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Abstract: - In this study, we define hyperbolic (𝑠, 𝑡)-Fibonacci and (𝑠, 𝑡)-Lucas quaternions. For these 
hyperbolic quaternions, we give the special summation formulas, special generating functions, etc. Also, we 
calculate the special identities of these hyperbolic quaternions. In addition, we obtain the Binet formulas in two 
different ways. The first is in the known classical way and the second is with the help of the sequence's 
generating functions. Moreover, we examine the relationships between the hyperbolic (𝑠, 𝑡)-Fibonacci and 
(𝑠, 𝑡)-Lucas quaternions. Finally, the terms of the (𝑠, 𝑡)-Fibonacci and (𝑠, 𝑡)-Lucas sequences are associated 
with their hyperbolic quaternion values. 
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1 Introduction 
 
The Fibonacci, Lucas, and Pell sequences are 
famous sequences of numbers. These sequences 
have intrigued scientists for a long time. Fibonacci 
sequences have been applied in various fields such 
as Algebraic Coding Theory [1], [2], graph theory 
[3], [4], Biomathematics [5], Computer Science [6], 
and so on. Many generalizations of the Fibonacci 
sequence have been given. The known examples of 
such sequences are the Pell, Pell-Lucas, 𝑘-
Fibonacci, 𝑘-Jacobsthal-Lucas, 𝑘-Lucas, 𝑘-Pell, 𝑘-
Pell-Lucas, and Modified 𝑘-Pell sequences, etc (see 
for details in [7], [8], [9], [10], [11]). 
For 𝑛 ∈ ℕ, the Fibonacci numbers 𝐹𝑛, Lucas 
numbers 𝐿𝑛, Pell numbers 𝑝𝑛, and Jacobsthal-Lucas 
numbers 𝑞𝑛 are defined by the recurrence relations, 
respectively, 

𝐹𝑛+2 = 𝐹𝑛+1 + 𝐹𝑛, 𝐿𝑛+2 = 𝐿𝑛+1 + 𝐿𝑛, 
𝑝𝑛+2 = 2𝑝𝑛+1 + 𝑝𝑛, and 𝑞𝑛+2 = 2𝑞𝑛+1 + 𝑞𝑛 

with the initial conditions 𝐹0 = 0, 𝐹1 = 1, 𝐿0 = 2, 
𝐿1 = 1, 𝑝0 = 0, 𝑝1 = 1, and 𝑞0 = 2, 𝑞1 = 2. 

For 𝐹𝑛, 𝐿𝑛, 𝑝𝑛, and 𝑞𝑛 the Binet formulas are given 
by relations, respectively, 

𝐹𝑛 =
𝜑𝑛−𝜔𝑛

𝜑−𝜔
, 𝐿𝑛 = 𝜑𝑛 + 𝜔𝑛, 

𝑝𝑛 =
𝜆𝑛−𝜓𝑛

𝜆−𝜓
, and 𝑞𝑛 = 𝜆𝑛 + 𝜓𝑛 

where 𝜑 =
1+√5

2
, 𝜔 =

1−√5

2
, 𝜆 = 1 + √2, and 𝜓 =

1 − √2 are the roots of the characteristic equation 
𝑠2 − 𝑠 − 1 = 0 and 𝑣2 − 2𝑣 − 1 = 0, respectively. 
Here 𝜑 and 𝜆 numbers are the known golden ratio 
and silver ratio. 
With the help of the recurrence relation of the 
Fibonacci sequence, (𝑠, 𝑡)-sequences were 
introduced, and these sequences had an important 
place in number theory.  
In [12], [13], for 𝑛 ∈ ℕ, they defined the (𝑠, 𝑡)-
Fibonacci and (𝑠, 𝑡)-Lucas sequences by the 
recurrence relations, respectively, 

𝐹𝑛+2 = 𝑠𝐹𝑛+1 + 𝑡𝐹𝑛,  
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𝐿𝑛+2 = 𝑠𝐿𝑛+1 + 𝑡𝐿𝑛, 
with the initial conditions 𝐿0 = 2, 𝐿1 = 𝑠 and 𝐹0 =
0, 𝐹1 = 1. In addition, they found the Binet 
formulas and properties of these sequences. In [14], 
they did applied work on the matrix representations 
of (𝑠, 𝑡) Fibonacci sequences. Also, in [15], she 
defined the (𝑠, 𝑡)-Jacobsthal and (𝑠, 𝑡)-Jacobsthal-
Lucas sequences and she found the generating 
function, the Binet formulas and some features of 
these sequences. 
The quaternions were first described by Hamilton in 
1843. Then, quaternions used to control rotational 
movements especially in 3D games and Eulerian 
angles. In [16], he defined Complex Fibonacci and 
Fibonacci quaternions and he were found various 
features of these sequences. 
The algebra of hyperbolic quaternions is an algebra 
that is not related to the elements of the form over 
the real numbers. 

𝑞 = 𝑥𝑖1 + 𝑦𝑖2 + 𝑧𝑖3 + 𝑡𝑖4, 𝑥, 𝑦, 𝑧, 𝑡 ∈ ℝ 
In [16], he gave the properties of the 𝑞 units defined 
as in Table 1. 
 

Table 1. Hyperbolic Quaternions Units 

 
In [17], he did a lot of research on hyperbolic 
quaternions and their properties. An expression of 
the general form of hyperbolic quaternions is  

ℏ = ℏ1𝑖1+ℏ2𝑖2 + ℏ3𝑖3+ℏ4𝑖4 = (ℏ1, ℏ2, ℏ3, ℏ4). 
Here, the terms of the ℏ1, ℏ2, ℏ3, ℏ4 sequence, 
𝑖1, 𝑖2, 𝑖3𝑖4 are hyperbolic quaternions. 
In [18], he defined the hyperbolic 𝑘-Fibonacci and 
𝑘-Lucas quaternions and he found properties of 
these quaternions. Also, they conducted a study on 
the hyperbolic Leonardo and Francois quaternions 
and obtained many features related to these 
quaternions [19]. In addition, they introduced the 
Jacobsthal and Jacobsthal-Lucas quaternions [20]. 
Moreover, they did many studies on hyperbolic 
quaternions,octonions, and sedenions [21], [22], 
[23], [24], [25] [26], [27] [28], [29], [30]. 
As seen above, many generalizations of hyperbolic 
quaternions of sequences have been given so far. In 
this study, we give new generalizations inspired by 
the hyperbolic 𝑘-Fibonacci quaternions and 
Jacobsthal and Jacobsthal-Lucas quaternions. We 
call these quaternions the hyperbolic (𝑠, 𝑡)-

Fibonacci and (𝑠, 𝑡)-Lucas quaternions and denote 
them as 𝐻̌𝐹𝑛(𝑠, 𝑡), and 𝐻̌𝐿𝑛(𝑠, 𝑡), respectively. 
We separate the article into three parts. 
In chapter 2, we define the hyperbolic (𝑠, 𝑡)-Pell and 
(𝑠, 𝑡)-Pell-Lucas quaternions, and the terms of these 
quaternions are given. Then, we find some 
properties of these quaternions. 
In chapter 3, information is given about the 
characteristic equations of hyperbolic (𝑠, 𝑡)-
Fibonacci and (𝑠, 𝑡)-Lucas quaternions. Then, we 
obtain the Binet formulas, generating functions, and 
sum of terms of these quaternions. In addition, we 
examine the relationship of hyperbolic (𝑠, 𝑡)-
Fibonacci and (𝑠, 𝑡)-Lucas quaternions. Moreover, 
we calculate the special identities of these 
quaternions. Finally, we associate the terms of the 
(𝑠, 𝑡)-Fibonacci and (𝑠, 𝑡)-Lucas sequences with 
their hyperbolic quaternion values. 
 
2 Hyperbolic (𝒔, 𝒕)-Fibonacci and 

(𝒔, 𝒕)-Lucas Quaternions 
 
For 𝑛 ∈ ℕ, the hyperbolic (𝑠, 𝑡)-Fibonacci 𝐻̌𝐹𝑛(𝑠, 𝑡) 
and (𝑠, 𝑡)-Lucas quaternions 𝐻̌𝐿𝑛(𝑠, 𝑡) are defined 
by, respectively, 

𝐻̌𝐹𝑛(𝑠, 𝑡) = 𝐹𝑛𝑖1 + 𝐹𝑛+1𝑖2 + 𝐹𝑛+2𝑖3 + 𝐹𝑛+3𝑖4 
                     = (𝐹𝑛, 𝐹𝑛+1, 𝐹𝑛+2, 𝐹𝑛+3) 
and 

𝐻̌𝐿𝑛(𝑠, 𝑡) = 𝐿𝑛𝑖1 + 𝐿𝑛+1𝑖2 + 𝐿𝑛+2𝑖3 + 𝐿𝑛+3𝑖4 
= (𝐿𝑛, 𝐿𝑛+1, 𝐿𝑛+2, 𝐿𝑛+3) 

where 𝐹𝑛 is 𝑛𝑡ℎ (𝑠, 𝑡)-Fibonacci sequence, 𝐿𝑛 𝑛𝑡ℎ 
(𝑠, 𝑡)-Lucas sequence and 𝑖1, 𝑖2, 𝑖3 and 𝑖4 are the 
hyperbolic quaternion units in table 1. 
Let us now give some terms of the hyperbolic (𝑠, 𝑡)-
Fibonacci and (𝑠, 𝑡)-Lucas quaternions below. 
 𝐻̌𝐹0(𝑠, 𝑡) = 𝑖2 + 𝑠𝑖3 + (𝑠2 + 𝑡)𝑖4, 
 𝐻̌𝐹1(𝑠, 𝑡) = 𝑖1 + 𝑠𝑖2 + (𝑠2 + 𝑡)𝑖3 + (𝑠3 +

2𝑠𝑡)𝑖4, 
 𝐻̌𝐹2(𝑠, 𝑡) = 𝑠𝑖1 + (𝑠2 + 𝑡)𝑖2 + (𝑠3 + 2𝑠𝑡)𝑖3 +

(𝑠4 + 3𝑠2𝑡 + 𝑡2)𝑖4, 
and 
 𝐻̌𝐿0(𝑠, 𝑡) = 2𝑖1 + 𝑠𝑖2 + (𝑠2 + 2𝑡)𝑖3 + (𝑠3 +

3𝑠𝑡)𝑖4, 
 𝐻̌𝐿1(𝑠, 𝑡) = 𝑠𝑖1 + (𝑠2 + 2𝑡)𝑖2 + (𝑠3 +

3𝑠𝑡)𝑖3 + (𝑠4 + 4𝑠2𝑡 + 2𝑡2)𝑖4, 
 𝐻̌𝐿2(𝑠, 𝑡) = (𝑠2 + 2𝑡)𝑖1 + (𝑠3 + 3𝑠𝑡)𝑖2 +

(𝑠4 + 4𝑠2𝑡 + 2𝑡2)𝑖3 + (𝑠5 + 5𝑠3𝑡 + 5𝑠𝑡2)𝑖4. 
Definition 2.1. For 𝑛 ∈ ℕ, the conjugate of (𝑠, 𝑡)-
Fibonacci 𝐻̌𝐹𝑛

∗(𝑠, 𝑡) and (𝑠, 𝑡)-Lucas 𝐻̌𝐿𝑛
∗ (𝑠, 𝑡) 

quaternions are defined by, respectively, 
𝐻̌𝐹𝑛

∗(𝑠, 𝑡) = 𝐹𝑛𝑖1 − 𝐹𝑛+1𝑖2 − 𝐹𝑛+2𝑖3 − 𝐹𝑛+3𝑖4 
                      = (𝐹𝑛, −𝐹𝑛+1, −𝐹𝑛+2, −𝐹𝑛+3) 
and 

. 𝒊𝟏 𝒊𝟐 𝒊𝟑 𝒊𝟒 

𝒊𝟏 𝑖1 𝑖2 𝑖3 𝑖4 

𝒊𝟐 𝑖2 𝑖1 𝑖4 −𝑖3 

𝒊𝟑 𝑖3 −𝑖4 𝑖1 𝑖2 

𝒊𝟒 𝑖4 𝑖3 −𝑖2 𝑖1 
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𝐻̌𝐿𝑛
∗ (𝑠, 𝑡) = 𝐿𝑛𝑖1 − 𝐿𝑛+1𝑖2 − 𝐿𝑛+2𝑖3 − 𝐿𝑛+3𝑖4 

         = (𝐿𝑛, −𝐿𝑛+1, −𝐿𝑛+2, −𝐿𝑛+3). 
 

Definition 2.2. For 𝑛 ∈ ℕ, the norms of the 
hyperbolic (𝑠, 𝑡)-Fibonacci 𝐻̌𝐹𝑛(𝑠, 𝑡) and (𝑠, 𝑡)-
Lucas 𝐻̌𝐿𝑛(𝑠, 𝑡) quaternions are defined by, 
respectively, 

 ‖𝐻̌𝐹𝑛‖ = √𝐹𝑛
2 + 𝐹𝑛+1

2 + 𝐹𝑛+2
2 + 𝐹𝑛+3

2  
and 

‖𝐻̌𝐿𝑛‖ = √𝐿𝑛
2 + 𝐿𝑛+1

2 + 𝐿𝑛+2
2 + 𝐿𝑛+3

2 . 
 

3 Properties of Hyperbolic (𝒔, 𝒕)-

Fibonacci and (𝒔, 𝒕)-Lucas 

Quaternions 
 
In this chapter, the relationships between the 
hyperbolic (𝑠, 𝑡)-Fibonacci and (𝑠, 𝑡)-Lucas 
quaternions are examined. In addition, some 
identities are obtained. 
Theorem 3.1. For 𝑛 ∈ ℕ, the hyperbolic (𝑠, 𝑡)-
Fibonacci and (𝑠, 𝑡)-Lucas quaternions provide the 
following recurrence relations. 
i.   𝐻̌𝐿𝑛 = 𝐻̌𝐹𝑛+1 + 𝑡𝐻̌𝐹𝑛−1,                               
ii. 𝐻̌𝐹𝑛+2 = 𝑠𝐻̌𝐹𝑛+1 + 𝑡𝐻̌𝐹𝑛, 
iii. 𝐻̌𝐿𝑛+2 = 𝑠𝐻̌𝐿𝑛+1 + 𝑡𝐻̌𝐿𝑛,                            
iv. 𝐻̌𝐹𝑛+2

∗ = 𝑠𝐻̌𝐹𝑛+1
∗ − 𝑡𝐻̌𝐹𝑛

∗, 
v. 𝐻̌𝐿𝑛+2

∗ = 𝑠𝐻̌𝐿𝑛+1
∗ + 𝑡𝐻̌𝐿𝑛

∗ ,                 
vi. 𝐻̌𝐿𝑛

∗ = 𝐻̌𝐹𝑛+1
∗ + 𝑡𝐻̌𝐹𝑛−1

∗ . 
Proof. If the definition of the hyperbolic function is 
used, we have 

 i. 𝐻̌𝐹𝑛+1 + 𝑡𝐻̌𝐹𝑛−1 = 𝐹𝑛+1𝑖1 + 𝐹𝑛+2𝑖2 + 𝐹𝑛+3𝑖3 
+𝐹𝑛+4𝑖4 + 𝑡(𝐹𝑛−1𝑖1 + 𝐹𝑛𝑖2 + 𝐹𝑛+1𝑖3 + 𝐹𝑛+2𝑖4) 
= (𝐹𝑛+1 + 𝑡𝐹𝑛−1)𝑖1 + (𝐹𝑛+2 + 𝑡𝐹𝑛)𝑖2 
+(𝐹𝑛+3 + 𝑡𝐹𝑛+1)𝑖3 + (𝐹𝑛+4 + 𝑡𝐹𝑛+2)𝑖4. 
Since, 𝐿𝑛 = 𝐹𝑛+1 + 𝑡𝐹𝑛−1.  
Thus, we obtain 

𝐻̌𝐿𝑛 = 𝐻̌𝐹𝑛+1 + 𝑡𝐻̌𝐹𝑛−1. 
The proofs of the others can be given in the same 
way.                                                                          □ 
In the following theorem, the Binet formulas of the 
𝐻̌𝐹𝑛, 𝐻̌𝐹𝑛

∗, 𝐻̌𝐿𝑛, and 𝐻̌𝐿𝑛
∗ quaternions are 

expressed. 
Theorem 3.2. Let 𝑛 ∈ ℕ. We obtain 

i.  𝐻̌𝐹𝑛 =
𝛼𝛼𝑛−𝛽𝛽𝑛

𝛼−𝛽
,          ii. 𝐻̌𝐿𝑛 = 𝛼𝛼𝑛 + 𝛽𝛽𝑛, 

iii. 𝐻̌𝐹𝑛
∗

=
𝛾𝛼𝑛−𝜃𝛽𝑛

𝛼−𝛽
,       iv. 𝐻̌𝐿𝑛

∗
= 𝛾𝛼𝑛 + 𝜃𝛽𝑛 

where 
𝛼 = 𝑖1 + 𝛼𝑖2 + 𝛼2𝑖3 + 𝛼3𝑖4 = (1, 𝛼, 𝛼2, 𝛼3), 
 𝛾 = (1, −𝛼, −𝛼2, −𝛼3), 
𝛽 = 𝑖1 + 𝛽𝑖2 + 𝛽2𝑖3 + 𝛽3𝑖4 = (1, 𝛽, 𝛽2, 𝛽3), 
 𝜃 = (1, −𝛽, −𝛽2, −𝛽3). 

Proof. i. With the help of the characteristic 
equation, the following results are obtained. 

  𝑟2 − 𝑠𝑟 − 𝑡 = 0 , 𝑟1 = 𝛼 =
s+√𝑠2+4𝑡

2
, 

𝑟2 = 𝛽 =
s−√𝑠2+4𝑡

2
, 𝛼 + 𝛽 = 𝑠, 

𝛼 − 𝛽 = 𝛿 = √𝑠2 + 4𝑡 , 𝛼2 + 𝛽2 = 𝑠2 + 2𝑡 and  
𝛼𝛽 = −𝑡. 
The Binet form of the hyperbolic (𝑠, 𝑡)-Fibonacci 
quaternions is 

𝐻̌𝐹𝑛 = 𝑥𝛼𝑛 + 𝑦𝛽𝑛. 
With the initial conditions, the following equations 
are obtained. 
𝐻̌𝐹0 = 𝑖2 + 𝑠𝑖3 + (𝑠2 + 𝑡)𝑖4 = (0,1, 𝑠, 𝑠2 + 𝑡) 
        = 𝑥 + 𝑦 
and 

𝐻̌𝐹1 = 𝑖1 + 𝑠𝑖2 + (𝑠2 + 𝑡)𝑖3 + (𝑠3 + 2𝑠𝑡)𝑖4 
              = 𝑥𝛼 + 𝑦𝛽. 
Thus, we obtain 

 𝑥 =
𝐻̌𝐹1−𝛽𝐻̌𝐹0

𝛼−𝛽
=

𝑖1+𝛼𝑖2+𝛼2𝑖3+𝛼3𝑖4

𝛼−𝛽
=

𝛼

𝛼−𝛽
 

and 

𝑦 =
𝐻̌𝐹1−𝛼𝐻̌𝐹0

𝛽−𝛼
=

𝑖1+𝛽𝑖2+𝛽2𝑖3+𝛽3𝑖4

−(𝛼−𝛽)
=

−𝛽

𝛼−𝛽
. 

So, we have 

                              𝐻̌𝐹𝑛 =
𝛼𝛼𝑛−𝛽𝛽𝑛

𝛼−𝛽
. 

The proofs of the others can be given in the same 
way.                                                                          □ 
In the next Lemma, we obtain the properties that 
will be used in the proof of many theorems. 
Lemma 3.1. We have 
i. 𝛼 − 𝛽 = 𝛿𝐻̌𝐹0, 
ii. 𝛼 + 𝛽 = 𝐻̌𝐿0, 
iii. 𝛼𝛽 = (−𝑡3 + 𝑡2 − 𝑡 + 1, −𝛿𝑡2 + 𝑠, 𝑠2 
              +2𝑡 − 𝛿𝑠𝑡, 𝛿𝑡 + 3𝑠𝑡 + 𝑠3), 
iv. 𝛽𝛼 = (−𝑡3 + 𝑡2 − 𝑡 + 1, 𝛿𝑡2 + 𝑠, 𝑠2 + 2𝑡 
              +𝛿𝑠𝑡, −𝛿𝑡 + 3𝑠𝑡 + 𝑠3) 
v.𝛼𝛽 + 𝛽𝛼 
= (−2𝑡3 + 2𝑡2 − 2𝑡 + 2, 2𝑠, 2𝑠2 + 4𝑡, 6𝑠𝑡 + 2𝑠3) 

 = 2𝐻̌𝐿0−2𝑡3 + 2𝑡2 − 2𝑡, 
vi. 𝛽𝛼 − 𝛼𝛽 = ( 0, 2𝑡2𝛿, 2𝛿𝑠𝑡, −2𝛿𝑡) 
                     = 2𝛿𝑡(0, 𝑡, 𝑠, −1), 
vii. 𝛼

2
= 2𝛼 − 1 + 𝛼2 + 𝛼4 + 𝛼6, 

viii. 𝛽
2

= 2𝛽 − 1 + 𝛽2 + 𝛽4 + 𝛽6, 
ix. 𝛼2

− 𝛽
2

= 𝛿(2𝐻̌𝐹0 + 𝐹2 + 𝐹4 + 𝐹6), 
x. 𝛼2

+  𝛽
2

= 2𝐻̌𝐿0 − 2𝐿0 + 𝐿2 + 𝐿4 + 𝐿6. 
Proof. iii. If definition is used, we have 
𝛼𝛽 = (𝑖1 + 𝛼𝑖2 + 𝛼2𝑖3 + 𝛼3𝑖4) 
          (𝑖1 + 𝛽𝑖2 + 𝛽2𝑖3 + 𝛽3𝑖4) 
= 𝑖1 + 𝛽𝑖2 + 𝛽2𝑖3 + 𝛽3𝑖4 + 𝛼𝑖2−𝑡𝑖1 − 𝑡𝛽𝑖4 
−𝑡𝛽2𝑖3 + 𝛼2𝑖3 − 𝑡𝛼𝑖4 + 𝑡2𝑖1 
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+𝑡2𝛽𝑖2 + 𝛼3𝑖4 − 𝑡𝛼2𝑖3 + 𝑡2𝛼𝑖2 − 𝑡3𝑖1 
= (−𝑡3 + 𝑡2 − 𝑡 + 1)𝑖1 + (−𝛿𝑡2 + 𝑠)𝑖2 
+(𝑠2 + 2𝑡 − 𝛿𝑠𝑡)𝑖3 + (𝛿𝑡 + 3𝑠𝑡 + 𝑠3)𝑖4 
Thus, we obtain 
    𝛼𝛽 = (−𝑡3 + 𝑡2 − 𝑡 + 1, −𝛿𝑡2 + 𝑠, 𝑠2 + 2𝑡 
−𝛿𝑠𝑡, 𝛿𝑡 + 3𝑠𝑡 + 𝑠3). 
The proofs of the others can be given in the same 
way.                                                                          □ 
In the following theorems, we study the summation 
formulas for these hyperbolic quaternions. 
Theorem 3.3. Let 𝑛 ∈ ℕ. We obtain 
i. 𝑆𝐻̌𝐹𝑛 = ∑ 𝐻̌𝐹𝑗

𝑛
𝑗=0  

 = 1

𝑡+𝑠−1
[𝑡𝐻̌𝐹𝑛−1 + (𝑠 + 𝑡)𝐻̌𝐹𝑛 + 𝑖1 + 𝑖2 − 𝑠𝑖4], 

ii. 𝑆𝐻̌𝐿𝑛 = ∑ 𝐻̌𝑁𝑗
𝑛
𝑗=0  

  = 1

𝑡+𝑠−1
[(𝑠 + 𝑡)𝐻̌𝐿𝑛 + 𝑡𝐻̌𝐿𝑛−1 + (2 − 𝑠)𝑖1 

−𝑠𝑖2 − 𝑠𝑖3 − (𝑠22𝑡 + 2𝑠)𝑖4]. 
Proof. i. Using the definition, we have 
𝑆𝐻̌𝐹𝑛 = ∑ 𝐻̌𝐹𝑗

𝑛
𝑗=0 = 𝑖1 ∑ 𝐹𝑗

𝑛
𝑗=0 +

𝑖2 ∑ 𝐹𝑗+1 +𝑛
𝑗=0 𝑖3 ∑ 𝐹𝑗+2 +𝑛

𝑗=0 𝑖4 ∑ 𝐹𝑗+3
𝑛
𝑗=0 . 

Since ∑ 𝐹𝑗
𝑛
𝑗=0 =

1+𝑡𝐹𝑛−1+(𝑠+𝑡)𝐹𝑛

𝑡+𝑠−1
. We get 

 𝑆𝐻̌𝐹𝑛 =
1

𝑡+𝑠−1
[(1 + 𝑡𝐹𝑛−1 + (𝑠 + 𝑡)𝐹𝑛)𝑖1 + (1 +

𝑡𝐹𝑛 + (𝑠 + 𝑡)𝐹𝑛+1)𝑖2 + (𝑡𝐹𝑛+1 + (𝑠 + 𝑡)𝐹𝑛+2)𝑖3 
+(𝑡𝐹𝑛+1 + (𝑠 + 𝑡)𝐹𝑛+2)𝑖3 
+((𝑡𝐹𝑛+2 + (𝑠 + 𝑡)𝐹𝑛+3 − 𝑠))𝑖4 
So, we obtain 
  𝑆𝐻̌𝐹𝑛 
=

1

𝑡+𝑠−1
[𝑡𝐻̌𝐹𝑛−1 + (𝑠 + 𝑡)𝐻̌𝐹𝑛 + 𝑖1 + 𝑖2 − 𝑠𝑖4]. 

The proof of the other can be given in the same way.                      
□ 

Theorem 3.4. Let 𝑘 ∈ ℝ and 𝑥, 𝑦, 𝑧 ∈ ℕ. We obtain 
i. ∑ 𝐻̌𝐹𝑥𝑦

𝑛
𝑦=0 =

(−𝑡)𝑥𝐻̌𝐹𝑛𝑥+𝐻̌𝐹0−𝐻̌𝐹𝑛𝑥+𝑥+𝐻̌𝐿0𝐹𝑥−𝐻̌𝐹𝑥

(−𝑡)𝑥−𝐿𝑥+1
, 

ii. ∑ 𝐻̌𝐿𝑥𝑦
𝑛
𝑦=0 =

(−𝑡)𝑥𝐻̌𝐿𝑛𝑥+𝐻̌𝐿0−𝐻̌𝐹𝑛𝑥+𝑥−𝐻̌𝐿0𝐹𝑥−𝐻̌𝐹𝑥

(−𝑡)𝑥−𝐿𝑥+1
, 

iii. ∑ 𝐻̌𝐹𝑥𝑦+𝑧
𝑛
𝑦=0 = 

{

(−𝑡)𝑥𝐻̌𝐹𝑛𝑥+𝑧−𝐻̌𝐹𝑛𝑥+𝑥+𝑧−𝐻̌𝐹𝑧−(−𝑡)𝑧𝐻̌𝐹𝑥−𝑧

(−𝑡)𝑥−𝐿𝑥+1
, 𝑖𝑓 𝑧 < 𝑥

(−𝑡)𝑥𝐻̌𝐹𝑛𝑥+𝑧−𝐻̌𝐹𝑛𝑥+𝑥+𝑧−𝐻̌𝐹𝑧−(−𝑡)𝑥𝐻̌𝐹𝑧−𝑥

(−𝑡)𝑥−𝐿𝑥+1
, 𝑜𝑡ℎ𝑒𝑟𝑣𝑖𝑠𝑒

, 

iv. ∑ 𝐻̌𝐿𝑥𝑦+𝑧
𝑛
𝑦=0 = 

{

(−𝑡)𝑥𝐻̌𝐿𝑛𝑥+𝑧−𝐻̌𝐿𝑧−𝐻̌𝐿𝑛𝑥+𝑥+𝑧−(−𝑡)𝑧𝐻̌𝐿𝑥−𝑧

(−𝑡)𝑥−𝐿𝑥+1
, 𝑖𝑓 𝑧 < 𝑥

(−𝑡)𝑥𝐻̌𝐿𝑛𝑥+𝑧−𝐻̌𝐿𝑧−𝐻̌𝐿𝑛𝑥+𝑥+𝑧−(−𝑡)𝑥𝐻̌𝐿𝑧−𝑥

(−𝑡)𝑥−𝐿𝑥+1
, 𝑜𝑡ℎ𝑒𝑟𝑣𝑖𝑠𝑒

. 

Proof. With the help of definitions, Binet formulas 
and geometric series, we have 

i. ∑ 𝐻̌𝐹𝑥𝑦 = ∑
𝛼𝛼𝑥𝑦−𝛽𝛽𝑥𝑦

𝛼−𝛽
∞
𝑛=0

𝑛
𝑦=0       

        = 𝛼

𝛼−𝛽
∑ (𝛼𝑥)𝑦𝑛

𝑦=0 −
𝛽

(𝛼−𝛽)𝑘
∑ (𝛽𝑥)𝑦𝑛

𝑦=0  

       = 1

𝛼−𝛽
(

𝛼𝛼𝑛𝑥+𝑥−𝛼

𝛼𝑥−1
−

𝛽𝛼𝑛𝑥+𝑥−𝛽

𝛽𝑥−1
) 

       = 1

𝛼−𝛽
 

 𝛼𝛼𝑛𝑥+𝑥𝛽𝑥−𝛼𝛽𝑥−𝛼𝛼𝑛𝑥+𝑥+𝛼−𝛽𝛽𝑛𝑥+𝑥𝛼𝑥+𝛽𝛼𝑥+𝛽𝛽𝑛𝑥+𝑥−𝛽

(−𝑡)𝑥−𝐿𝑥+1
. 

Thus, we get 
∑ 𝐻̌𝐹𝑥𝑦

𝑛
𝑦=0 =

(−𝑡)𝑥𝐻̌𝐹𝑛𝑥+𝐻̌𝐹0−𝐻̌𝐹𝑛𝑥+𝑥+𝐻̌𝐿0𝐹𝑥−𝐻̌𝐹𝑥

(−𝑡)𝑥−𝐿𝑥+1
. 

The proofs of the others can be given in the same 
way.                                                                         □ 
Corollary 3.1. We obtain 
i. ∑ 𝐻̌𝐹2𝑦

𝑛
𝑦=0 =

𝑡2𝐻̌𝐹2𝑛+𝐻̌𝐹0−𝐻̌𝐹2𝑛+2+𝐻̌𝐿0𝐹2−𝐻̌𝐹2

(−𝑡)𝑥−𝐿𝑥+1
,   

ii. ∑ 𝐻̌𝐿2𝑦
𝑛
𝑦=0 =

𝑡2𝐻̌𝐿2𝑛+𝐻̌𝐿0−𝐻̌𝐹2𝑛+2−𝐻̌𝐿0𝐹2−𝐻̌𝐹2

(−𝑡)𝑥−𝐿𝑥+1
, 

iii. ∑ 𝐻̌𝐹2𝑦+1
𝑛
𝑦=0 =

𝑡2𝐻̌𝐹2𝑛+1−𝐻̌𝐹2𝑛+3−𝐻̌𝐹1−𝑡2𝐻̌𝐹1

(−𝑡)𝑥−𝐿𝑥+1
, 

iv. ∑ 𝐻̌𝐿2𝑦+1
𝑛
𝑦=0 =

𝑡2𝐻̌𝐿2𝑛+1−𝐻̌𝐿1−𝐻̌𝐿2𝑛+3−𝑡2𝐻̌𝐿1

(−𝑡)𝑥−𝐿𝑥+1
. 

Proof. i. Let 𝑥 = 2 is taken in the relation given by 
Theorem 3.4. i. We obtain 
 ∑ 𝐻̌𝐹𝑥𝑦

𝑛
𝑦=0 = ∑ 𝐻̌𝐹2𝑦

𝑛
𝑦=0  

                    = (𝑡)2𝐻̌𝐹2𝑛+𝐻̌𝐹0−𝐻̌𝐹2𝑛+2+𝐻̌𝐿0𝐹2−𝐻̌𝐹2

(−𝑡)𝑥−𝐿𝑥+1
. 

The proofs of the others are shown similarly to i, 
using the Theorem 3.4.                                            □ 

Theorem 3.5. (Generating Functions) The 
generating functions for hyperbolic (𝑠, 𝑡)-Fibonacci 
and (𝑠, 𝑡)-Lucas quaternions are given as follows, 
respectively, 
     𝑓(𝑥) = ∑ 𝐻̌𝐹𝑛𝑥𝑛 =

(1−𝑠𝑥)𝐻̌𝐹0+𝐻̌𝐹1

1−𝑠𝑥−𝑡2
∞
𝑛=0  

and 
      𝑔(𝑥) = ∑ 𝐻̌𝐿𝑛𝑥𝑛 =

𝐻̌𝐿0+𝑥𝐻̌𝐿1−𝑠𝑥𝐻̌𝐿0

1−𝑠𝑥−𝑡2
∞
𝑛=0 . 

Proof. The following equations are written for the 
hyperbolic (𝑠, 𝑡)-Fibonacci sequence. 
 𝑓(𝑥) = ∑ 𝐻̌𝐹𝑛𝑥𝑛∞

𝑛=0  
 = 𝐻̌𝐹0 + 𝐻̌𝐹1𝑥 + ∑ 𝐻̌𝐹𝑛𝑥𝑛∞

𝑛=2  
 = 𝐻̌𝐹0 + 𝐻̌𝐹1𝑥 + 𝑠 ∑ 𝐻̌𝐹𝑛−1𝑥𝑛∞

𝑛=2  
 +𝑡 ∑ 𝐻̌𝐹𝑛−2𝑥𝑛∞

𝑛=2  
 = 𝐻̌𝐹0 + 𝐻̌𝐹1𝑥 + 𝑠𝑥(−𝐻̌𝐹0 + ∑ 𝐻̌𝐹𝑛𝑥𝑛∞

𝑛=0 ) 
+𝑡𝑥2 ∑ 𝐻̌𝐹𝑛𝑥𝑛∞

𝑛=0 . 
Thus, we have 

𝑓(𝑥) =
(1−𝑠𝑥)𝐻̌𝐹0+𝐻̌𝐹1

1−𝑠𝑥−𝑡2 . 
The proof of the other can be given in the same way.                                                                

□ 
In the following theorems, special generating 
functions for these hyperbolic quaternions are 
studied. In addition, the Binet formulas are obtained 
with the help of generating functions. 
Theorem 3.6. For 𝑎, 𝑏 ∈ ℕ+, 𝑏 ≥ 𝑎 and 𝑛 ∈ ℕ, we 
obtain 
i. ∑ 𝐻̌𝐹𝑎𝑛𝑥𝑛∞

𝑛=0 =
𝐻̌𝐹0+(𝐻̌𝐿0𝐹𝑎−𝐻̌𝐹𝑎)𝑥

1−𝑥𝐿𝑎+(−𝑡)𝑎𝑥2 ,              

ii. ∑ 𝐻̌𝐿𝑎𝑛𝑥𝑛∞
𝑛=0 =

𝐻̌𝐿0+(−𝐻̌𝐿0𝐿𝑎+𝐻̌𝐿𝑎)𝑥

1−𝑥𝐿𝑎+(−𝑡)𝑎𝑥2 , 
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iii. ∑ 𝐻̌𝐹𝑎𝑛+𝑏𝑥𝑛∞
𝑛=0 =

𝐻̌𝐹𝑏−𝑥(−𝑡)𝑎𝐻̌𝐹𝑏−𝑎

1−𝑥𝐿𝑎+(−𝑡)𝑎𝑥2 ,         

iv. ∑ 𝐻̌𝐿𝑎𝑛+𝑏𝑥𝑛∞
𝑛=0 =

𝐻̌𝐿𝑏+𝑥(−𝑡)𝑎𝐻̌𝐿𝑎

1−𝑥𝐿𝑎+(−𝑡)𝑎𝑥2 , 

v. ∑ 𝐻̌𝐹𝑏𝑛

𝑛!
𝑥𝑛∞

𝑛=0 =
𝛼𝑒𝛼𝑏𝑥−𝛽𝑒𝛽𝑏𝑥

𝛼−𝛽
,                      

vi. ∑ 𝐻̌𝐿𝑏𝑛

𝑛!
𝑥𝑛 =∞

𝑛=0 𝛼𝑒𝛼𝑏𝑥 + 𝛽𝑒𝛽𝑏𝑥. 
Proof. With the help of definitions, Binet formulas 
and geometric series, we have 

i. ∑ 𝐻̌𝐹𝑎𝑛𝑥𝑛 = ∑
𝛼𝛼𝑎𝑛−𝛽𝛽𝑎𝑛

𝛼−𝛽
∞
𝑛=0

∞
𝑛=0 𝑥𝑛      

      = 𝛼

𝛼−𝛽
∑ (𝛼𝑎)𝑛∞

𝑛=0 𝑥𝑛 −
𝛽

𝛼−𝛽
∑ (𝛽𝑎)𝑛∞

𝑛=0 𝑥𝑛 

      = 1

𝛼−𝛽
(

𝛼

1−𝛼𝑎𝑥
−

𝛽

1−𝛽𝑎𝑥
) 

      =
𝛼−𝛽

𝛼−𝛽
+[(𝛼+𝛽)(

𝛼𝑎−𝛽𝑎

𝛼−𝛽
)−

𝛼𝛼𝑎−𝛽𝛽𝑎

𝛼−𝛽
]𝑥

1−𝑥𝐿𝑎+(−𝑡)𝑎𝑥2 . 
Thus, we get 

∑ 𝐻̌𝐹𝑎𝑛𝑥𝑛∞
𝑛=0 =

𝐻̌𝐹0+(𝐻̌𝐿0𝐹𝑎−𝐻̌𝐹𝑎)𝑥

1−𝑥𝐿𝑎+(−𝑡)𝑎𝑥2 . 
The proofs of the others can be given in the same 
way.                                                                        □ 
Theorem 3.7. For 𝐻̌𝐹𝑛 and 𝐻̌𝐿𝑛 quaternions, the 
Binet formulas can be obtained with the help of the 
generating functions. 
Proof. With the help of the roots of the 
characteristic equation of these quaternions, the 
roots of the 1 − 𝑠𝑥 − 𝑡𝑥2 = 0 equation become 1

𝛼
 

and 1

𝛽
. For 𝐻̌𝐹𝑛 quaternions, we obtain 

 (1−𝑠𝑥)𝐻̌𝐽0+𝐻̌𝐽1𝑥

1−𝑠𝑥−𝑡𝑥2 =
1

𝛼−𝛽
𝛼

1

1−𝛼𝑥
−

1

𝛼−𝛽
𝛽

1

1−𝛽𝑥
 

                         = ∑ (
1

𝛼−𝛽
𝛼𝛼𝑛 −

1

𝛼−𝛽
𝛽𝛽𝑛)∞

𝑛=0 𝑥𝑛 

                         = ∑ 𝐻̌𝐹𝑛𝑥𝑛∞
𝑛=0 . 

Similarly, the Binet formula of the 𝐻̌𝐿𝑛 quaternions 
is found.                                                                   □ 
In the following theorems we calculate special 
identities for these hyperbolic quaternions. 
Theorem 3.8. (Cassini Identity) For all 𝑛 ≥ 1, 
i. 𝐻̌𝐹𝑛+1𝐻̌𝐹𝑛−1 − 𝐻̌𝐹𝑛

2 
= (−𝑡)𝑛−1((𝑡2 + 1)(𝑡 − 1), 𝑠(1 − 𝑡2) 

, (−𝑠2 − 2𝑡 − 𝑠2𝑡), (𝑠3 − 2𝑠𝑡)), 
ii. 𝐻̌𝐿𝑛+1𝐻̌𝐿𝑛−1 − 𝐻̌𝐿𝑛

2 
                 = (−𝑡)𝑛−1𝛿2((𝑡2 + 1)(1 − 𝑡) 
, 𝑠(1 − 𝑡2), (𝑠2 + 2𝑡 − 𝑠2𝑡), 𝑠3 + 4𝑠𝑡). 
Proof. i. With the Binet formula, we get 
𝐻̌𝐹𝑛+1𝐻̌𝐹𝑛−1 − 𝐻̌𝐹𝑛

2 

=(𝛼𝛼𝑛+1−𝛽𝛽𝑛+1

𝛼−𝛽
)(

𝛼𝛼𝑛−1−𝛽𝛽𝑛−1

𝛼−𝛽
) − (

𝛼𝛼𝑛−𝛽𝛽𝑛

𝛼−𝛽
)2                                  

=
𝛼𝛽𝛼𝑛𝛽𝑛+𝛽𝛼𝛽𝑛𝛼𝑛−𝛽𝛼𝛽𝑛−1𝛼𝑛+1−𝛼𝛽𝛼𝑛−1𝛽𝑛+1

(𝛼−𝛽)𝟐  

 =
𝛼𝛽(−𝑡)𝑛(

𝛼−𝛽

𝛼
)+𝛽𝛼(−𝑡)𝑛(

𝛽−𝛼

𝛽
)

(𝛼−𝛽)𝟐  =
(−𝑡)𝑛

𝛼−𝛽

𝛽𝛼𝛽−𝛼𝛽𝛼

𝛼𝛽
 

=
(−𝑡)𝑛−1

𝛼−𝛽
(𝛽𝛼𝛽 − 𝛼𝛽𝛼). 

Then, we have 
 𝛽𝛼𝛽 − 𝛼𝛽𝛼 
           = (−𝑡)𝑛−1(−(−𝑡3 + 𝑡2 − 𝑡 + 1)𝛿, 𝑠𝛿(1 −
𝑡2), 𝛿(−𝑠2 − 2𝑡 − 𝑠2𝑡), 𝛿𝑠(𝑠3 − 2𝑠𝑡)). 
So, we obtain 
𝐻̌𝐹𝑛+1𝐻̌𝐹𝑛−1 − 𝐻̌𝐹𝑛

2 
= (−𝑡)𝑛−1((𝑡2 + 1)(𝑡 − 1), 𝑠(1 − 𝑡2) 

, (−𝑠2 − 2𝑡 − 𝑠2𝑡), (𝑠3 − 2𝑠𝑡)), 
The proof of the other can be given in the same way.                                                               

□ 
Theorem 3.9. (Catalan Identity) For natural 
numbers 𝑛 and 𝑟, we have 

i. 𝐻̌𝐹𝑛+𝑟 𝐻̌𝐹𝑛−𝑟 − 𝐻̌𝐹𝑛
2 

= (−𝑡)𝑛−𝑟𝐹𝑟((𝑡2 + 1)(𝑡 − 1)𝐹𝑟, −𝑠𝐹𝑟 − 𝑡2𝐿𝑟 
, (−𝑠2 − 2𝑡)𝐹𝑟 − 𝑠𝑡𝐿𝑟 , (−𝑠3 − 3𝑠𝑡)𝐹𝑟 + 𝑡𝐿𝑟), 
ii. 𝐻̌𝐿𝑛+𝑟 𝐻̌𝐿𝑛−𝑟 − 𝐻̌𝐿𝑛

2 
= (−𝑡)𝑛−𝑟𝛿2𝐹𝑟((𝑡2 + 1)(1 − 𝑡)𝐹𝑟, −𝑡2𝐿𝑟 +

𝑠𝐹𝑟 , (𝑠2 + 2𝑡)𝐹𝑟 − 𝑠𝑡𝐿𝑟, (𝑠3 + 3𝑠𝑡)𝐹𝑟 + 𝑡𝐿𝑟). 
Proof. i. With the Binet formula, we have 
𝐻̌𝐹𝑛+𝑟 𝐻̌𝐹𝑛−𝑟 − 𝐻̌𝐹𝑛

2 

= (
𝛼𝛼𝑛+𝑟−𝛽𝛽𝑛+𝑟

𝛼−𝛽
)(

𝛼𝛼𝑛−𝑟−𝛽𝛽𝑛−𝑟

𝛼−𝛽
) − (

𝛼𝛼𝑛−𝛽𝛽𝑛

𝛼−𝛽
)2                        

=
𝛼𝛽𝛼𝑛𝛽𝑛+𝛽𝛼𝛽𝑛𝛼𝑛−𝛽𝛼𝛽𝑛−𝑟𝛼𝑛+𝑟−𝛼𝛽𝛼𝑛−𝑟𝛽𝑛+𝑟

(𝛼−𝛽)𝟐                         

 =
𝛼𝛽(−𝑡)𝑛(

𝛼𝑟−𝛽𝑟

𝛼𝑟 )+𝛽𝛼(−𝑡)𝑛(
𝛽𝑟−𝛼𝑟

𝛽𝑟 )

(𝛼−𝛽)2  

 = (−𝑡)𝑛

(𝛼−𝛽)𝟐

𝛽𝑟𝛼𝛽−𝛼𝑟𝛽𝛼

(𝛼𝛽)𝑟  

 = (−𝑡)𝑛−𝑟𝐹𝑟

𝛼−𝛽
(𝛽𝑟𝛼𝛽 − 𝛼𝑟𝛽𝛼). 

So, we can write 
𝛽𝑟𝛼𝛽 − 𝛼𝑟𝛽𝛼 = (𝑡2 + 1)(𝑡 − 1)(𝛽𝑟−𝛼𝑟)𝑖1 
+[−𝛿𝑡2(𝛼𝑟 + 𝛽𝑟) − 𝑠(𝛼𝑟 − 𝛽𝑟)]𝑖2 
+[−𝑠2(𝛼𝑟 − 𝛽𝑟) − 2𝑡(𝛼𝑟 − 𝛽𝑟) − 𝛿𝑠𝑡(𝛼𝑟 
+𝛽𝑟)]𝑖3 + [ 𝛿𝑡(𝛼𝑟 + 𝛽𝑟) − 3𝑠𝑡(𝛼𝑟 − 𝛽𝑟) 
−𝑠3(𝛼𝑟 − 𝛽𝑟)]𝑖4. 
Thus, we get 
𝐻̌𝐹𝑛+𝑟 𝐻̌𝐹𝑛−𝑟 − 𝐻̌𝐹𝑛

2 
 = (−𝑡)𝑛−𝑟𝐹𝑟((𝑡2 + 1)(𝑡 − 1)𝐹𝑟, −𝑠𝐹𝑟 −
𝑡2𝐿𝑟, (−𝑠2 − 2𝑡)𝐹𝑟 − 𝑠𝑡𝐿𝑟, (−𝑠3 − 3𝑠𝑡)𝐹𝑟 + 𝑡𝐿𝑟). 
The proof of the other can be given in the same way.                                                               

□ 
Theorem 3.10. (Vajda’s Identity) For natural 
numbers 𝑖 and 𝑗, we obtain  

i. 𝐻̌𝐹𝑛+𝑖𝐻̌𝐹𝑛+𝑗 − 𝐻̌𝐹𝑛𝐻̌𝐹𝑛+𝑖+𝑗 
 = (−𝑡)𝑛𝐹𝑖((𝑡2 + 1)(1 − 𝑡)𝐹𝑗, −𝑠𝐹𝑗 +

𝑡2𝐿𝑗, (𝑠2 + 2𝑡)𝐹𝑗 + 𝑠𝑡𝐿𝑗, (𝑠3 + 3𝑠𝑡)𝐹𝑗 − 𝑡𝐿𝑗), 
ii. 𝐻̌𝐿𝑛+𝑖𝐻̌𝐿𝑛+𝑗 − 𝐻̌𝐿𝑛𝐻̌𝐿𝑛+𝑖+𝑗 

PROOF 
DOI: 10.37394/232020.2024.4.9 Hakan Akkus, Engin Ozkan

E-ISSN: 2732-9941 101 Volume 4, 2024



= (−𝑡)𝑛𝛿2𝐹𝑖 ((𝑡2 + 1)(𝑡 − 1)𝐹𝑗, −𝑠𝐹𝑗 −

𝑡2𝐿𝑗, (−𝑠2 − 2𝑡) 𝐹𝑗 − 𝑠𝑡𝐿𝑗, (−𝑠3 − 3𝑠𝑡)𝐹𝑗 + 𝑡𝐿𝑗). 
Proof. i. With the Binet formula, we get 
 𝐻̌𝐹𝑛+𝑖𝐻̌𝐹𝑛+𝑗 − 𝐻̌𝐹𝑛𝐻̌𝐹𝑛+𝑖+𝑗 

 = 𝛼𝛼𝑛+𝑖−𝛽𝛽𝑛+𝑖

𝛼−𝛽
) (

𝛼𝛼𝑛−𝛽𝛽𝑛

𝛼−𝛽
) 

 −(
𝛼𝛼𝑛−𝛽𝛽𝑛

𝛼−𝛽
)(

𝛼𝛼𝑛+𝑖+𝑗−𝛽𝛽𝑛+𝑖+𝑗

𝛼−𝛽
) 

 =
𝛼𝛽𝛼𝑛𝛽𝑛+𝑖+𝑗+𝛽𝛼𝛽𝑛𝛼𝑛+𝑖+𝑗−𝛽𝛼𝛽𝑛+𝑖𝛼𝑛+𝑗−𝛼𝛽𝛼𝑛+𝑖𝛽𝑛+𝑗

(𝛼−𝛽)𝟐  

 =
−𝛼𝛽𝛼𝑛𝛽𝑛+𝑗(𝛼𝑖−𝛽𝑖)+𝛽𝛼𝛼𝑛+𝑗𝛽𝑛(𝛼𝑖−𝛽𝑖)

(𝛼−𝛽)𝟐  

=
(−𝑡)𝑛𝐹𝑖

𝛼−𝛽
(−𝛽𝑗𝛼𝛽 + 𝛼𝑗𝛽𝛼). 

So, we can write 
−𝛽𝑗𝛼𝛽 + 𝛼𝑗𝛽𝛼 
= (𝑡2 + 1)(1 − 𝑡)(𝛼𝑗 − 𝛽𝑗)𝑖1 
+[𝛿𝑡2(𝛼𝑗 + 𝛽𝑗) + 𝑠(𝛼𝑗 − 𝛽𝑗)]𝑖2 
+[(𝑠2 + 2𝑡)(𝛼𝑗 − 𝛽𝑗) + 𝛿𝑠𝑡(𝛼𝑟 + 𝛽𝑟)]𝑖3 
+[− 𝛿𝑡(𝛼𝑗 + 𝛽𝑗) + (3𝑠𝑡 +𝑠3)(𝛼𝑗 − 𝛽𝑗)]𝑖4. 
Thus, we have 
𝐻̌𝐹𝑛+𝑖𝐻̌𝐹𝑛+𝑗 − 𝐻̌𝐹𝑛𝐻̌𝐹𝑛+𝑖+𝑗 
 = (−𝑡)𝑛𝐹𝑖((𝑡2 + 1)(1 − 𝑡)𝐹𝑗, −𝑠𝐹𝑗 +

𝑡2𝐿𝑗, (𝑠2 + 2𝑡)𝐹𝑗 + 𝑠𝑡𝐿𝑗, (𝑠3 + 3𝑠𝑡)𝐹𝑗 − 𝑡𝐿𝑗). 
The proof of the other can be given in the same way.                                                               

□ 
Theorem 3.11. (D’ocagne Identity) For natural 
numbers 𝑛, 𝑚, and 𝑛 + 1 ≤ 𝑚, we have 
i. 𝐻̌𝐹𝑚𝐻̌𝐹𝑛+1 − 𝐻̌𝐹𝑚+1𝐻̌𝐹𝑛 
= (−𝑡)𝑛[((𝑡2 + 1)(1 − 𝑡)𝐹𝑚−𝑛, 𝑠𝐹𝑚−𝑛 
−𝑡2𝐿𝑚−𝑛, (𝑠2 + 2𝑡)𝐹𝑚−𝑛 − 𝑠𝑡𝐿𝑚−𝑛 
, (𝑠3 + 3𝑠𝑡)𝐹𝑚−𝑛 + 𝑡𝐿𝑚−𝑛)], 
 ii. 𝐻̌𝐿𝑚𝐻̌𝐿𝑛+1 − 𝐻̌𝐿𝑚+1𝐻̌𝐿𝑛 
 = (−𝑡)𝑛𝛿2[((𝑡2 + 1)(𝑡 − 1)𝐹𝑚−𝑛, −𝑠𝐹𝑚−𝑛                                               
+𝑡2𝐿𝑚−𝑛, −(𝑠2 + 2𝑡)𝐹𝑚−𝑛 
+𝑠𝑡𝐿𝑚−𝑛, −(𝑠3 + 3𝑠𝑡)𝐹𝑚−𝑛 − 𝑡𝐿𝑚−𝑛)]. 
Proof. i. Binet formulas are used for proofs. We 
obtain 
𝐻̌𝐹𝑚𝐻̌𝐹𝑛+1 − 𝐻̌𝐹𝑚+1𝐻̌𝐹𝑛              

 = (
𝛼𝛼𝑚−𝛽𝛽𝑚

𝛼−𝛽
) (

𝛼𝛼𝑛+1−𝛽𝛽𝑛+1

𝛼−𝛽
) 

 −(
𝛼𝛼𝑚+1−𝛽𝛽𝑚+1

𝛼−𝛽
)(

𝛼𝛼𝑛−𝛽𝛽𝑛

𝛼−𝛽
) 

 =
𝛼𝛽𝛼𝑚+1𝛽𝑛+𝛽𝛼𝛽𝑚+1𝛼𝑛−𝛽𝛼𝛽𝑚𝛼𝑛+1−𝛼𝛽𝛼𝑚𝛽𝑛+1

(𝛼−𝛽)𝟐  

 =
𝛼𝑛𝛽𝑛(𝛼𝑚−𝑛𝛼𝛽−𝛽𝑚−𝑛𝛽𝛼)

𝛼−𝛽
. 

So, we have 
𝐻̌𝐹𝑚𝐻̌𝐹𝑛+1 − 𝐻̌𝐹𝑚+1𝐻̌𝐹𝑛 
= (−𝑡)𝑛[((𝑡2 + 1)(1 − 𝑡)𝐹𝑚−𝑛, 𝑠𝐹𝑚−𝑛 
−𝑡2𝐿𝑚−𝑛, (𝑠2 + 2𝑡)𝐹𝑚−𝑛 
 −𝑠𝑡𝐿𝑚−𝑛, (𝑠3 + 3𝑠𝑡)𝐹𝑚−𝑛 + 𝑡𝐿𝑚−𝑛)].                                            

The proof of the other can be given in the same way.                                                                
□ 
In the following theorems we examine the 
relationships between these hyperbolic quaternions. 
Theorem 3.12. For any integer 𝑛 ≤ 𝑚, we obtain 

 i.𝐻̌𝐹𝑚𝐻̌𝐹𝑛 − 𝐻̌𝐹𝑛𝐻̌𝐹𝑚 
= (−𝑡)𝑛𝐹𝑚−𝑛(0, −2𝑡2, −2𝑠𝑡, 2𝑡), 
ii. 𝐻̌𝐿𝑚𝐻̌𝐿𝑛 − 𝐻̌𝐿𝑛𝐻̌𝐿𝑚 
= (−𝑡)𝑛𝛿2𝐹𝑚−𝑛(0,2𝑡2, +2𝑠𝑡, −2𝑡). 
Proof. i. Using the Binet Formula, we have  

𝐻̌𝐹𝑚𝐻̌𝐹𝑛 − 𝐻̌𝐹𝑛𝐻̌𝐹𝑚 

= (
𝛼𝛼𝑚−𝛽𝛽𝑚

𝛼−𝛽

𝛼𝛼𝑛−𝛽𝛽𝑛

𝛼−𝛽
) (𝛼𝛼𝑛−𝛽𝛽𝑛

𝛼−𝛽

𝛼𝛼𝑚−𝛽𝛽𝑚

𝛼−𝛽
) 

 = 𝛼𝛽(𝛼𝑛𝛽𝑚−𝛼𝑚𝛽𝑛)−𝛽𝛼(−𝛽𝑛𝛼𝑚+𝛽𝑚𝛼𝑛)

(𝛼−𝛽)2  

 = 𝛼𝑛𝛽𝑛(𝛼𝑚−𝑛−𝛽𝑚−𝑛)(𝛼𝛽−𝛽𝛼)

(𝛼−𝛽)2 . 
Thus, we obtain 
𝐻̌𝐹𝑚𝐻̌𝐹𝑛 − 𝐻̌𝐹𝑛𝐻̌𝐹𝑚 
= (−𝑡)𝑛𝐹𝑚−𝑛(0, −2𝑡2, − 2𝑠𝑡, 2𝑡). 
The proof of the other can be given in the same way.                                                                

□ 
Lemma 3.2. We have 

i. 𝛼2𝑖 =
𝐹2𝑖

𝑠
𝛼𝛿 − 𝑡

𝐿2𝑖−1

𝑠
,   

ii. 𝛽2𝑖 = −
𝐹2𝑖

𝑠
𝛽𝛿 − 𝑡

𝐿2𝑖−1

𝑠
, 

iii. 𝛼2𝑖+1 = −
𝐹2𝑖

𝑠
𝑡𝛿 + 𝛼

𝐿2𝑖+1

𝑠
,          

iv. 𝛽2𝑖+1 =
𝐹2𝑖

𝑠
𝑡𝛿 + 𝛽

𝐿2𝑖+1

𝑠
. 

Proof. i. Using the Binet Formula, we have 

  
𝐹2𝑖

𝑠
𝛼𝛿 − 𝑡

𝐿2𝑖−1

𝑠
=

𝛼2𝑖−𝛽2𝑖

(𝛼−𝛽)𝑠
𝛼𝛿 − 𝑡

𝛼2𝑖−1+𝛽2𝑖−1

𝑠
 

                           = 𝛼2𝑖+1−𝛼𝛽2𝑖−𝑡𝛼2𝑖−1−𝑡𝛽2𝑖−1

𝑠
 

                           =
𝛼2𝑖(𝛼−

𝑡

𝛼
)+𝛽2𝑖(−𝛼−

𝑡

𝛽
)

𝑠
. 

Thus, we can write 
𝛼2𝑖 =

𝐹2𝑖

𝑠
𝛼𝛿 − 𝑡

𝐿2𝑖−1

𝑠
. 

The proofs of the others can be given in the same 
way.                                                                          □ 
Theorem 3.13. If 𝑛, 𝑚 natural number and 𝑛 ≤ 𝑚, 
we have 
i. 𝐻̌𝐹𝑚+𝑛 + (−𝑡)𝑝𝐻̌𝐹𝑚−𝑛 = 𝐻̌𝐹𝑚𝐿𝑛,                  
ii. 𝐻̌𝐹𝑚+𝑛 − (−𝑡)𝑝𝐻̌𝐹𝑚−𝑛 = 𝐻̌𝐿𝑚𝐹𝑛, 
iii. 𝐻̌𝐿𝑚+𝑛 + (−𝑡)𝑝𝐻̌𝐿𝑚−𝑛 = 𝐻̌𝐿𝑚𝐿𝑛. 
Proof. The proofs of the theorem are shown using 
the definition, lemma 3.1-3.2, and the Binet 
formulas. 
In the following theorems, the terms of the (𝑠, 𝑡)-
Fibonacci and (𝑠, 𝑡)-Lucas sequences are associated 
with their hyperbolic quaternion values. 
Theorem 3.14. For all 𝑚, 𝑛 ≥ 1, we get 
i.𝐻̌𝐹𝑚+2𝑛 =

𝐹2𝑛

𝑠
𝐻̌𝐹𝑚+2 − 𝑡2 𝐹2𝑛−2

𝑠
𝐻̌𝐹𝑚,          

ii. 𝐻̌𝐿𝑚+2𝑛 =
𝐹2𝑛

𝑠
𝐻̌𝐿𝑚+2 − 𝑡2 𝐹2𝑛−2

𝑠
𝐻̌𝐿𝑚, 
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iii. 𝐻̌𝐹𝑚+2𝑛 =
𝐹2𝑛

𝑠
𝐻̌𝐿𝑚+1 −

𝑡𝐿2𝑛−1

𝑠
𝐻̌𝐹𝑚,           

iv. 𝐻̌𝐿𝑚+2𝑛 =
𝐹2𝑛

𝑠
𝛿2𝐻̌𝐹𝑚+1 −

𝑡𝐿2𝑛−1

𝑠
𝐻̌𝐿𝑚. 

Proof. iv. Using the Binet Formula, we have 

   
𝐹2𝑛

𝑠
𝛿2𝐻̌𝐹𝑚+1 −

𝑡𝐿2𝑛−1

𝑠
𝐻̌𝐿𝑚  

 =
𝛼2𝑛−𝛽2𝑛

𝑠(𝛼−𝛽)
(𝛼 − 𝛽)2 (

𝛼𝛼𝑚+1−𝛽𝛽𝑚+1

𝛼−𝛽
) 

−𝑡
(𝛼2𝑛−1 + 𝛽2𝑛−1)

𝑠
(𝛼𝛼𝑚 + 𝛽𝛽𝑚) 

  =
𝛼𝛼𝑚+2𝑛(𝛼−

𝑡

𝛼
)+𝛽𝛽𝑚+2𝑛(𝛽−

𝑡

𝛽
)

𝑠
 

  = 𝛼𝛼𝑚+2𝑛𝑠+𝛽𝛽𝑚+2𝑛𝑠

𝑠
. 

Thus, we obtain 
𝐻̌𝐿𝑚+2𝑛 =

𝐹2𝑛

𝑠
𝛿2𝐻̌𝐹𝑚+1 −

𝑡𝐿2𝑛−1

𝑠
𝐻̌𝐿𝑚. 

The proofs of the others can be given in the same 
way.                                                                          □ 
Theorem 3.15. For all 𝑚, 𝑛 ≥ 1, we have 
i. 𝐻̌𝐹𝑚+2𝑛+1 =

𝐿2𝑛+1

𝑠
𝐻̌𝐹𝑚+1 −

𝑡𝐹2𝑛

𝑠
𝐻̌𝐿𝑚, 

ii. 𝐻̌𝐿𝑚+2𝑛+1 =
𝐿2𝑛+1

𝑠
𝐻̌𝐿𝑚+1 − 𝑡𝛿2 𝐹2𝑛

𝑠
𝐻̌𝐹𝑚, 

iii. 𝐻̌𝐹𝑚+2𝑛+1 =
𝐿2𝑛+1

𝑠(𝑠2+3𝑡)
𝐻̌𝐹𝑚+3 − 𝑡3 𝐹2𝑛−2

𝑠(𝑠2+3𝑡)
𝐻̌𝐿𝑚, 

iv.𝐻̌𝐿𝑚+2𝑛+1 
                   = 𝐿2𝑛+1

𝑠(𝑠2+3𝑡)
𝐻̌𝐿𝑚+3 − 𝑡3𝛿2 𝐹2𝑛−2

𝑠(𝑠2+3𝑡)
𝐻̌𝐹𝑚. 

Proof. iii. Using the Binet Formula, we have 

 
𝐿2𝑛+1

𝑠(𝑠2+3𝑡)
𝐻̌𝐹𝑚+3 − 𝑡3 𝐹2𝑛−2

𝑠(𝑠2+3𝑡)
𝐻̌𝐿𝑚 

 = 𝛼2𝑛+1+𝛽2𝑛+1

𝑠(𝑠2+3𝑡)

𝛼𝛼𝑚+3−𝛽𝛽𝑚+3

(𝛼−𝛽)
 

 − 𝛼2𝑛−2−𝛽2𝑛−2

(𝛼−𝛽)𝑠(𝑠2+3𝑡)
(𝛼𝛼𝑚 + 𝛽𝛽𝑚) 

 =
𝛼𝛼𝑚+2𝑛+1(𝛼3−

𝑡3

𝛼3)+𝛽𝛽𝑚+2𝑛+1(𝛽3−
𝑡3

𝛽3)

𝑠(𝑠2+3𝑡)(𝛼−𝛽)
. 

So, we get  
 𝐻̌𝐹𝑚+2𝑛+1 =

𝐿2𝑛+1

𝑠(𝑠2+3𝑡)
𝐻̌𝐹𝑚+3 − 𝑡3 𝐹2𝑛−2

𝑠(𝑠2+3𝑡)
𝐻̌𝐿𝑚. 

The proofs of the others can be given in the same 
way.                                                                          □ 
Theorem 3.16. For all 𝑘, 𝑚, 𝑛, 𝑝 ≥ 1, we obtain 
i. 𝐻̌𝐹𝑚+𝑛 = 𝐹𝑚𝐻̌𝐹𝑛+1 + 𝑡𝐹𝑚−1𝐻̌𝐹𝑛, 
ii. 𝐻̌𝐹2𝑚+𝑛 = 𝐿𝑚𝐻̌𝐹𝑚+𝑛 − (−𝑡)𝑚𝐻̌𝐹𝑛, 
iii. 𝐻̌𝐹𝑘𝑚+𝑛 =

𝐹𝑘𝑚

𝐹𝑚
𝐻̌𝐹𝑚+𝑛 − (−𝑡)𝑚 𝐹𝑘𝑚−𝑚

𝐹𝑚
𝐻̌𝐹𝑛, 

iv. (−𝑡)𝑘𝑚𝐹𝑚(𝑝−𝑘)𝐻̌𝐹𝑛 
                    = 𝐻̌𝐹𝑘𝑚+𝑛𝐹𝑚𝑝 − 𝐻̌𝐹𝑚𝑝+𝑛𝐹𝑘𝑚. 
Proof. The proofs are shown in the same way as 
theorem 3.15.                                                           □ 
 

4 Conclusion 
In this study, we defined the hyperbolic (𝑠, 𝑡)-
Jacobsthal and (𝑠, 𝑡)-Jacobsthal-Lucas quaternions. 
Then, we obtained some properties of these 
quaternions. Also, we examined the relationships 

between these quaternions. In addition, we 
calculated the special identities of these quaternions. 
Moreover, we found the terms of the (𝑠, 𝑡)-
Jacobsthal and (𝑠, 𝑡)-Jacobsthal-Lucas sequences 
are associated with their hyperbolic quaternion 
values. In the future, we can spread a new approach 
to hyperbolic (𝑠, 𝑡)-Jacobsthal and (𝑠, 𝑡)-Jacobsthal-
Lucas octonions and sedenions. 
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