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Abstract: - The paper investigates the nonlinear torsional dynamics of drill strings using mathematical and 
computational modeling. The study is motivated by the need to improve the reliability and efficiency of drilling 
processes under conditions when torsional vibrations affect the performance and the safety of drilling systems. 
A nonlinear mathematical model of the drill string is developed by treating it as a deformable rod with 
distributed parameters. The governing equations are derived from the Hamilton-Ostrogradsky variational 
principle under the assumption of finite strains within the framework of nonlinear elasticity. The distributed-
parameter problem is reduced to a finite-dimensional system by means of the Bubnov-Galerkin method. 
Numerical simulations are performed to analyze the dynamic response of the considered systems and to 
evaluate the influence of geometric, dynamic, and physical parameters on drill string vibrations. The results 
show the effect of drill string length, angular velocity of the drill string, and material properties on the 
amplitude, frequency characteristics, modal interaction, and phase-plane structure of the nonlinear torsional 
response. 
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1 Introduction 
In the oil and gas industry, the drilling process 
occupies a central position, and its overall efficiency 
and safety are strongly influenced by the dynamic 
behavior of the drill string. During rotary drilling, the 
drill string operates as a long, slender, deformable 
system that transmits torque and axial load from the 
surface to the bottom-hole assembly. The efficiency 
and safety of the drilling process are strongly 
affected by its dynamic behavior, especially by 
unwanted vibrations. Among various types of drill 
string vibrations, torsional vibrations and stick-slip 
oscillations are of particular concern, since they can 
cause large oscillations of bit angular velocity, 
induce severe dynamic loads, accelerate wear of 
downhole tools, and significantly reduce the rate of 
penetration, [1], [2]. As modern wells become 
deeper, more deviated, and more complex, and as 
drilling systems operate closer to their performance 
limits, the accurate description and control of drill 

string torsional dynamics become increasingly 
important for both design and real-time operations, 
[1], [3], [4]. 

In practice, one of the simplest strategies to 
reduce vibration severity is the proper selection of 
operating parameters such as rotational speed and 
weight on bit, often combined with adjustments in 
drilling fluid properties. These measures can 
frequently be implemented without hardware 
modification and may mitigate some harmful 
regimes. However, the drilling process involves 
strong nonlinearities and complex couplings between 
axial, torsional, and lateral motions, as well as 
interactions with the borehole wall, drilling fluid, and 
heterogeneous rock formations, [2]. As a result, 
purely empirical tuning of drilling parameters is not 
sufficient, and there is a clear need for physically 
based mathematical and computational models that 
can capture the essential features of drill string 
dynamics, including nonlinear torsional behavior and 
wave propagation along the string, [3], [4], [5]. 
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A wide range of modeling approaches for drill 
string vibrations has been proposed in the literature. 
Classical works describe the drill string as a 
distributed mechanical system and analyze 
longitudinal and torsional vibrations within a 
continuum framework, [6]. These models provide a 
rigorous continuum-mechanics foundation but are 
mainly developed in linear or weakly nonlinear 
settings and are often oriented toward analytical 
analysis rather than comprehensive nonlinear 
simulations, [7]. More recent studies move towards 
nonlinear formulations and focus on specific aspects 
of dynamics. For example, in [4], two lumped-
parameter models of different complexity are 
compared for torsional stick-slip analysis under a 
unified nonlinear friction law. It is shown that a low-
order two-degree-of-freedom model fails to 
reproduce important features such as bit speed 
oscillations and nonlinear torque generation, whereas 
a higher-order model with more degrees of freedom 
is able to capture wave-like energy transfer and 
localized torsional oscillations along the drill string. 

Finite element formulations are employed in [3], 
to construct an integrated nonlinear model of the full 
drill string based on Timoshenko beam theory and a 
velocity-weakening bit-rock interaction law. This 
model enables a detailed parametric study of stick-
slip vibrations along the drill string and demonstrates 
that the dominant frequency and amplitude of self-
excited torsional vibrations are primarily governed 
by top drive speed and weight on bit, while the 
spatial distribution of vibrational energy differs 
significantly between drill pipes and the bottom-hole 
assembly. Coupled axial-torsional dynamics are 
investigated in [2], where a lumped model of the 
bottom-hole assembly for air drilling is developed. A 
discrete contact law combined with a rate of 
penetration model describes the bit-rock interaction. 
Numerical results show that suitable choices of 
torsional stiffness, rotary speed, and dynamic loading 
can suppress both stick-slip and bit-bounce regimes, 
highlighting the importance of axial-torsional 
coupling in realistic drilling scenarios.  

More complex axial-lateral-torsional behavior is 
considered in [5], [8]. In [5], an axial-lateral-torsion 
coupling nonlinear vibration model of a drilling 
string in curved wells is established using an energy 
method and Hamiltonian principle. The model 
accounts for curvature frictional contact with the 
borehole and the influence of drilling fluid 
properties. Comparison with field data from several 
wells confirms its ability to reproduce measured 
vibration characteristics and stick-slip features. In 
[8], a four-degree-of-freedom non-smooth model is 
proposed that couples axial, torsional, and lateral 

motions, incorporates impacts, friction forces, and 
torque transmission. The analysis demonstrates how 
nonsmooth effects and multi-mode coupling can lead 
to complex dynamic responses, including 
intermittent contact and large-amplitude vibration 
bursts. 

Beyond individual models, several recent studies 
provide broader overviews and extensions of drill 
string dynamics. A comprehensive review of stick-
slip vibrations, modeling strategies, and suppression 
methods is presented in [9], where existing lumped, 
finite element, and hybrid models are compared, and 
the main challenges for future work are identified, 
including the need for better representation of 
nonlinearities and spatially distributed effects. 
Lateral-torsional coupling in deviated wells is 
analyzed in [10], using a nonlinear model based on 
Lagrange’s equations that incorporates drill string-
borehole contact, torque dissipation, and borehole 
trajectory effects. The results show that inclination 
angle and contact conditions strongly influence 
lateral displacement and torsional response, 
especially in highly deviated sections. Distributed-
parameter control-oriented models are proposed in 
[11], where axial-torsional dynamics of a drill string 
system are described by partial differential equations, 
and stabilization strategies are developed to attenuate 
stick-slip oscillations along the entire string. In 
parallel, experimental and laboratory-scale 
perspectives are summarized in [12], which reviews 
design methodologies, experimental configurations, 
and measurement techniques for drill string vibration 
tests, emphasizing the importance of realistic scaling, 
fluid-structure interaction, and integrated multi-mode 
vibration analysis for validating mathematical 
models. 

Taken together, these works demonstrate a broad 
spectrum of modeling approaches, ranging from 
continuum rod theories and finite element 
formulations to lumped-parameter systems and 
distributed control models. At the same time, they 
reveal several important limitations. Continuous 
models often remain within linear or weakly 
nonlinear frameworks and are rarely exploited for 
fully nonlinear torsional regimes. High-fidelity finite 
element and high-dimensional lumped models 
provide detailed descriptions but are computationally 
demanding and less convenient for systematic 
parametric studies or integration into optimization 
and control algorithms. Simplified low-order models 
are attractive due to their tractability but tend to 
underestimate wave propagation, energy localization, 
and the full effect of nonlinearities. Furthermore, in 
many studies, nonlinearity is introduced primarily 
through the bit-rock friction law, while the structural 

WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS 
DOI: 10.37394/232011.2026.21.8

L. A. Khajiyeva, M. M. Jantassova, 
A. K. Kudaibergenov

E-ISSN: 2224-3429 78 Volume 21, 2026



nonlinearity of the deformable drill string and a 
unified energy-based formulation derived from 
variational principles are not explored in sufficient 
depth. 

These observations point to a research gap. There 
is a lack of nonlinear torsional vibration models for 
drill string that are systematically derived from a 
variational framework, explicitly treat the drill string 
as a deformable system with distributed parameters, 
incorporate both internal and boundary 
nonlinearities, and can be reduced in a controlled 
manner to finite-dimensional systems suitable for 
efficient numerical analysis and parameter studies. 
Bridging this gap requires a modeling approach that 
combines the physical rigor of continuum mechanics 
with the practicality of reduced-order formulations. 

In this study, the drill string is considered as a 
deformable mechanical system, and torsional 
vibrations are analyzed within a nonlinear continuous 
framework. In order to isolate the internal nonlinear 
torsional response associated with finite 
deformations, damping, external excitation, and bit-
rock interaction are not included in the present 
formulation. The work aims to develop a nonlinear 
mathematical model of drill string torsional 
vibrations and to investigate its dynamic behavior 
through a numerical analysis. To achieve this aim, 
the following objectives are pursued. First, a 
torsional drill string model is constructed based on 
the Hamilton-Ostrogradsky variational principle with 
boundary conditions representing drilling operations. 
Second, the Bubnov-Galerkin method is applied to 
reduce the distributed-parameter model to a finite 
system of ordinary differential equations in 
generalized coordinates. Next, one-, two-, and three-
mode approximations are formulated, and the effects 
of modal truncation are analyzed. Numerical 
simulations of the reduced systems are then 
performed. Finally, a parametric study is carried out 
to evaluate the influence of geometric, dynamic, and 
physical parameters on torsional vibrations, 
including their effect on modal interaction and 
characteristic dynamic responses. 

The novelty of this study lies in the development 
of a variationally consistent nonlinear torsional 
vibration model with distributed parameters, in 
which the equations of motion are derived from an 
energy-based formulation accounting for finite 
deformations. The proposed approach combines the 
physical rigor of a continuous model with the 
computational efficiency of Bubnov-Galerkin 
reduction and allows one-, two-, and three-mode 
approximations to be formulated within a unified 
framework. This makes it possible to analyze the 
effect of modal truncation, nonlinear modal 

interaction, and the influence of geometric, dynamic, 
and material parameters on the local torsional 
response and phase-plane structure of the drill string. 
 
 
2  Development of the Mathematical 

 Model 
In this section, a nonlinear mathematical model is 
developed for the torsional vibrations of a drill string 
treated as an elastic rod. The model is constructed 
based on the theory of elastic deformation of rod 
systems developed by [13], under the assumption of 
finite strains in accordance with the nonlinear 
elasticity framework of [14], [15]. Such an approach 
makes it possible to account for geometrically 
nonlinear effects arising in the deformation of a 
rotating drill string and to derive the governing 
equation in a variationally consistent form. 

The drill string is considered a slender, 
deformable structural element transmitting torque to 
the bottom-hole assembly. Since this study aims to 
investigate the isolated influence of nonlinear 
torsional deformation on the dynamics of the drill 
string, the axial and bending components of motion 
are neglected in the present formulation. This 
assumption does not imply that axial and bending 
vibrations are absent in real drilling systems; rather, 
it is introduced as a controlled modeling 
simplification that makes it possible to analyze the 
torsional mechanism separately while preserving the 
distributed nature of the model. Such a separation is 
justified for slender drill strings operating 
predominantly under rotational loading conditions, 
where torque transmission and the propagation of 
torsional waves represent the primary dynamic 
effects of interest, [6], [11]. The considered 
formulation is therefore focused on the torsional 
subsystem, which can be interpreted as a simplified 
model within a more general coupled nonlinear 
framework. 

Following the rod theory of [13], the 
displacement field of an arbitrary point of the cross-
section is represented in terms of the generalized 
displacements of the rod axis and the twist angle 

( , ).z t  Neglecting transverse shear deformation, the 
kinematic relations are written as: 

1

1

1 1

( , , , ) ( , ) ( , )
( , , , ) ( , ) ( , )

( , ) ( , )( , , , ) ( , ) .

U x y z t u z t z t y

V x y z t v z t z t x

u z t v z t
W x y z t w z t x y

z z





 

 

 
  

 

 (1) 

 
where 1( , )u z t  and 1( , )v z t  are the displacements of 
the bending center of the cross-section along the x - 
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and y - axes due to bending, respectively; ( , )w z t  is 
the axial displacement along the z-axis; and ( , ).z t  
is the angle of rotation of the cross-section relative to 
the bending center under torsion. 

 
Within the finite-strain formulation of [14], [15], 

the components of the strain tensor are expressed in 
terms of relative elongations, shear strains, and 
rotation angles of the material fiber, which makes it 
possible to account for geometric nonlinearity caused 
by finite rotations of the cross-sections of the rod. As 
noted in [16], removing the restrictions on the 
magnitude of deformations allows for a more 
accurate description of the dynamic process and 
reveals qualitative changes in the vibration behavior. 

For the case of pure torsion, the displacement 
field of the cross-section points (1) is taken in the 
following form: 

( , , , ) ( , )   
( , , , ) ( , )   

( , , , ) 0.

U x y z t z t y

V x y z t z t x

W x y z t







 



                   (2) 

 
The relative elongations, shear strains, and 

rotation angles are defined by the following 
expressions: 

,   ,   ,

,  ,

1,  ,
2

1 1,  ,
2 2

xx yy zz

xy xz

yz x

y z

U V W
e e e

x y z

U V U W
e e

y x z x

V W W V
e

z y y z

U W V U

z x x y



 

  
  
  

   
   
   

    
    
    

     
     

      

       (3) 

 
where 

ije  are the components of the tensor of relative 
elongations and shear strains; 

i  are the rotation 
angles of an elementary volume relative to ,  ,  .x y z  

 
Substituting the field displacement (2) into (3), 

expression (3) is reduced to the following form: 
0,

,  ,  

,  ,  .
2 2

xx yy zz xy

xz yz

x y z

e e e e

e y e x
z z

x y

z z

 

 
   

   

 
  

 

 
   

 

 (4) 

 
The obtained quantities are then used in the 

formulation of the finite-deformation relations of 
[14]. As a result, for the considered case (2), the 

components of the strain tensor take the following 
form: 

 

 

   

22
2 2 2

22
2 2 2

2
2 2 2 2

2

1 1 ,  
2 2 4

1 1 ,
2 2 4

1 1 ,
2 8

,
4

,
2

xx xx y z

yy yy x z

zz zz x y

xy xy x y

yz yz y z

zx zx z

y
e

z

x
e

z

e x y
z

xy
e

z

y
e x

z z

e


   


   


  


  

 
   

 

  
         

  
         

 
      

 

 
      

 

 
     

 

   .
2x

x
y

z z

 
 

 
 

 

 (5) 

 
The material of the rod is assumed to be isotropic 

and physically linear; therefore, the relationship 
between stresses and strains is described by the 
generalized Hooke’s law for a three-dimensional 
stress state, [15]. In this case, the density of the 
elastic potential energy is expressed in terms of the 
components of the strain tensor and is defined as 
follows: 





2 2 2

2 2 2 2

1 2

 2( ) ,

xx yy zz xx

yy zz xy yz zx

G


   


    


      

    


 (6) 

 
where G  is the shear modulus,   is Poisson's ratio, 
the appearance of which is associated with the use of 
three-dimensional generalized Hooke’s law. 

 
The total potential energy of the rod is determined 

by Clapeyron’s formula: 

0
0

   ,
l

V A

U dV dA dz       (7) 

 
where A  is the cross-sectional area, l  is the length. 

 
After substituting the components of the strain 

tensor (5) into expression (6) and integrating over the 
cross-sectional area, the coordinate factors are 
transformed into geometric characteristics: 

 

2 2

2 2

4 4

2 2

( ) ,

( ) ,

 ,

p

A

r

A

x y

A

I x y dA

I x y dA

I x y dA

 

 









 (8) 
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where 
pI  is the polar moment of inertia, and 

2 2,  r x y
I I  are geometric characteristics of the cross-
section. 

 
As a result, the potential energy of the nonlinear 

system takes the following form: 
 

 

2 2

2 4

0
0

4 22

2

5 6
1 2 32 2 2 1 2

16 4

 2 .

l

r

x y p

p

GIG A
U

z

I I

z z

GI dz
z

 

 

 



     
     

      

     
    

      

 
     



 (9) 

 
Since the drill string rotates during drilling, the 

kinetic energy is constructed from the velocity field 
of the rotating rod, taking into account both torsional 
deformation rate and rigid-body rotation with angular 
velocity  . After substituting the torsional 
kinematic relations and integrating over the cross-
section, it is written as: 

2 2

0

2 2 2

2

2 ,

l

x y

p p p

T I I
t t

I I I dz
t

  


   

    
     

    

 
   

 


 (10) 

 
where   is the material density and ,  x yI I  are the 
axial moments of inertia of the cross-section. 

 
The governing equation is derived from the 

Ostrogradsky-Hamilton variational principle, [17]: 

 
2

1

0  0.
t

t

T U dt                    (11) 

 
Substituting (9) and (10) into (11), performing the 

variation with respect to ( , )z t  and integrating by 
parts with respect to time and the longitudinal 
coordinate z , one obtains the nonlinear partial 
differential equation of torsional motion: 

2 2

2 2
3

2 2

22
2

2

3
2

2 (5 6 )4
1 2 4(1 2 )

8(1 2 )

( (5 6 )) .

p p

p

r px y

AG G
I GI

t z

G
I

z z

I I I
z z

  
 

 

 
 




   

  
  

   

   
   

     

  
   

  

 (12) 

 

Equation (12) describes nonlinear torsional 
vibrations of the rotating drill string with allowance 
for finite strains. Written in this form, it can be 
interpreted as a nonlinear wave-type equation. Its 
terms admit the following mechanical interpretation: 
the time-derivative terms describe torsional inertia; 
the linear spatial derivative term represents the 
classical torsional stiffness; the higher-order terms in 
  and their spatial derivatives correspond to 
geometric nonlinearities; and the terms containing   
characterize rotational effects. 

In comparison with classical rod vibration 
models, [13], [18], the resulting equation contains 
nonlinear terms associated with both the twist 
amplitude and its spatial gradient, which reflect the 
geometrically nonlinear character of the deformation 
process. 
 
The initial conditions are taken as: 

( ,0) 0,  ( ,0) cos( ),z
z z C

t l

 



 

      
(13) 

 
where C  is a prescribed initial angular velocity 
parameter. The boundary conditions correspond to 
zero torsional moment at both ends of the rod: 

(0, ) 0,  ( , ) 0.t l t
z z

  
 

 
              (14) 

 
For further numerical analysis, the distributed-

parameter problem (12)-(14) is reduced to a finite-
dimensional system by means of the Bubnov-
Galerkin method, [19]. The solution is sought in the 
form: 

1
( , ) ( ) ( ),

n

i i

i

z t t G z 


                 (15) 

 
where ( )iG z  are basis functions satisfying the 
boundary conditions. Retaining only the first mode, 
the approximation is written as: 

1( , ) ( )cos( )z
z t t

l


                  (16) 

 
Introducing the coefficients: 

2 2

1 2 3

4

2
5 6

2,  4 ,  ,
1 2

(5 6 )
,  

4(1 2 )
( (5 6 ))

,  
8(1 2 )

p p

p

r x y

p

AG
k I k GI k

GI
k

G I I
k k I









 



  







 
 



 (17) 
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the governing equation can be rewritten in 
compact form: 
 

2 2 2
3 2

1 2 3 42 2 2

2 3

5 6 .

k k k k
t z z

k k
z z z

  
 

 
 

  
   

  

     
     

     

 (18) 

 
Substitution of approximation (16) into (18), 

followed by Bubnov-Galerkin projection over the rod 
length, leads to a nonlinear ordinary differential 
equation for the generalized coordinate 1( )t : 

2
31

1 2 1 3 12 0,a a a
t


 


  

           
(19) 

 
where 

2
1 1 2 62

42
3 54

3 2 4

,  ,  

3 .
4 2 4

k
a k a k

l

k kk
a

l l



  

  

              (20) 

 
The initial conditions for the reduced model 

follow from (13): 

 1
1 1(0) 0,  0 .C

t





 


               (21) 

 
The reduced equation (19) has the structure of a 

Duffing-type nonlinear oscillator, which is a classical 
model in nonlinear vibration theory, [20]. The linear 
term determines the small-amplitude torsional 
frequency, whereas the cubic nonlinear term 
originates from finite torsional deformation and 
produces amplitude-dependent stiffness. Thus, 
equation (19) connects the distributed nonlinear 
torsional vibration problem with the classical theory 
of nonlinear oscillations. 

In the present study, we deliberately did not 
employ nondimensionalization. Although this 
approach is widely used for general analysis, in our 
case, it does not provide significant advantages, since 
the objective of the work is a quantitative study of 
the amplitudes and regimes of torsional vibrations in 
physically interpretable quantities. A similar 
approach was also applied in [16], [21]. 

Similarly to the derivation of the first mode using 
the Bubnov-Galerkin method, systems of ordinary 
differential equations are obtained for the two- and 
three-mode approximations. These systems are not 
presented in the paper due to space limitations. 
 
 

3  Numerical Analysis and Discussion 
Numerical simulations were performed in Python to 
analyze the nonlinear torsional response of the drill 
string and to evaluate the influence of numerical 
accuracy, modal truncation, and system parameters. 
The numerical study was organized in several stages. 
First, the numerical procedure was verified by 
comparing the Runge-Kutta method with a finite-
difference scheme and by analyzing the sensitivity of 
the solution to the time step. Then, the one-mode 
approximation was used as a reference case for 
comparison with higher-mode Bubnov-Galerkin 
approximations. After that, the nonlinear response 
was compared with the corresponding linearized 
model. The influence of modal truncation was 
assessed by comparing one-, two-, and three-mode 
Bubnov-Galerkin approximations. Finally, the effects 
of geometric, dynamic, and material parameters on 
the torsional response were investigated. 
 
3.1 Numerical Method, Reference 

 Parameters, and Accuracy Verification 
The reduced Bubnov-Galerkin equations were 
integrated in Python using the Runge-Kutta method. 
It was used due to its stability for nonlinear 
oscillatory problems and its suitability for time-step 
refinement.  

The reference parameter set for the baseline 
simulation is given in Table 1, which corresponds to 
the aluminum drill string. 

 
Table 1. Parameters of the reference drilling system 

System parameter Value 

Drill string length, l  100 m 

Young’s modulus, E  110.7 10 Pa 
Drill string density,    3 22.7 10  kg / m  

Poisson’s ratio,   0.34  
The outer diameter of the drill string, D 0.20 m 
The inner diameter of the drill string, d 0.12 m 
Angular velocity, � 2 0.5 rad/s   

Initial condition parameter, � 0.1  
Source: created by the authors. 
 

Numerical accuracy was assessed by time-step 
refinement and comparison with a finite-difference 
scheme. The finest-step Runge-Kutta solution was 
used as the reference solution. The maximum 
amplitude and maximum generalized velocity were 
taken as accuracy indicators, and the relative 
amplitude difference was calculated as: 

100%,h ref

A

ref

A A

A



 

               
(22) 
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where 
hA  is the maximum amplitude computed for a 

given time step, and refA  is the corresponding 
reference value. 

Table 2. Numerical accuracy verification for the 
reference parameter set 

Numerical 

method 
t,  s  

Max. 

amplitude, 

rad 

Difference, 

% 

Runge-
Kutta 

41.0 10  45.061 10  0.000  

Finite 
difference 

31.0 10  45.086 10  0.481  

Finite 
difference 

45.0 10  45.068 10  0.120  

Finite 
difference 

42.5 10  45.063 10  0.030  

Finite 
difference 

41.0 10  45.062 10  0.005  

Source: created by the authors. 
 

The finest-step Runge-Kutta solution 
4( 1.0 10 )t     was taken as the reference solution 

and is therefore the only Runge-Kutta result reported 
in Table 2. Runge-Kutta computations with larger 
time steps gave practically identical amplitudes and 
therefore are not shown separately. The finite-
difference results show clear convergence to the 
reference solution: the relative amplitude difference 
decreases from 0.481%  at 31.0 10t     to 0.005%  
at 41.0 10t    . This confirms the numerical 
consistency of the obtained solutions. 
 
3.2 One-mode Nonlinear Torsional Response 
The one-mode approximation (19) was first analyzed 
for the reference parameters listed in Table 1. In this 
case, the torsional motion is described by the 
generalized coordinate 1( )t , and the initial 
excitation is specified by the initial generalized 
angular velocity 1C . 
 

 
Fig. 1: One-mode nonlinear torsional response for 
the reference parameter set 
Source: created by the authors. 

 
The time history in Figure 1 shows a bounded 

regular oscillatory response of the one-mode system 
for 0 1t  . For the selected reference parameters 
and the prescribed initial excitation, the oscillation 
amplitude remains small. Therefore, the cubic 
nonlinear term in equation (19) acts mainly as a 
correction to the dominant linear torsional stiffness 
and does not lead to a visibly distorted waveform. 
This is why the response remains close to a harmonic 
oscillation, although the governing equation contains 
a nonlinear stiffness term. 
 

 
Fig. 2: Phase portrait of the one-mode nonlinear 
torsional response 
Source: created by the authors. 

 
The phase portrait in Figure 2 confirms this 

behavior. The trajectory remains bounded around the 
equilibrium point and has a center-type structure. 
 
3.3 Linear and Nonlinear One-Mode 

 Comparison 
To evaluate the influence of the cubic stiffness term, 
the nonlinear one-mode equation was compared with 
its linearized form obtained by neglecting the term 

3
2 1 .a   The comparison was performed for the same 

reference parameters and initial conditions. 
 

 
Fig. 3: Linear (blue curve) and nonlinear (orange 
curve) one-mode torsional responses for 0 1t   
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Source: created by the authors. 
 

Figure 3 shows that both models produce 
bounded oscillatory responses. The amplitudes of the 
two solutions remain close, but the nonlinear 
response gradually develops a phase shift relative to 
the linearized solution. This indicates that the cubic 
finite-deformation term does not primarily change 
the amplitude level for the considered parameters, 
but modifies the effective oscillation frequency. 

 

 
Fig. 4: Phase portraits of the linear (blue curve) and 
nonlinear (orange curve) one-mode torsional 
responses 
Source: created by the authors. 

 
The phase portraits in Figure 4 confirm that the 

qualitative stability character is preserved. Both 
trajectories remain bounded around the equilibrium 
state and have a center-type structure. Thus, the 
nonlinear term affects the quantitative characteristics 
of the response, while the stability type remains 
unchanged. 
 

 
Fig. 5: Linear (blue curve) and nonlinear (orange 
curve) one-mode torsional responses for 9 10t   
Source: created by the authors. 
 

To verify that the phase difference is not limited 
to the initial part of the simulation, the comparison 
was also performed on the interval 9 10t  . As 
shown in Figure 5, the linear and nonlinear responses 

remain bounded, while the accumulated phase shift 
between the two solutions is still visible. Therefore, 
in the one-mode approximation, finite-deformation 
nonlinearity manifests mainly through phase and 
frequency modification rather than through a 
qualitative change of the oscillatory regime. 
 
3.4 Analysis of the Two- and Three-Mode 

 Bubnov-Galerkin Approximations 
To assess the influence of Bubnov-Galerkin 
truncation, the numerical analysis was extended from 
the one-mode approximation (19) to the two- and 
three-mode models, which were obtained by 
applying the same Bubnov-Galerkin projection 
procedure using Python programming language 
packages.  

In contrast to the one-mode case, the multimode 
approximations include nonlinear coupling terms 
between the retained generalized coordinates, which 
allow modal interaction effects to appear in the 
torsional response. 

For the two-mode approximation, the initial 
modal displacements were taken as zero, while the 
initial modal velocities were prescribed as: 

 

 

1
1 1

2
2 2

(0) 0,  0 ,

(0) 0,  0 .

C
t

C
t








 




 



                  (23) 

 
For the three-mode approximation, the initial 

conditions were extended to: 

 (0) 0,  0 ,  1,2,3.i
i iC i

t





  


 (24) 

 
In the computations, the values 

1 2 30.1,  0.05,  0.02C C C    were used. 
 

 
Fig. 6: Two-mode nonlinear torsional responseat the 
selected sectionfor the reference parameter set in 
Table 1

kz  
Source: created by the authors. 
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Figure 6 shows the two-mode torsional response 
evaluated at the selected section 2 / 3.kz l  
Compared with the one-mode solution, the waveform 
is no longer purely regular, since the response is 
formed by the superposition of the first and second 
modal coordinates. The observed amplitude 
modulation is caused by nonlinear coupling between 
these two torsional modes. 

 

 
Fig. 7: Phase plane projection of the two-mode 
nonlinear torsional response 
Source: created by the authors. 
 

Figure 7 presents the corresponding phase-plane 
projection of the two-mode nonlinear torsional 
vibrations. Unlike the one-mode phase portrait, the 
projection does not reduce to a simple center-type 
curve. It remains bounded but occupies a wider and 
more structured region of the phase plane, reflecting 
the coupled character of the two-mode system. 
 

 
Fig. 8: Three-mode nonlinear torsional response at 
the selected section for the reference parameter set in 
Table 1

kz  
Source: created by the authors. 
 

Figure 8 shows the three-mode torsional response 
at the selected section 2 / 3.kz l  In this 
approximation, the local angle of twist is 
reconstructed from the first three modal coordinates. 
Compared with the two-mode case, the third mode 

introduces an additional higher-frequency component 
into the ( , )kz t . As a result, the waveform becomes 
more modulated, which reflects the combined effect 
of modal superposition and nonlinear coupling 
between the retained modes. 
 

 
Fig. 9: Phase plane projection of the three-mode 
nonlinear torsional response 
Source: created by the authors. 
 

Figure 9 presents the corresponding phase-plane 
projectionof the three-mode torsional response. The 
projection remains bounded, but its structure is more 
developed than in the two-mode case. This indicates 
that the third mode affects the detailed form of the 
torsional response and should be retained when 
higher-mode interaction is important.  

The comparison of one-, two-, and three-mode 
approximations shows that the one-mode model 
captures the basic bounded torsional oscillation, 
whereas the inclusion of higher modes reveals 
additional modal interaction effects. The two-mode 
model introduces coupling between the first and 
second torsional modes, while the three-mode model 
adds a higher-frequency component and produces a 
more complex bounded phase-plane projection. 
Therefore, the multimodal Bubnov-Galerkin 
approximation provides a more detailed 
representation of the distributed nonlinear torsional 
response than the one-mode model. 
 
3.5 Influence of Geometric, Dynamic, and 

 Physical Parameters 
After comparing the one-, two-, and three-mode 
Bubnov-Galerkin approximations, the parametric 
analysis was performed using the three-mode model. 
This approximation was chosen because it preserves 
the dominant torsional mode and includes nonlinear 
coupling with higher modes. 

The same geometric, dynamic, and physical 
parameters affect all considered modal 
approximations. However, their influence manifests 

WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS 
DOI: 10.37394/232011.2026.21.8

L. A. Khajiyeva, M. M. Jantassova, 
A. K. Kudaibergenov

E-ISSN: 2224-3429 85 Volume 21, 2026



differently depending on the number of retained 
modes. In the one-mode model, parameter variation 
mainly affects the amplitude and frequency of the 
dominant generalized coordinate. In the three-mode 
approximation, the same parameters also influence 
modal interaction, amplitude modulation, and the 
structure of the phase-plane projection. 

 

 
Fig. 10: Three-mode torsional response at the 
selected section for different drill string lengths: 
(blue curve), (orange curve), (green curve) 2 / 3kz l

100 ml  250 ml  500 ml   
Source: created by the authors. 

 
Figure 10 shows the three-mode torsional 

response at the selected section
kz  for different drill 

string lengths. The increase in length from 100 ml   
to 500 ml   changes both the amplitude level and 
the modulation pattern of ( , )kz t . For longer drill 
strings, the reconstructed torsional angle exhibits 
larger variations, which indicates that the length 
affects the distribution of the response between the 
retained modes. 

 

 
Fig. 11: Phase-plane projections for different drill 
string lengths: (blue curve), (orange curve), (green 
curve) 100 ml  250 ml  500 ml   
Source: created by the authors. 
 

Figure 11 presents the corresponding phase-plane 
projections of the three-mode torsional vibrationsfor 

different drill string lengths. As the length increases, 
the occupied region in the plane becomes wider and 
more structured. This shows that the length 
influences not only the amplitude of the local 
torsional response, but also the phase evolution and 
modal interaction pattern. In all considered cases, the 
projections remain bounded.  

Therefore, in the three-mode approximation, the 
drill string length acts as a significant geometric 
parameter that modifies both the local torsional 
amplitude and the structure of the phase-plane 
response. 
 

 
Fig. 12: Three-mode torsional response at the 
selected section for different angular velocities: (blue 
curve), (orange curve) 2 / 3kz l 2 0.5 rad/s  

2 6 rad/s    
Source: created by the authors. 
 

Figure 12 presents the three-mode torsional 
response at the selected section

kz  for different 
angular velocities: 2 0.5 rad/s    and 

2 6 rad/s   . It is found that variation in angular 
velocity changes the modulation structure and the 
rate of amplitude development, while the system 
response remains bounded in both cases. This effect 
is consistent with the reduced equations, where 
angular velocity enters the effective stiffness through 
the rotational contribution.  
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Fig. 13: Phase-plane projections for different angular 
velocities: (blue curve), (orange curve)

2 0.5 rad/s   2 6 rad/s    
Source: created by the authors. 

The corresponding phase-plane projections are 
shown in Figure 13. They confirm the bounded 
character of the motion, but also demonstrate clear 
differences in the structure of the phase trajectories. 
This indicates that angular velocity affects not only 
the time history of the torsional response, but also the 
phase evolution and modal interaction pattern. 
Therefore, angular velocity is an important dynamic 
parameter governing the oscillatory regime of the 
rotating drill string. 

To evaluate the influence of different material 
properties, the physical parameters for a steel drill 
string were incorporated into the model, as specified 
in Table 3. 
 

Table 3. Parameters of the steel drill string used in 
the comparative analysis 

System parameter Value 

Young’s modulus, E  112.1 10 Pa 
Drill string density,    3 27.8 10  kg / m  
Poisson’s ratio,   0.28  
Source: created by the authors. 
 

 
Fig. 14: Three-mode torsional response at the 
selected section forthealuminum (blue curve) and 
steel (orange curve) drill string 2 / 3kz l  
Source: created by the authors. 
 

Figure 14 illustrates the influence of the drill 
string material on the three-mode torsional response 
at the selected section

kz . The transition from 
aluminum to steel changes the elastic and inertial 
coefficients of the reduced system and leads to a 
noticeable change in both the amplitude level and the 
modulation envelope of ( , )kz t . Due to the higher 
stiffness and density of steel, the steel drill string 
forms a distinct local torsional response, while the 
motion remains bounded. 

The phase-plane projections shown in Figure 15 
also differ in their configuration and occupied 
regions. This indicates that material properties affect 
not only the amplitude of the torsional response, but 
also the phase evolution and the interaction between 
the retained modes. This effect is caused by the 
combined influence of stiffness and inertia on the 
dynamics of the multimode system. 
 

 
Fig. 15: Phase-plane projections for aluminum (blue 
curve) and steel (orange curve) drill string 
Source: created by the authors. 
 

Thus, material properties have a significant 
effect on the structure of nonlinear torsional 
vibrations. In the three-mode approximation, this 
influence is observed both in the time history and in 
the phase-plane representation. 
 
3.6  Stability Analysis of the Reduced System 
To support the interpretation of the obtained phase 
portraits and phase-plane projections, the stability 
properties of the reduced system are analyzed. For 
the one-mode approximation, the governing equation 
has the form: 

2
31

1 2 1 3 12 0.a a a
t


 


  


            (25) 

 
Introducing the phase variables: 

1
1 1 2

1
,  ,x x

t





 


                     (26) 

 
the equation can be rewritten as: 

1 2

332
2 1 1

1 1

,

.

x x

aa
x x x

a a



  
                    (27) 

 
The equilibrium state is 1 20,  0.x x   

Linearization near this equilibrium, giving the 
Jacobian matrix: 
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0 1
.

0
J a

a

 
 


  
 

                             (28) 

 
The corresponding characteristic roots are: 

2
1,2

1

.a
i

a
                          (29) 

 
For the considered parameter values 

1 20,  0a a  , therefore, the eigenvalues are purely 
imaginary. Hence, the equilibrium has a center-type 
character in the linear approximation. Thus, the one-
mode equilibrium is Lyapunov stable, but not 
asymptotically stable. In the multimodal cases, the 
plotted curves are phase-plane projections; their 
bounded form shows that modal coupling changes 
the trajectory structure without causing instability in 
the considered parameter range. 

 
 

4  Conclusion 
In this study, a nonlinear mathematical model of drill 
string torsional vibrations was developed. Based on 
the Hamilton-Ostrogradsky variational principle and 
nonlinear elasticity theory with finite strains, the 
distributed-parameter problem was reduced by the 
Bubnov-Galerkin method to a finite-dimensional 
nonlinear ordinary differential equation suitable for 
numerical analysis. 

The numerical results confirmed that the 
proposed model describes bounded nonlinear 
torsional oscillations of the drill string and allows the 
influence of numerical accuracy, modal truncation, 
and system parameters to be evaluated. Verification 
by time-step refinement and comparison with a 
finite-difference scheme demonstrated the 
consistency of the numerical procedure. 

Analysis of the single-mode model confirms the 
existence of bounded periodic solutions. It was found 
that the inclusion of cubic nonlinearity mainly 
renormalizes the effective oscillation frequency and 
introduces a phase drift without fundamentally 
altering the stability or amplitude levels typical of the 
linear regime. However, higher-order approximations 
like two and three modes capture essential nonlinear 
phenomena, such as modal energy exchange and 
complex modulation patterns. The resulting phase-
plane projections reflect the increased dimensionality 
of the system, demonstrating that a multi-mode 
framework is indispensable for an accurate 
description of the distributed torsional response. 

The parametric analysis based on the three-mode 
model showed that drill string length, angular 

velocity, and material properties significantly affect 
the local torsional response. Increasing the drill 
string length changes both the amplitude level and 
the modulation pattern of the torsional angle and 
leads to wider and more structured phase-plane 
projections, which are associated with the 
redistribution of energy between the retained modes 
and the change in the effective natural frequencies of 
the system. Variation of angular velocity modifies 
the modulation structure, phase evolution, and modal 
interaction pattern due to its contribution to the 
effective torsional stiffness, while the response 
remains bounded. The comparison between 
aluminum and steel drill strings demonstrated that 
material properties influence both the amplitude 
envelope and the phase-plane structure as a result of 
the combined effect of stiffness and inertia. Overall, 
the results indicate that these parameters govern not 
only the amplitude of oscillations but also the 
qualitative features of the nonlinear torsional regime 
through their influence on modal interaction and 
energy exchange in the system. 

The developed approach is of practical interest for 
the analysis of drill string dynamics, since it allows 
one to identify the influence of structural, dynamic, 
and physical parameters on the torsional response of 
the system. This creates a basis for a more 
substantiated selection of operating modes and for 
improving the reliability and safety of drilling 
processes. 

It should be noted that the present model does not 
include damping, external excitation, or bit-rock 
interaction. These effects are not considered to 
isolate the internal nonlinear torsional dynamics of 
the drill string within a conservative distributed-
parameter formulation. Consequently, the obtained 
results should be interpreted as describing the 
internal nonlinear torsional response of the drill 
string rather than the complete stick-slip drilling 
process. 

Further development of this research will be 
associated with extending the proposed approach to 
other deformable mechanical systems, in particular, 
to the analysis of vibrations of nanobeams and 
related micro- and nanoscale structures. Special 
attention may be given to the development of 
nonlinear models that account for scale-dependent 
effects, geometric nonlinearity, and complex 
dynamic interactions in such systems. Another 
promising direction is the application of the proposed 
mathematical and computational framework to a 
wider class of problems in structural mechanics, 
where nonlinear oscillatory processes play an 
important role. 
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