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Abstract: - To effectively address dynamic problems related to underground structures subjected to wave ac-
tions, it is necessary to introduce artificial boundary conditions. Establishing conditions at these boundaries is
crucial to ensure transparency of internal and external waves as they reflect off these structures. This paper pro-
poses the use of exact non-reflective wave conditions at these boundaries. The authors explore the behavior of
linings under longitudinal and shear waves using a mathematical model. The numerical implementation em-
ploys the finite element and Bathe time integration methods. Examples of circular concrete linings subjected to
longitudinal and shear waves are provided. The article considers the spacing between the linings and the di-
mensions of the artificially defined region. The numerical results demonstrate the effectiveness and reliability
of the transparency conditions at the artificial boundaries, allowing for a thorough investigation of wave im-
pacts on underground structures under plane strain conditions.
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1 Introduction the article conducted in [3] applied this method to
When calculating circular linings in a soil medium energy dissipation during railway vehicle move-
subjected to dynamic impacts, one crucial condition ment. Article [4] examined a non-uniform plane
is ensuring wave non-reflection at the boundaries of elasticity problem using finite element methods to
the computational domain. This allows the calcula- calculate vibrations from metro trains in parallel
tion domain to be optimally limited, thus efficiently tunnels, _ o _
facilitating result analysis during numerical simula- _ Reference [5] proposed using a fictitious region
tions. with specialized wave-absorbing properties as a so-
The issue was first addressed in the article [1], lution for boundary non-reflection problems. This
which proposed formulas relating stresses to particle interconnected problem, involving internal subdo-
velocities of plane waves at artificial boundaries. It mains and absorbing layers, utilized heterogeneous
is noteworthy that Lysmer's condition and its modi- asynchronous time integrators, facilitating the pro-
fications provide approximate boundary conditions. cessing of absorbing layers via an explicit central
These conditions yield good results when the wave- difference scheme. A  benchmark for three-
front normal forms a right angle with the artificial dimensional explicit asynchronous absorbing layers
boundary. In reference [2], wave energy dissipation modeling unbound_ed_ domains through standard dis-
through a non-reflective boundary was accounted placement-based finite element methods was pre-
for in a structure-foundation system using Lysmer's sented. _ ) _
conditions and finite element methods. Similarly, Paper [6] introduced a novel inversion method

for reconstructing complex, incoherent SH incident
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wavefields in truncated domains using wave-
absorbing boundary conditions through partial dif-
ferential equations constrained by optimization
methods.

The review article [7] presented various models
implementing non-reflective boundary conditions in
bounded domains. Article [8] introduced a new ap-
proach for incorporating free-field effects into soil-
structure seismic interaction (SSSI) models using 8-
node finite elements bounded by compatible infinite
absorbing elements.

In reference [9], transparent boundary condi-
tions for a one-dimensional wave equation were
proposed, with numerical implementation using fi-
nite difference methods. This approach was extend-
ed to three-dimensional wave equations with radial
symmetry.

Studies conducted in [10], [11] and [12] give
static stress analyses of various metro tunnel linings
and numerical results based on tunnel embedment
depth. Article [13] investigated culvert tunnels rein-
forced with concrete on three sides, performing fre-
guency analyses using finite element methods. Ref-
erence [14] reviewed dynamic soil-structure interac-
tion (SSI) methods for buildings, highlighting
prevalent modeling and computational approaches
and comparing their strengths, limitations, and ap-
plications.

Exact non-reflecting boundary conditions for
external wave equations using boundary integral
equations were proposed in [15].

Acrticle [16] explored longitudinal wave propa-
gation in a soil medium with surface embankments,
accounting for artificial boundary transparency. The
authors applied transparency conditions enhanced
by additional terms associated with shear stresses.

Incorrect modeling of internal wave non-
reflective conditions on artificial boundaries can
lead to wave diffraction, generating parasitic waves
that disrupt wave propagation within bounded re-
gions. According to the article [17], undesirable dif-
fraction processes occur at boundaries when the
wave normal vector, defining wave propagation di-
rection, makes an angle of less than 15 degrees with
the artificial boundary.

Reference [18] analyzed the behavior of build-
ings under seismic excitation using modal superpo-
sition and direct integration methods, comparing
responses via reaction spectra. The authors proposed
the least conservative method for calculating Ray-
leigh damping coefficients for time-domain anal-
YSes.

The seismic impact on the floor response spec-
tra of two adjacent reinforced concrete structures
exhibiting inelastic behavior was evaluated in [19].
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It demonstrated significant effects on floor accelera-
tion spectra, enhancing acceleration propagation
across a broader range of periods, particularly excit-
ing low and moderate vibration periods.

In the article [20], they propose an accurate and
robust formulation for modeling the interaction of
train/bridge subsystems. Using a one-dimensional
finite element formulation, a series of equations is
constructed by modeling the girder structure. In ad-
dition, the equations for the suspended mass are first
discretized using Newmark finite-difference formu-
las.

A review of the literature sources reveals no
studies that precisely address non-reflective wave
conditions at boundaries. This current research es-
tablishes exact transparency conditions at bounda-
ries, ensuring unhindered wave transmission and
facilitating precise modeling within bounded do-
mains.

2 Problem Formulation

We consider a two-dimensional isotropic, linearly
elastic half-plane body limited by the domain Q,
containing one or two circular linings (Figure 1).

z
(0.0) X D

A B
b)
Fig. 1: Representation of main and auxiliary do-
mains, a) medium with one lining, b) medium with
two linings

Plane longitudinal or transverse waves enter the

domain Q through boundary AB, while boundaries
AC and BD compensate for the truncated part of the
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half-plane. The boundary CD of domain € is stress-
free, implying a free surface condition at this
boundary. Circular linings might be positioned at
varying depths within the rectangular domain rela-
tive to the free surface.

To address the problem, we use the weak (varia-
tional) form of the equilibrium equations, [21]:

[ [Adiv(u)div(Su) + 2 de -
2 (1)
(r—pti—cu)suldQ— | PSudl' =0,
T

where P is the surface force vector per unit area at
the domain boundary, p is the material density, c is
the viscosity parameter of the medium, r is the body
force vector, u™ = {u,,u,} isthe displacement vec-

tor, ¢ is the strain tensor, and A and p are Lamé coef-
ficients. Cartesian coordinate axes are Ox-oriented
from left to right and Oz-oriented from bottom to
top, with the origin at the center of the free surface.

Transparent boundary conditions are derived by
applying exact solutions for plane waves relating
strain and particle velocities and substituting these
into the generalized Hooke's law. Additionally, solu-
tions from corresponding one-dimensional dynamic
problems for domains without linings are utilized.

Boundary conditions, when longitudinal and
transverse waves enter the domain Q through the
boundary AB with particle velocities fy(t) and fs(t),
are given by:

transparent conditions on AB:

P,=-

0 =—CppU, = Pl (t);

P =-0,, =—C,pu, +2cpf (t);

(2)
non-reflective conditions on CD:
Pz =0, = (3)
I:)x =0,, = _Cspux;
or in the case of a free surface on CD:
P=0,=0 B=0,=0 (4)
transparent conditions on AC:
Px =0y :_Cppux - 1
®)
. .]_ .
Pz =—0,, = _Cspuz + Cspuz )
E-ISSN: 2224-3429

33

Ibrakhim Mirzaev, Sultan Gaynazarov

transparent conditions on BD:

P =0,

X

<1,

=—C £+, U

(6)
P=c

z =—C,pU, +CS,0U§.

Here, c,, Cs are propagation velocities of longi-
tudinal and transverse waves, respectively, and u!
are velocity solutions are from corresponding one-
dimensional plane wave problems within the auxil-
iary rectangular domain, defined below.

Initial conditions at t=0 set zero particle displace-
ments and velocities in the domain:

u =0u,=0; u, =0;u,=0. @)

To find u uZ , auxiliary domains (Figure 1)

are introduced to calculate wave propagation with
physical characteristics identical to €2, defined by:

Q :{(X,Z)ZXE[O,AL], 2e[0,—H]},

For the auxiliary task, the calculation domain
width L can be limited to the size of one finite ele-
ment matching the boundary element size in the
main domain, while the domain height H equals that
of the main domain. The finite element discretiza-
tion should align with the discretization at the corre-
sponding boundary in the main domain.

Boundary conditions for a longitudinal wave at
boundary I'n; are:

: ou .
P, =-0, =-C,p\, —xla—x"+2cp,ofp (t);
PX = _O-XZ = _CSpuX’
(8)
non-reflective conditions on I'i:
P=c, = ;
7 Y74 ax (9)
Px =0,, = _Cspux;
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or free surface conditions:

P,=0,=0; B,=0,=0 (10)

perfect sliding conditions at boundaries I'; and

Frl.
u =0, P, =0, =0. (11)

For a shear wave entering through the lower
boundary, boundary conditions at T’y are:

P = -0, = _Cspux + 205,0 fS (t)’

X

ou
P =-0,=-Cpu,—-1—7=;
X 7z pp z 6X
(12)
non-reflective conditions on I'tl:
. ou,
P,=0,=-Cpu,+1 6)()( ;
Px =0, = _Cspux;
(13)
or free surface conditions:
PZ = O-ZZ = O’ I:)X = O-XZ = O’ (14)
conditions at boundaries I'l1 and I'r1:
u,=0;, P =0, =0. (15)

Initial conditions for one-dimensional auxiliary
problems match those of the main problem.

The problem formulation and boundary condi-
tions described can be applied when medium prop-
erties vary only along the Oz axis; for instance, the
medium could be layered, with each layer surface
parallel to the free surface.

3 Problem Solution

Applying partial discretization with finite elements
[21] to equation (1) and considering equations (1)-
(7), yields a system of linear ordinary differential
equations:

MU +CU + KU =R. (16)
With initial conditions:
U=0,U=0 att=0. (17)

Here, M, C, K represent the mass, damping, and
stiffness matrices, respectively; U is the vector of
nodal displacements; and R is the load vector.

Similarly, a system of ordinary differential
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equations is constructed for equations (8)-(15) in the
auxiliary domain.

To solve the system of equations (16) with ini-
tial conditions (17), we use the implicit finite differ-
ence method, [22].

The solution algorithm proceeds as follows: at
each time step, particle velocities for the one-
dimensional domain are determined using the de-
scribed methods and respective boundary condi-
tions. These calculated particle velocities are then
substituted into the corresponding boundary condi-
tions of the main medium. Subsequently, the re-
quired values in the main domain are calculated
with the same time step.

3.1 Numerical Results and Interpretations
To substantiate the proposed mathematical model,
calculations of displacements, velocities, and stress-
es were performed in a rectangular domain measur-
ing 100 m x 50 m and a corresponding one-
dimensional domain with a height of 50 m. The do-
main represents homogeneous soil characterized by
Young's modulus of E=1500 MPa, Poisson’s ratio
v=0.3, and density p=2000 kg/m3. The lining is
modeled as a reinforced concrete ring with an exter-
nal diameter of 6 m, thickness of 0.3 m, Young's
modulus E=2000 MPa, Poisson's ratio v=0.3, and
density p=2500 kg/ms3. In simulations, the ring
center is located at a depth of z=-10 m and x=0. For
cases with two linings symmetrically positioned
about the Oz axis at the same depth, the centers are
separated by a distance Lint. The considered values
are Lint=8 m, Lint=10 m, Lin=12 m, Lij,=16 m, and
Lint=24 m. The time step used is At=0.001 s, and the
total simulation time is T=2s.

As an example, the incident longitudinal wave
is defined as f,=A(t)cos(2mwt), where
A()=Aot/to for t<t,, and A(t)=A, otherwise,
with to representing the specified wave buildup in-
terval, Ao the amplitude, and o the frequency of the
harmonic wave. The parameters chosen for the sim-
ulations are Ap=1 m/s, tp=0.5 s, and w=2 Hz. The
transverse wave is similarly defined as f;=0.

The simulations were implemented using the
freely distributed finite element software system
FreeFem++ [23], employing triangular six-node fi-
nite elements with second-order accuracy.

The finite-element mesh structure is illustrated
in Figure 2.

Figure 3 depicts particle velocity variations
within the lining and surrounding soil when subject-
ed to a longitudinal wave at the lower boundary and
the stress-free upper boundary. It can be observed
from this figure that the maximum velocity reaches
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2 m/s. This outcome occurs because the free surface
is 10 m from the center of the lining, and the wave-
length is 502.4 m. Consequently, the incident and
reflected waves overlap, effectively doubling the
particle velocity amplitude within the wave.

Fig. 2: Finite-element mesh structure of the domain:
a) single lining; b) two linings

The mass of the lining is relatively small com-
pared to the corresponding soil volume occupied by
the tunnel, allowing the long wave to easily carry
the lining with minimal wave diffraction.

To investigate the influence of the calculation
domain width on the quality of numerical results,
half-width values of the computational domain L
were chosen as follows: L=7 m, L=10 m, L=20 m,
L=30 m, L=40 m, L=50 m.

As seen from the plots, the velocity values are
consistent across different domain widths, both in
the lining and the surrounding soil, confirming the
correctness of boundary transparency conditions.
Additionally, the velocity amplitude is approximate-
ly twice the initial amplitude, a consequence of
wave reflection from the free surface.

Figure 4 shows plots illustrating the stress inten-
sity propagation depending on the computational
domain width at two points.
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The graphs demonstrate that stress intensity at
the point (x=5m, z=10m) remains nearly
unchanged irrespective of domain width, validating
the correct and precise modeling of transparent
boundary conditions.

V2 paramater vakiaes for longftudinal wave Cp=1004 B X=2 8 2=.10

Vi aramele vabees )

Time(z}

Vz parameter values Tor longHudinal wave Cp=1004 & X=5 7=-10

Vi parameter vabes(mis

b)
Fig. 3: Variation of the velocity component vzv_zvz
for different widths of the computational domain: a)
at point z=—10m, x=2.8 m; b) at point z=—10 m,
x=5m

The stress intensity within the lining indicates
minor differences for domains of smaller width
compared to those with larger computational
domains. This phenomenon arises from the size of
finite elements at artificial boundaries, which were
consistently set to 2 meters, independent of the
overall domain width. However, for larger
computational domains, finite elements near the
lining become smaller due to an increased density of
finite elements around the lining area.

Figure 5 illustrates variations in stress intensity
depending on the distance between two linings,
considering cases of longitudinal and shear waves.
The observation point is located on the left side of
the right lining, within the lining itself at
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coordinates z=—10m and at a distance of 0.2 m
from its external radius.

From the graphs, it can be observed that for
longitudinal waves, the maximum stress intensity
occurs at Lin=8m, an intermediate intensity at
Lin=16 m, and a significantly decreased intensity
(approximately 0.02 Pa) at Lin=24 m. Interestingly,
the maximum intensity at Lin=12m exceeds the
maximum at Liw=10 m. This behavior is explained
by complex diffraction phenomena occurring near
the linings, influenced by wavelength and proximity
to the free surface.

st

a)

Sin parameter values for longitudinal wave Co= 1004 8 X=5 Z=-10

Sin parameter vakies(Ps)

b)
Fig. 4 shows plots illustrating the propagation of
stress intensity depending on the computational do-
main width at two points: a) in the lining at point
7z=—10m, x=2.8 m; b) in the soil at point z=——10m,
x=5m

For shear waves, the highest maximum stress
intensities occur at Lin=16 m, the lowest at:
Lin=10 m, and intermediate maximum values at
Lin=12 m. These results indicate that reducing the
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distance between linings for shear waves leads to a
decrease in stress intensity.

Sin parameter values for longitudinal wave Cp=1004.8 Z=-10 R=28
70000

60000

50000

40000 |-

Sin parameter values(Pa)

30000 [

20000

10000

40000 -

20000 -

Fig. 5: Graphs illustrating stress intensity within the
lining as a function of the distance between linings:
a) for longitudinal waves; b) for shear waves

To demonstrate wave propagation in an
artificially bounded domain containing one or two
linings embedded in an unbounded medium, the
dynamics of shear wave propagation at various
moments in time are presented in the Appendix
(Figure 6, Appendix).

4 Conclusion

Accurate conditions for transparent boundaries have
been derived when specified longitudinal and
transverse waves propagate into an artificially
bounded rectangular domain parallel to its free
surface. Using the open-source finite element
software FreeFem++ and Bathe's method, we solved
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the problem of elastic wave interaction with circular
linings embedded in a homogeneous soil medium.
As an illustrative example, we examined the
interaction of longitudinal and transverse harmonic
waves imposed at the lower transparent artificial
boundary of the domain. The numerical results
demonstrate the high quality of transparency
conditions applied at artificial boundaries. We
analyzed the dynamic response of linings at various
distances between them. Under longitudinal wave
excitation, increasing the distance between the
linings reduces the intensity of dynamic stresses
within the linings to a specific limiting value,
approaching the stress intensity observed in the
single-lining scenario. For shear wave excitation,
the stress intensity initially increases as the distance

between linings grows, and then decreases,

ultimately converging to the intensity level

characteristic of a single lining.
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Fig. 6: Dynamics of shear wave propagation in a
soil medium with transparency conditions applied at
artificial boundaries: a) Single lining; b) Two lin-
ings
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