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1  Introduction 
A fundamental task to be solved at the beginning of 
the design process of mechanical structures is to 
find a compromise between the level of assumptions 
of the adopted solid and computational models and 
the required accuracy of the computational results to 
be produced, [1], [2], [3]. This is particularly the 
case for systems composed of multiple contacting 
components, of which multi-bolted connections are 
an example, [4], [5]. At the same time, some 
difficulties arise when modelling multi-bolted 
connections with any geometry of the elements 
being joined and loaded in any way, [6]. Therefore, 
this paper undertakes to investigate the issue of 
modelling a single-bolted joint, separated from a 
multi-bolted connection, as less complex in its 
design. 

The most important simplifications regarding 
the modelling of bolted joints are related to the way 
the fasteners are represented in the joint. Restricting 
considerations to modelling by the finite element 
method (FEM), fasteners can be modelled as: 
• preload, without the contribution of the fastener 

model, [7], [8], 
• full restraint of nodes, without the contribution of 

the fastener model, [9], 
• two-nodes connector with kinematic couplings, 

[10], 
• rigid shank with coupling constraints, [11], 
• spring elements, [12], [13], 
• rod elements, [14], 

• bolt head, with no involvement of the other parts 
of the fastener, [15], 

• beam elements, [16], [17], 
• rigid bolt head and a rigid nut connected by 

a deformable beam, [18], [19], [20], 
• substitute hybrid models, [21], [22], 
• solid model with non-deformable bolt head, [23], 
• solid model built from a substitute material 

model, [24], 
• solid model without mapping of the thread 

outline, [25], [26], [27], 
• solid model with mapping of the thread outline, 

[28], [29], [30]. 
There are also publications that analyse 

structural models without taking into account the 
occurrence of bolted joints that are present in the 
mapped real object, [31], [32]. 

With the above list in mind, different fastener 
models are allowed depending on the modelling and 
calculation objective of the bolted joint model. In 
this paper, the main objective is to determine the 
stiffness of the connected elements in a bolted joint, 
so the fastener is modelled using the first of the 
above-mentioned methods, i.e. as a preload (force 
load applied to the fastened components, [33]). 

The second group of simplifications regarding 
the modelling of bolted joints is related to the way 
in which the elements to be connected and their 
contact are represented in the joint. In some works, 
the connected elements have been modelled as rigid 
elements, [34], [35]. However, limiting the 
consideration to modelling by means of FEM, the 
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connected elements are mostly treated as 
deformable. However, the contact joint between 
them can be modelled as: 
• rigid joint, [18], [36], 
• deformable linear joint, [6], 
• deformable non-linear joint, [19]. 

Of the aforementioned ways of modelling the 
contact layer between the elements connected in 
a bolted joint, for the purpose of the comparative 
analyses in this paper, the modelling of the contact 
as a rigid joint and as a deformable non-linear joint 
was chosen. 

In the last five years, the literature on the 
modelling of multi-bolted connections and bolted 
joints has been expanded by many new publications. 
The results of numerical study of angle members 
connected by one leg with one row of bolts were 
presented in [37]. The effect of thermal expansion 
on the residual bolt preload force at the flange 
connection in the body of a high-pressure turbine 
was examined in [38]. Tests on bolted composite-
metal connections to predict the bearing load and to 
simulate the failure behaviour were conducted in 
[39]. The static strength of friction-type high-
strength bolted T-stub connections in shear and 
compression was investigated in [40]. The results of 
evaluating the reliability of connections with slip-
critical bolts and fillet welds in combination were 
showed in [41]. Predicting the service life of a 
gasket operating in a bolted flange connection 
subjected to cyclic bending was the subject of [42]. 
The load and stress distribution of a bolted 
composite connection loaded with shear forces was 
analysed in [43]. Bolted foundation flange 
connections at different configurations were studied 
in [44]. The steel flush and extended end-plate 
connections in a column loss scenario were 
parametrically investigated in [45]. A thermal 
analysis of an example bolted joint was performed 
in [46]. The results of a test of a stiffened angle 
connection in the auxiliary axis were described in 
[47]. The seismic behaviour of concentrically 
braced steel frames with extended bolted end plate 
connections was studied in [48]. 

The exemplary publications cited above relate 
to simple joint strength analyses aimed at 
demonstrating either some behaviour or the 
compatibility of the models with the objects they 
represent. In contrast, this paper proposes a 
systematic approach to the modelling of multi-
bolted connections. The essence of the proposed 
modelling approach is to treat the multi-bolted 
connection as a system composed of three sub-
systems: a set of bolts, a body component and a 

non-linear contact layer between the body 
component and the non-deformable support. Thanks 
to the systematic approach, it is possible to 
continuously develop the method by generalising 
the models of the individual sub-systems that form 
the connection. 

To summarise the introduction, considerations 
are limited in this paper to the study of the effect of 
the modelling and simplification of a single bolted 
joint on the value of the working load in the bolt. 
 

 

2  Fundamentals of Analysis 
In the literature on the fundamentals of machine 
design, [49], [50] the generally known Rötscher 
model (Figure 1) is proposed for the calculation of 
the elasticity of the individual elements of a bolted 
joint, in which: 
• linear elasticity of the bolt, [51], and the joined 

components is assumed, 
• presence of a contact layer between the 

components to be joined is omitted, 
• elasticity of the bolt is determined directly from 

the Hooke's formula for uniaxial compression, 
[52], 

• elasticity of the joined components is also 
calculated from Hooke's formula for an 
equivalent sleeve replacing the load-bearing zone 
(approximately equal to the volume of a pair of 
hollow truncated cones joined by their bases, 
[53], Figure 1(a)). 

 

 
(a) (b) 

Fig. 1: Model of the bolted joint: a) influence cones 
and equivalent sleeve with diameter De, b) elasticity 
diagram of the joint (Fm – preload, Fe – service load, 
Fr – residual clamp, Fse – increase in the bolt force 
due to service load,Fpe – increase in the force in 
joined components due to service load, se – 
deformation of the bolt under service load, pe – 
deformation of joined components under service 
load) 
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Using the relationships derived from the 
elasticity diagram (Figure 1(b)), the value of the 
working load in the bolt, Fs, can be determined as: 

 𝐹𝑠 = 𝐹𝑚 + 𝐹𝑠𝑒 (1) 
 
The value of the force Fse can be calculated 

from the formula: 
 𝐹𝑠𝑒 = 𝛼 ∙ 𝐹𝑚 ∙

𝑐𝑠

𝑐𝑝+𝑐𝑠
 (2) 

where:  – percentage increase in the service load in 
relation to the preload, cs – stiffness of the bolt, cp – 
stiffness of the joined components. 

 
Further modifications of the model presented 

above have been extensively discussed in [54], [55], 
and mainly concern the way in which the shape and 
volume of the load influence area in the joined 
components, exerted by the bolt head and nut, or the 
way in which the service force is applied, is 
determined. Based on a comparison of these models, 
it can be concluded that: 
• using the formulas derived, the correct results of 

the bolt elasticity calculations are obtained, 
• existing methods for calculating the elasticity of 

joined components have been aimed at specific 
areas of application and therefore do not have the 
characteristics of universality, so that 
calculations using them often lead to different 
results and differ from experimental findings. 
With the latter conclusion in mind, it should be 

noted that a better way to determine the elasticity of 
the bolted joint components is to use FEM. Work on 
this issue has usually neglected the flexibility of the 
contact layer between the components to be joined, 
[54], [56]. 

In order to analyse the aforementioned methods 
of determining the elasticity of the connected 
components of a bolted joint, calculations were 
carried out for three types of models: 
• VDI – established according to the assumptions 

of the VDI 2230 standard, [55], 
• FEM-L – FEM-based model without contact 

layer between joined components (linear model), 
• FEM-NL – FEM-based model with a contact 

layer between joined components (non-linear 
model). 
 
 

3  Computational Models 
The subject of the study is a bolted joint, separated 
from a larger multi-bolted connection. The system 
under consideration is assumed to be a component 
with the dimensions shown in Figure 2, resting on 
a non-deformable support. 

The calculations were made for the flange 
thickness h  {20 mm, 40 mm, 80 mm}. The 
fastener in the joint is an M10 bolt made to 
mechanical property class 8.8. The preload value Fm 
= 20 kN was selected on the basis of PN-EN 1591-
1, [57]. Meanwhile, the surface area Am = 80π mm2, 
on which the preload value Fm was applied, was 
determined on the basis of PN-EN ISO 7091, [58]. 

 
Fig. 2: Flange geometry 
 

The contact zone between the flange and the 
non-deformable support (in the case of the FEM-NL 
model) was replaced by a conventional Winkler-
type elastic layer, described by a set of one-sided 
springs, [59]. The following relation, determined 
experimentally, was adopted as the non-linear 
characteristics of these springs: 

 𝑝 = 3.428 ∙ 𝛿1.657 (3) 
where: p – normal surface pressure,  – normal 
contact deformation. 

 
The means of restraint and loading for the finite 

element models (FEM L and FEM N) are shown in 
Figure 3(a) and Figure 3(b) respectively. In the 
flange model without a contact layer, all degrees of 
freedom at the interface between the flange and the 
non-deformable support were taken away. In the 
model of the flange resting on a non-linear 
foundation, the flange was restrained by taking 
away degrees of freedom in directions perpendicular 
to the axis of symmetry of the flange, at the nodes 
lying on the side of the flange cylinder, while the 
non-linear springs were taken away degrees of 
freedom in the Z-axis direction (parallel to the axis 
of symmetry of the flange), at the nodes lying at the 
contact of the springs with the non-deformable 
support. 

 
(a) (b) 

Fig. 3: Boundary conditions for models: a) FEM-L, 
b) FEM-NL 
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The calculation of the flange models in FEM 
convention was carried out using ANSYS, [60]. For 
the construction of the flange models, the following 
were used: 
• 8-node 3D elements - Solid 45 (FEM-L model 

and FEM-NL model), 
• non-linear springs - Combin 39 (FEM-NL 

model). 
An example of an FEM L-type flange model 

(for h = 20 mm) is shown in Figure 4. 
 

 
Fig. 4: Flange model type FEM-L for h = 20 mm 

 
 

4 Elasticity of Bolted Joint 

 Components 
Bearing in mind that stiffness is the inverse of 
elasticity, the stiffness of the bolt cs can be 
determined, based on the guidelines in VDI 2230 
standard [55], as the sum of the inverse of the 
stiffnesses of the individual parts of the bolt csi: 

 1

𝑐𝑠
= ∑

1

𝑐𝑠𝑖
𝑖  (4) 

 
The bolt stiffness values obtained for the 

different flange thicknesses h are summarised in 
Table 1. The bolt stiffness calculated in this way 
was adopted for all bolt joint models. 

 
Table 1. Value of bolt stiffness as a function of 

flange thickness h 
h [mm] 20 40 80 

cs [MN/mm] 0.434 0.284 0.168 
 

The values of the flange stiffness cp determined 
for the adopted bolted joint models and the 
individual flange thicknesses h are collected in 
Table 2. In the case of the VDI and FEM-L models, 
the linear stiffness values are given as calculation 
results, while in the case of the FEM-NL model, the 
stiffness values determined from the non-linear 
stiffness characteristics for Fm = 20 kN. 

Based on the obtained bolt and flange stiffness 
values, elasticity diagrams were plotted. As the 

diagrams obtained are qualitatively similar, only an 
example of them is included in the paper, for a 
flange thickness of h = 20 mm (Figure 5). 

 
Table 2. Value of flange stiffness as a function of its 

thickness h 
h [mm] cp,VDI cp,FEM-L cp,FEM-NL 

[MN/mm] 
20 6.796 5.520 3.456 
40 4.989 4.040 3.090 
80 3.711 2.841 2.487 

 

 
Fig. 5: Elasticity diagram for h = 20 mm 

 
A quantitative evaluation of the resulting 

elasticity diagrams was made on the basis of the W1 
index given by the formula: 

 𝑊1 =
𝑐𝑝,𝑥−𝑐𝑝,𝐹𝐸𝑀−𝑁𝐿

𝑐𝑝,𝐹𝐸𝑀−𝑁𝐿
∙ 100 (5) 

where: cp,x – flange stiffness value for linear models 
(x = VDI or FEM-L), cp,FEM-NL – linearised value of 
the flange stiffness for the FEM-NL model. 

 
The W1 index values determined for all cases of 

flange thickness are summarised in Table 3. 
 

Table 3. Value of W1 index as a function of flange 
thickness h 

h = 20 mm h = 40 mm 
W1,VDI [%] W1,FEM-L 

[%] 
W1,VDI [%] W1,FEM-L 

[%] 
96.6 59.7 61.5 30.7 

h = 80 mm  
W1,VDI [%] W1,FEM-L 

[%] 
49.2 14.2 

 
Disregarding the non-linearity of the contact 

layer can result in an overestimation of stiffness 
values of 49.2% to 96.6% for the VDI model and 
14.2% to 59.7% for the FEM-L model. With 
increasing flange thickness, an increasingly better 
approximation of the stiffness determined for the 
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linear FEM model to the stiffness determined for the 
non-linear FEM model is obtained. 

Based on Eqs. (1) and (2), and for an assumed 
value of  = 0.1, the values of the working load in 
the bolt Fs were determined for the different flange 
models and thicknesses. The values of Fs are 
collected in Table 4. 

 
Table 4. Value of working load as a function of its 

thickness h 

h [mm] Fs,VDI Fs,FEM-L Fs,FEM-NL 
[N] 

20 20120 20146 20223 
40 20108 20131 20168 
80 20087 20112 20127 

 
A quantitative evaluation of the resulting 

working load values in the bolt was made on the 
basis of the W2 index given by the formula: 

 𝑊2 =
𝐹𝑠,𝑥−𝐹𝑠,𝐹𝐸𝑀−𝑁𝐿

𝐹𝑠,𝐹𝐸𝑀−𝑁𝐿
∙ 100 (6) 

where: Fs,x – value of the working load in the bolt 
for linear models (x = VDI or FEM-L), Fs,FEM-NL – 
value of the working load in the bolt for the FEM-
NL model. 

 
The W2 index values determined for all cases of 

flange thickness are summarised in Table 5. 
 

Table 5. Value of W2 index as a function of flange 
thickness h 

h = 20 mm h = 40 mm 
W2,VDI [%] W2,FEM-L 

[%] 
W2,VDI [%] W2,FEM-L 

[%] 
-0.51 -0.38 -0.30 -0.18 

h = 80 mm  
W2,VDI [%] W2,FEM-L 

[%] 
-0.20 -0.07 

 
Neglecting the non-linearity of the contact layer 

can result in a slight underestimation of the working 
load in the bolt of 0.20% to 0.51% for the VDI 
model and 0.07% to 0.38% for the FEM-L model. 

 
 

5  Conclusions 
The analysis of bolted joint stiffness shows that 
neglecting the non-linearity of the contact layer has 
little effect on the variation of working loads in the 
bolt in a preloaded bolted joint. Since bolted joints 
are in practice usually calculated with significant 
safety factor values, it can be considered that the 
stress values induced in the joint by the working 
loads obtained according to linear models will not 

exceed the allowable stress values. The use of linear 
models for bolted joints is therefore justified, 
especially for engineering calculations, but also in 
scientific calculations where the aim is to achieve 
fast calculation results. In the future, the validity of 
the above conclusions can be tested for multi-bolted 
connections. 
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