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Abstract: - Assume H is a normal subgroup of the locally compact group G with measures gz and 7 the on
G and H, respectively, and assume m:G — R, is a continuous homomorphism from G to a group R, of
positive real numbers with the operation of multiplication, then we establish that for the existence of a measure
Jon the quotient group G/ H , it is necessary and sufficient that A[, (h)=m(h)Ag (h)holds for all he H

so that each M -relatively invariant measure on G/H is a quotient measure g, = /7 ; also, we show that

the M -relatively invariant measure 3 on G/H can be presented in the form $= p(m,u) where
p:G—>G/H isaprojection mapping.
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1. Introduction, some definitions, and As a consequence of the definition, we

some results have that for any compact subset K =G there
exists a constant C(K) dependent on K such

Let G be a locally compact gr01‘1p, let that the equality
C.(G) be a space of real-valued continuous

functions with compact support. ‘,U (v )‘ = 6”‘//||CC(G)

Definition 1. A Radon measure on a
locally compact group G is called a linear

form u on C.(G) such that for any compact
set K <G restriction of the linear form « to
subspace  C.(K)=C.(G) functions of

C.(G) which support contains in K, is

holds for all ¥ €C¢ (G).

Let C."(G) be s set of all finite positive

continuous functions with compact supports.
We denote by @, (G) the set of all lower

semicontinuous positive functions 1i.e., all

continuous in the topology of uniform functions w such that at every point g, of its
convergence. The value u(y) of the Rason

measure u« on the continuous function
w €C.(G) with compact support is called a g}gg,lgggl//(g)zw(go)'
Radon integral of the function y .

domain satisfy the following condition
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Definition 2. Let x be positive Radon
measure on g , then the upper integral 4" ()

of a function y € g, (G) is defined by

*

H sup

9eCc*(G),

H(p)-

<y

(v)=

The upper integral of an arbitrary
positive function v :G — R" is defined by

* — . f * .
K=, of 1 (9)
Definition 3. The outer measure

4 (E) of an arbitrary subset EcG is an
upper integral (1) of the characteristic
function 1; of E.

The set M(G) of all Radon measures u
on the locally compact space G is the space of
all linear forms on the vector space C. (G) and
thus M(G) is a topological space with the *-

weak or so-called wide topology of the weak
convergence. If G is a compact group then the
wide topology coincides with the classical weak

topology.

Wide topology in M(G) can be defined

L= sup‘,u(t//i) ,  where

1<i<k

by  seminorms

{Wilaa =Cc(G) s
sequence of functions of C. (G).

an arbitrary finite

The measure theory measure on locally
compact topological spaces is a dynamically
developing branch of mathematics, a few new
articles pertaining to this topic can be found in
the list of references [1-12].

In this article, we clarify the definition

of L” - spaces for a locally compact group and
describe it properties; also we show that
assume H is a normal subgroup of the locally
compact group G and assume x and 7 are

measures on G and H, presume m:G — R, is
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a continuous homomorphism from a group G
to a group of positive real numbers with the
operation of multiplication, then we establish
the existence of a measure 4 on the quotient
group G/H if and only if

Ay (h)=m(h)Ag (h) forall heH.
2. L” - spaces

Let C. (G, B) be a space of real-valued

continuous functions with compact support
from a locally compact group G to a Banach
space B. Let L be a positive measure on G .

Definition 4. For each number p=>1
and for every mapping y :G — B, we defined
a finite or infinite value ||1//||p by

b, (o (1,°))"

Applying Holder inequality we obtain
the following lemma.

Lemma. Let =0 be an arbitrary
scalar, let 1< p<+o and w, ¢ be arbitrary
two mappings G — B, then we have

o], =ledlv,

v+, <, +lel,-

Definition 5.
1. For 1<p<+oo, the set of all
mappings v  from G to B such that

¢<C.(G) will be denoted by 4°(G,B) or
simply £°(G) or even 4°.

2. Let Gbe a locally compact group
with a positive measure B be a Banach

lLl 1
space, we denote L°(G) the closure in the

topology L"(G) of the vector space
C.(G,B) of all real-valued continuous
functions with compact support, more
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precisely, L"(G) is the separable Banach

space associated with L*(G), we are

employing the usual agreement to use the
same symbol for the space of equivalence
classes and the space of individual symbols
belonging to the class.

the definition, we have that

w eL?(G) if and only if for any &>0 there

For

exists a continuous function ¢ €C, (G) with a

compact support such that ||1,//—¢||p <¢g. Thus,

the space  L°(G) consists of limits of
sequences of functions of C. (G) in L°-

topology. Convergence in L” -topology is called
convergence in the p -th mean.

Theorem 1. Let sequence
{wi}=L°(G) be fundamental or sequence

Cauchy in L°(G), then there exists a
subsequence {‘//k(n)}c{‘/’k}CLp(G) such

that:

1. The series ZHWk(n+1)_Wk(n)

converges as a positive number series;

2. The series Zl//k(rHl)(g)_l//k(n) (9)

converges absolutely for u -almost
everywhere;
u—almost  every where
3 p(e) = limw,(9)

and y is well defined on G, then y €L’ (G)
and

lim
k—o0

Viin) “”Hp =0;

4. There exists a lower semicontinuous
positive function g@egp,(G), ¢:G—>R,

such that ¢ € L" (G, R) and Hy/k(n)(g)HSgo(g)
forall geG.
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Proof. The fundamentality condition
states that for any & >0 there exists an integer

number K, such that |y, —l//m”p <eg for all
k>k, and m>k,. So by induction on n, we
define a strictly increasing sequence {k(n)} of

positive integer numbers k(n) that are

dependent on n such that Hl//k(n+l) Vi) <2™
p
. Thus, the mapping series Zvlk(nﬂ)_l//k(n)

converges in the p-th mean and has a sum
Zl/lk(n+l)—l//k(n)=¢€ L’(G), which equals
l//=¢+l//k(l). We denote a finite or infinite

o(0)- X, (o)

||(P||p=Z||Wk||p<oo we obtain that function
n

function since

@:G—>R, is p-almost everywhere finite. The
series Zl//k(M) —Wy(n converges absolutely u

-almost everywhere and
v (9) < Zlwic(9)] =0 () so wel®(G). If
we n denote
£(9)=ZWiio(9) ¥ (9)]: 9G then
Hg” (g)Hp <oo , therefore, exists a lower
semicontinuous  function ¢  such that
(pZ(JrHl//k(l) and ||§’||p <oo. The theorem is
proven.

Corollary. Let ® be an everywhere
dense subset of 4°(G) then for each function

w ek’ (G) there exists a sequence {¢}c©
lim | ~y/], =0.
&1_{2”@ (g)—w(g)” =0 for u-almost all g. As

an everywhere-dense subset of 4° (G), we can

such that and

always take the space of real-valued continuous
functions with compact support.

Since the L° -space is metrizable there

exists a fundamental sequence {l//k} c O so that
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&im”l//k—l//”p =0 then the corollary follows

from the previous theorem.
3. Induce measures

Let G be a locally compact group G
with a positive Radon measure u Let I' bea

locally compact subgroup of the group G.
Since the set I' is the intersection of open and

closed sets of G, the subset I is u-
measurable. For any function y eC(T), we

denote the function  defined on G given by

_,+_|w(g), geT,
W(g)_{o, geG\T.

Definition 6. If T" is a locally compact
subgroup of a locally compact group G with a
positive measure ,, then the measure 4. on

I' induced by the positive measure 4 on G is
given by

|wdu =|ydu

for all functions y € C. ("), where

0, geG\I.

w(g):{"’(g)’ gel,

Lemma 1. Let K be a compact subset
of G then the equality

pe(R)=(R)
holds for any compact subset K of K.

Proof. Let y, be the characteristic
function of the set K then Xi 1s lower
semicontinuous function and therefore y. is
lower envelope of some of the decreasing

functional collection {i, } = C; (K) so that

E-ISSN: 2732-9941

177

Mykola lvanovich Yaremenko

sy (R)=inf [y, du =
1(K),
v,(9), geK,

0, geG\K

since , is an upper semicontinuous function

=inf [7,d 4 =

for all «;

e 1, (9)-

then the lower envelope of decreasing filer
collection {l//a} equals y,, and the lemma is

proven.

The measure u on the locally compact
group G is called relatively invariant with a left
m, or right m multiplier if
1(oy)=m, (o) u(v) or

1(wp)=m, (@) u(y) holds for all y €C.(G)
. The multipliers m, and m, are continuous

r

homomorphisms G — R", where R" is a group
of positive real numbers with the operation of
multiplication.

Let H be a normal subgroup of the
locally compact separable group G. The
quotient group G/H consists of all left cosets
G/H. Let  be a left Haar measure on a

normal subgroup H of G. For any function
w €C. (G) with supp(y) =K =G, we define

a function y, by

v, (9)=|w(gh)dn(h),

so that , (gh)=w,(g) for every he H since
n is left invariant measure. Let mapping
p£:G—>G/H be an orbit projection then we
define a continuous function v, =y, °p, the

function y, is continuous on G/H and with

supp(l//n)cp(K)cG/H ,
v, €C.(G/H). Now, we write

and therefore

[w(gnk™)dn(h)=A}, [y (gh)dn(h),

Ay, is the right modulus of H .
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Definition 7. We introduce a morphism
A:C.(G)—>C.(G/H) givenby A(y)=yw,.

Statement 1. The function
A:C.(G)—>C.(G/H) given A(y)=vy,
maps  A:C. (G)—>C. (G/H),  where

C."(G) and C."(G/H) are sets of positive
continuous functions with compact support.

Proof.  Let ¢eC.,"(G/H) with

supp(¢)=K <cG/H and p:G—->G/H bean

orbit projection. There exists a compact set
KeG such that p(K)=K. There exists a

$eC. (G/H)
g € G. We define function

function such that

$(9)=1,

¢,(9)= | #(gh)dn(h)

that is positive lower bound on K and so it is
positive on the saturation KH of compact K so

the continuous function (gop)(g, )_1 is

nonnegative SO that
v =¢(pop)(4,)" €C(G) S0 that
W, =@op.

Definition 8. Let G be a locally

compact separable group with a Radon
measure ¢ and H be a normal subgroup of

G, and let measure u  satisfies

u(wh)=A} (h)u(y) for all yeC.(G) and
heH then we define a measure u, by

t,(v,)=wu(w) forall y, eC.(G/H).

For all ¢peC.(G/H), we define a
measure ¢ on G/H by .9((p)=,u(l//) for
yw eCg (G) such that y, =¢.

We denote 4 (l//)=19(1//,7) for all
(//eCC(G).
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Statement 2. If y, =0 then u(y)=0
forall y €C (G).

Proof. Assume y, p€C, (G), we have

so that ,u(l//((p,7 op)) = ,u((p(t,zl,7 op)) hence
from y, =0 follows ,u(l//(go,] op)) =0 for all

9eC.(G). Assume supp(y)=KcG and
assume 2€C.(G/H) S0 that
z(h)=1, hep(K) then there exists

9eC.(G) such that ¢ =y on p(K)
therefore ¢, op=1 that

w=v(p,°p) and u(y)=p(v(p,°p))=0.

on K SO

We have the following lemma.

Lemma 2. Let 4 be a measure on
G/H then there exists natural measure u

given by
u(vw)=9(v,)
forall v eC.(G).

Remark. The measure u, =pu/n is

called the quotient of x and 7.

Lemma 3. Let G be a locally compact
group with an invariant Haar measure g and
let 9 be a normalized Haar measure on a
normal compact subgroup H of G. Let
p:G—>G/H be an orbit projection then, the
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gquotient measure g, = /7 equivalent to the

induced measure p( ).

Proof. The function p(x) is a Radon

measure on G/ H given by
p(u)(9)=u(pep)

for all peC.(G/H). Since m=A], for any
peC; (G/ H) the support of a function @o p
is a compact set in G so that there exist y, = ¢
, and y=¢opeC.(G), and y,=gop so
v, =¢. Therefore for any ¢ eC¢ (G / H) we

have u,(@)=u(p°p).

Lemma 4. Let 4 be a measure on the
quotient group G/H such that

S(w,)=u(y) for all yeC.(G) then
Ay, =m, the reverse is also true, assume
Ay =m then  9(w,)=u(y)
weCq (G)

for all

Proof. Assume S(y/”):y(t//) , since
(l//h)” =Aj, (h)y, for all heH, yeC.(G)
then u(wh)=A} (h)u(y) for all heH,
weC.(G) so A, =m.

Assume A =m then u (¢)=u(v)
for ¢eC.(G/H) thus ,Ll(l//)zg(l//”) for

measure $ and for all y C_ (G).

Theorem (Weil) 2. Let H be a
normal subgroup of the locally compact group
G and let # and 7 be the measures on G
and H, respectively. Let m:G—R, be a
continuous homomorphism from a group G
to a group of positive real numbers with the
operation of multiplication. There exists a
measure 9on the quotient group G/H if and

only if A}, (h)=m(h)Ag(h) forall heH and
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then every m -relatively invariant measure on
G/H isaquotient measure u, = u/n.

Proof. For all yeC.(G), we have
$(v)= 19(1//,7) . For a m-relatively invariant

measure 9 on G/H we  have
19(gy/ﬂ):m(g)l9(t//n) therefore
I((gw),)=m(9)8(v,) and

F(gy)=m(g)9 () thus 9" is a relatively

invariant measure on the group G .

Now, since for all heH and

weC.(G) we have ,u(w):19<1//”) and
p(yh)=Ay (h)u(v)
m,(h)=m(h)Ag(h) so that m=A} thus

9= 9#,7 = p, . The theorem is proven.

follows

Theorem 3. Let H be a normal
subgroup of the locally compact group G and
let m:G—R, be a continuous

homomorphism from a group G to a group of
positive real numbers with the operation of
multiplication. Then, a m -relatively invariant

measure $ on G/H is given by 9= p(mu)
where p:G — G/H isa projection mapping.

Proof. Since m(h)=Ag (h)=Ag(h)=1

for all heH, there exists a m-relatively

invariant measure 9=y, = p(u) = p(m,u).
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