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Abstract: - Assume H   is a normal subgroup of the locally compact group G  with measures    and   the on 
G  and H , respectively, and assume  :m G R  is a continuous homomorphism from G  to a group R  of 
positive real numbers with the operation of multiplication, then we establish that for the existence of a measure 
 on the quotient group /G H , it is necessary and sufficient that      r r

H Gh m h h   holds for all h H  

so that each m -relatively invariant measure on /G H  is a quotient measure /   ; also, we show that 

the m -relatively invariant measure   on /G H  can be presented in the form  m     where 
: /G G H   is a projection mapping. 
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1.  Introduction, some definitions, and 

some results   

Let G  be a locally compact group, let 
 CC G  be a space of real-valued continuous 

functions with compact support. 

Definition 1. A Radon measure on a 

locally compact group  G  is called a linear 

form   on  CC G  such that for any compact 

set K G  restriction of the linear form    to 

subspace     C CC K C G  functions of 

 CC G  which support contains in K , is 

continuous in the topology of uniform 

convergence. The value     of the Rason 

measure   on the continuous function 

 CC G   with compact support is called a 

Radon integral of the function  . 

As a consequence of the definition, we 
have that for any compact subset K G  there 
exists a constant  c K  dependent on K  such 
that the equality  

   cC G
c    

holds for all  CC G  . 

Let  CC G  be s set of all finite positive 
continuous functions with compact supports. 
We denote by  G  the set of all lower 
semicontinuous positive functions i.e., all 
functions    such that at every point g

0  of its 
domain satisfy the following condition  

   lim inf
g g g G

g g 
 


0

0 . 
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Definition 2. Let   be positive Radon 

measure on G , then the upper integral   
 

of a function  G   is defined by  

 
 

 
,

sup
CC G  

   




 

 . 

The upper integral of an arbitrary 

positive function :G R   is defined by 

 
 

 
,

inf
G  

   


 

 
 . 

Definition 3.  The outer measure 

 E
 of an arbitrary subset E G  is an 

upper integral  1E
 of the characteristic 

function 1E  of E . 

The set  G  of all Radon measures   
on the locally compact space  G  is the space of 
all linear forms on the vector space  CC G  and 

thus  G  is a topological space with the  -
weak or so-called wide topology of the weak 
convergence. If G   is a compact group then the 
wide topology coincides with the classical weak 
topology.  

Wide topology in  G  can be defined 

by seminorms  sup i
i k

  
 1

, where 

   i Ci k
C G

 


1
 is an arbitrary finite 

sequence of functions of  CC G . 

The measure theory measure on locally 
compact topological spaces is a dynamically 
developing branch of mathematics, a few new 
articles pertaining to this topic can be found in 
the list of references [1-12]. 

In this article, we clarify the definition 
of pL  - spaces for a locally compact group and 
describe it properties;  also we show that 
assume H   is a normal subgroup of the locally 
compact group G  and assume    and   are 
measures on G  and H , presume :m G R  is 

a continuous homomorphism from a group G  
to a group of positive real numbers with the 
operation of multiplication, then we establish 
the existence of a measure   on the quotient 
group /G H  if and only if 

     r r

H Gh m h h    for all h H . 

2. pL  - spaces 

Let  ,CC G B  be a space of real-valued 
continuous functions with compact support 
from a locally compact group G  to a Banach 
space B . Let   be a positive measure on G . 

Definition 4. For each number 1p   
and for every mapping :G B  , we defined 
a finite or infinite  value 

p
  by  

  p p

p B
  

1

. 

Applying Holder inequality we obtain 
the following lemma. 

Lemma. Let 0   be an arbitrary 

scalar, let 1 p    and ,   be arbitrary 

two mappings G B , then we have  

p p
    

p p p
      . 

Definition 5.  

1. For 1 p   , the set of all 

mappings    from G  to B  such that 

 CC G  will be denoted by  ,p G BL  or 

simply  p GL  or even pL . 

2. Let G be a locally compact group 

with a positive measure  , B  be a Banach 

space, we denote   pL G  the closure in the 

topology   p GL  of the vector space 

 ,CC G B  of all real-valued continuous 

functions with compact support, more 
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precisely,  pL G  is the separable Banach 

space associated with   pL G , we are 

employing the usual agreement to use the 

same symbol for the space of equivalence 

classes and the space of individual symbols 

belonging to the class. 

For the definition, we have that 
 pL G   if and only if for any 0   there 

exists a continuous function  CC G  with a 

compact support such that 
p

    . Thus, 

the space   pL G  consists of limits of 

sequences of functions of  CC G  in pL -
topology. Convergence in pL -topology is called 
convergence in the p -th mean.  

Theorem 1. Let sequence  

   p

k L G   be fundamental or sequence 

Cauchy in  pL G , then there exists a 

subsequence 
      p

kk n
L G    such 

that: 

1. The series    k n k n
n

 

 1

 

converges as a positive number series; 

2. The series    
       k n k n

n

g g 


 1
 

converges absolutely for  -almost 

everywhere;   

3. If      lim
almost every where

k n
n

g g


 



  

and   is well defined on G , then  pL G   

and  

 
lim 0

k n
k p

 


  ; 

4. There exists a lower semicontinuous 

positive function    , :G G R     

such that  ,pL G R  and 
     k n

g g   

for all g G . 

Proof. The fundamentality condition 
states that for any 0   there exists an integer 
number k

0
 such that 

k m p
     for all 

k k
0
 and m k

0
. So by induction on n , we 

define a strictly increasing sequence   k n  of 

positive integer numbers  k n  that are 

dependent on n  such that    
2 n

k n k n
p

  


 

1

. Thus, the mapping series 
   k n k n

n

 

 1

  

converges in the p -th mean and has a sum 

     p

k n k n
n

L G  

   1

, which equals 

 k
   

1
. We denote a finite or infinite 

function      k n
n

g g   since 

kp p
n

     we obtain that function 

:G R   is  -almost everywhere finite. The 
series 

   k n k n
n

 

 1

 converges absolutely 

-almost everywhere and 
     k

n

g g g     so  pL G  . If 

we denote 
          ,

k n k n
n

g g g g G  


   1
 then 

 
p

g    , therefore, exists a lower 

semicontinuous function   such that 

 k
   

1
 and 

p
   . The theorem is 

proven. 

Corollary. Let   be an everywhere 
dense subset of   p GL  then for each function 

 p G L  there exists a sequence  k   

such that lim 0k pk
 


  , and 

   lim 0k
k

g g 


   for  -almost all g . As 

an everywhere-dense subset of   p GL , we can 
always take the space of real-valued continuous 
functions with compact support. 

Since the    pL  -space is metrizable there 
exists a fundamental sequence  k   so that 
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lim 0k pk
 


   then the corollary follows 

from the previous theorem. 

3. Induce measures 

Let G  be a locally compact group G  
with a positive Radon measure  . Let    be a 
locally compact subgroup of the group G . 
Since the set   is the intersection of open and 
closed sets of G , the subset    is  -
measurable. For any function  CC   , we 
denote the function   defined on G  given by  

 
  , ,

0, \ .
g g

g
g G





 

 
 

Definition 6. If   is a locally compact 

subgroup of a locally compact group G  with a 

positive measure  , then the measure   on 

  induced by the positive measure   on G  is 

given by  

d d       

for all functions  CC   , where   

 
  , ,

0, \ .
g g

g
g G





 

 
 

Lemma 1.  Let K  be a compact subset 

of G  then the equality  

   K K K   

holds for any compact subset K  of K . 

Proof. Let 
K

   be the characteristic 

function of the set K  then 
K

  is lower 
semicontinuous function and therefore 

K
  is 

lower envelope of some of the decreasing 
functional collection    CC K   so that  

 

 

inf

inf ,

K K

K

K d

d K







  

  

 

 




 

where  
  , ,

0, \
g g K

g
g G K









 


 for all  ; 

since   is an upper semicontinuous function 
then the lower envelope of decreasing filer 
collection    equals 

K
 , and the lemma is 

proven. 

The measure   on the locally compact 
group G  is called relatively invariant with a left 
m  or right rm  multiplier if  

     m      or 

     rm      holds for all  CC G 

. The multipliers m  and rm  are continuous 
homomorphisms G R , where R  is a group 
of positive real numbers with the operation of 
multiplication. 

Let H  be a normal subgroup of the 
locally compact separable group G . The 
quotient group /G H  consists of all left cosets 

/G H . Let   be a left Haar measure on a 
normal subgroup H  of G . For any function 

 CC G   with  supp K G   , we define 
a function   by  

     g gh d h    ,  

so that    gh g   for every h H  since 
  is left invariant measure. Let mapping 

: /G G H   be an orbit projection then we 
define a continuous function    , the 
function   is continuous on /G H  and with 

   supp /K G H   , and therefore 

 /CC G H  . Now, we write  

       r

Hghk d h gh d h      
1 , 

r

H  is the right modulus of H .  
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Definition 7. We introduce a morphism 

   : /C CC G C G H   given by      . 

Statement 1. The function 

   : /C CC G C G H   given       

maps    : /C CC G C G H   , where 

 CC G
 and  /CC G H

 are sets of positive 

continuous functions with compact support.  

Proof.  Let  /CC G H   with 

 supp /K G H    and : /G G H   be an 
orbit projection. There exists a compact set 
K G  such that  K K  . There exists a 

function  /CC G H   such that 

  1,g g G   . We define function  

     g gh d h     

that is positive lower bound on K  and so it is 
positive on the saturation KH  of compact K  so 
the continuous function     

1  is 
nonnegative so that  

    CC G    
  
1  so that 

   . 

Definition 8.  Let G  be a locally 

compact separable group with a Radon 

measure   and H  be a normal subgroup of 

G , and let measure   satisfies 

     r

Hh h      for all  CC G   and 

h H  then we define a measure   by 

         for all  /CC G H  . 

For all  /CC G H , we define a 

measure   on /G H  by         for 

 CC G   such that   . 

We denote    #
     for all 

 CC G  . 

Statement 2. If 0   then   0    

for all  CC G  . 

Proof. Assume  , CC G  , we have  

         

       

         

         

          ,

r

H

r

H

g d g gh d h

g gh d g d h

d h h gh g d g

g d g gh h d h

g d g gh d h

     

   

   

   

     

 

 

 

 

  

  

 

 

 

 

 

 

1 1

1 1

 

so that                hence 

from 0   follows    0      for all 

 CC G .  Assume  supp K G    and 

assume  /CC G H  so that  

   1,h h K    then there exists 

 CC G  such that    on  K  
therefore 1    on K  so that 

      and      0       . 

We have the following lemma. 

Lemma 2. Let   be a measure on 

/G H  then there exists natural measure   

given by  

        

for all   CC G  . 

Remark. The measure  /    is 
called the quotient of   and  .  

Lemma 3. Let  G  be a locally compact 

group with an invariant Haar measure  and 

let   be a normalized Haar measure on a 

normal compact subgroup H  of G . Let 

: /G G H   be an orbit projection then, the 
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quotient measure  /    equivalent to the 

induced measure    . 

Proof. The function     is a Radon 
measure on /G H  given by    

           

for all  /CC G H . Since r

Hm    for any 

 /CC G H  the support of a function    
is a compact set in G  so that there exist  

, and  CC G    , and     so 

  . Therefore for any  /CC G H  we 

have          .  

Lemma 4.  Let   be a measure on the 

quotient group /G H  such that 

        for all  CC G   then 

r

H m  , the reverse is also true, assume 

r

H m   then         for all 

 CC G  . 

Proof. Assume         , since 

   r

Hh h 
    for all h H ,  CC G   

then      r

Hh h      for all h H , 

 CC G   so r

H m  .  

Assume r

H m   then         

for  /CC G H  thus         for 

measure   and for all  CC G  . 

Theorem (Weil) 2. Let  H   be a 

normal subgroup of the locally compact group 

G  and let    and   be the measures on G  

and H , respectively. Let :m G R  be a 

continuous homomorphism from a group G  

to a group of positive real numbers with the 

operation of multiplication. There exists a 

measure  on the quotient group /G H  if and 

only if      r r

H Gh m h h    for all h H  and 

then every m -relatively invariant measure on 

/G H  is a quotient measure /   . 

Proof. For all  CC G  , we have 

   #
    . For a m -relatively invariant 

measure   on /G H  we have 
     g m g      therefore 

      g m g 
     and 

     # #g m g     thus #  is a relatively 
invariant measure on the group G . 

Now, since for all h H  and 
 CC G    we have         and 

     r

Hh h      follows 

     r

r Gm h m h h   so that r

Hm    thus 
#
     . The theorem is proven. 

Theorem 3.  Let  H   be a normal 

subgroup of the locally compact group G  and 

let  :m G R  be a continuous 

homomorphism from a group G  to a group of 

positive real numbers with the operation of 

multiplication. Then, a m -relatively invariant 

measure   on /G H  is given by  m     

where : /G G H   is a projection mapping. 

Proof. Since       1r r

G Gm h h h      
for all h H , there exists a m -relatively 
invariant measure    m        . 
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