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Abstract: - For the Lagrange equations of the 2nd kind the problem of the existence of the conditionally linear
in the velocities integral, which possesses the property that its total time derivative is identically proportional to
the integral itself, is considered. The Lagrange function is assumed to be given in arbitrary generalized
coordinates. The conditions for the existence of such integral are reduced to the study of the compatibility of
two equations in partial derivatives of the 2nd order for one unknown function of two independent arguments.
These equations are written in the invariant form in an arbitrary system of generalized coordinates and the
problem is transformed into the investigation of the set of Pfaffian equations.

Key-Words: - linear integral, point transformation, differential invariants and parameters, overdetermined

PDEs system, Pfaffian equations

Received: January 17, 2023. Revised: March 19, 2023. Accepted: April 6, 2023. Published: May 3, 2023.

1 Problem Statement
Let

_ . .
L=T+U=2a;@q" ¢94'¢’ +U(q" ¢*) (1)

be the Lagrangian of a holonomic system with two
degrees of freedom (i,j =1,2; the Ricci
summation convention is applied throughout the
paper). The system is referred to local coordinates
qt, g® chosen on its configuration 2-D manifold
M. All occurring functions of coordinates are
supposed to be smooth locally up to desired order.
The dot denotes the derivative with respect to time.

The Lagrange equations of the 2nd kind, resolved
with respect to the generalized accelerations, have
the form

G' = -’ ¢+ a¥o;U, (2)
I;Il( = %a“(f)kajl + ajakl - alajk), 6] =

Wi -1 ..
d/dq’, ||a”|| = ||aij|| ; Lk 1=1,2.
Consider the expression
f@a, 9 =a(q)g"—c=0 (c=const) (3
If its total time derivative due to the system (2) is
identically

where

= Xa.9f )

where A is a certain function, then the integral
curves of the equations (2) with initial conditions

E-ISSN: 2224-3429

50

such that f(q,, qo) = 0 for some value of c belong
to the set given by the equation (3).

In the considered case of two degrees of freedom,
when the constant c¢ is arbitrary, the necessary and
sufficient conditions for the existence of the first
linear integral (3) were found in [1] and [2]. These
conditions have to be satisfied with the functions
a;;, U and their derivatives. The functions may be
given in any generalized coordinates.

But the identity (4) may be satisfied only for
some exceptional value of ¢. When ¢ =0 the
expression (3) is called the linear invariant relation
of the equations (2). For the case of two degrees of
freedom, the criterion for its existence was given by
[3].

And when ¢ # 0 the expression (3) will be
called the conditionally linear integral in this paper.
Without loss of generality, we assume ¢ = 1.

Conditions for the existence of such kinds of
integrals were the subject of the papers, [4], [5],
[6]. The most general result was obtained in
[6], for the case of arbitrary number n of
degrees of freedom. It is proved that when a
conditionally linear integral exists, there are
generalized coordinates of the system in which the
Lagrange function is written in the form
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L=5a17 (@ 47 — D +3A50'¢ + A4 + 4

2

Gjipr=1..,n) (5)
where A;;, A;, A do not depend on g*. The converse
conclusion is also true. The conditionally linear
integral is a,; ¢¥ —1 = 0.

However, this result does not clarify whether
having the Lagrange function (1) referred to certain
given generalized coordinates, it is possible to find
(in the local sense) the point transformation of the
coordinates so that the transformed  Lagrange
function takes the form (5) (then the system has the
conditionally linear integral), or such transformation
does not exist (then there is no conditionally linear
integral).

Below we research this problem in the case of a
naturally conservative system with two degrees of
freedom.

2 Reducing to the Pfaffian System

2.1 Kilmister’s Theorem and Its Invariant
Reformulation
The Lagrange functions found in [4], [5], can be
obtained from (5) under the additional assumption
that the products a;;~'a,; do not depend on g'.
Let us exhibit that in the case of n =2and of a
natural conservative system (i.e. its Lagrangian does
not contain linear in the generalized velocities
terms) the following theorem is valid. This theorem
has been proved first by [4], in a different way.

Theorem. For the existence of a conditionally
linear integral in a natural conservative holonomic
system with two degrees of freedom, it is necessary
and sufficient that there exists the nondegenerate
point transformation

x=x(q" ¢*), y=y(q" ¢  (6)

such that the transformed Lagrange function
becomes

L=2[Gani?+y2 1+ —+A0)  (7)

with the force function U = 1/ZG+ A(y). The

network (x,y) is semi-geodesic, G(x,y) > 0.
Indeed, by opening the brackets in the formula
(5), we obtain
(az1)?

1
L=-[a;; (¢")* +

('2)2+
2 n

E-ISSN: 2224-3429

51

Alexander S. Sumbatov

1. . azq .
2a,1q4"q* — 24" — 2a—1q2
1

1
5 422(a)(@)? + A(?)

1+ +

2a44

To exclude the terms linear in the velocities, one
should require that a,; 'a,; be independent of g.
Then, omitting the exact time derivatives, whose
presence in the Lagrange function does not affect
the form of the Lagrange equations, we obtain (7)
where x=q'+F, F=a;; ‘a4 vy =
G*\ Az, G = ay;.

If the desired functions (6) exist then the
following differential equations

Ay =aYdydy =1,

d2U —u?) A dy =0, (8)
dw?) AN w+2p?dw =0
must be compatible. Here pu(ql, g%) is an

integrating factor for
Vx = u(q,q*) § (—a*d,y — a®?d,y,
a'dyy +a'?0,y), 8 = ay1az, — (a12)?,

w =6 [—(a'?d,y + a??0,y)dqt +

(a'tdyy +a'?d,y)dq?),
(A denotes the exterior multiplication).

The system (8) has the invariant form because,
when by any reversible point transformation g — Q
the kinematic line element (KLE), [2],

ds? = 2T dt* = a;;(q", q*)dq'dq’
becomes

ds? = A;;(Q*, Q*)dQ'dQ/,

then for each equation I in (8) we have I =1,
where I’ is written exactly as I but in Q-variables.

The first and second equations in (8) follow from
the fact that the first differential parameters, [7], of
the functions (6) are equal A,y =1 and Ax =
G™1 = pu?Ay = p? in x,y coordinates. The third
equation (8) gives the condition that the differential
form pw is exact. This equation can be rewritten in
the equivalent form

Ay + Aln|u],y) =0 ©)

where, [7],

1 . .
A = gai((S a’9;p),  Alp, ) =a"0;¢p 0y
are correspondingly the second and mixed
differential parameters of functions ¢(q*, ) and
¥v(q" q°).

Thus, we have the system of 3 PDEs with two
unknown functions  y(ql, g?) and u?=
z(q%, q*) > 0. The problem is to find the
compatibility conditions of these equations. When
the equations are compatible the conditionally linear
integral Gx + 1 = 0 takes a place.
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2.2 Elimination of One Unknown Function
For a simplification of the formulae following next
let us set
t=u ¢*=v, x=xuv),
y=yu,v), wuv)=2U0-z
a11 — A, a22 — B, a12 — a21 — C,

=JAB—-C2=67%, 0,y=p, 0,y=q,
alzwy =, a‘lzi‘liy =1, 612wy =S,
dy,z=P, 0,z=0,
02,z=R, 0%,z=T, 0%,z=S

The Pfaffian system
dz=Pdu+Qdv, dP =Rdu+ Sdv,
dQ=Sdu+Tdv (10)

will be of our interest in what follows.

The system of equations (8) and (9) takes the
form
Ap? +2Cpq+Bq? =1, p 0,w — q O,w = 0,

P(nsEa)+o(Ee La) 2efo o (9«

0u(3)]+ alos (3) +0u (F)] +75+ (12)

tZ+ZSZ} =0

From the first two equations we find
p=¢gp dyw, q=¢gp O0yW, (12)
1

p= , =11,
AW
and now one can replace the first two equations (11)
by
0,2U — z) 0,0, RU — 2)] —
0,QU —z) 0,[A,RQU—-2)]=0 (13)

Remark. If z = const then the differential form o is
exact and the fact, that A;U depends on U only,
follows from (13). Since z = const we have u =
const and, hence, A,y = 0 according to (9).

But

—1p <A o W C 0y w)
2y = 1/A1W ﬂAlW
(C oW B 9y w) ae A 1 N
= W ——
1/Alw 1/Alw 2 VAW
ho (- Do)
U 2(Aw)3/2
0, (A
CG,,W(— —u( 1W3)+
2(Aw)2
0y (Aw) )
B - C )=
a””’( 20,wyez) = O
whence
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AzW =A1 (

w
— | /A
1/A1W> o
follows.

Thus, A;U and A,U depend on U only, due to
which the Lagrangian (1) has the hidden or explicit
cyclic coordinate, [8]. There exists the first integral
linear in the velocities. The case z = const is
exhausted. (12)

By the substitution of the derivatives (12) in the
third equation (11) and carrying out simplifications
we obtain

A(z,2U —z) + 2z{4,2U — z) — (14)

%A(ln[Al(ZU —-2)],20—-2)}=0

(the factor £ was canceled and did not enter the
formula).

Thus, the considered problem has been reduced to
researching the consistency of the overdefgrjined
system of PDEs (13) and (14) with one unknown
function z(q%,g?). This system is written in the
invariant form.

See that PDEs (13) and (14) are dependent

linearly on the second partial derivatives R, S, and
T.

2.3 First Prolongation of the Differential
System
To simplify a little the next formulae let us consider
that, from the outset, the KLE is given in isometric
coordinates
ds? = 2Tdt? = A[(dq")? + (dq?)?]
where A(qt,q?) > 0. As known, such a choice of
coordinates is always possible locally. Of course,
the following generic conclusions do not depend on
a coordinate choice.
Set
0,2U) =a, 0,2U) =B, da = kdu + ndv,
dfp = ndu + mdv, dA = édu + ndv,
0,_U—-2z)=Y, 0,_U—-2)=V
In the explicit form, equations (13) and (14) are
correspondingly
fi=-2VYR+2(Y?-V23)S+2VYT+
nY3A™l — 2n+ &VATHY2 + (nV2A71 +  (15)
2kV —2mV)Y +2nV2 - &v3471 =0
and
fo=—2zV2R+4zVY S —2zY?T—-Y* +
(@ +zEA VY3 + (=2V2+ BV + znVA~ 1 +
2zm)Y? + (aV? + zEV2A™t — 4znV)Y —  (16)
VE+ zmV3A~ + BV3 + 22kV2 =0
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To obtain the first prolongation of the differential

system (15) and (16) differentiate each equation

relative to the independent variables u and v
Fy=0,(f1) =0, F,=0,(f1) =0,
F3=0,(f2) =0, F,=0,(f2)=0

These equations contain 4 independent leading
derivatives
R, =04R, R, =0,R, Ty =0,T, T, =0,T (17)
provided that 9,,S = d,R and 9,,S = 0, T.

The 4 x4 matrix of the coefficients at the
quantities (17) is

-YV Y2—-v? yv 0
TV —YV Y2—-v?z yv
—zV2A% 2zYVA?  —zY?A% 0
0 —zV2A%2 2z2YVA?  —zY?A?
The rank of this matrix equals 3 if
Y24+V2%0 (18)

We suppose that this condition rejects the trivial
case and is always fulfilled.
The linear combination

—ZVF, +2zYF,+YF,+VE,

leads to the equation
F5 = hllRZ + hzzsz + h33T2 + hlzRS +
hi3RT + hy3ST + hyR +
h,S + hsT + hy = 0,

(19)

where

hll = —ZZVZ, hzz = —8Z(Y2 + VZ),
h33 = —ZZYZ, hlZ = 4ZYV,

h13 = 6Z(Y2 + VZ), h23 = 4-ZYV,

hy =4Y* —3(a + 284" D)Y3 +

(6V2 —2BV —znA™1 — 6zm)Y? —

(BaV? +3zEA71V2 + 4znV)Y + 2V* —

(2B + znA~ V3 + 2z(2k — 3m)V?,

h, = (4V — p — 2znA~1)Y3 —

(aV + 2zEA™IV — 16zn)Y? +

[4V3 — BV2 = 2znA~ V2 — 4z(k + m)V]Y —
aV3 —2zEA"V3 + 16znV?,

hy; =2Y* — Qa + zEA™1)Y3 +

(6V2 — 38V — 3204~V — 67k + 4zm)Y? —
2aV? + zEATIV2 + 4znV)Y + 4V* —

3(B +znA~1)V3 — 6zkV?,

hy = —28A71Y5 + (2a€A™" — 241V —
3k —2m)Y* — [4EA7WV2 + 2(n — anA™1 —
BEA VYV — 2znnA~t — nB — a(3k + 2m) —
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2E(Bk + M)A1Y3 — (4nA~V° + [5(k +m) —
2(aé + A~ VE — [zBm + k)n +

2zn&A + an + (2k + 3m)P)]V —

2z(3km — m? — 4n?)}y? +

(=28A7W* 4+ 2[(am + BEYA™L — n]V3 +
[ZZm]/l_1 +aBk+2m) +nf +z(3k +

m)EAT NV + 4(k + m)znV}Y — 2nA” VS +
(261471 = 2k = 3m) V* +

[z(kn + 3mn + 2né)A™1 + an + (2k +
3m)BIV3 — 2z(k? — 3km + 4n?)V?

The equations (15), (16), and (19) can be resolved
with respect to R, S, and T. In virtue of (18), the
rank of the submatrix 2 x 4 which is formed by the
first two rows of the matrix written above, equals 2.
Hence, according to the linear algebraic system (15)
and (16), the solution for R, S, and T can be
searched in the form

R=Y?p+c¢c;, S=YVp+c,,
T = Vzp + C3

Here p iz unknown parameter and (cy, ¢, c3) is any
particular solution of the linear inhomogeneous
algebraic system (15-16). Let us pick

c;=k c [V3A+ V(Y2 -Ya)A +

2 = 5vaa
2YzA
Yz(=Yn + 2nA) — V2(zn + BA)),
€3 = 5ya 7 {(aA + z&E)Y3 — AY* + [2zmA +

(BA—zn)V]Y? + (z€ — aA)V?Y +
AV — (zn + AV 3}
The substitution of these formulae in (19) leads to
the linear equation with respect to p because all the
terms having the second degree of p disappear.
Thus, the algebraic system (15), (16), and (19)
specifies the single solution

R=k+

3y2

22y vy YA -
56A) —VOAZ + V5A(zn + BA) +
VAYA(YA + aA — z&) + VY3 A(Yzn + 2zan —
dnzA — 6YLA + 6afA + 2zf¢€) +
Y4[3(Y — a)?A? — zA(Bn + 2kA + Y& — af) +
2z2(m? + &2 + V2Y?[(5Y2 — 5Ya + 382)A% —

ZA(2mA — B + 2YE + a&) + 222(n? + D]},

{(Y*zA(=Yn + 2nA) —

= 2(V2 +Y2)2z/2

VAA(Yzn — 2nzA + 7YBA) + VSA(4YA — zE) +

V2Y2A(=2Yzn + 2zan — 7YBA + 6afA +

2zBE) + VY3[(4Y? — 7Ya + 3a?) A% —

ZA(BY + 2kA + YE — al) + 2z2(m? + E2)] +

V3Y[(8Y? — 7Ya + 3B%)A% — zA(2mA — Bn +
2Y§ +ag) + 222 (n* + 9]},
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T = 3VeAZ + VY*A(BA —
2V VDR ¢ TVYRAG

zn) — VA(zn + 6BA) + Y*A(2mzA — Y?A +
YaA + Yz&) + V3YA(2zan — 2Yzn — 4nzA —
S5YBA + 6afA + 2zB&) + V4[(5Y? — 6Ya +
3B2)A% + zA(Bn + YE — ag) + 222 (n* + )] +
V2Y?[(Y? = 5Ya + 3a?)A% + zA(4mA — By —
—2kA+2YE + aé) + 2z2(n? + £2)]}

After the substitution of the obtained R, S, and T
in the right-hand sides of (10) and carrying out the
replacements

Y=a-P, V=8-0,
we derive the set of Pfaffian equations (10) closed
relative to unknowns z, P and Q.

3 Main Result
Thus, the problem of the existence of the
conditionally linear integral of the Lagrange
equations in the case of two degrees of freedom has
been transformed into a study of the closed set of
Pfaffian equations. When a nontrivial solution z =
z(u,v) is known one can find y(u,v) from (12)
(p=0,y, q=0,y, w=2U—-2) and then
obtain x(u,v) (dx = vz w) by quadratures. In xy-
coordinates the Lagrangian (1) takes the form (7).

If such a solution does not exist there is no
conditionally linear integral of the Lagrange
equations.

4 Conclusion

In the considered problem the analysis of the
overdetermined nonlinear PDEs system of the
second order can be changed by the study of the
nonlinear PDEs system of the first order. Since all
the equations of the latter system are polynomials of
high degrees with respect to z, d,z and 9,z the
problem of finding its integrability conditions is
hard enough, but there are powerful modern relevant
algorithms and computer systems of symbolic
computations which would be useful in concrete
cases. There is a vast set of corresponding
publications. The list of some of them one can find,
e.g., in the bibliography of the book, [9], and in later
sources.
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