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Abstract: The determination of tooth bending strength is a basic issue in gear design. This work presents the 
change of nominal tooth root stress of external toothed, cylindrical gears depending on the geometry used. The 
nominal tooth root stress is analyzed with using finite element simulations. The numerical calculations are 
executed in Abaqus. The imported geometries are produced by our own program in MATLAB. The boundary 
conditions to the models are defined accordance with the most significant analytical methods used in practice. 
This approach allows mapping direct correlation analysis by these calculations. The optimization of 
computational capacity used is also considered. In addition to the examination of the significant tooth stress 
value of symmetrical element pairs, the position of the critical cross-section is also analyzed. The effect of the 
asymmetric design of the tooth profile on the nominal tooth root stress is also presented in our investigations. The 
purpose of the numerical simulations carried out here is to determine the effect of the coast side angle on the 
magnitude of the significant tooth root stress and the position of the critical cross-section. 
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1 Introduction 
The modern demand for power drive elements is the 
continuous increase in torque transmitted at the 
same dimensions. This objective makes it 
increasingly important for development engineers to 
make accurate estimates of the load capacity of 
gears. This ensures the required probability of serial 
production failure. As a result, many studies are 
focused on mapping and extending the boundaries 
of standardized European [1] and American [2], [3] 
procedures, for example Li [4] 's work on the effect 
of addendum factor and Zhan' s [5] work on 
numerical computation of the results of AGMA [2], 
[3]. In the study by Döbereiner [6] it was shown that 
the calculation procedure of the European 
calculation method usually leads to oversizing of the 
load capacity in case of high and sometimes helical 
teeth. The significance of the change of load 
direction is demonstrated in Brinck's dissertation 
[7]. The effect of centrifugal force on the tooth root 
capacity of high-speed, narrow-rimmed, webbed 
gears has been investigated by Li [8]. An example 
of a mathematical model based on the ISO [1] 
standard for a more accurate determination of the 
tooth root stress has been found by Sánchez et al. 
[9]. The solutions developed by the authors is based 
on the load distribution model described by Pedrero 
et al. [10]. 

Increasing demand on tooth load capacity have 
resulted the appearance of asymmetric profiles in 
several areas. The analysis of these pair of gears and 
their integration into standardized methods have 
been addressed, among others, by Langheinrich [11] 
and Cavdar et al. [12] [13]. Numerical examination 
of the significance of asymmetric profiles is found 
in the work of Pedersen [14] and PrabhuSekar and 
Muthuveerappan [15], while the experimental 
analysis is found in Demet and Ersoyoǧlu [16]. 
Examination of the effect of asymmetric design on 
the bending strength can also be found in the work 
of Kapelevich [17] and Senthil Kumar et al. [18], 
where the authors emphasized the determination of 
the optimum profile shift coefficient for the tension. 

In determining the load capacity, the effect of 
increasing the tension due to too narrow a rim 
thickness, which is considered by a separate factor 
of the ISO standard, can in many cases occur. The 
importance of the rim thickness chosen has also 
been addressed in recent studies such as Mallesh et 
al. [19]. 

The standardized calculation methods imply a 
number of theoretical approaches. For example the 
negligation of certain stress components or the 
definition of dangerous cross-section. This work 
analyzes these theoretical approaches according to 
finite element calculations. First, the most important 
questions of precise finite element modeling of 
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cylindrical gears for tooth root stress calculation are 
presented. The numerical results of symmetrical 
element pairs are compared with the results and 
definitions of European [1] and American [2], [3] 
standards. After symmetric profiles, the effect of 
asymmetry in the profile on the value and position 
of maximum tooth root stress is presented based on 
numerical calculations.  

In this work the correlation of the different 
methods for the calculation of nominal tooth root 
stress is presented. The obtained results give base 
information for the discretion of the significance of 
a notch in tooth root geometry and draw attention to 
the potential of use of asymmetrical design. 
 

2 The setting of FE models 
The numerical calculations performed refer to the 
plane deformation state in accordance with the most 
significant analytical methods in practice. Thus, 
only plane models are used in the investigations. 
This approach allows mapping the behavior of 
applied geometry using finite element analysis with 
minimal computational capacity and direct 
correlation analysis by analytical methods. The 
modeling of the gear wheels on the Pfauter 
machining site is done by Litvin [20] using a 
proprietary program. 

Elemental contact is defined as Hertz's 
frictionless contact. The contact gears were treated 
as separate elements throughout the calculation. 
In the current simulations, a quadratic quadrilateral 
mesh has been used with the greatest possible 
stability of the results. The element size required in 
the tooth root was determined by preliminary 
calculations depending on the module used. In the 
current models, the average distance between 
adjacent nodes on the examined tooth curve is 
0.05% of the tooth height. 

When defining a tooth tension image, by 
examining a geometrically well-defined area of a 
given tooth, it seems obvious to greatly reduce the 
extent of the imported geometry. There are basically 
two ways to do this, namely by specifying the 
number of teeth considered and specifying the 
thickness of the rims. 

The definition of the number of teeth per element 
in the simulation, according to Langheinrich [11], 
should preferably be set to 5. In all cases, the tooth 
under examination is located in the center, which in 
this case represents 2-2 additional teeth on each 
side. Langheinrich evaluated the accuracy of the 
simulation for the calculation of the tooth stress 
using equation (1). Here Nz represents the number 
of teeth considered in the simulation while Nzmax 
represents the actual number of teeth on the gear. 

The loaded tooth is always centered on the two sides 
by the same number of unloaded adjacent tooth. The 
sum of these determines the value of Nz. 
 

ே௭ߪ∆ ൌ
ே௭ߪ െ ே௭௠௔௫ߪ

ே௭௠௔௫ߪ
 (1) 

 
Langheinrich's results in this regard are illustrated in 
figure 1. It can be seen that "further increasing the 
number of teeth taken into consideration by 5 does 
not result in a significant change in the amount of 
tooth tension." 
 

 
Fig.1 Numerical tooth stress dependence of tooth 

number. [11] 
 

According to the ISO [1] standard, the rim 
thickness factor should be chosen to be 
approximately 3 times the normal module thickness. 
To completely exclude the effects of the wheel hub 
being too narrow, the models used have a crown 
thickness of 4 times the module. 
 

 
Fig.2 Structure of FE models. 

 

WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS 
DOI: 10.37394/232011.2020.15.5 D. Debreczeni, G. Bognar

E-ISSN: 2224-3429 32 Volume 15, 2020



The models with the geometric constraints 
shown in figure 2 were also compared to full-scale 
cases by selecting random sample pairs. 
Comparisons have confirmed that the effect of the 
chosen geometric boundaries on results is 
negligible. 
 

3 Correlation of the results of 
symmetric element pairs 
The evolution of the tooth tension of symmetrical 
teeth is presented by correlating the results of FEM, 
ISO [1] and AGMA [2], [3]. The gear types used in 
the relevant investigations are summarized in table 
1. Related pairs are always identical. The perimeter 
line pressure is 300N. Tooth markings with code 
number m5z35rf02a2020 can be interpreted as 
follows: 

- normal module: 5mm 
- number of teeth: 35 
- profile shift factor: 0 
- angle, drive side (side A): 20° 
- profile angle, coast side (side B): 20° 
- helix angle: 0 ° 
- dedendum factor: 1,25 
- root radius factor of the reference profile: 0.2 
- rim thickness: 4 * normal module 

 
Table 1 Symmetric pairs of elements 

 
 

It is important to emphasize that even the 
European standard only considers bending stress, 
whereas the AGMA standard considers the 
compressive stress of the tooth root in the 
calculation. Based on these, it is expected that the 
AGMA standard will typically have lower tension 
values, since the consideration of the compressive 
load considered to be the relevant drawn pull is 
beneficial. However, we should not forget that there 
are several differences in the theoretical approach of 
the two methods. These differences can sometimes 
disrupt the tendency. However, the theoretical 
importance of taking stress into account is clearly 
enhanced by increasing the profile angle. As a 
result, a significant profile angle dependence can be 

predicted for the AGMA standard nominal stress 
calculation compared to the ISO calculation, which 
is reflected in the results of figure 3. 
 

 
Fig.3 Tooth root stress for symmetric element. 

 
 However, the finite element models show a 
difference in the position of the dangerous cross 
section compared to the standardized solutions. 
Therefore, it is worth examining the evolution of 
numerical stress values in the ISO standard cross 
section. These results are also shown in figure 3. 
However, the discrepancies shown here in relation 
to the European direction no longer show a clearly 
more favorable correlation. Figure 4.illustrates the 
differences of the tooth root stress values. 
 

 
Fig.4 Differences of tooth root stress values for 

symmetric element. 
 

It is important that different standardized 
methods use different permissible tensions to 
determine load capacity. As a result, the nominal 
stresses under the various procedures do not 
necessarily reflect the ratio of safety factors. A 
detailed description of the permissible tooth root 
stress is not the subject of current work. But a brief 
touch on the question is important to illustrate the 
subtlety of the topic. Table 2 summarizes the 
parameters taken into account in determining the 
stresses according to different methods. 

Figure 5 summarizes the evolution of the safety 
factors obtained for the tested variants based on ISO 
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and AGMA. It can be seen that the AGMA standard 
typically predicts significantly lower safety factors 
despite the lower tooth root stress values. 
 
Table 2 Parameters considered for the determination 

of safety factors 

 
 

 
Fig.5 Differences of tooth root stress values for 

symmetric element. 
 

When describing the position of a critical point, 
it is worth choosing the ISO standard as a 
benchmark. The European calculation uses a fixed 
dangerous cross-section. The American method, on 
the other hand, makes the dangerous cross-section 
dependent on the contact position. Numerical 
calculations also show a point-to-point shift at the 
critical point position. Of course, it is still worth 
assigning the dangerous cross-section to the critical 
point at the outer position of the single-tooth pair 
contact phase (point B). 

The angular values δ of the tangents of the 
dangerous cross-sections to the centerline in the 
position of tooth top (point A) and in the point B 
connections are shown in figure 6. According to the 
US standard, the tangent in point B is between 26.6° 
and 33.2°, and in point A is 13.7° and 17.9°. The 
oscillation of the position of the numerical stress is 
much more significant, which in the case of the 
tested variants can be in the range of 38.0- 50.1° in 
point B and in the range of 27.3° - 45.2° in point A. 
 

 
Fig.6 Dangerous cross-section of symmetric pairs. 

 
Based on the investigations, the migration of the 

tangent of the dangerous cross-section between the 
coupling points A and B can also be determined. 
The results are summarized in Figure 7. The 
American standard shows 10.5° - 16.4° for the 
variants tested, while the finite element models 
show an average migration of 4.8° - 11.0°. 
 

 
Fig.7 Move of dangerous cross-section of 

symmetric pairs. 
 

Element pairs examined so far all had the same 
dedendum factor as shown in Table 1. Models of 
elevated dedendum have also been analysed in order 
to confirm the studies conducted so far. The gears 
used here are summarized in Table 3. 

 
Table 3 Symmetric pairs of elements with increased 

dedendum factor 

 
 

The results of the pairs of elements in Table 3 are 
illustrated in Figure 8. It can be seen that both the 
percentage difference in the maximum numerical 
main stress by the ISO standard and the position of 
the dangerous cross-section justify the trends in 
Figures 4 and 6. 
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Fig.8 Results of symmetric pairs with increased 

dedendum factor. 
 

4 Effect of asymmetry 
In this section, the influence of different drive and 
coast side profile angle on numerical results is 
presented. The tests are also evaluated based on the 
magnitude and position of the first main stress in the 
cage. Asymmetric variants used in the calculations 
are denoted in accordance with the symmetric 
variants summarized in table 1. 

When evaluating the effect of the coast side 
profile angle, it is worth expressing the profile angle 
of the coast side as a function of the drive side. As a 
result, profiles are obtained which can be used to 
present the effect of the changes in each 
characteristic in a clear format. Accordingly, figure 
9 summarizes the dependence of the tooth root 
stress on the coast side profile angle of the models 
with 0.2 and 0.3 root radius factor. The abscissa of 
the charts shows the increment of the cost side 
profile angle relative to the drive side. Thus, the 
position 0 denotes the symmetric element pair. It 
can be seen that increasing the tooth root radius of 
the reference profile slightly mitigates the effect of 
the change of the coast profile angle on the active 
side. However, this does not result in a difference of 
more than 0.1% / ° in current experiments. 
 

 
Fig.9 Tensile stress of asymmetric battery pairs. 

 

In the cases studied so far, each variant had a 
dedendum factor of 1.25. This parameter of the 
tooth profile is decisive for the influence of the 
examined asymmetry on the dominant tooth tension. 
Accordingly, figure 10 shows the results of two sets 
of gears which differ only in their dedendum factor.  
For teeth with different dedendum factors, there is 
an interesting trend between the effect of the coast 
side profile angle and the applied dedendum factor. 
The differences between the two tendency curves, 
which differ only in their height, can be eliminated 
by a very good approximation, taking into account 
the proportion of the dedendum factors. As a result, 
by compensating the series of Fig. 10 by applying 
series (2), the asymmetry sensitivity of the pairs of 
different dedendum factors can be covered with a 
very good approximation as shown in Fig. 11. In 
this way, the effect of changing the height of the 
feet, while leaving the other parameters unchanged, 
can be easily predicted. The displacement of the 
coupling point B as the axis spacing changes can 
also be treated similarly. 
 

0ሾ%ሿ௛௙௒ܨߪ∆ ൌ 0ሾ%ሿ௛௙௑ܨߪ∆
݄݂ܻ
݄݂ܺ

 (2)

 
Fig.10 Tension on asymmetric battery pairs with 

different foot heights. 
 

 
Fig.11 Modified ension on asymmetric battery pairs 

with different foot heights. 
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The effect of the asymmetrical construction of 
the tooth profile on the position of the dangerous 
cross-section is shown in figure 12. The position of 
the critical point is evaluated as a function of the 
angular change of the Δδ tangents to the centerline 
of the profiles. Studies show that the increase of the 
coast profile angle results in a slight migration of 
the drive sided critical point towards the foot, but 
this change is negligible for practice. 
 

 
Fig.12 Dangerous cross-section of asymmetric 

element pairs. 

 
5 Conclusion 
The tests carried out have shown that for the 
symmetrical variants tested, the numerically 
significant maximum tooth stress value correlates 
well with the ISO standard value. In contrast, the 
location of the critical cross-section differs from the 
standardized procedure. The numerical calculations 
show the shift of the critical point towards the gear 
body. 

Examination of the effect of asymmetry has 
highlighted the importance of the coast side profile 
angle of the tooth profile on the drive side first 
prime stress, which increases with the increase of 
the dedendum factor. The simulations performed 
proved that the determination of the dangerous 
cross-section of the asymmetric profiles can be 
considered independent of the coast side angle. 
Consequently, the position of the drive sided 
dangerous point of the asymmetric variants can be 
the same as the symmetric element pair 
corresponding to the active side profile angle. 
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