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1 Introduction

Fractional differential equations are practiced to
sample expansive space of physical problems
including non-linear vacillation of earth shakes
[4], fluid-dynamic passing (in 1999), [5], and
hesitancy dependent on the waning behavior of
many relativistic materials. Differential equations of
integer orders and delay differential equations have
many applications in engineering and science,
including electrical networks, fluid flow, control
theory, fractals theory, electromagnetic theory,
viscoelasticity, potential theory, chemistry, biology,
visual and neural network systems with delayed
feedback, see [14] and [15].

The authors in [1], [2] and the author in [3]
examined the qualitative behavior of the delay
differential equation of the form:

f) =k(f() +f(a0), f(O) =fo

Where Kk is a given function and g is greater than 0,
and investigated the solution of this equation by
expanding them into the Dirichlet series.

Delay differential equations were originally
introduced in the 18th century by Laplace and
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Condorcet and the authors in [6] presented Lambert
functions to obtain the complete solution for
systems of delay differential equations.

The authors in [7] used the Legendre-Pseudospectra
method to find the exact and approximate solutions
of the fractional-order delay differential equations.
The author in [8] collected with the linear
interpolation method to devise Adams Bash forth-
Moulton method for non-linear fractional positive
real number differential equations with well-
established or time-changing delay, then employed
this method to approximate the delayed fractional-
order differential equations.

The authors in [9] converted the fractional delay
differential equation to the fractional non-delay
differential equation and then applied the Hermite
wavelet method by utilizing the method of steps on
the obtained fractional non-delay differential
equation to find the solution.

The authors in [10] used the Laguerre Wavelets
method and combined it with the stages method to
solve linear and nonlinear delay differential
equations of fractional order.

The authors in [11] gave the digital solution of A
range of fractional delay differential equations,

Volume 17, 2022



WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS

DOI: 10.37394/232011.2022.17.21

comparative between higher absolute errors for the
suggested method and the results obtained by Haar
wavelet.

The authors in [12] presented a new method
(Gegenbauer Wavelets steps method) for solving
non-linear fractional delay differential equations by
using two methods: Gegenbauer polynomials and
method of steps. They converted the fractional non-
linear fractional delay differential equation into a
fractional non-linear differential equation and
applied the Gegenbauer wavelet method at each
iteration of the fractional differential equation to
find the solution.

In 2019, the authors in [13] used the spiritual
collocation method for solving fractional order
delay-differential ~ equations by  Chebyshev
operational matrix.

2 Formulation of the Issue with the

Solution Algorithm
Let
€1,82, s >0,

and consider the nonlinear delay differential
equation:

dx( )

= f(t X(t— &), x(t— &), .., x(t— En));
t>0
1)

Where &(t) € C(J),J] =[0,T] and f satisfies

Lipschitz condition with Lipschitz constant k such
as:

|f(t: X1,X2, ""Xn) - fglt' Y1' Yz' 'yn)l

<K I = il @
i=1
which implies that,

|t x(t = &), x(t = &), .., X(T = &)
—flty(t =38, y(t = &), .., ¥(t
- fn))l
< kZ|x(t &)
- y(t = $ol. 3)

Operating with L™? to both sides of equation (1),
where L™1(.) = fot(.)dt, we get

t
x(t) =x¢ + J f(o, x(ot = &), ..., x(ot — &, ))da
0
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(4)

The solution algorithm of equation (4) using the
domain decomposition method is:

t
xq(t) =J;)Aq_1(a)da.

Xo (t) = Xo,

Where, Agq are Adomian polynomials of the non-
linear term f(tx(t — &), x(t — &), ..., x(t —
€,)) taken the form,

Aq q! [d}Lq < z }‘IXI (t - El) Z )\lxl (t
By N
- En))]
A=0

Now, the solution of the equations (1) and (2) will

be,
x(t) = Zizoxi(t)

)

(6)

3 The Issue with the Partial Order

Solution Algorithm
Let

a0z, ..., 0, >0

and consider the Partial delay differential equation:

n oo,
M, 05=1Yx, (t)

= f(ty, %1 (t1 —a11),x1(t; —

n atik
k=1 k
a12), e, X1 (g — aln)'tZIxZ(tZ —ap1),%2(t —
azz); ey X2 (tz - a2n): ey tn:xn(tn - anl)fxn(tn -
anz)' S xn(tn - ann)))
@)
x(t) =xy t<0,
8)

Where f satisfies Lipschitz condition h and x(t) 2 [0;
T] such as:

xn) _f(t'}’zd’z' 'yn)l

n
< hz [x;
i=1

which implies that for,

Lf(t,xq, x5, ...,

9)
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|f(t1'X1 (t1 —011), X1 (8 — 0q2), 0, X1 (8

—agp), ty, X (tz

— 0z1),X2(t2 — 0z2), ., X2 (2
- O(Zn)' I o Xn(tn
- O(nl)' Xn(tn - O(nz)' ---:Xn(tn
- o(nn))
- f(t1'Y1(t1
—011),y1(t1 — 042), o, Y1 (ty
— ), B2, Y2 (2
— 021),Y2(t2 — 0z2), ..., y2(t2
- O(Zn)' ---»tann))(tn
- O(nl)' Yn(tn - O(nz)' ---JYn(tn
- O(nn) |
n n
< hl_[ Z | (e — @)
k=1 i=1
— ¥ (L
— i)l (10)

By using L' to both sides of the above first
equation with the solution algorithm using the
domain decomposition method, we get:

xo(t) = xg

t, ,t,  rtn
xa(t) = jo fo jo g (B &, En)dE,.. dE,
(11)

Anywhere, Aq are Adomian polynomials of the
non-linear idiom f (t, x(t — a1), X(t — a2),..., x(t — an))
taken the form:

A—ldq tzwai (t )

Ooq = 7! (dqu( 17 iszxli 1~ @11),

Z. Axy; (ti- agz), ., E . Axy; (b= @),
i=0 - i=0

t2, ) Axy; (t2- azy),
=0

[o0] i = [oe] .
E . OAlel‘ ( tz_ azz), ey E . Oﬂlxzi ( tz— aZn), ey
= =
[o0]

tn: Alxni (tn_ anl)'

i=0
Z?io /llxni ( tn_ anz)' ---'Z?io /vxni ( tn_ ann))

(12)

Now, the solution of the above first and second
equations will be:

(00} (00}
X(tl,tz,...,tn) = H Oz. OXij (tl,tz, ...,tn)
]= 1=

(13)
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4 Convergence analysis

Existence and uniqueness theorem

Define the mapping M: E —E where M is the
Banach space

€O, 111D

The space of all continuous functions on J with the
norm |l x II= maxe~N¢| x(¢) |, N> o.

Theorem 4.1. Let f satisfy the
|f(tl X1I XZ! ey Xn) - fglt’ Y1: YZ: L YIl) |

< kZ|Xi_Yi|-
=1

Then, the nonlinear partial derivative delay
differential equation has a unique solution

(14)

Xj € E.
fori=1,2,..,n. Where E is the Banach space

(COAR?

Proof:
Consider the mapping M: E —E is defined as

Mx(ty, ty, s ) = X0+ Jo* fo7 o Jy" £CE0,0 (&1 —
o11), X1 (81 — @12), X1 (81 — a4, &2, X2 (2 —
021),X2(§2 — 022), s X2 (82 — 02, v, §ny Xn (8 —
anl)'xn(Zn - anz)’ ---;Xn(En -

Onn)dEy, &y, .., dEp. (15)
Let

xX(ty, ty, o, ty), v(ty, ty, ..., ty) EE
then,
Mx(tq,ty, ..., ty) — Mx(tq, ty, ..., ty)

- fo ; fo c. fo " 50 B — ) B

— 012), X1 (§1 — A1), §2, X2 (82 — a21),X2(&;
- 0(22)1 - X2 (EZ - O‘Zn)r [ Envxn(zn - Ofn1);Xn(§n
- O(nz): an(En - ann)dzlr dEZr SLN] dzn

- fotl fotz fotnf@l,yl(zl — 1), y1 (&

— ®12), Y1 (&1 — t1n), 82, Y2 (82 — 021),¥2(&2
- 0(22)1 ---IYZ(EZ - O‘Zn)r ey Env YH(En - O(n1),Xn(§n

- O(nz): JYn(En
et

- ann)dglldEZI (16)
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This implies that:

[Mx(ty,ty, ..., tn) — Mx(ty,ty, ..., t,)|
t;1 rta [

= f f [ x1(61 —aq1), %, (&4
0 0 0

— a12), X1 (81 — A1), €2, %2 (§2 — @21), %2(&2
— A32), s X2 (&2 — A2p), s Sy X (§n

- anl):xn(fn - “nz): 'xn(fn

- ann)dfll dfz' 1y dfn

ty rty tnh

—f f [ y1(6 —aq1),y1(6
0o Jo 0

—ag3), .. y1(&

— 1), €2, Y2(§2 — @21),¥2(&2

— z2), -, Y2(§2 — Azn)s s §n Y (En
- anl):xn(fn - “nz): vyn(fn
— (nn)déy, dSy, ---,dfn’ (17)

e~ LN Mx(ty, by, .o, ty) — Mx(ty, ty, o, E)]
t1 rty tn

vy f f e
0 0 0

—ay1), %1 (&1 — a12), X1 (&1 — A1n), §2, %2 (S
— 1), %2(&; — azz), ., x2(&;

— Azp),s oo §00 X (§n — A1), X (&

- anz): ---vxn(fn - ann)d’fl' dfz; Iy dfn

- fo . fo " fo B IGRAGET RN

= ay2), - Y1(§1 — A1), 2, ¥2(§2 — @21), ¥2(&2
— a32), -, ¥2(§2 — a2y s § Y (n
- anl)vxn('fn - anz)' ---'Yn(fn

- ann)dfl' dEZ' e dEn’

<e I

max e LN Mx(ty, by, o, ty)

— Mx(ty,ty, ..., ty)]

t1 rto tn
< kz maxf f f ne—2?=1N(ti—€i)
i=1 tE] 0 0 0 j=1

(18)
e~ 2= Ml (8 — ayy) — v (&5 — ayj)|
d&,, d&,, ..., dE, t
M, — M,|| < nkllx — yl| f e~N(t=6) gg
1—e N °
< nk <T> llx =l
< nk .
<y Il =l (19)

Where nk/N is less than 1, we get:
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”Mx - My” < |lx = yll (20)

Therefore, M there exists a unique solution and
contraction.

Theorem 4.2. the series solution
XO=Y  x®
i=0

of the nonlinear delay differential equation
converges by using domain decomposition method
if | x1(t) | is less than ¢, when c is any constant.
Proof

Define the sequence of partial sums from

f(6x(t = @), X(E— @) = ) A4

So, we can write

£t Sp(t = ay), . —ay)) =

Where Ai are a domain polynomials of the non-
linear idiom f(t,Sp(t — 01),...,Sp(t — o))
taken the form,

S 50 = + | S acuenas
i=0 =0

(23)

The sequences Sp and Sq be to despotic partial sums
with pis greater than ¢, one can get

5, _le(t)—xo fZA LENdE

i=0
(24)

We are going to verify that, the Cauchy sequence
{S,} in Banach space E,
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t
%@—%@=L

iAi_l(f) dg
i=0
iAi_l(f) dg
i=0
i A1 () d

| i=q+1

o
- | ;Ai(f) d¢

_ fo " fo : t"f(fl,sp_l(fl

- “11):5p—1(€1

Sp-1(§1

ay2), .

- aln)lEZ'sz—l(EZ
— 1), sz 162

— y3), -
- aZTL)I

p2—1(fz
S pn—l(‘fn

— Qp1), Spn—l(fn

— ap2), -

f(§1,Sq-1(81 =

pn—l(fn ann)) -
a11), 5q—1(f1 - a12)q—1(f1

— 1), §2) Sq2—1(fz

— az3), .
- aZTL)'

- anz)

E-ISSN: 2224-3429
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S, (61, 2, o 80) = Sg(t1, ty oons )|

= J:l fotz tnf(fl,sp—1(€1

- a11);5p—1(f1 a12), .- Sp- 161
- a1n);fz;5p2—1(fz
— az1), Sp2—1(fz
— az3), - p2 1(&2
- aZn)' En' pn—l(fn
anl) Spn—l(fn
- anz) pn—l(fn ann))
- (1, q—1(€1 “11):Sq—1(€1
- 0‘12)q—1(<>(1 - aln)'S(z:qu—l(s(z
— az1), qu 1€
— az2), - q2—1(fz
- aZn)' fn' qn—l(fn
— Ap1), Sqn—l(fn
- anz) qn—l(fn

- ann))dfl' dfz' ey dfn-

(26)

_yn .
e~ Zi=aN|S (8, by, . ty) — Sq(ty, by e, )|

. t1 rty tn
< o TNt f f -] TS
0

—a11)r5p—1(f1 0512) Sp- 161

— a1n), $2) p2—1(fz a21) 2—1(52

— az2), - p2—1(fz A2n)s - ns pn—1(fn
anl)'spn—l(fn anz) pn—l(fn ann))

- f(f1'5q—1(f1 a11):5q—1(f1 - a12)q—1(f1
— a1n), §2, q2—1(fz 0(21):5512—1(52

— az2), - q2—1(fz A2n)y s $n qn—1(fn
anl):sqn—l(fn “nz) qn—l(fn

— tnn))d§1dé; .. déy (27)

maxe “EEANG|S (b, by, e, tn) = Sq(ty, ty, e, )]

t oty oty e
< kz maxj j f He_Z{LlN(ti_Ei)
i=1 te] 0 0 0 j:l

e~ Lt NG |Sp,--1(s‘j — @ij)=Sq,-1(¢;
_ ai].)| d&,,dé,, ..., d&,

= ||5p - Sq” S ﬂ”Sp—l - Sq—1||

(28)
When p=qg+1, J=[0,T], B=nk/N, one can get:

”Sq+1 - Sq” = B”Sq - Sq—1||
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= lelsq—l B Sq—2||

< - < BAYISy = Soll (29)
Now, by triangle disparity, we can get:
“Sp - Sq”
= ||Sq+1 - Sq” + ||Sq+2 - Sq+1|| o
+ ”Sp - Sp—1||
< [BT+ BT 4 4 BP] ISy = Soll
o [1—BP
<p ﬁ] I (30)
Consequently,
15, — Sl < T2
p~2qll =75 l%
B I —Nt
=7z (rggX)e |21 |

(31)
When | x1 | less than costant q € oo then,

||5p - Sq” -0

And hence, {Sy} is a Cauchy sequence in Banach
space so, Y2, x;(t) converges.

Theorem 4.3.
The maximum absolute error of the series solution

MO =) x®

to the nonlinear delay differential equation is
conjectured to be,

q
e = STl < 155l (32)
Proof
By the above theorem, we have
B4
15,(®) = S| < 1-p lI%4|
<L (max) eV 1y (0)
T 1-0" el 1
(33)
But,
p
Sp = Z X,
i=0
(34)
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When
P>, S,- x(t),
So
B4
e = Sqll < =5 Il
(35)
s0, the perfect error in J is
o> x| < il
X — x|l < X
i=0 ' 1-p"1
(36)

Theorem 4.4. The solution of the nonlinear partial
derivative delay differential equation
is uniformly stable

Proof
Let x(t1,t2,...t,) be a solution of

x(ty, ty, o, ty) = Xo + fotl fotz ---fotn £, %1 (81 —
a11), X1 (81 — @12), X1 (81 — o4, &2, X2 (82 —
021),X2(§2 — 022), s X2 (82 — 02, v, §ny Xn (8 —

anl)rxn(zn - anz)’ ---:Xn(En -
ann)dzlf dEZ' R dEn

And let

(37)

X(ty, ty, oo, ty)

be a solution to the above problem such that,

Then
x(tl' t2! ey tn) - f(tli tZI ey tn)

t, by ty
=Xy — X + fo fo fo (&1, %1 (81 — a11), %1 (&1

— 12), X1 (§1 — 1), &2, %2(&2
— 021),X2 (82 — 022), -, X2(§;
- O‘Zn)r (] Envxn(zn - Ofn1);Xn(§n
- O‘nz): ---IXn(En - o(nn)
— [, %6 — a11), %1 (&
—ay2), - %1 (&1 — a1p), €2, %2 (&
—az1),%2(&; — azz), .., %2(&;
- a2n)' ey fn'fn(fn - anl)lfn(gn
- anz): ---'fn(fn
- ann)dfp ng' ey dfn

(38)
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[x(ty,ty, o, ty) — X(tg, ty, oo, t) |
= |xo — %ol

fotl fotz Otnf(f1'x1(f1

—a11),%1(§1 — a12), . x1 (&4

— A1), §2, %2 (§2 — a21), x2(§>

— az3), s X2(§2

- aZn): ey fn' xn(fn - anl)r xn(fn
- anz)' ---:xn(‘fn - ann)

= [, % (6 — a11), %1 (61

= a12), 0 %1 (&1 — @19, §2, %2 (&
— 1), %2(&; — azz), .., %2(&;

- aZn)v LN En: in(fn - anl)v in(fn
- anZ)l "'!fn(fn

— np)d&y, dS, ---,dfn‘

+

_yn . ~
e 21=1:Itllx(t1,t2, e ty) = X(ty, ty, o, t)]
< e Zi=1Nt|(xo) — K|

noootopt e N
+ kz .[ .[ .[ H e_zizl N(ti_Ei)e_ZileEilxj (E]
i=1Jo Jo 0 =i

- aii) - )N(j(zj - aij)ldil,diz, ., dEy

ntlg]x e~ 2Nt |x(ty, ty, .oo) ty) — R(ty, ty o, )]

< max e Zi= N (x,) — Ko
€

]
n torty tne
+k2 maxf f f 1_[e‘2?=11\'(ti‘§i)e‘2{1=1N§i
i=1 ] Jo Jo 0 joi

1% (& — «ij) — %;(§ — )| dé1, d&y, ..., dEy
lx — X|| < |xo — Xo| + nkl|x — X||
t; rty ty .
f f f ﬂe—zinN(ti-ii)dfl,dfz,...,dfn
0 0 0 s
=1
< o — Fol + = [lx — |
< o = Xol + - llx — %

<1 nk_1| %ol
<( N) Xo — Xo

(39)

Therefore, if

|xo — %o
Less than e, then

llx — ||

(40)
Which completes the proof.
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5 Numerical Examples

Example 5.1
Consider the following nonlinear delay differential
equation,

ax() _ (1.2 i E) +ie—05)
dt 2 4/ 2
+Zl x(t—0.1),t >0,
(41)
X(1)=0.1,t< 0
(42)

which has the exact solution (t+0.1).

Applying the Adomian decomposition method to
above (41) and (42), we have:

R 32)
12 -2 2%y,
( 2 4 )%

t

Xo(t) = 0.1 + f

0

1 t
X0 = Q) | 13- 05)4d3
0

1 t
+(5) f Ay (3431 > 1.
0

(43)

Where Aiare Adomian polynomials of the nonlinear
term x?(t-0.1). From the above equations, the
solution of problem x(t)=0.1, t<0 is:

X(O=5%0 %:(0)
(44)

Table [1] shows the absolute error of Adomian
decomposition method series solution at different
values of m when t=1, while table [2] shows the
maximum absolute truncated error using theorem
4.3, when t=1, N=2. Fig [1]: shows ADM and exact
solutions (when m=20).

Table 1. Absolute Error
m Il XExact — XADM I
5 0.000238942
10 3.03189x10°
15 3.96516x10°7
20 2.929x108

Table 2. Max. absolute error
m max. error

5 0.0136826

10 0.000688625

15 0.0000346574

20 1.74425%10°°
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30
Absolute
20 - . Error
10 e M|aX.
0 absolute
05 1 15 2 error

Fig. 1: ADM and exact solutions.

Example 5.2
Consider the logistic delay differential equation with
two different delays,

dx(t)
dt = pX(t_Tl)(l _X(t_TZ))iti p, 7y >0
(45)
X()=xz, t<0.
The above equation can be written as
dx(t)/dt = p[x(t — 1) — x(t —r)x(t — 7)),
(46)

Applying ADM to the above equation, we have

xo(t) = Xo (47)
t
% = [ B =) = Ay @ldgi > 1
0
(48)
Where Ai are Adomian polynomials of the

nonlinear term x(t — ry)x(t — ry).

From equations (47) and (48), the first six terms of
the series solution considering the following two
cases:

Case 1:
(Whenxo =2, p =3, 1 = 0.1, = 0.3):
x(t)=0.5+0.03164+0.00002565t-

0.00004218t+1.11262x107t*+6.35783x 10",
(49)

Table [3] shows the maximum absolute truncated
error at different values of m at t=10 and N=5,10.

Case 2:
(When x = 0.25, p = ==, 11 = 0.02,73 = 0.04):
x(t)=0.25+0.00374962t+0.0000187547t-

3.11281x10%t3-7.80902x101°t*+2.03125x 10°12¢°.
(50)
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Table 3. Maximum absolute error

173

m max. error (N=5) max. error (N=10)
5 9.91686x10' 2.97291x10°8
10 | 2.9009x107*2 2.71763x10°°
15 | 8.48579x1018 2.48427x10%
20 1.24114x10% 1.13548x102°
25
20 o e MmaX. error
(N=5)
15
e MaX. error
10 (N=10)
> T m2
0 : : : .
05 1 15 2

Fig. 2: ADM solutions.

6 Conclusion

In this paper, the Adomian decomposition method is
an interesting and powerful tool when applied to
different kinds of equations. Here we used it to
solve the non-linear multi-term Partial derivative
delay differential equation with new theorems
introduced which give the sufficient conditions of
existence, uniqueness, convergence, and estimations
of the maximum absolute truncation error to
Adomian decomposition method series solution
when applied to these equations. Some numerical
examples are discussed and solved by using the
Adomian decomposition method.

The method has given an analytical solution that is
still open for investigation, especially in Partial
derivative delay differential equations with arbitrary
orders.
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