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Abstract: - The article examines the determination of hydrodynamic pressure and the influence of the relaxation
properties of oil on this pressure during the operation of oil wells with deep-well sucker rod pumps. It has been
revealed that if at the initial moment the plunger speed changes abruptly (instantaneous increase in speed), then
the hydrodynamic pressure drop can have a pulsed nature, and the relaxation properties of oil lead to a "delay"
in reaching the maximum pressure. It has been established that the relaxation parameters of oil, along with
viscosity and density, can serve as limiting factors in the calculation of hydrodynamic pressure.
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1 Introduction

Viscoelastic fluids, which possess both viscous and
elastic properties, are widely used in various fields
of science and technology, including oil production.
Numerous studies have been devoted to the study of
the motion of viscoelastic fluids, of which we note,
[1], [2], [3]- Experiments have shown that oils with
a high content of asphaltene-resinous substances
have relaxation properties and are viscoelastic
fluids. Important performance indicators of oil wells
directly depend on the rheological properties of the
produced oil, which significantly  affect
hydrodynamic processes.

Heavy oil exhibits very complex viscoelastic
behavior due to its composition. It has a significant
impact on oil production and transportation. In [4],
the viscoelastic behavior of three different heavy
oils was measured using a rotational rheometer. To
describe the physical characteristics of viscoelastic
material deformation, the generalized Maxwell
model and the fractional Maxwell model were used
to establish the constitutive relation for heavy oil. In
[5], is presented a review of modern methods and
technologies for producing high-viscosity and ultra-
high-viscosity oil. The theoretical aspects of these
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technologies, their applicability limits, and practical
implementation are considered. Mechanical oil
production is accomplished using various types of
pumping units. Currently, the most common method
is the use of sucker rod pumping units. Operating
experience with these units demonstrates their
potential for effective use in medium- and high-flow
rate wells at great depths. At fields containing
viscoelastic oils, an important task is to improve
well performance by taking into account the specific
features and influence of rheological characteristics
on the operating parameters of the downhole
plunger pump.

When operating oil wells with sucker-rod
pumps, the plunger experiences pressure generated
by the weight of the liquid column in the riser pipes.
As the plunger begins to move upward, it
encounters the fluid load. This load causes the rods
to stretch, which can lead to failure. Because the
plunger's speed is variable, the fluid movement in
the annular gap between the rods and the pump
cylinder is unsteady. This also affects the
hydrodynamic pressure exerted on the plunger.

Numerous works have been devoted to
mathematical modeling of oil well operations using
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sucker-rod pumps, including, [6], [7], [8], [9]. A
new strategy for mathematical modeling of oil
pumping processes is presented in [6]. By
integrating advanced modeling techniques and
optimized design, the petroleum industry can
achieve several significant benefits. In [7], a
numerical model for calculating fluid-solid
interaction was developed to study the pressure and
velocity field dynamics of multistage self-
compensating soft-piston plunger pumps. In [8], a
model of unsteady fluid flow in pump pipes and a
discharge pipeline equipped with pneumatic
compensators was developed. In [9], an analysis of
unsteady hydromagnetic viscoelastic fluid flow
through an annular space bounded by two infinite
coaxial cylinders was conducted. An Oldroyd fluid
model was used to study viscoelastic effects. The
describing differential equations were solved
analytically using modified Bessel functions. The
influence of relaxation and lag parameters on other
flow parameters is demonstrated, showing that their
influence is maximum in the central part of the
annular region.

Of theoretical and practical interest is the
determination of the hydrodynamic pressure on the
plunger during the operation of oil wells with sucker
rod pumps. Such problems were considered in [10],

[11], [12]. In [10], when the condition = > 0.2,

where R is the radius of the lifting pipe, 7, is the
radius of the rods, and the annular gap between the
lifting pipe and the rods is modeled as a flat gap.
Using this assumption, considering oil to be a
viscous Newtonian fluid, an approximate solution to
the problem is obtained. An exact solution for
viscous and viscoelastic fluids was obtained in [11].
This article also considered the influence of the
relaxation properties of oil on the hydrodynamic -
pressure in a well.

However, modeling the annular gap as a flat slit
limits the practical application of the obtained

formulas, since the condition %2 > (.2 is not always

satisfied. A solution to the problem without using
the mentioned assumption (i.e., for a round pipe) is
given in [12]. Oil was considered a viscous
Newtonian fluid; a comparison of the calculation
results obtained for a flat slit and a round pipe is
also given.

When operating wells producing viscoelastic oil,
the relaxation properties of the oil will need to be
taken into account in calculations.

This article discusses mathematical modeling of
hydrodynamic pressure. oil in a production well and
a study of the influence of stress relaxation time and
velocity lag time on this pressure.
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2 Formulation of the Problem

Let's consider the determination of the
hydrodynamic pressure of viscoelastic oil on a
plunger in the annular space between the lift pipe
and the rod of a deep-well pump. Figure 1 shows the
fluid velocity distribution relative to a stationary
system.

~—| v, (2)
|

Fig. 1: Distribution of liquid velocity in the annular
space between the column of pipes and rods relative

to the stationary system.
Source: [10]

For mathematical modeling of the process, we
use generally accepted assumptions: the relative
velocity of the fluid on the surface of the lifting pipe
is zero, and on the surface of the moving pipe(s), it
is equal to the pipe velocity; a smooth flow is
maintained; the fluid is assumed to Dbe
incompressible; and end effects are neglected.

The total pressure p(t) of the liquid on the
plunger is

p() =4p(t) + pg(L —h) +po, (1)
where t is time; Ap(t)is the hydrodynamic pressure
(pressure drop) during non-stationary fluid flow in
the lifting pipe; pyis the pressure at the wellhead;
L is the height of the raised column of liquid; h is
the immersion depth of the pump; p is the density of
oil; g -acceleration of gravity, g = 9.81 m/s2.

The velocity of a fluid v(r, t) in a non-stationary
laminar flow, taking into account circular symmetry,
can be determined from the equation

dv 10

p=r=a(®) + == (D), (, <T < R), ()
where r is the radial coordinate; R is the radius of
the lifting pipe; 7, is the radius of the rods; q(t) =
—0p/0z = Ap/L is the pressure drop per unit
length L along the axis of the lifting pipe; T is the
shear stress. Then the total pressure on the plunger
can be represented as

p() = Lq(t) + pg(L — h) + po.
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For the rheological equation of a liquid, we take
the equation that takes into account the relaxation
time and the delay time, [1], [2], [3].

0 d0\0dv

(1425 ) o =n(1+05)5 @

where u is the dynamic viscosity; 4; and 1, are the

stress relaxation time and the velocity lag time.

Equation 3) at A; >0, 1, > 0expresses the

Oldroyd-B model of a two- parameter viscoelastic -
fluid.

If we consider (3) as a differential equation with
respect to the unknownt:
2,8 (1 +2,2 ) ov
Prhg = H 25¢) or’
Then its solution under zero initial conditions has
the form:
A, 0v
AMor A1),

t = gu(r,§)
e M

T(r,t) = Em

dg. (4)

Substituting (4) into (2), we obtain the equation for
the fluid velocity:
v A,ud s ov
=T )t
ar
t=¢

PE 1 A
a [ I d 5
EGE—L e Mu(r,§) f)+Q(t)- 5)

Mok
2 r

A7 or

Representing (3) in operator form:
ov

(1 +4, at)a
(1+23)

Substituting into the equation of motion (2) we
obtain the differential equation for the velocity:

= (1+15)a®
oL

At the initial moment the liquid is not moving,
therefore the initial conditions for (6) have the form
v(r,0) =0, v/(r,00=0,1<r<R. (7)

]

T=U

(6)

In accordance with the adopted assumptions , the
boundary conditions will be as follows:

v(ry, t) = vy(8), v(R,t) =0,(t > 0),
where v, (t)is the plunger speed.

(8)

To determine the hydrodynamic pressure, as an
additional condition, we use the fluid flow balance
equation:

E-ISSN: 2224-3429

165

Akilov J. A., Dzhabbarov M. S.,
Gaybulov Y. Sh., Shukurov Z. K.

R
Q=n(f -1} )vp(t) = an rv(r, t)dr, 9

where 7yis the plunger radius, Qis the fluid flow
rate. (1)-(9) express the mathematical model of the
process under consideration.

3 Solution of the Problem

In (5)-(9) we move on to dimensionless variables.
For this purpose, we introduce the following
dimensionless quantities:

- Uy - Uy - Uy

t:?t, AIZF.AI’ AZZFAZJ

=_T _ n

r_Rl a_R; al_R!

a* =a? —a?, v(rf)—v(”)

_ v(t) _ R-q(t)

p(0 =2= a0 =07,
1 /12

c=—, C cCi1 =¢C 1—C .
7, 2 = /11 1 ( 2)

where U, is some characteristic value of the fluid
velocity.

Then
L WL N R
_UO' 1_U0 1 Z_UO 27
r=r1-R, n=a R, » =a-R,
_ _ pU§
v=Uy v, v, =U 1, q= R q.

Substituting them into (5)-(9), we obtain
pU: 0v A, ulé¢ o (_61’7) N
r —

R -1 R 97\
vdf)
(a<7<1);

Li—Tp v} 9 ( 0 (8 =
'*Az EFE(EJe 1
pU¢ .

—— (),
pU(?( - 6)613
U2 U I\l o
p 0 g6+ 0 0(1+/12—_)[——(f

Upo(7,0) =0,  7¢(#,0) =0,
Uoi(a, D) = 5y (B, Upi(1,E) = 0,
mR? - (af — a®)Uy,(F) =

1

+

= ZnRZUO-f 7o (7, t)dr

a

613) 4
or

or
ov

G 16(
ER

" Re ToOrF
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a (¢ 3
+_——<f—f (7, &)e M df)+é(f);
0

_ 0\odv 1 _ d\[10 v
(1 450) 5 = e (14 o3 53 O 5

1,H=0, (E>0).

For ease of notation, during the solution process
the “-” signs above dimensionless quantities will be
omitted.

Then we have the following equations and
additional conditions:

_ t+c216 6v+
FraA ﬁ?&@aﬁ
c; 10 d

ﬁ:@("f”“ae“dg (o

(1) 5=l hz)

[%%(rg—:)] + (1 + 0 %) q(®), (11

v(r,0) =0, v{(r,0)=0,(a <r <1);
v(a,t) =v,(t),v(1,t) =0,(t >0). (12)

2

a
Fu®, (13

1
f rv(r, t)dr =

a
Multiplying (10) by r,integrating over the
interval [, 1], taking into account equality (13), we

obtain:
a2

q(t) = — a2 vp(t)
1 2c av(l t) ov(a,t)
Rel—a? [ ar YT ar |7
ov(1,$) av(a. $)
—c(t-%)
Jo - [ or or ]df s

Substituting (14) into (10), we obtain the
equation for the fluid velocity:
v _c; 10 ( av)

dt Reror\ or
1 2c¢ dv(1,t) av(a, t) N
Rel — a2 or ¢
c;10 (-5 (T, $) av(r E)
Rer or [ j dé| =
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_i 2¢y f (-8 av(l, E) 617(0( 3] i
Rel— a? or or
a?
+ mvp(t). (15)

Assuming v(r,t) = z(r)U(t),for a homo-
geneous equation corresponding to (15) with zero
boundary conditions, we obtain the Sturm-Liouville
problem for the Bessel equation:

1 d ( dZ) 4 g2
rdr 3 pz
=7 - aZ(@),
z(a) =0,z(1) = 0. (16)
B =0 is an eigenvalue of the problem. The

corresponding eigenfunction zy(r), taking into
account (13), can be found in the form:

) o nr
Zo(r) =441 -7r"+(1 -« )H' (17)
where
Ra?+a?-1)Ina
Ay =

A-a®))[1-a?+ (1 +a?)lnal

Let us represent the required functions in the
form:
v(r,t) =vo(r,t) + vi(r,t), (18)

q(t) = qo(t) + q:(0), (19)
where vy (7, t) = zo(1)v, (t)is the solution of the
homogeneous equation corresponding to equation
(15) with zero initial and boundary conditions.

qo(t) is determined by substituting into -

vo(r, t) (14):
9o(t) = =2 levp(e) +
clﬁje-C“ f>vp<f>df]. (20)

Then v, (r,t), q1(t) we obtain an equation for the
definition.

(1_|_/1 6)6171 1( +1 6)

19t) ot ~ Re 29

19 0w +(142 g t 21
[r@r(r (')r)] ( 16t)q1()' e

satisfying the conditions:
v.(r,0)=0,vi;,(r,0)=0,(a<r<1); (22)

vi(a, t) = vp(0), v1(1, 1) = 0,(¢t > 0). (23)

aZ
vp (), (24)

1
f rvy(r,t)dr =
a
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Equality (24) follows from (13). To solve equations
(21) with conditions (22)-(24), we apply the Laplace
integral transform [13]:

ﬁl (r’ 5) = f0+00 e—St
+00
7,(s) = fo e~ v, (t)dt,

v (1, t)dt,

~ +oo  _
qi(s) = J, e*tqi(t)dt.
Taking into account conditions (22), in the
Laplace image we obtain the equation
11d/ dv, k?
——— k*5; = ——q,(s), 25
Rerdr( dr) sql() (25)
with boundary conditions
71(0,8) = Dp(s), 71(1,5) =0, (26)

where k =/Res (14 2;5)/(1 + A,5).

Equality (24) in the Laplace representation takes the
form

o, (r,s)dr = =% 27)
The general solution of equation (25) is
- _ . g1(s)
U1(r,s) = CiJo(ikr) + C, -

where Jy(x), Yy(x) are the Bessel functions of the
first and second kind of zero order.

Having defined the constant numbers C; and
C, u3 boundary conditions (26), we obtain

91(1,8) = 55 LIS D) +
d,(ik)]o(ikr) — d,(ik)Yy (ikr)]/s +
T (5) - [Yo (ik)Jo (ikr) — Jo(ikr)Y, (ikr)]}, (28)
where
dy(x) = Jo(ax) —Jo(x); da(x) = Yy(ax) — Yo (x);
Dg(x) = Jo(ax)Yo(x) — Jo(x)Yo (ax).

From (28), taking into account equality (27), we
obtain

d1(s) = st (s) - f(s), (29)
where
s B
f(s) = Dk’

P00 = XD (x) + Yo (0)d3 (1) — Jo () (2);

P(x) = = xD (x) — dy (X)d3 (x) + dy (x)ds (x);
d;(x) = aJ;(ax) — ], (x);
dy(x) = a¥q(ax) — Y1 (x),
J1(x),Y1(x) are Bessel functions of the first and
second kind of the first order.

Let's find the original f(t) image f(s). Bn
(n = 1,2,3,...) are zeros of the function y = Y(),
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that is, simple positive roots of the equation P (f) =
0, or
1—a?
BDa(B) — d2(B)d3(B) +

d(B)d4(B) = 0.

From here ¥(B,) = Y (ik) = 0,

. . |Res(1+ A45)
k=i |[————.
1+/125

B are simple poles of a function of a complex
variable f(s), so the original corresponding f(t), to
the image f(s) can be found using the formula,

[14]: ]

£ = Z[

Taking into account the adopted notations, after
some identical transformations, we obtain

4 - e~ ant
o S Buret
Re Cothin
where

a=1/24), a, = a(l+ 1,x32),
bn:\/arzl_zaxrzu an%, Yipn=1-

Z)Da (Br) + [))n lad,;(Bn) + ds(Bn)] +

dl(ﬁn)dG(ﬁn) dz(ﬁn)ds(ﬁn)

b = d(Br), ds(x) = a?Jo(ax) — Jo(x);

de(x) = aZYO(ax) — Yo (x);

d;(x) = Jo()Y1(ax) — Ji(ax)Yy(x);

dg(x) = J1(x)Yp(ax) — Jo(ax)Y; (x);

A, =1+20,x2(2+ al3x2) + (4, +
12)(A; (an + b%) —2ay) — 4/12anxn:

B, =2, —A4)Aa,—1);C, =1+
A01x2 + Ayxt + 22,2, (a2 + b2) — 42,4, (1 +
Ayx2).

(30)

Bn =

p(ik)e*

P (ik)e* N
P'(ik) (ik)s

W'(ik) (ik)s

S=S1n

(Apchb,t+B,b,shb,t),

The original q,(t), corresponding to the image
Gi1(s)is found from (26). Since k s7i,(s)
corresponds to the original vy (t), according to the
composition  theorem, the image sT,(s)-
f(s)corresponds to the original.

t

jo £(t - E)vh(E)dE.

In accordance with (29) we obtain:

q:(t) = " Re
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t
nrn ! —an(t=§) —
o | e O cachb e~

(31

+ B, b, shb, (t — &))dé.

ingl
=

Then we obtain the following formula:
2
q(t) = =5 vy (t) +

4R_ [szp(t) tep [ e Dy (f)df] ey

e

f U ()¢~ D (A chby (¢ — ©)
+ Bybyshby(t — £)dE.  (32)

nlpln

(T3 2]

Taking into account that in (32) the signs
above the dimensionless quantities are omitted, we

have
. a?
0 ==+
44, £
E szp(t)+C1_Le

nd)n ; ! —an(t-§) F_
Z B [ e b ©
+ B Wb shby, (E— €))dE .

" 4
e ﬁp(f)df] e

(33)

In [12], a similar formula for a viscous -

Newtonian fluid was obtained:
2

10 = 7=z %
Brnbn
—1 ¢1n

44,
AGER=SNGE

J 7y (§)e *RE=9de, (34)
0

Using these functions,
determined by the formula

the pressure drop is

pUSL _ _
p(6) =—5-q(D),

Total pressure according to formula (1).

(35)

4 Results and Discussion

The main result of the work is formula (33). It
allows us to determine the hydrodynamic pressure
of oil on the plunger during its rise and to
investigate the influence of the stress relaxation time
and the velocity lag time on this pressure.

From formulas (33) and (35), it is clear that the
pressure drop on the plunger depends not only on its
speed, but also on its acceleration. If the plunger
speed changes abruptly (instantaneous acceleration):
vp(t) = Upn(t), then the influence of the terms
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containing acceleration can become dominant,
since, v',(t) = Upd(t),where is 7(t)the unit
Heaviside function, §(t)is the Dirac delta function.

To compare the formula for a viscoelastic fluid
(33) with the formula (34) for a viscous fluid, we
assume that in some time interval, the plunger speed
is constant: v,(t) = v, = const, ie. B,(t) =1.
Then from (33) and (34), we obtain, respectively

. 44 ; 44
q() = R_ea [Cz +c(1- e_Ct)]; q@) = Rea’
It is clear that in the time interval where the plunger
speed is constant, the pressure drop will be constant
only for a viscous liquid; for a viscoelastic liquid, it
will not be constant.

If we assume that the plunger speed corresponds
to the speed of the rod suspension point [10], then

the plunger speed can be determined by the formula
in 21'[(2n 1t

48v,,
Up(t)— - Z (271 )3 ’ (36)

where 0 <t <T,T is the period of one piston
operating cycle; v, is the average speed of the rod
suspension point.

Numerical calculations were performed using the
obtained formulas. The following initial data values
were used in the calculations:

L=1000m, h=100m, Uy = v,, = 0.60 m/s,

po = 10° Pa, T=20s, r, = 0.01m,
r, = 0,02988m, R = 0.030 m.

Figure 2 shows graphs of the dependence of the
hydrodynamic pressure drop on time Ap, MPafor
oil viscosity and density u=0.09Pa-s, p=
920 kg/m3. The values of the relaxation
parameters are as follows: 1—24; =41, =
0 (Newtonian fluid); 2 -4, =1s5; 1, =0.5s; 3 —
A=2s; I, =1s; 4—1;=3s; A, =1s.

Note that here and below, for comparison, graphs
for a viscous fluid are also provided (curve 1 in the
figures).

As can be seen from Figure 2, as the plunger
rises faster, the pressure drop for the viscoelastic
fluid is smaller than for the viscous fluid.
Conversely, as the plunger rises more slowly, the
pressure for the viscoelastic fluid is greater than for
the viscous fluid.

The graphs show that the relaxation properties
of oil can lead to both a decrease (during
acceleration) and an increase (during deceleration)
in the pressure drop. The greatest difference in
values is observed at the moment the lift stops.
Relaxation properties lead to a "delay" in reaching
maximum pressure. As these properties increase,
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the difference between the pressure profiles
increases, especially as the ascent slows.

- | | i | [
0'50 2 4 6 8 10

Fig. 2: Graphs of the change in pressure drop over
time Ap, MPa at = 0.09 Pa-s, p = 920 kg/m3.

The curve numbers correspond to :

1 —A; = 1, = 0 (Newtonian fluid ) ;
2—-1,=1s;4,=05s5;3—-1,=2s; A, =1s;
4—1,=3s;4,=1s.

Source: created by the authors

Figure 3 shows graphs of the total plunger
pressure versus time. Calculations were performed
for the following oil viscosity and density

values: i = 0.07 Pa - s, p = 800 %

v, MPa

B35

Fig. 3: Graphs of the dependence of the total
pressure on the plunger on time as it rises upward
u=0.07Pa-s, p=2800kg/m3.
The curve numbers correspond to:
a. 1 —1; = 1, = 0(Newtonian fluid );
2—1,=1s, 1, =05s;
3— A1=2s, A, =1s;
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b. 1 —1; = A, = 0(Newtonian fluid);
Z_Al :35,12 = 15;
3_11 = 55, Az =25s.

Source: created by the authors

It can be seen that as the relaxation properties of
oil increase (Figure 3b), the difference between the
pressure profiles for the viscous and viscoelastic
fluids increases. The greatest difference in values is
observed at the peak and at the moment of ascent.
Relaxation properties lead to a shift of the graph
maximum to the right along the time axis.

The effect of changing the plunger speed on the
values of the total oil pressure on the plunger is
considered. The calculation results are given v, =

0,40; 0,60; 0,80; 1,00% in Table 1. The

calculations show that with an increase in the
plunger speed, the total pressure increases up to a
certain time and then decreases. Moreover, for a
Newtonian fluid, it always remains greater than for
a viscoelastic fluid.

Table 1. Time dependence of total pressure values at
different plunger speeds

Uy, M/S
0,40 | 0,60 0,80 | 1,00

t,s p,MPa
0 |8,0461 | 8,0461 | 8,0461 | 8,0461
1,0 [8,6333]8,9269 | 92205 | 9,5141
2,0 | 89182 19,3542 | 9,7903 | 10,2263
3,0 |9,1092 | 9,6408 | 10,1723 [ 10,7039
4,0 [9,2063 | 9,7865 | 10,3666 | 10,9467
5,0 19,2098 | 9,7916 | 10,3735 | 10,9553
6,0 |9,1201 | 9,6570 | 10,1940 | 10,7310
7,0 | 89374 | 9,3831 | 9,8288 | 10,2744
8,0 | 8,6618 | 8,9697 | 9,2775 | 9,5854
9,0 |8,2928 | 8,4161 | 8,5395 | 8,6628
10,0 | 7,8342 | 7,7282 | 7,6223 | 7,5163

Source: created by the authors

Figure 4a and Figure 4b show graphs of the
change in total pressure at u =0.10Pa-s, p =
900 kg/m3. Source: created by the authors

As can be seen, with increasing oil density and
viscosity, the hydrodynamic pressure on the plunger
increases. The shape of the pressure profiles and the
nature of the influence of viscoelastic properties
remain unchanged, but the degree of their influence
increases. Increasing the values of the relaxation
parameters (Figure 4b) leads to an increase in the
difference in pressure values for the viscous and
viscoelastic fluids, as well as a delay in reaching the
maximum pressure.
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a LS

Fig. 4: Graphs of the dependence of the total
pressure on the plunger on time as it rises upward
u=0.10Pa-s, p=900kg/m3.
Correspondence of curve numbers as in Figure 3.
Source: created by the authors

5 Conclusion

An analytical solution to the problem of non-
stationary motion of a viscoelastic fluid in an oil
well is obtained. Using numerical calculations, the
influence of relaxation parameters (stress relaxation
time and velocity lag time) on the hydrodynamic
pressure on the plunger was studied. It was found
that if at the initial instant the plunger velocity
changes abruptly (instantaneous increase in
velocity), then the hydrodynamic pressure of the
fluid on it can have a pulsed character. In the time
interval where the plunger velocity is constant, the
hydrodynamic pressure will be constant only for a
Newtonian fluid. And for a viscoelastic fluid, it will
not be constant. It has been shown that the
relaxation properties of a fluid lead to a peculiar
"delay" in reaching maximum pressure, i.e., to its
shift to the right along the time axis. The relaxation
properties of oil, along with viscosity and density,
can serve as limiting factors in hydrodynamic
pressure calculations. When operating wells with
deep - -well pumps producing viscoelastic oils, it is
necessary to take into account the relaxation
properties of the fluid.
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