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Abstract: This paper introduces a comprehensive theory of matrices whose entries are drawn from the ternary
set B3 = {—1,0,1}. We introduce a base-3 coding scheme that provides a lexicographic ordering of rows and
columns, which in turn leads to the definition of canonical ordered matrix classes C3 and D3. Extending clas-
sical results for binary regular matrices, we define and characterize (k.,k_)-balanced matrices as their ternary
analogues. We prove that the sequence H, = 3" — 1 represents the maximum attainable row or column code in
this framework. Furthermore, we establish the core structural properties and symmetries of these matrix classes.
These results provide a rigorous mathematical foundation for modeling systems with ternary interactions, includ-
ing signed networks, neural connectivity patterns, and other ternary-structured systems.
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1 Introduction eral application domains. Ternary matrices naturally
serve as adjacency matrices for signed graphs [IU],
where entries 1, —1, and O represent positive, nega-
tive, and absent edges, respectively. They can model
excitatory (+1), inhibitory (—1), and absent (0) con-
nections in neural networks; model activating, in-
hibiting, and neutral interactions in molecular inter-
action networks; and offer efficient representation in
ternary coding schemes for signal processing.

Classical studies on binary matrices over the set
B, = {0, 1} provide the foundation for representing
k-regular bipartite graphs via the set L} of (0,1)-
matrices whose rows and columns each contain ex-
actly k ones. Within this framework, the algorithmic
generation of such combinatorial objects, the analy-
sis of their factor sets, and the classification of binary
matrix classes reveal fundamental structures and pro-

vide important groundwork [[], [?], [B]. This binary Within this ternary setting, we introduce several
framework also has deep connections to combinato- new mathematical structures: a systematic coding
rial sequences, particularly Fibonacci, Lucas, and H, scheme using base-3 numerical representation; the
numbers [4], [S], [6]. lexicographically ordered matrix classes C3z and D3 as
The combinatorial analysis of matrix problems [Z] canonical forms; (k. k_)-balanced regular structures
offers a broader context for these studies. This pa- as ternary analogues of binary k-regular matrices; and
per extends the established theory to matrices over the sequence H, = 3" — 1, which emerges naturally as
the ternary set B3, building upon foundational work the maximum TQW/ column code and provides combi-
on ternary logic structures [8] and their logical prop- natorial connections.
erties [9]. This forms the basis for our comprehensive Combinatorial sequences are treated extensively
mathematical framework for ternary matrices with in the literature, including foundational texts on Fi-
balanced regular structures. The foundational alge- bonacci and Lucas numbers [I1], [I?], concrete
braic and logical structure of B3, which underpins mathematics [[3], and enumerative combinatorics
our matrix coding scheme, is established in [9]. The [I4], [IS]. The classical theory of these sequences is
application of ternary matrices to signed graphs fur- covered in [I6], while generatingfunctionology [I7]
ther builds upon research in suborbital graphs [I0]. provides essential tools. Proof techniques from [IR]
Collectively, these works provide the necessary back- and historical perspectives from [19] enrich this field.
ground for our investigation. General combinatorics references [20], [P1], [22]
The motivation for this extension arises from sev- and analytic approaches [23] provide comprehensive
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frameworks. Combinatorial proof methods [?4] and
sequence databases [25] support this research.

Advanced combinatorial theory [26], [7], parti-
tion theory [ZR], and walkthroughs of combinatorics
[?9] offer deeper insights. Counting methods [30],
discrete mathematics handbooks [B1], and introduc-
tory combinatorics texts [B7] provide pedagogical
foundations. Combinatorial theory [33] and num-
ber theory invitations [34] connect to broader mathe-
matical contexts. Classical number theory references
[33], [36], [37] and multiplicative number theory [BX]
underpin the numerical aspects.

Experimental mathematics perspectives [3Y] and
expositions on Fibonacci numbers [40] offer fresh
viewpoints. Computer programming foundations
[AT] and set partition algorithms [42] provide com-
putational context. Finally, Fibonacci-Catalan con-
nections [43] demonstrate the breadth of this field’s
applications. The modeling of balanced systems,
such as synchronous generator-infinite bus systems,
has been successfully approached using multi-bond
graph techniques [44], demonstrating the practical
relevance of balanced structures in engineering. Fur-
thermore, the development of customizable frame-
works for specific organizational contexts, such as
balanced scorecards for educational non-profits [A5],
highlights the broader applicability of balanced struc-
tures across domains.

This work builds a formal bridge between ternary
matrix theory, combinatorial sequences (notably H,),
and the theory of signed graphs. The systematic ap-
proach developed here not only generalizes classical
binary matrix results but also reveals new structural
properties unique to ternary systems, such as the sym-
metry induced by the inversion map ¢.

2 Ternary Matrices and Coding
This section introduces the core framework for an-
alyzing ternary matrices with entries from the set
B3;. We define a base-3 coding system that assigns
a unique integer value to each row and column, en-
abling a lexicographic ordering. Using this order-
ing, we construct the canonical classes C3 and D3 of
ternary matrices with nondecreasing and nonincreas-
ing codes, respectively. We establish the fundamen-
tal properties of these codes, including their sharp
bounds defined by the sequence H, and the behavior
under the sign inversion operation.

We first define the primary object of study.
Definition 2.1. The set

Bg’xm:{A:[ai]’] Za,'jEBg} (D)

is called the set of ternary matrices of size n x m.

To compare rows and columns lexicographically,
we assign to each row and column a numerical code
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obtained by interpreting its entries as digits in base 3.
This coding reduces the lexicographic comparison to
simple numerical ordering.

Definition 2.2. For a matrix A € B}, the row code
is the ordered n-tuple

I"(A) = <X1,XQ,. .. 7xn>7 (2)

where

m
z:au+13m1, i=1,2,...,n. (3)

Since (a;j+ 1) € {0, 1,2}, every x; is an integer satis-

fying 0 <x; <3" — 1= H,,, where H,, =3" — 1.
Similarly, the column code is
C(A) = <y1 7y27 e 7ym>7
n
yi=Y (ai+1)3"", j=12,...m

i=1
Each y; satisfies 0 <y; <3"—1=H,.

These codings provide a bijection between rows
(columns) and integers in [0, H,] ([0,H,]), allowing
lexicographic comparison via the natural integer or-
der.

Remark 2.3. The sequence H, emerges as the max-
imum attainable code for any row or column of a
ternary matrix of size n X m (or m X n). It satisfies
the linear recurrence H,.| = 4H, — 3H,,— with ini-
tial values Hy = 0, H; = 2.

To illustrate the sharpness of these bounds, con-
sider the following concrete case.

Example 2.4. Consider ternary matrices with n =3
rows. The maximum possible row code is H3 = 3% —
1 = 26. This maximum is attained precisely by the
row containing only 1’s, i.e., (1,1,1). Indeed, its code
is computed as:

2
Y (141)3*
k=0

22#

:2@+3+n
=184+6+2=26=Hj.

4

Conversely, the minimum code O corresponds to
the row (—1,—1,—1).

The following proposition establishes the funda-
mental range of these codes.

Proposition 2.5. For any A € B}™™, the row and col-
umn codes satisfy:

0<x;<H, foralli=1,...,n,
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0<y;<H, forallj=1,....m

where Hy = 3% — 1. Moreover, the bounds are sharp:
for each k, there exist matrices attaining the minimum
code 0 and the maximum code Hj.

Proof. The minimum code 0 corresponds to a
row/column containing only —1 entries (mapped to
0). The maximum code Hy = 3K — 1 = 2(3k! 4
3k=2 4 ... 4+ 1) corresponds to a row/column contain-
ing only 1 entries (mapped to 2). O

With the numerical codes for rows and columns
established, we can now define lexicographically or-
dered ternary matrices. These sets provide canonical
forms for ternary matrices under row and column per-
mutations.

Let A€ By, r(A) =
V15Y25+ 3 Ym)-

Definition 2.6. The set of lexicographically nonde-
creasing ternary matrices is:

Xy) and c(A) =

(x1,x2,...,

The set of lexicographically nonincreasing ternary
matrices is:

CPMm={AeBy"|xi<x < <xyandy; <y <---

DY ={AeBy" |x; >x2> -

(6)

In other words, A € C;”" if and only if the rows
and columns of A are sorted in lexicographical nonde-
creasing order, and A € D}™" if and only if the rows
and columns of A are sorted in lexicographical non-
increasing order.

>xpandy; >y > >yt

We illustrate this definition with a concrete exam-
ple in Example 7.

Example 2.7. For the matrix:

-1 -1 0 1
A=|—-1 0 1 1].
0 1 11

Row codes with m =4, Hy = 3* —1=80: r(A) =
(5,17,53). Column codes withn =3, H; = 3> — 1 =
26: ¢(A) = (1,5,17,26).

Since both sequences are nondecreasing, A €
C3 x4

5

Matrices in C3 possess a highly structured first

row, a property we now characterize in Theorem 8.

Theorem 2.8. If A € CJ*"™, then its first row must
have the monotone block structure

(-1,...,—1,0,...,0,1,....1)
——— ——

S1 52 53

(N

where s1,57,53 > 0and s1+sy+s3 =m. Inparticular,
when the first row contains no zeros (s = 0), its row
code equals Hy, 5, = 3" — 1.
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Proof. Assume that the first row were not monotone
in the order —1,0,1. Then there would exist indices
p < g with aj, > a4 In the base3 digit representa-
tion the p-th digit would be larger than the g-th digit,
hence swapping columns p and g would produce a
row with a strictly smaller code. This contradicts the
fact that the columns of A are ordered nondecreas-
ingly (v, <y, for A € C§™). Consequently the first
row must consist of a block of —1’s, followed by a
block of 0’s, followed by a block of 1°s.

If 5o = 0 (no zeros in the first row), then the code
consists of sy digits O followed by s3 = m — s digits

2. Hence
m—s;—1 3m ST 1
x =2 Z 3= —
3m Yl_l_ m 5

O

Example 2.9. Let A € C;‘ %6 have first row
(—=1,0,0,1,1,1). Here s; =1, sp =2, s3 =3. The
row has the required block structure as in (). If
the row contained no zeros, e.g., (—1,1,1,1,1,1)
with s1 =1, so = 0, s3 = 5, then its code would be
Hg ; =Hs =3 —1=242.

The sign inversion operation has a particularly ele-
gant effect on the row and column codes. This trans-
formation reveals a fundamental symmetry between
positive and negative entries in ternary matrices.

Theorem 2.10. Let ¢ : B3 — B3 be the sign inversion

map ¢ (x) = —x, extended to matrices. For A € B{*"
with r(A) = (x1,...,X,), we have:
r(@(A)) = (Hy—x1,Hy—x2,...,Hpy—x,).  (8)

Similarly for column codes.

Proof. Since ¢ sends —1+— 1,0+ 0, and 1 — —1,
each digit d; = a;; +1 € {0,1,2} becomes d; =
¢aij) +1=(—aj)+1=1—-a;=1-(dj—1)=
2—d;. Thus:

(2—d;)3™/

e
I
™=

~.
Il
_

Z — Y d;3"

= Hm — X;.

O]

This theorem immediately yields a crucial cor-
respondence between the two canonical ordered
classes.
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Corollary 2.11. The inversion map ¢ establishes a Definition 3.1. A matrix A € B}" is called (k4,k_)—
bijection: balanced if:

¢ : CJ*" «— DY . .
-  each row contains exactly k. entries equal to 1

Specifically, A € C3™™ if and only if ¢(A) € DY*"™. and k_ entries equal to —1,
Example 2.12. Consider the following matrix A € * each column contains exactly k. entries equal to
Cg 4 Its rows and columns are ordered in nonde- 1 and k_ entries equal to —1,

creasing lexicographic order. ) .
¢ the number of zeros in each row and column is

ko =n—ky —k_, where kg > 0.
-1 —
-1 0
0 1
1 1
r(A) = (5,17,53,80), c(A) = (5,17,53,80).

1

n

The set of all such matrices is denoted by L(k k)
A= , o=
Remark 3.2. The parameters satisfy 0 <k, k_ <n
and ky +k_ <n. When ky = k_ =k, we have sym-
metric balance. The row and column codes of bal-
anced matrices have special properties related to the

sequence H,,.

0 1
11
11
11

Here, H; = 3* — 1 = 80. Applying the inversion
map ¢ (which sends —1 <+ 1 and fixes 0) yields:

A direct consequence of the definition is the uni-
formity of row and column sums.

1 1 0 -1
$(A) = 10 -1 -1 ' Lemma 3.3. For any (k,k_)-balanced matrix A, the
01 _} _} _} sum of each row and each column is constant:
n
By Theorem P10 and equation (8), the codes of Z aij=ky —k-  foralli,
9 (A) are: J=1
A)) =(75,63,27,0 L
r(9(4)) = (75,63,27,0), Zaij:kJr—k_ forall j.
c(9(A)) = (75,63,27,0). e
Since the code sequences (75,63,27,0) are nonin- Thus, all row sums and all column sums equal s =
creasing (75 > 63 > 27 > 0), we have ¢(A) € D3 ke — k.

4;51115 explicitly 4(1Xamonstrates the bijection: A € Proof. Each row contains k, entries equal to 1 (con-
C3"" = ¢(A) € D3™". Moreover, applying ¢ again tributing +k. ), k_ entries equal to —1 (contributing
to ¢(A) returns the original matrix A: —k_), and kg zeros. Thus the row sumis k; -1 +k_ -

_ (—1)+kp-0=ky —k_. The same reasoning applies
9(9(4)) =4, to columns. O

confirming that ¢ is an involution and thus estab-

i A Balanced matrices impose specific arithmetic con-
lishes a one-to-one correspondence between Cj

i ditions on their row and column codes, linking them
and D3™". to the parameters k4 and k_.

3 (k+ : k_)—Balanced Matrices Theorem 3.4. LetA € LFk+,k,) with row codes r(A) =

In the binary case, k-regular matrices—where each (155 xn). Then each x; satisfies:

row and column sums to k—play a fundamental role o —k

in graph theory and combinatorics. For ternary ma- xi=k, (mod2) and = t ez, (10)
trices over B3 = {—1,0, 1}, this concept generalizes 2

naturally to sign-balanced regularity, where we con-
trol the counts of both positive and negative entries

Moreover, the sum of all row codes is:

rather than a single sum. This leads to the defini- n H 4 (k. —k
. . . nt ( + —)
tion of (ky,k_)-balanced matrices, which serve as the Z A e
ternary analogue of binary regular matrices and pro- i=1 (11)
vide adjacency matrices for signed regular graphs. B 3" —1+ (kg —k_)
We now formally introduce this central concept. - 2 )
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Proof. Each x; is the base-3 number with digits d; =
a;j+1€{0,1,2}. The number of digits equal to 2
corresponds to ki ones, and digits equal to 0 cor-
respond to k_ minus ones. The congruence in (M)
follows from the digit sum modulo 2. For the sum
formula in (), note that each position j contributes
3" to x; if a;; =0,2-3"/ ifa;; = 1, and 0 if a;; =
—1. Summing over all rows gives the result. O

The sign inversion operation interacts with the
balanced property in a natural and predictable way,
swapping the roles of positive and negative entries.

Theorem 3.5. Let ¢ be the sign inversion map. Then:
¢(L€k+,k—)) :L(nk_,k+)‘ (12)

o n n
In particular, L(k+,k,) and L

are in bijection.
(k- k) J

Proof. The map ¢ sends 1 — —1 and —1 > 1, while
0 +— 0. Thus a matrix with k; ones and k_ minus
ones per row/column becomes a matrix with k_ ones
and k4 minus ones per row/column. O

To illustrate this theorem, consider a small bal-
anced matrix and observe how inversion transforms
its parameters.

Example 3.6. Let n =4, k, =3, k_ = 1. Consider
the following (3, 1)-balanced matrix A € Lé )» Where

each row and column contains exactly three 1’s and
one —1:

111 -1
11 -1 1
A=11 1 1 1
1111

Applying the sign inversion map ¢ yields:

ST
111 1
PA={_1 1 -1 -1

1 -1 -1 -1

In ¢(A), each row and column contains exactly one 1
and three —1’s. Therefore, ¢ (A) € L?l 3)» demonstrat-

ing that ¢(LE‘311)) C L?1,3)‘

The row codes illustrate this transformation. For
A:
r(A) = (78,74,62,26),

where each code corresponds to three 2’s and one 0
in its base-3 digit representation (e.g., 7819 = 22203).
After inversion, Theorem 210 and equation (R) give:

r(9(A)) = (Hy — 78, Hy — 74, Hy — 62, Hy — 26)
— (2,6, 18, 54).
(13)
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with Hy = 3* — 1 = 80. The codes of ¢(A) cor-
respond to one 2 and three 0’s (e.g., 219 = 00023),
consistent with the parameter change from (3,1) to

(1,3).

This theorem has an immediate and elegant corol-
lary for the symmetric case.

Corollary 3.7. For symmetric balance (k. =k_ =k),
we have:

¢(L(nk,k)) = L(nk,k)‘ (14)

Thus Lglk 0 is invariant under sign inversion.

4 Statistical Analysis and Simulation

To validate the theoretical framework and explore the
distribution of codes in (k;,k_)-balanced matrices,
we conducted a comprehensive simulation study. The
objectives were: (i) to analyze the distribution of row
codes for balanced matrices, (ii) to test the theoretical
sum formula from Theorem B4 as given in (), and
(iii) to examine the correlation structure between row
and column codes.

We generated all (k;,k_)-balanced matrices for
small dimensions where exhaustive enumeration is
feasible, and employed Monte Carlo sampling for
larger dimensions. The generation algorithm con-
structs matrices row by row, ensuring the column
counts never exceed the required k; and k_ values,
and performs a final check for feasibility [41],22]. For
each configuration, we recorded:

* Row codes {x;}} ,

* Column codes {y;}’_,

* Row sums s; =k, —k_

* The sum of all row codes Sy =Y/ x;

For n = 3, we exhaustively enumerated all matri-
ces in L?l 1 (symmetric balance). Table [ presents

the distribution of row codes.

Table 1: Distribution of row codes for L?l 0 (all ma-
trices) (This table was prepared by the author.)

Row Code x; Frequency Cumulative Frequency

10 6 6
11 6 12
12 6 18
14 6 24
15 6 30
16 6 36
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The theoretical sum of all row codes for any ma-
trix in this class, according to Theorem B4 and equa-
tion (D), is:

H, —k 2
5o (k) 2640

2 2

For the 36 matrices enumerated, the average sum
across all matrices was verified to be 39, and each
individual matrix satisfied this property exactly, con-
firming Theorem B4.

For n = 5,6, we performed Monte Carlo simu-
lations generating 10,000 random (k. ,k_)-balanced
matrices for each parameter combination. Table
summarizes the results.

=3-13=309.

Table 2: Monte Carlo simulation results (10,000 sam-
ples) (This table was prepared by the author.)

n (ky,k_) e (sim) u, (theor) Oy Mean S, (sim)
5 2,2) 60.14 60.50 15.67 300.70
5 3,1 74.99 75.00 17.92 374.95
5 4,0) 90.03 90.00 20.41 450.15
6 3.,2) 163.28 163.50  32.01 979.68
6 4,1) 181.86 182.00 34.72 1091.16
6 5,0) 200.12 200.00  37.15 1200.72
Table 3: *

Wy mean row code, Oy: standard deviation, Sy: sum
of all row codes. Theoretical values computed from
Theorem B4 and equation ().

The simulation results closely match the theoreti-
cal predictions, with small deviations due to sampling
error. The standard deviation increases with n and
with the imbalance |k — k_|, reflecting greater vari-
ability in row code values.

We examined the correlation between row codes
and column codes. Figure M shows a scatter plot
of x; vs y; for a representative simulation (n = 5,
(k+7k*) = (272))

Correlation between Row and Column Codes

: : : :
- « Simulated Data
= 60 - _ y=x H
s
o
@
£ 40| |
3 :
o)
O :
20 * | | | |
20 30 40 50 60
Row Code x;

Figure 1: Scatter plot of row codes vs. column codes
for (ky,k_)=(2,2),n =15 (This figure was prepared
by the author.)
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The strong positive correlation (p ~ 0.95) indi-
cates that larger row codes tend to be associated
with larger column codes, consistent with the lexi-
cographic ordering properties established in Section
@ and the definitions in (B) and (B).

The simulation study confirms:

1. The theoretical sum formula from Theorem B4
and equation () holds exactly for all simulated
matrices.

2. Row code values are symmetrically distributed
around the theoretical mean for symmetric bal-
ance (k. =k_).

3. The variance increases with n and with |k, —k_|.

4. Row and column codes exhibit strong positive
correlation, validating the lexicographic ordering
framework.

5 Conclusion and Future Work

This paper has introduced a systematic mathematical
framework for ternary matrices over Bz. By interpret-
ing rows and columns as base-3 numbers, we estab-
lished a lexicographic ordering that yields the canon-
ical ordered classes C3 and D3 as defined in (8) and
&).

Within this framework, we defined (k;,k_)-
balanced matrices in Definition Bl as a natural
ternary generalization of the classical binary k-
regular matrices. These matrices serve as adjacency
matrices for signed regular graphs, thereby bridging
matrix theory and signed graph theory. The combina-
torial sequence H, emerged as the sharp upper bound
for all possible row and column codes, as shown in
Proposition 3.

A key structural insight of this work is a funda-
mental duality governed by the sign inversion map ¢
established in Theorem P10 and equation (B). This
map establishes a precise bijection between the or-
dered classes C3 and D3 in Corollary 7T, and sim-
ilarly swaps the parameters of the balanced classes,
mapping L("k+7 k) to Lfk_ k) 88 shown in Theorem B3
and equation (7).

The results presented here lay a foundation for
several promising research directions. Future work
may focus on the enumeration of balanced matrices
within the canonical ordered classes; spectral anal-
ysis of (ky,k_)-balanced matrices, with special in-
terest in the symmetric case k; = k_; generalization
of the coding and ordering framework to g-ary al-
phabets; the development of efficient algorithms for
generating and sampling from these structured ma-
trix classes; and concrete applications in the design
and analysis of signed networks with prescribed con-
nection patterns.
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