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Abstract: -   Article is proposed, built taking into account the influence of the angular momentum 

(force) in mathematical models of open mechanics. The speeds of various processes at the time of 

writing the equations were relatively small compared to modern ones. Theories have generally been 

developed for closed systems. As a result, in continuum mechanics, the theory developed for potential 

flows was expanded on flows with significant gradients of physical parameters without taking into 

account the combined action of force and moment. The paper substantiates the vector definition of 

pressure and the no symmetry of the stress tensor based on consideration of potential flows and on the 

basis of kinetic theory. It is proved that for structureless particles the symmetry condition for the stress 

tensor is one of the possible conditions for closing the system of equations. The influence of the 

moment is also traced in the formation of fluctuations in a liquid and in a plasma in the study of 

Brownian motion, Landau damping, and in the formation of nanostructures. The nature of some effects 

in nanostructures is discussed. The action of the moment leads to three-dimensional effects even for 

initially flat structures. It is confirmed that the action of the moment of force is the main source of the 

collective effects observed in nature. Examples of solving problems of the theory of elasticity are 

given. 
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1. Introduction. 
 Non-equilibrium processes form the bulk of 

naturally occurring processes. Mathematical 

models that reflect what is happening in nature 

with some certainty are a mathematical 

representation of reality. Study of no 

equilibrium processes presented in the form of 

integral or differential equations, is an essential 

part of scientific research. The differential laws 

of continuum mechanics are obtained in two 

ways: using the finite volume method [1] and 

using the Ostrogradsky Gauss theorem when 

replacing the integral over the surface with an 

integral over the volume, that is, taking the 

integral by parts with the further use of 

theorems on the conditions for the integral to 

vanish [2]. Iterm outside of the integral in the 

transition from the integral formulation to the 

differential formulation is not taken into 

account in mechanics. From the definition of 

pressure, both from the classical Boltzmann 

equation and the modified one, it does not 

follow that the hydrostatic pressure is one third 

of the sum of the pressures on the coordinate 

areas. It is believed that the equations of motion 

obtained from the Boltzmann equation 

correspond to the zero order for the Euler 

equations and the first order for the Navier-

Stokes equations. Dividing the speed into 

divergent and rotor parts results in a speed 

different from the initial   order. The situation 

is saved by the fact that this circumstance 

affects the viscous component of stresses, 

which is a first-order quantity. Hydrostatic 

pressure is a zero-order quantity. Thus using 

Pascal's law for equilibrium, the pressure is 

chosen equal to one third of the pressure on the 

coordinate areas. However, the theory remains 
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the same when determining the different 

pressures on each of the sites, i.e. 𝑝𝑥, 𝑝𝑦,

𝑝𝑧 .   Description using one pressure value is 

possible under equilibrium conditions (Pascal's 

law), but for no equilibrium conditions the fact 

is not obvious. This is pointed out in the tutorial 

[2]. 

This is also indicated by the analysis of 

equations for potential flows. It should be noted 

that the orders of magnitude of the right and left 

sides of the Boltzmann equation do not 

coincide and it does not fulfill the law of 

conservation of momentum. The diffusion 

term, which is a first-order quantity, is not taken 

into account in the right-hand side. Taking into 

account the flows across the border of the 

elementary volume, as “Markov’s” of the 

processes is preserved. At the same time, the 

"history" of the process is partially taken into 

account. An alternative to the Boltzmann 

equation is the Landau equation [3], It contains 

an additional (diffusion) term corresponding to 

the convective part. However, it does not take 

full account of particle collisions. 

When solving the problem by the numerical 

method on modern machines, there is no need 

to discard the rotational component of the 

velocity. The classical mechanics of a 

continuous medium was based on the laws of 

the balance of forces, the law of conservation 

of moment was considered as a consequence of 

the fulfillment of the law of the balance of 

forces. We have proposed a model that takes 

into account the joint fulfillment of the laws and 

the corresponding equation of state, including 

the contribution of the rotational velocity 

component. When solving specific problems, 

the contribution of the distributed moment is 

often investigated, but the symmetry condition 

of the stress tensor is retained. 

Sometimes, when solving problems of the 

theory of elasticity, the first invariants are used, 

but this can be done if the tensor is symmetric. 

It becomes symmetrical after discarding the 

rotational component. When considering 

vortex motion, the tensor is not symmetric 

(Love's method). The equilibrium condition is 

satisfied if there are no internal and external 

forces, however, any surface forces can be 

converted by changing variables into internal 

forces and deformations will occur. The role of 

the no symmetry of the stress tensor in the 

theory of elasticity is clearly shown in the 

work [4], [5], [6] in liquid and gas in [7], [8], 
[9], [10], [11], [12], [13], [14].  It is necessary 

to emphasize that the stress tensor will be 

symmetric only under equilibrium conditions, 

but the results cannot be transferred to no 

equilibrium processes. The change in the 

angular momentum is associated with the 

appearance of an additional force, which can 

play the role of a small perturbation that 

affects the stability of the structure. The 

magnitude of the additional force is 

determined by the value of the gradient of 

physical quantities (density, speed, 

momentum) and the structure of the object 

under study. Numerical calculations and the 

experiment of work [15] can serve as 

evidence of the appearance of an additional 

force. The calculations were performed with a 

symmetric tensor, but without additional 

averaging over the unit cell. Due to the finite 

value of the step of the difference scheme, the 

effect of the presence of a moment was 

partially manifested. In the case of dynamic 

formation of the structure, the position of the 

center of inertia changes, which entails a 

change in the angular momentum. Writing out 

separately the law of equilibrium for forces 

and separately for moments of forces 

without taking into account their mutual 

influence, although the angular momentum 

creates an additional force, we come to the 

conclusion about the symmetry of the stress 

tensor. The effect of the moment on 

molecules is always manifested, even 

under equilibrium conditions, since there is a 

velocity distribution. Analyzing the results 

of solving the Euler equations and 

calculating potential flows, we obtain a 

vortex sheet [11], which indicates the 

existence of a moment. Mathematical 

analysis shows that the potential flow 

equations are not a subset of the Euler 

equations. An example of the influence of the 

vector nature of pressure is given, the 

influence of the stress tensor was 

presented earlier. Theoretical results have 

now been obtained mainly for plane 

problems with a symmetric stress tensor. 

However, in a complete with an non 

symmetric tensor, we have four unknowns and 

three equations. Therefore, the symmetry 
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condition for the stress tensor is one of the 

conditions for closing the problem, but other 

conditions can also be chosen.  In the work an 

examples of solving the problem of the theory 

of elasticity with a given distributed stress are 

given. An important contribution of the 

moment is observed for Coulomb plasma and 

in problems of the formation of fluctuations. 

Nanoparticles, even with a very low volumetric 

content (less than 1%), are contained in such a 

fragment in a very large amount, and it is 

impossible to model their effect at this scale 

level. For example, a cubic fragment of a 1 μm 

matrix contains more than thousand 

nanoparticles for a given volumetric content 

[16]. Numerical calculations of the effect of 

adding nanoparticles are based mainly on semi-

empirical theories. The use of the distribution 

function for an ensemble of Brownian particles 

(nanoparticles) is a promising direction of 

research [17], if the probabilistic term is 

replaced by a deterministic one, i.e. taking into 

account the action of the moment. The theory 

has been developed for other problems, but the 

technique can be used to calculate the effect of 

nanoparticles. The complex implementation 

and the need to use powerful computers limits 

the possibilities of its application. In the works 

carried out to simulate nanostructures and 

graphene, based on classical molecular 

dynamics, the choice of the potential plays an 

important role [18], [19].  However, most of 

the works are devoted to experimental 

research. “The miniaturization of integrated 

circuits leads to the development and 

creation of nanoelectronics with a 

gigantic level of integration - hundreds of 

millions of transistors assembled on a single 

chip no more than a few square centimeters 

in size. The density of circuits in such 

integration is possible if the circuit elements 

have a size on the order of or less than 10 nm. 

However, with such a density of elements, a 

so-called energy problem arises - the removal 

of dissipation energy from the circuit. If a 

solution to the problem is not found, then the 

generation of heat in the chip will lead to the 

impossibility of its proper functioning and a 

reduction in its service life." The paper also 

provides a review of methods for obtaining and 

studying nanoeffects [18]. The theoretical

study of nanostructures due to the variety of 

methods for their preparation and variety of 

shapes is carried out both by continuous 

medium methods and statistical, mainly 

numerical. Dimensional effects are important 

here. The angular momentum plays a special 

role, creating spatial structures by virtue of its 

collective nature, violating their flat character. 

The emerging new effects are discussed. 

2. An angular momentum in

mechanics.
Model of a medium that takes into account 

rotational effects, leads to an   non symmetric 

theory. The homogeneous Cosserat continuum 

in elastic theory, like other moment theories, 

assumes the existence of a material 

microstructure. However, the influence of the 

moment turns out to be important for a simple 

medium as well as for any collective motion of 

many particles. Consider the interaction of 

three particles interacting with each other. 

Since the moment is equal to the force acting 

on the center of inertia multiplied by the radius 

vector, we calculate the changes in the moment 

that occur after a certain period of time 

𝒓𝒄 =
𝒎𝟏𝒓𝟏+𝒎𝟐𝒓𝟐+𝒎𝟑𝒓𝟑

𝒎𝟏+ 𝒎𝟐+ 𝒎𝟑
, 

at the next moment in time, the center of inertia 

will shift 

𝑟𝑐+∆𝑐 =
𝑚1(𝑟1+𝑟1̇∆𝑡)+𝑚2(𝑟2+𝑟2̇∆𝑡)+𝑚3(𝑟3+𝑟3̇∆𝑡)

𝑚1+ 𝑚2+ 𝑚3

Consequently, an additional force arises, acting 

on each particle, since the gradient of the 

momentum's force is a force. Thus, the moment 

creates a collective force for any movement of 

particles with different speeds. The effect 

works in the formation of fluctuations and must 

be taken into account when calculating the 

equation of state. In continuum mechanics, 

integral conservation laws obtained 

experimentally are written in differential form. 

When passing to differential equations, the 

Ostrogradsky-Gauss theorem is used for the 

selected fixed volume, ignoring the possible 

rotation of the elementary volume. The 

discarded term represents the velocity 

circulation, its rotor part. Circulation is the 

action of the moment. Consequently, the 

rotational terms (moment) discarded in the 
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construction of the Navier-Stokes equations are 

formed not only in the case of large gradients, 

but also due to the additional circulation of the 

velocity around the elementary volume. The 

mathematical definition of a point is different 

from the physical definition [3]. However, 

mathematics must simulate real environments. 

Therefore, an understanding of the losses 

caused by the action of approximations is 

necessary. The influence of the moment is 

manifested through pressure. There are no 

experiments confirming Pascal's law in non-

equilibrium cases. 

 The kinetic theory (modified and classical) 

also does not follow Pascal's law. Consider the 

classical Boltzmann equation (the law of 

momentum does not hold) 

𝐮 (𝑡, 𝐱) =  
1

𝑛
 ∫ 𝛏 𝑓(𝑡, 𝐱, 𝛏)𝑑𝛏,  

𝑃𝑖𝑗 =  𝑚 ∫ 𝑐𝑗 𝑐𝑖 𝑓(𝑡, 𝐱, 𝛏)𝑑𝛏,

𝑞; =  𝑚 ∫ 𝑐
2 𝑐𝑖 𝑓(𝑡, 𝐱, 𝛏)𝑑𝛏,

𝒄 =  𝛏 − 𝐮. 

𝑓(𝑡 + 𝑑𝑡, 𝒓 + 𝝃𝒋 𝑑𝑡, 𝝃𝑗 + 𝑭𝒋𝑑𝑡)drdξj =

𝑓(𝒓, 𝝃𝒋, t )𝑑𝒓 𝑑𝝃𝒋 + (
𝜕𝑓

𝜕𝑡
)𝑐𝑜𝑙𝑙 𝑑𝑡.

𝑓 is the distribution function, r is the radius vector; 

𝑥 - point coordinate; 𝜉 is the velocity of a point, is 

the molecular weight, and, according to the 

definition of the distribution function 𝑓𝑁, the

probability of finding the system at points (𝐱, 𝛏) in 

the intervals 𝒅𝒙𝒊𝒅𝝃𝒊
is(𝒕, 𝒙𝟏, 𝒙𝟐, . . 𝒙𝑵, 𝝃𝟏, 𝝃𝟐, … 𝝃𝑵)𝒅 𝒙𝟏. 𝒅𝒙𝑵𝒅𝝃𝟏. 𝒅𝝃𝑵.
The proposed new equation has the form 

Taking into account rotation and diffusion, the 

equation () has the form 

𝑓(𝑡 + 𝑑𝑡, 𝒓 + 𝝃𝒊 𝑑𝑡 + 𝑟 ×  𝜔 𝑑𝑡, 𝝃𝒊 + 𝑭𝒊 𝑑𝑡 +
∂M

∂r
𝑑𝑡) 𝑑𝒓 𝑑𝝃𝒊 + 𝐺2 (𝑡 + 𝑑𝑡, 𝒓 + 𝝃𝒊 𝑑𝑡 + 𝑟 ×  𝜔 𝑑𝑡, 𝝃𝒊 +

𝑭𝒊 𝑑𝑡 +
∂M

∂r
𝑑𝑡) = 𝑓( 𝑡, 𝒓, 𝝃𝒊)𝒅𝒓 𝒅𝝃𝒊+ 𝐺1(𝑡, 𝒓, 𝝃𝒊) +

(
𝝏𝒇

𝝏𝒕
)𝒄𝒐𝒍𝒍 𝑑𝑡.  (1)   

M is the moment associated with the collective 

action of all particles on each other as a result of the 

displacement of the center of inertia, which is the 

result of the movement of particles with different 

speeds. 𝐺1  and  𝐺2  - flows through the boundaries

of the considered elementary volume. These values 

are 𝐺1 = 𝑚𝝃
𝒊 

𝜕 𝑓

𝜕𝐫
. They are responsible for the 

additional terms obtained by S.V. Vallander from 

phenomenological considerations  [20]. The 

hydrodynamic description is constructed by 

averaging the corresponding physical 

quantities. The equations are obtained from the 

Boltzmann equation, multiplying it by the 

required value. It can be seen that in different 

directions for the same ξ  c -may differ. The 

same is indicated by the analysis of determining 

the pressure based on the potential flow, if the 

pressure is separately calculated using 

the potential function and the stream function 

[21], [22], [23]. When obtaining a symmetric 

stress tensor, we have to use a symmetric 

equation of state. Therefore, the divergent part 

of the vector and the rotary part are 

distinguished. The latter is discarded. Under 

the selected additional requirements, the 

solution with a symmetric tensor turns out 

to be the only one. In the general case, 

there is no uniqueness if the pressure 

distribution is not specified. Consider the 

classical equations of aeromechanics 

𝜌( 
𝜕𝑢

𝜕𝑡 
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝜈   𝜕𝑢

𝜕𝑦  
+ 𝑤

𝜕𝑢

𝜕𝑧
) =  𝜌𝑓1

 + 𝜕𝜎𝑥𝑥

𝜕𝑥
+ 𝜕𝜎𝑦𝑥

𝜕𝑦
+

𝜕𝜎𝑧𝑥

𝜕𝑧
 ,

𝜌( 
𝜕𝜈

𝜕𝑡 
+ 𝑢

𝜕𝜈

𝜕𝑥
+ 𝜈

𝜕𝜈

𝜕𝑦  
+ 𝑤

𝜕𝜈

𝜕𝑧
) = 𝜌𝑓2 + 

 𝜕𝜎𝑥𝑦

𝜕𝑥
+ 𝜕𝜎𝑦𝑦

𝜕𝑦
+

𝜕𝜎𝑧𝑦

𝜕𝑧
  ,  

( 

𝜌( 
𝜕𝑤

𝜕𝑡 
+ 𝑢

𝜕𝑤

𝜕𝑥
+ 𝜈

𝜕𝑤

𝜕𝑦  
+ 𝑤

𝜕𝑤

𝜕𝑧
) =  𝜌𝑓3 +

   𝜕𝜎𝑥𝑧

𝜕𝑥
+ 𝜕𝜎𝑦𝑧

𝜕𝑦
+

𝜕𝜎𝑧𝑧

𝜕𝑧
  ,   (2) 

𝑦 ( 
𝜕𝜎𝑥𝑧

𝜕𝑥
 + 

𝜕𝜎𝑦𝑧

𝜕𝑦
+ 

𝜕𝜎𝑧𝑧

𝜕𝑧
+ 𝜌𝑓3) −  𝑧( 

𝜕𝜎𝑥𝑦

𝜕𝑥
+

𝜕𝜎𝑦𝑦

 𝜕𝑦
+

𝜕𝜎𝑧𝑦

𝜕𝑧
+ 𝜌𝑓2) + 𝜎𝑧𝑦 − 𝜎𝑧𝑦 = 0,

𝑥 ( 
𝜕𝜎𝑥𝑦

𝜕𝑥
+ 𝜕𝜎𝑦𝑦

𝜕𝑦
+ 

𝜕𝜎𝑧𝑦

𝜕𝑧
+ 𝜌𝑓2 ) −  𝑦( 

𝜕𝜎𝑥𝑥

𝜕𝑥
 +

𝜕𝜎𝑦𝑥

 𝜕𝑦
+

𝜕𝜎𝑧𝑥

𝜕𝑧
+ 𝜌𝑓1) +  𝜎𝑦𝑥 − 𝜎𝑥𝑦 = 0,

𝑥 ( 
𝜕𝜎𝑥𝑧

𝜕𝑥
+

𝜕𝜎𝑦𝑧

𝜕𝑦
+ 

𝜕𝜎𝑧𝑧

𝜕𝑧
+ 𝜌𝑓1) − 𝑧 ( 

𝜕𝜎𝑥𝑥

𝜕𝑥
 +

𝜕𝜎𝑦𝑥

 𝜕𝑦
+

𝜕𝜎𝑧𝑥

𝜕𝑧
+ 𝜌𝑓2) +  𝜎𝑧𝑥 − 𝜎𝑥𝑧 = 0.

Usually we use Newton's equations, leaving the 

symmetric part of the operators. For example, 
𝜕𝑢

𝜕𝑦
= 

1

2
(
𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥
)+

1

2
(
𝜕𝑢

𝜕𝑦
−
𝜕𝑣

𝜕𝑥
 ), 𝜏 =  𝜇

𝜕𝑢.

𝜕𝑛
, 

     𝑃 = 𝑎𝑆̇ + 𝑏𝐸.  
Coefficients 𝑎, 𝑏 are scalars, 𝑃 is stress tensor 

(through 𝜎𝑖𝑗), 𝑆 is strain rate tensor, 𝜏 is 

friction.  

We leave the first parenthesis. Returning to the 

equations (2), we find in this case six 
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unknowns; to determine them, we have three 

equations of motion (taking into account the 

symmetry condition), the continuity equation, 

the energy conservation law and the equation of 

state. The solution is unambiguous. In the 

general case, we have nine tensor components 

plus three pressure components and to 

determine them there are six equations of 

motion, an equation of continuity, a law of 

conservation of energy, and there should be an 

equation of state for each direction. If we use 

the usual equation of state, then the equations 

are enough for us.  We start solving a problem 

with a symmetric tensor and scalar pressure. 

Since pressure is a vector, the term created by 

the moment of pressure (additional twisting 

force) will appear in the equation of motion. 

From the laws of equilibrium of moments, we 

can determine the degree of no symmetry and 

perform an iterative procedure using the 

equations of motion. In fact, it will be necessary 

to solve ordinary differential equations for this 

particular case to determine the degree of no 

symmetry of the problem. The calculation 

technique can be traced especially clearly in 

the problems of the theory of elasticity. 

3. Tasks of the theory of elasticity. 
Consider the problem when a concentrated 
force is given on a half-plane. Let us find the 
stress distribution with and without taking into 
account the influence of the moment (Fig. 1). 
General view of equations

𝜕𝜎𝑥

𝜕𝑥
 +

𝜕𝜎𝑧𝑥

𝜕𝑧
= 0 ,        

𝜕𝜎𝑧 

𝜕𝑧
 + 

𝜕𝜎𝑥𝑧

𝜕𝑥
 =0, 

𝑥 (
𝜕𝜎𝑥𝑧

𝜕𝑥
+ 

𝜕𝜎𝑧𝑧

𝜕𝑧
) − 𝑧 ( 

𝜕𝜎𝑥𝑥

𝜕𝑥
 +  

𝜕𝜎𝑧𝑥

𝜕𝑧
) + 𝜎𝑧𝑥 −

𝜎𝑥𝑧 = 0.

Suggested that  𝜎𝑧𝑥 = −𝐴 
𝑥

𝑥2 + 𝑧2
 ,  option for 

case 𝜎𝑥𝑧= 𝜎𝑧𝑥 and  𝜎𝑧 = −𝐴
𝑧3

(𝑥2 + 𝑧2)2
 was 

considered in [4]. First, we solve the problem 

when the symmetry condition of the stress 

tensor is satisfied 𝜎𝑥𝑧 = 𝜎𝑧𝑥. 
𝜕𝜎𝑧𝑥
𝜕𝑧

=  − 𝐴 
2𝑥𝑧

(𝑥2 + 𝑧2)2
 , 

 F

           𝑥   

      𝑧

   Fig. 1. Formulation of the problem1 

𝜎𝑥 = −2 𝐴𝑧∫
𝑥 𝑑𝑥

(𝑥2 + 𝑧2)2

𝑥

0

− 𝐴𝑧∫
𝑑𝑦

(𝑦 + 𝑧2)2

𝑦

0

= 𝐴𝑧
1

(𝑧2 + 𝑦)
+ 𝑓 (𝑧),

𝜎𝑥 =  𝐴𝑧
1

(𝑧2 + 𝑥2)
+ 𝑓 (𝑧).

𝜕𝜎𝑥𝑧
𝜕𝑥

=  −𝐴 ( 
1

𝑥2 + 𝑧2
 −  

2𝑥2

(𝑥2 + 𝑧2)2
 )

= −𝐴(−
𝑧2 − 𝑥2

(𝑥2 + 𝑧2)2
 ). 

𝜎𝑧 = −𝐴∫ ( 
1

𝑥2 + 𝑧2
 −  

2𝑥2

(𝑥2 + 𝑧2)2
 )

𝑧

0
𝑑𝑧 =

−𝐴
1

𝑥
𝑎𝑟𝑐𝑡𝑔 𝑧-𝐴(

1

𝑥

𝑧

(1+(𝑧)2)
+
1

𝑥
 𝑎𝑟𝑐𝑡𝑔 𝑧 ) = 

=−𝐴
1

𝑥

𝑧

(1+(𝑧)2)
+ 𝑓(𝑥).. Постановка задачи.

WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS 
DOI: 10.37394/232011.2021.16.28 Evelina Prozorova

E-ISSN: 2224-3429 254 Volume 16, 2021



Let 𝜎𝑥 and 𝜎𝑧𝑥 remain the same. Then from 

the equation for the moments it is possible to 

determine the difference a new value 𝜎𝑥𝑧 
𝜕𝜎𝑥𝑧
𝜕𝑥

−
1

𝑥
𝜎𝑥𝑧  + 

𝜕𝜎𝑧𝑧
𝜕𝑧

= 0. 

𝑥 (
𝜕𝜎𝑥𝑧

𝜕𝑥
+ 

𝜕𝜎𝑧𝑧

𝜕𝑧
) + 𝜎𝑧𝑥 − 𝜎𝑥𝑧 = 0. 

Then a new value 𝜎𝑧 (𝜎𝑧 = 𝜎𝑧𝑧) can be  

determined. An example is given in order to 

demonstrate the many possible solutions in the 

two-dimensional case. Consequently, the 

solution of the two-dimensional problem under 

the condition of symmetry of the stress tensor 

is only one of the options for solving the 

problem. Algorithm for finding stresses with no 

symmetric tensor is easily to programme using 

previously obtained results. Task two. 

Stretching of a terminated plate under the 

action of a uniformly distributed load at the 

end. The problem was investigated in [4], we 

will check the methodology and propose a new 

solution. The solution to this problem is of 

interest to us as an opportunity to illustrate a 

method that has never been used before. Let us 

consider the tension of a plate with an 

embedment of infinite width with a thickness of 

2a with a constant surface load of intensity 𝜎0 
at the end. The stresses were represented. The 
stretching of a terminated plate under the 
action of a uniformly distributed load at the 
end is presented in Fig. 2.

𝜎0    

z  

  

 L 

 Fig.2. Stretching of a terminated plate under the action of a uniformly distributed load at the end 

{

𝜎𝑧 = 𝜎0 + 𝑐𝐺𝑒
−𝑚𝑧  (

𝑥2

𝑎2
 −

1

3 
) ,

𝜏𝑥𝑧 = 𝑐𝑚𝐺𝑒
−𝑚𝑧 (

𝑥3

3𝑎2
 −

𝑥

3 
) ,

𝜎𝑥 = 
𝑐

𝜈
𝐺𝑒−𝑚𝑧 ( 

𝑥2

𝑎2
− 1) ,

𝜏𝑧𝑥 = 
𝑐

𝜈
𝐺
𝑒−𝑚𝑧

𝑚

2𝑥

𝑎2
 .

The solutions do not meet the symmetry 

condition for the stress tensor. Equation for 

moments 

𝜏𝑥𝑧 − 𝜏𝑧𝑥 + 
𝜕𝜇𝑧𝑦
𝜕𝑧

 = 0. 

The solutions do not meet the symmetry 

condition for the stress tensor. 

  Let the solution to the first equation be the first 

two lines of the parenthesis. Let's find a new 

solution. Let the tensor be symmetric. Then 

𝜎𝑥 = 𝑐𝑚
2𝐺𝑒−𝑚𝑧 (

𝑥4

4∙3𝑎2
−

𝑥2

3∙2 
),     𝜇𝑧𝑦 = 0.

For an  no symmetric tensor, choose 
𝜇𝑧𝑦 = −𝑐𝐺𝐵𝑒

−𝑚𝑧𝑔(𝑥).

 Let's choose the old solution  𝜎𝑧, 𝜏𝑥𝑧.      In this

case 𝜏𝑧𝑥 =  𝑐𝐺𝐴𝑚𝑒
−𝑚𝑧 (

𝑥3

3𝑎2
 −

𝑥

3 
)  for 

𝑔(𝑥) = (
𝑥3

3𝑎2
 −

𝑥

3 
), 𝜎𝑥 =

−𝑐𝐺𝐴𝑚2𝑒−𝑚𝑧  (
𝑥4

4∙3𝑎2
−

𝑥2

3∙2
). 

 Therefore, the solution will be the fulfillment of the 

condition 1 − 𝐴 + 𝐵 = 0. 
 Thus, we got a different solution to the 

problem.  

4. Some problems of statistical

mechanics.
In stochastic processes of open systems, the

motion of fast molecules is associated with a

change in the position of the center of inertia,

which is accompanied by the appearance of a

moment. The appearance of a moment leads to

a change in the direction of velocities and the

formation of local structures. It can be assumed

that the moment will make a significant

contribution to the equation of state for liquids

and gases at high pressures (virial equation),

since there are fast and slow molecules even for

  𝑎 

  ɑ 

𝑎

𝑎
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equilibrium distribution functions. The effect 

of the velocity distribution is most clearly 

manifested for locally equilibrium condit4ons 

in the Langevin, Fokker-Planck equations 

and in the Landau damping in plasma [24], 
[25], [26], [27], [28], [29], [30].  In the 

collision integral of the Boltzmann 

equation, the distribution function changes not 

only in space, but also in velocities. These 

changes are taken into account in the listed 

equations. Taking into account these or those 

changes is dictated by which "points" are 

investigated [3]. The phenomenon of Brownian 

motion is well known. At each moment in 

time, the motion of a Brownian particle is 

determined by the resultant forces from 

collisions with individual molecules of the 

environment. Due to the chaotic movement 

of molecules, this leads to a very 

complex and incessant movement of 

Brownian particles. The phenomenon of 

Brownian motion was the impetus for the 

creation of the theory of nonequilibrium 

fluctuations. Thanks to the work of 

Langevin, Einstein and Smoluchowski, the 

foundations of the modern theory of 

Brownian motion were laid. The paper 

proposes to replace the probabilistic forces in 

these equations by deterministic ones 

associated with the influence of the angular 

momentum. Possessing different speeds, as a 

result of their movement, the molecules change 

the position of the center of inertia of the 

system, which leads to the formation of an 

individual moment and an acting force on 

individual particles, which is the reason for the 

formation of diffusion processes. We 

emphasize that this process is not 

dissipative and is not directly related to 

collisions. As example we can investigate 

damping of longitudinal oscillations of an 

electron plasma (Landau damping), kinetic 

equations of Langevin and Fokker-Planck 

Let us consider oscillations in a plasma without 

collisions, that is, let us proceed to the study of 

waves propagating in a plasma, the frequency 

of which is high in comparison with the 

frequency of pair collisions of electrons and 

ions. In this case, there are several options to 

consider. Landau collisional damping for large 

Knudsen numbers; for small Knudsen numbers 

in unbounded plasma; for small Knudsen 

numbers in a confined plasma. They differ from 

each other. When studying oscillations, we will 

consider small deviations from 

equilibrium [3], [24], [25], [26], [27], [28], 
[29],[30]. 

Since we are interested in wave attenuation, 

we need to consider the plasma dielectric 

constant ε, which is determined by the 

attenuation coefficient γ.  First, let's trace the 

waves in the "cold" isotropic plasma. 

The variant corresponds to the "collisionless" 
wave approximation.
In this case, the Maxwell distribution 

functions 

𝑓𝑒
(0) =

1

(2𝜋𝑚𝑒𝑘𝑏𝑇)
3/2 𝑒𝑥𝑝 (−

𝑝2

2𝑚𝑒𝑘𝑏𝑇
), 𝑓𝑖 (𝑝) =

𝛿(𝑝).  
𝑟𝐷
𝑙
≪

𝜆

𝑙
≪ 1, 

the damping is determined by diffusion, but not 

by the Landau damping. The influence of the 

thermal motion of plasma particles on such 

oscillations is always small [3]. 
(0)

Here𝑓𝑒 is the equilibrium distribution

function, 𝑙 is the mean free path 𝑟𝐷 is the Debye 
radius, λ is the wavelength, the rest of the 
notation is generally accepted. Consider an 
unbounded plasma for small Knudsen 
numbers 𝑙 ≪ 𝜆.  Diffusion works here as well. 
Let us consider the dispersion and damping of 
longitudinal oscillations of an electron plasma 
under the influence of the thermal motion of 
plasma particles. Let us investigate a variant of 
a limited plasma, a free-molecular flow with a 
region of wavelengths (values of wave 
numbers) for which the contribution 
corresponding to Landau damping is the main 
one.

𝑙 → 𝐿 (𝑙 ≫ 𝐿),   𝑟𝐷 ≪ 𝛾 ≪ √𝑟𝐷𝐿  (𝑟𝐷 ≪ 𝐿 ≪ 
𝑙).
We must use the Vlasov kinetic equations

[23], [24] with a self-consistent field. Since we 
are interested in high-frequency oscillations, 
for which 𝜔𝜏 ≫ 1, where 𝜏 is the average time 
between pair collisions of particles, we can 
ignore the integrals of particle collisions in the 
kinetic equations. Longitudinal oscillations of 
an electron plasma in the classical case are 
described by the following two equations

(collisionless case, Vlasov equation)

𝜕𝛿𝑓

𝜕𝑡
+ 𝑣

𝜕𝛿𝑓

𝜕𝑟
+ 𝑒𝛿𝐸

𝜕𝑓
0

𝜕𝑝
= 0, 
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𝑑𝑖𝑣 𝛿𝐸 = 4𝜋 ∫𝑑𝑝𝛿𝑓 . 

𝜀𝑙(𝜔,𝑘)𝑒∫𝑑𝑝𝛿𝑓(𝑝, 𝑘,𝜔)

= 𝑖∫𝑑𝑟𝑒−𝑖𝑘𝑟𝑒∫𝑑𝑝
𝛿𝑓(𝑝, 𝑟, 𝑡0)

𝜔 − 𝑘𝑣
. 

 Suggested variant is 

 

𝜕𝛿𝑓

𝜕𝑡
+ 𝑣

𝜕𝛿𝑓

𝜕𝑟
+ 𝑒𝛿𝐸

𝜕𝑓
0

𝜕𝑝
+ 
𝜕𝛿𝑀

𝜕𝑟
 

+ 
𝜕

𝜕𝑟
𝐷
𝜕𝛿𝑓

𝜕𝑟
= 0, 

𝑑𝑖𝑣 𝛿𝐸 = 4𝜋 ∫𝑑𝑝𝛿𝑓 . 

 
𝜀𝑙(𝜔,𝑘)𝑒∫𝑑𝑝𝛿𝑓(𝑝, 𝑘,𝜔) =

𝑖∫𝑑𝑟𝑒−𝑖𝑘𝑟𝑒∫𝑑𝑝
𝛿𝑓(𝑝,𝑟,𝑡0)

𝜔−𝑘𝑣
+

𝑖∫𝑑𝑟𝑒−𝑖𝑘𝑟 ∫𝑑𝑝
𝛿𝑀(𝑝,𝑟,𝑡)

𝜔−𝑘𝑣

𝜕𝑓0
𝜕𝑝
.  

 

Qualitatively, we can say that for this case, 

diffusion plays a small role and, since part of 

the energy is converted into rotational motions 

(the action of the moment), the reversible 

operator will act as a dissipative one. Note that 

at the initial moment, the distributed moment of 

force also exists and concentrates a certain 

amount of energy. For monochromatic waves 

of large amplitude, the action can lead to the 

formation of a vertical velocity component, 

forming complex plane flows. Despite the 

collisionless nature of the movement binary 

collisions exist, as follows from work [31]. 

They create additional dissipation. It should be 

noted that the generalized equation for a unified 

description of kinetic and gas-dynamic 

processes is suitable for "weak" interactions. 

As before, the contribution of the angular 

momentums in the motion of molecules is not 

taken into account. Most likely, the difference 

between the most probable and average values 

is due precisely to the lack of taking into 

account the rotational movements for which the 

moment is responsible. Similar effects will be 

essential for Brownian motion. The theory of 

Brownian motion is one of the main branches 

of the statistical theory of open systems. 

Fluctuation (from Latin fluctuatio - fluctuation) 

- any random deviation of any value. In 

mechanics, a deviation from the mean value of 

a random variable characterizing a system of a 

large number of chaotically interacting 

particles. In the theory of Brownian motion 

elementary objects are small particles, while in 

kinetic theory, the main objects are molecules. 

Both models are macromodels, but the level of 

description of the structure of the environment 

is different. Fluctuations exist both in 

nonequilibrium states and in unsteady 

processes; in their absence, relaxation would be 

a "smooth" process and they could be described 

by single-valued functions of time. The 

presence of thermal fluctuations causes random 

deviations of real processes from such a 

"smooth" flow. The kinetic equation 

corresponds to a more detailed description. We 

believe that the environment is in equilibrium. 

We will consider two approaches to solving 

problems: the equation for a single particle and 

for an ensemble of particles (the Fokker-Planck 

equation) To take into account the atomic 

structure of a liquid, Langevin introduced an 

additional force into the equations of motion  

  𝐹𝐿 = 𝑚𝑦(𝑡),   𝐹 =  −𝑚𝛾𝑣,   𝛾 =  
6𝜋𝑎

𝑚
 𝜂,

𝜂 =  𝜌𝜈. 
Equations 
𝑑𝑟

𝑑𝑡
 = 𝑣,

𝑑𝑝

𝑑𝑡
+  𝛾𝑝 = 𝐹0 +𝑚𝑦(𝑡),   𝐹0 =

 −𝑔𝑟𝑎𝑑𝑈.  𝐹0 − external force. 

 

 < 𝑦𝑖(𝑡) >,< 𝑦𝑖(𝑡), 𝑦𝑖(𝑡
′) > = 2𝐷𝛿𝑖𝑗(𝑡 −

𝑡′),  the coefficient 𝐷 was determined by 

Einstein. 

  First, about a single particle.  Let us repeat the 

reasoning performed in [3], but replace y (t) 

with the moment of force 𝑀𝑖 calculated for a 

given period of time. It can be calculated using 

the  operation algorithm. As before, we assume 

that the characteristic correlation time of the 

values of the Langevin force is 𝜏𝑐𝑜𝑟
𝐿 ≪ 𝜏𝑟𝑒𝑙 =

1

𝛾
.   As a result, we arrive at an expression for 

two  time moments:                                                     

< 𝑀𝑖(𝑡) > = 0,< 𝑀𝑖(𝑡)𝑀𝑗(𝑡
′) > 

= 2𝐷𝛿𝑖𝑗(𝑡 − 𝑡
′). 

𝐷 = 𝛾
𝑘𝑏𝑇

𝑚
 – - Einstein's coefficient, 

parenthesis means a function from a function 

(functional) 

When using the kinetic description of 

Brownian motion, it is necessary to introduce 

an ensemble of noninteracting Brownian 
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particles — the corresponding Gibbs ensemble. 

In this case, we represent the ensemble of 

Brownian particles as a continuous medium. 

However, the difference lies in the use of the 

"Hamiltonian" formalism for moving particles; 

for a continuous medium, in this case, the 

Langevin equation is used. Fokker-Planck 

equation   in the kinetic theory has the form  

𝜕𝑓

𝜕𝑡
+ 𝑣

𝜕𝑓

𝜕𝑟
−
1

𝑚
 
𝜕𝑈

𝜕𝑟

𝜕𝑓

𝜕𝑣
= 𝐷

𝜕2𝑓

𝜕𝑣2
+ 

𝜕

𝜕𝑣
 (𝛾𝑣𝑓). 

 

The equation of A. Vlasova 

 

{
𝜕𝑓

𝜕𝑡
+ 𝑣

𝜕𝑓

𝜕𝑟
+ 𝑒(𝐸+

1

𝑐
 [𝑣𝐵])

𝜕

𝜕𝑝
}𝐹(𝑟, 𝑝, 𝑡)

= 0. 
 

Here 𝐸, 𝐵 are the total electric and 

magnetic fields, which are composed of 

external and self-consistent fields generated by 

plasma particles. They satisfy Maxwell's 

equations. 

 In the classical case, equilibrium is 

possible between Brownian particles and the 

medium; the particles can be distributed evenly 

[3]. However, such an assumption can be 

considered unlikely due to the distribution of 

particles over velocities and the formation of 

new moments for individual particles due to the 

motion of the center of inertia. The fact is that 

in this case the action of the moment creates a 

force that distributes the particles not only in 

terms of velocities, but also in coordinates.  

Modified  Fokker-Planck equation has the 

form: 

 
𝜕𝑓

𝜕𝑡
+ 𝑣

𝜕𝑓

𝜕𝑟
−
1

𝑚
 
𝜕𝑈

𝜕𝑟

𝜕𝑓

𝜕𝑣
+
1

𝑚
 
𝜕𝑀

𝜕𝑟

𝜕𝑓

𝜕𝑣
 

= 𝐷
𝜕2𝑦

𝜕𝑣2
+ 

𝜕

𝜕𝑣
 (𝛾𝑣𝑓). 

 

Thus, for the kinetic theory for a gas, for the 

Landau damping and the motion of Brownian 

particles, the nonuniform distribution of 

particles in velocities and coordinates is 

supported by the angular momentum and 

creates fluctuations in physical quantities that 

must be taken into account.  

 

5. A little about nanostructures. 
For nanoparticles, it is customary to distinguish 

between two types of size effects. One - 

intrinsic or internal, due to specific changes in 

the surface, bulk and chemical properties of the 

particle. The other is external, which is a size-

dependent response to external action of forces, 

which is not associated with an internal effect. 

We will be interested in the processes that arise 

during the movement of nanoparticles at a low 

concentration of them in the collective 

interaction of particles. 

The usual binary consideration of particle 

interactions does not provide a complete 

picture. The movement of particles changes the 

position of the center of inertia and, therefore, 

changes the moment for an individual particle 

even in a closed volume. This is especially 

important for charged particles, for example, 

for quantum dots. Nanoclusters and 

nanostructures are formed and used in different 

environments and they can differ significantly 

from each other. There are several 

mathematical methods for studying 

nanostructures: continuous medium methods, 

kinetic theory methods, molecular dynamics 

method, Byrd's method, and quantum 

mechanics methods. As a rule, we are talking 

about clusters of mesomechanics, quantum 

dots. Thermoelectric effects, thermal effects, 

and self-organization leading to the formation 

of fullerenes are considered. We will dwell on 

some of the possible consequences influence of 

the moment. The first thing that should be noted 

that the angular momentum is the collective 

action of many particles and acts almost 

always, since there is always a velocity 

distribution of molecules at temperatures above 

zero. This means that it is impossible to form 

stable flat structures without additional 

restraining forces. An example is the formation 

of a wavy surface of a gold film on silicon. If 

we consider quantum dots or fullerenes as 

Brownian particles, using the Langevin 

equation instead of Newton's equation, then the 

problem can be reduced to an equation. Vlasov. 

It can be assumed that from the point of view 

of the macrotheory, the process of entrainment 

of electrons by ballistic phonons, a review of 

the studies of which is given in [19], occurs as 
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a result of the action of a moment on the entire 

molecule when a temperature gradient arises, 

which is a macroscopic effect. As the gradient 

decreases, the action of the moment force 

becomes insufficient for the joint motion of a 

heavy and a light particle, the latter being 

pulled forward.  The effect of the moment on 

light electrons is more significant than on ions, 

and they are pulled forward. When approaching 

the boundary, gradients appear again and the 

role of the moment increases. 

6. Conclusion
The paper proposes to take into account the

influence of the angular momentum (force) in

continued mechanics, kinetic equations, in

stochastic processes and in some processes

during the formation of nanostructures. The

additional forces that arise are responsible for

trancemute the initially flat nanostructure into

three-dimensional. The main laws in physics

and mechanics are the laws of conservation of

mass, momentum, energy, angular momentum,

charge, and some others. In the article it is

shown that not all of the forces are enter for a

complete description of the interacting particles

and continued mechanics Any redistribution of

particles is accompanied by the emergence of

collective effects, which is associated with the

action of the angular momentum and,

consequently, with the action of an additional

force. The effect always manifests itself,

regardless of the branch of science: the

formation of fluctuations, structures, quantum

mechanics and some others.  When

constructing a theory, it is impossible to restrict

oneself to potential forces that depend only on

the distance between particles, since when the

particles move, the center of inertia shifts,

forming a moment. In continuum mechanics,

for example, the stress tensor loses its

symmetry for this reason. Some modification of

the theory is suggested in open systems.   Some

of the problems of continuum mechanics

cannot be solved using a symmetric stress

tensor constructed by rejecting the influence of

the moment (rotation of an elementary

volume). The paper proposes a way to take into

account the influence of the moment and, using

specific examples, a calculation algorithm is

proposed. In the mechanics of open systems for 

stochastic processes, it is proposed to replace 

the probabilistic terms with deterministic ones 

that determine the collective interaction of the 

moments of forces acting on individual 

particles. 
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