.00581 7.2 6.3
120% 0.00810 0.01299 12.9 11.0
140% 0.02727 0.04225 26.8 24.5

Source: created by the authors

Table [ summarizes the accuracy of the evalu-
ated approach under different loading conditions. For
loading levels up to 80%, the errors remain very small
(MAE < 0.0015 p.u., RMSE < 0.002 p.u., and Rela-
tive Error and MAPE below 4%), indicating an ex-
cellent approximation of the reference solution. At
nominal loading (100%), the error slightly increases
but still stays within acceptable limits for power sys-
tem analysis (MAPE = 6.3%, Relative Error = 7.2%),
confirming that the method preserves good fidelity
around normal operating conditions. However, as the
system becomes heavily loaded (120% and 140%),
the error increases considerably, reaching MAE =
0.02727 p.u., RMSE = 0.04225 p.u., and percentage
errors above 20% at 140% loading. This behavior is
expected because the linearization assumptions pro-
gressively lose validity in stressed operating regimes
where nonlinear power flow effects dominate. Over-
all, the results demonstrate that the method is reli-
able and accurate for light and nominal operating con-
ditions, which correspond to typical system opera-
tion, while its performance deteriorates under heavily
loaded scenarios.

3.3 IEEE 39-node

The IEEE 39-nodes New England test system [35] is
a standard benchmark widely adopted for power mar-
ket and operational studies. It consists of 39 nodes,
10 generating units, and 46 transmission lines, op-
erating at a nominal voltage of 345 kV. The system
supplies a total demand of approximately 6,300 MW,
with generation resources distributed across multiple
nodes and interconnected through a meshed transmis-
sion network. In addition to its realistic representation
of transmission congestion and generation dispatch,
this system provides a suitable platform for validating
optimization algorithms, testing locational marginal
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pricing methodologies, and analyzing system reliabil-
ity under diverse operational scenarios, making it an
indispensable reference in electricity market research.

Node 31 is modeled as the reference (slack), while
the remaining nodes are designated as load or genera-
tor nodes. The system’s topology and operating con-
ditions provide a realistic framework to evaluate con-
gestion patterns, transmission constraints, and LMPs.
Owing to its representative scale and complexity, the
IEEE 39-node system is widely employed for validat-
ing nodal pricing methodologies and electricity mar-
ket simulations. In the Fgure ¢|reports the nodal
prices obtained under the DC Model 1 formulation
without considering losses or transmission line con-
straints.

40
LMP =30 $/MWh
30
=
=
=
A 20 -
[a 9
=
—
10 B
0 I [ I I I I I I I
1 5 10 15 20 25 30 35 39
Bus

Figure 6: Locational marginal prices (LMPs) for the
IEEE 39-bus system under uncongested conditions.
Source: created by the authors

The Figure [] summarizes the results of the DC-
OPF solution for the IEEE 39-node system with an
optimal objective value of z = 1704.55. Under these
conditions, the LMPs are uniform across all nodes,
with a value of 30.00 /MW h, since no transmission
limits are active and all line shadow prices p are zero.
The generation is mainly supplied by four units, with
Node 39 providing 4650.5 MW, Node 31 and Node
37 each generating 595 MW, and Node 34 produc-
ing 255 MW, while the remaining units are not dis-
patched. Selected line flows are also reported in per
unit, indicating balanced power distribution without
congestion. These results provide the base case for
subsequent analysis of nodal prices under transmis-
sion constraints.

The congested DC-OPF yields an optimal objec-
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Figure 7: Generator dispatch results obtained from
the DC-OPF model.
Source: created by the authors

tive value of z=1879.30, reflecting the additional op-
erational cost induced by active transmission bottle-
necks. The resulting nodal prices exhibit a markedly
non-uniform pattern, with LMPs spanning from 20 to
40$/MWh, evidencing the presence of binding con-
straints and spatial marginal cost differentiation. In
the Figure B|lowest prices arise at Nodes 31 and 37 (20
$/MWh), indicating electrically favorable locations
with unconstrained access to low-cost generation. In-
termediate values of 35 $/MWh appear at Nodes 1,
9, 32, and 36, suggesting moderate proximity to con-
gestion interfaces. In contrast, most of the network
settles at the upper bound of 40 $/MWh, including
Nodes 2-8, 10-21, 24-30, 33-34, and 38, where con-
gestion forces the system to dispatch costlier marginal
resources. Two nodes (22 and 23) present marginally
lower prices (39.9998 $/MWh), consistent with nu-
merically binding flow limits. Finally, Node 35 ex-
hibits a distinct intermediate price of 37 $/MWh,
while Node 39, typically the main supply point of
the 39-bus system, clears at 30 $/MWh. Overall, the
LMP dispersion sharply contrasts with the uniform-
price case, confirming that transmission congestion
creates pronounced spatial price signals aligned with
the physical constraints of the grid.

In the Fgure [ illustrates the optimal generation
schedule under congestion reveals a highly differ-
entiated dispatch pattern driven by marginal costs
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Figure 8: Locational marginal prices (LMPs) for the
IEEE 39-bus system.
Source: created by the authors

and transmission limitations. The largest contribu-
tion originates from Bus 39, delivering 2244 MW,
which aligns with its role as a major low-cost supplier
in the IEEE 39-bus benchmark. A second cluster of
generators—Ilocated at Buses 31, 32, 35, 36, and 37—
operates close to their nominal upper limits, each pro-
ducing approximately 570 MW, indicating that these
units become economically attractive once conges-
tion shifts the marginal price across the network. Ad-
ditional mid-range contributions are observed at Bus
33 (414 MW) and Bus 38 (324 MW), which help bal-
ance the system near congested corridors. In contrast,
Bus 34 provides a modest 255 MW, suggesting that
local conditions or marginal cost differentials restrict
its full utilization. Finally, Bus 30 contributes vir-
tually zero output (0.001 MW), confirming that this
unit is priced out of the market under the prevailing
LMP structure. Overall, the dispatch profile reflects
the coordinated interplay between generator cost pa-
rameters and network congestion, leading to a spa-
tially efficient yet highly uneven utilization of avail-
able resources.

Figure reports the shadow prices associated
with transmission capacity limits. Only a small sub-
set of lines exhibits binding conditions. In particu-
lar, lines (06-31) and (25-37) present high conges-
tion values (20 $/MWh), indicating strong marginal
value for additional capacity. Lines (01-02), (01-39),
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Figure 9: Generator dispatch results obtained from
the DC-OPF model under Scenario 2.
Source: created by the authors

(08-09), (09-39), (10-32), and (23-36) show mod-
erate congestion (5 $/MWh). All other lines remain
non-binding.

Figure [L1] presents the results of DC Model 2 con-
sidering transmission congestion and network losses.
The DC-OPF results for this operating scenario yield
an optimal objective value of z = 1906.34, slightly
lower than the previous configuration, yet still in-
dicative of substantial congestion across the network.
The resulting LMP profile displays a pronounced spa-
tial gradient, with prices ranging from 20.0 to 52.48
$/MWh, underscoring the presence of binding trans-
mission constraints and the emergence of distinct
marginal cost zones throughout the IEEE 39-bus sys-
tem.

The minimum prices arise at Nodes 31 (20.00
$/MWh) and 37 (20.91 $/MWh), reflecting isolated
regions with access to inexpensive supply and min-
imal interaction with congested interfaces. Slightly
higher values appear at Nodes 32 (35.26 $/MWh)
and 36 (35.68 $/MWh), along with Node 35 (37.57
$/MWh), forming an intermediate cost region where
nodes remain partially shielded from congestion ef-
fects.

A broad plateau between 41 and 43 $/MWh en-
compasses Nodes 1624, 26-30, and several nodes
in the central corridor. This cluster represents the
network’s structural backbone, where congestion re-
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Figure 10: Binding transmission capacity constraints:
absolute value of shadow prices (DC-OPF).
Source: created by the authors

distributes marginal energy costs in a relatively con-
sistent manner. Additional mid-range prices appear
at Node 25 (40.25 $/MWh) and Node 33 (40.76
$/MWh), indicating local variations tied to flow pat-
terns and topological proximity to bottlenecks.

Higher LMP values concentrate in the northeast-
ern area, particularly at Nodes 3—15, where prices es-
calate from 41.83 $/MWh (Bus 3) up to 46.61 $/MWh
(Bus 8). These nodes bear the brunt of congestion-
driven redispatch, with the price peak observed at
Node 9, reaching 52.48 $/MWh, making it the sys-
tem’s most constrained location under this scenario.

Finally, Node 39—typically a major low-cost gen-
eration source—settles at 29.96 $/MWh, consistent
with its role in anchoring the lower bound of the
marginal cost structure.

Overall, the LMP distribution reveals a system
under significant congestion stress, characterized by
steep marginal cost differentials and clear segmenta-
tion into low-, medium-, and high-price regions. The
price spike at Node 9 once again highlights its posi-
tion as a critical bottleneck, shaping the economic and
operational outcomes of the dispatch.

In the Figure (17 illustrates the optimal dispatch re-
sults exhibit a distinct allocation of generation across
the network, reflecting the influence of marginal pro-
duction costs and active congestion constraints. The
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Figure 11: Locational marginal prices (LMPs) for the
IEEE 39-bus system under Scenario 4.
Source: created by the authors

dominant supplier in the system remains Bus 39, pro-
ducing 1864.8 MW, consistent with its role as a large
and economically efficient generating unit. A sec-
ond tier of high-output generators—including Buses
32, 33, 35, 36, and 37—operates at or near their
maximum available capacity, each contributing 570
MW. This behavior indicates that these units become
marginally competitive once congestion reshapes the
system’s marginal cost structure.

Intermediate levels of production appear at Bus 38,
supplying 546.7 MW, and Bus 31, generating 524.6
MW. These units serve as transitional resources, fill-
ing the gap between the heavily utilized low-cost gen-
erators and the more constrained nodes. Meanwhile,
Bus 34 contributes a modest 255 MW, likely reflect-
ing a combination of local marginal cost and limited
downstream demand relief under network constraints.

Finally, Bus 30 remains fully out of the economic
dispatch, producing effectively 0 MW, which is con-
sistent with being priced out of the market under the
prevailing LMP conditions.

Overall, the generation pattern reveals a system
strongly shaped by network congestion, with heavy
reliance on a core group of low-cost units while mid-
range generators absorb redispatch effects. The re-
sulting dispatch structure highlights the interplay be-
tween spatial marginal costs and transmission limita-
tions in the IEEE 39-bus system.
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Figure 12: Generator dispatch results obtained from
the DC-OPF model under Scenario 5.
Source: created by the authors

In the Figure illustrates the analysis of the
transmission-line shadow prices shows that virtually
all corridors operate strictly within their thermal lim-
its, with 4™ and p~ values equal to zero across most
branches, indicating non-binding constraints with no
impact on nodal marginal prices. Congestion emerges
only on a small set of critical interfaces, where non-
zero 11~ values reveal binding directional limits that
actively shape the LMP structure: the strongest bot-
tlenecks occur on Bus 09—Bus 39 (u~ =-26.42) and
Bus 06—31 (u~ =-25.61), followed by Bus 25—Bus
37 (u~ =-19.34), Bus 10—Bus 32 (= =-9.70), Bus
23—Bus 36 (¢~ = —6.96), Bus 22—Bus 35 (u= =
-5.07), and Bus 19—Bus 33 (¢~ = —1.88). These
shadow prices quantify the marginal benefit of re-
laxing each line limit, highlighting that reinforcing
the most constrained corridors—particularly 09-39
and 06-31—would produce the largest reductions in
system operating cost and significantly reduce LMP
dispersion. Overall, the dual patterns confirm that
the observed price differentials originate from a few
strategically congested pathways that govern the spa-
tial distribution of marginal costs in the IEEE 39-bus
system.

4 Discussion of Results

The kernel density estimates in Fig. |L4 highlight the
progressive dispersion of nodal prices as physical
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Figure 13: Binding transmission constraints: absolute
shadow prices for Scenario 6 (DC-OPF).
Source: created by the authors

constraints are introduced. In the base case, the den-
sity collapses into a spike at 30 $/MWh, reflecting a
single-bus market. When line capacity limits are en-
forced, the distribution widens and becomes slightly
bimodal, with a dominant mass around 40 $/MWh and
a secondary concentration close to 20-35 $/MWh.
Under simultaneous congestion and losses, the den-
sity further spreads towards higher values and devel-
ops a heavier right tail, with a non-negligible proba-
bility of prices above 50 $/MWh, which is consistent
with the increased marginal cost of delivering power
to stressed areas of the network.

The results obtained from the DC-OPF without
congestion indicate that all nodal prices remain per-
fectly uniform at 30 $/MWh, as no transmission limits
are binding and line losses are neglected. In this con-
figuration, the dispatch relies entirely on the cheap-
est available generating units, and every bus faces the
same marginal energy cost. This scenario serves as
the economic baseline for evaluating how physical
constraints modify system behavior under more real-
istic operating conditions.

When transmission capacities are enforced, the
uniform pricing pattern disappears even though losses
are still neglected. Under this scenario, nodal prices
span a wider range, from 20 $/MWh (buses 31 and
37) up to 40 $/MWh, which becomes the dominant
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Source: created by the authors

marginal price across most nodes. Intermediate val-
ues such as 35 $/MWh and 37 $/MWh appear at sev-
eral buses, reflecting localized system stress. This
dispersion results solely from transmission bottle-
necks, demonstrating how congestion alters marginal
energy costs and forces redispatch across the network
even in the absence of losses.

When both congestion and losses are incorpo-
rated, the price dispersion increases significantly.
Nodal prices range from 20.00 $/MWh (node 31)
to 52.48 $/MWh (node 9), representing the widest
spread among all scenarios. Several nodes cluster
around 42.64 $/MWh, while others experience higher
marginal costs driven by loss factors and binding con-
straints. In this operating condition, congestion in
multiple corridors and the presence of marginal losses
simultaneously shape LMP formation. The result-
ing economic signals reflect not only energy realloca-
tion due to transmission congestion but also the incre-
mental cost of delivering power to distant or heavily
loaded areas. This confirms the importance of jointly
modeling congestion and losses to represent system
conditions accurately and derive meaningful market
outcomes.

5 Scientific Contribution

This study contributes to the state of the art in nodal
pricing by proposing a hybrid AC-DC workflow that
embeds physically accurate loss modeling into a com-
putationally efficient DC-OPF formulation. First, AC
power-flow simulations in DIgSILENT PowerFac-
tory are used to derive systemwide losses and con-
struct marginal generation and demand loss factors
(LF,, LFy) based on distribution factors obtained
from the incidence matrix A and the susceptance ma-
trix Y. These AC-consistent loss factors are then in-
tegrated into the DC-OPF constraints, together with
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a calibrated OFFSET term that guarantees exact clo-
sure of the global power-balance equation and elim-
inates the systematic bias typically observed in loss-
adjusted DC models.

Unlike conventional DC-OPF approaches—which
either ignore losses or apply simplified ex-post
corrections—our formulation incorporates marginal
losses within the market-clearing optimization. This
ensures transparent, economically meaningful loca-
tional marginal price (LMP) signals while preserv-
ing the tractability of DC methods. The proposed
workflow is fully reproducible, bridging commercial
simulation tools (DIgSILENT) with open-source op-
timization (Pyomo), and enabling researchers, regu-
lators, and system operators to evaluate nodal prices
under realistic network conditions.

Validation on a three-bus system and the IEEE
39-bus benchmark demonstrates that the method ac-
curately captures the joint impact of congestion and
marginal losses, producing LMP dispersion patterns
consistent with physical constraints and economic
theory. Shadow-price analysis confirms the inter-
pretability of dual variables, while density-based
comparisons across scenarios highlight the progres-
sive widening of price differentials as constraints be-
come active. Overall, the methodology provides a
scalable, auditable, and physically grounded frame-
work for modern electricity-market studies.

6 Conclusion

The baseline DC-OPF case (no active limits and no
losses) yields perfectly uniform LMPs of 30 $/MWh
across all buses, with a dispatch configuration driven
by the lowest cost units. This confirms marginal
cost consistency when the network operates without
congestion: prices exhibit no locational differentia-
tion, and the resulting power transfers remain feasible
without thermal stress. The outcome provides a re-
producible reference point for evaluating the effects
of transmission constraints and losses. It also vali-
dates the DIgSILENT — Pyomo data pipeline, ensur-
ing that subsequent price variations can be attributed
to physical constraints rather than numerical artifacts.
In short, this scenario acts as a clean and controlled
baseline before introducing real-world frictions.
Enforcing real transmission capacities breaks this
uniformity even in the absence of losses. Under this
scenario, LMPs span from 20 $/MWh (e.g., nodes 31
and 37) to 40 $/MWh, which dominates most buses
due to congestion-induced redistribution of marginal
costs. The dispatch shifts toward additional units
notably those located at nodes 32-38 reflecting the
cost of relieving constrained corridors. Higher prices
arise downstream of bottlenecks where network ca-
pacity is scarce, while lower prices remain in ar-
eas with unconstrained access to low-cost generation.
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These results reinforce the economic interpretation of
dual variables as shadow prices of transmission limits,
highlighting the importance of network-aware pricing
even within a simplified DC formulation.

When both congestion and losses are considered,
LMP dispersion increases substantially. Prices range
from 20.00 $/MWh (slack bus) to 52.48 $/MWh
(node 9), the largest spread among all scenarios. In-
corporating generation and demand loss factors (L F,
LFy) derived from

H=YA (ATYA) -

together with an OFFSET calibration term aligns the
DC formulation with AC-estimated losses, prevent-
ing systematic bias in LMPs. Marginal losses reorder
the relative merit of generators located at nodes 32-
39, while congestion in multiple corridors amplifies
locational differentials. The workflow is auditable
and reproducible, generating physically grounded and
economically meaningful signals for planning stud-
ies, tariff design, and welfare analysis. Overall, losses
matter in two dimensions: economically, through
their impact on prices; and physically, through their
influence on dispatch.

Adopting the AC—DC workflow with LF,/LFy
and an OFFSET calibration term is recommended as a
practical standard for market and operational studies:
it balances physical traceability with computational
tractability. Future extensions may include joint op-
timization of energy and ancillary services, incorpo-
ration of ramping and unit-commitment constraints,
and stochastic or robust formulations to capture un-
certainty from renewables, demand variability, and
outages. Validation with real SCADA/EMS data and
AC-OPF benchmarks would further strengthen reg-
ulatory acceptance and operational credibility. For
system operators and regulators, the approach pro-
vides clearer, reliability aligned LMP signals; for re-
searchers, it offers a transparent bridge between de-
tailed AC physics and scalable market-clearing mod-
els.
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