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Abstract: In this article, we discuss a class of delay-dependent robust stability analysis for uncertain linear sys-
tems with mixed delays and nonlinear perturbations. Based on Lyapunov-Krasovskii functional, combined with
descriptor model transformation, Leibniz-Newton formula, integral inequalities, Wirtinger-based integral in-
equality, Peng-Park’s integral inequality and utilization of zero equation have been adopted to study. Improved
delay-dependent robust stability criteria for uncertain time-delay systems are established in terms of linear matrix
inequalities (LMIs). Finally, numerical examples suggest that the results given to illustrate the effectiveness and

improvement over some existing methods.
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1 Introduction

Over the past decades, the problem of stability for lin-
ear differential systems, which delays in both its state
and the derivatives of its states, has been widely in-
vestigated by many researchers, especially in the last
decade. It is well known nonlinearities, as time de-
lays, may cause instability and poor performance of
practical systems such as engineering, biology, eco-
nomics, and so on [1]. The problem of various stabil-
ity and stabilization for dynamical systems have been
intensively studied in the past years by many mathe-
matics and control communities researchers [2], [3],
[4], [5], [6], [7]. The linear delay systems constitute
a more general class than those of the retarded type.
Stability of these system proves to be more complex
issue because the system involves the derivative of the
delayed state [8], [9], [10], [11].

Many researchers have studied the problem of sta-
bility for time-delay systems with nonlinear pertur-
bations for instance [12] considers the robust stabil-
ity criteria for systems with interval time-varying de-
lay and nonlinear perturbations. On the basis of the
estimation and by utilizing free-weighting matrices,
new delay-range-dependent stability criteria are estab-
lished in terms of linear matrix inequalities (LMIs). In
[13], exponential stability of time-delay systems with
nonlinear uncertainties is studied. Based on the Lya-
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punov theory approach and the approaches of decom-
posing the matrix, a new exponential stability crite-
rion is derived in terms of LMI. In [14], they propose a
new delay-dependent stability criterion in terms of lin-
ear matrix inequality for dynamic systems with time-
varying delays and nonlinear perturbations by using
Lyapunov theory. Moreover, a descriptor model trans-
formation and a corresponding Lyapunov-Krasovskii
functionals have been introduced for stability analysis
of systems with delays in [4], [7].

This study focuses on the problem of exponen-
tial stability for linear differential system with multi-
ple delays. Based on combination of Leibniz-Newton
formula, model transformation, linear matrix inequal-
ities, the use of suitable Lyapunov-Krasovskii func-
tional, new delay-dependent exponential stability cri-
teria will be obtained in terms of LMIs. Finally, a
numerical example will be given to show the effec-
tiveness of the obtained results [15], [16], [17].

2 Problem formulation and

preliminaries
We introduce some notations, definition and lemmas
that will be used throughout the paper. R denotes

the set of all real non-negative numbers; R™ denotes
the n-dimensional space with the vector norm || - |[;
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||z|| denotes the Euclidean vector norm of x € R™;
R™ denotes the set n x r real matrices; A’ denotes
the transpose of the matrix A; A is symmetric if A =
AT T denotes the identity matrix; A(A) denotes the
set of all eigenvalues of A; A\pax(A) = max{Re :
A€ AMA)} Amin(4A) = min{ReX : X € A(A4)};
matrix A is called semi-positive definite (A > 0) if
xTAz > 0, forall z € R™; A is positive definite
(A > 0)if 2T Az > 0 for all z # 0; matrix B is
called semi-negative definite (B < 0) if 2I'Bx <0,
for all x € R"™; B is negative definite (B < 0) if
2T Bz < 0 for all #0; A> Bmeans A — B > 0;
A > Bmeans A — B > 0; C([—hg, 0], R") denotes
the space of all continuous vector functions mapping
[—ha, 0] into R™; * represents the elements below the
main diagonal of a symmetric matrix. Consider the
following uncertain linear system with multiple delays
and nonlinear perturbations

@(t) = A@)z(t) + B(t)z(t —
+C(t)a(t - d)+f(a$(t))
+g(t, x(t — h(t)))

Futat—d), >0,
z(to+t) =o(t), Vte[-hy,0]
A(t) =[A+ AA(t)], B(t)=[B+ AB(t)],
C(t)=[C+ AC(t)],

where z(t) € R" is the state variable. ¢(t) is
the initial condition of system (1). A, B and C' are
real constant matrices with appropriate dimensions.
The delay d is positive real constant and time-varying
delay h(t) is time-varying continuous function which
satisfy

0<d,
0 < hy < h(t) < ha,

(2)
3)
where d, hi and hy are positive real constants. The un-

certain matrices AA(t), AB(t) and AC(t) are norm
bounded and can be described as

[AA(t) AB(t) AC(t)]

= MA(t) [G1 G2 G, 4)

where M, G1, G, and (3 are real constant matri-
ces with appropriate dimensions. The uncertain ma-
trix A(t) satisfies

Aty=F®)[I-JF@®)]™, T-JJ' >0 (5
The uncertain matrix F'(t) satisfies
F)'F(t) <T. 6)

The uncertainties f(.), w(.) and g(.) represent the
nonlinear parameter perturbations with respect to the
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current state x(¢), the delay state z(t — d) and the de-
layed state (¢ — h(t)), respectively, and are bounded
in magnitude of the form

fT(t,iE(t))f(t#C( t))

' (t)a(t), (7)
wl'(t, x(t — d))w(t, z(t —d))
<AaT(t —d)z(t - d), ®)
g7 (t,x(t — h(t))g(t, x(t — h(t)))
< pPat(t = h(t)z(t - h(t)), 9

where 7, v and p are known positive real constants.
Definition 1 The system (1) is exponentially stable, if
there exist positive real constants o and M such that,
for each ¢(t) € C([—ha,0], R™), the solution z(t, ¢)
of the system (1) satisfies

lz(t, ¢,)I| < Ml|plle™, vte R*.

Lemma 2(Jensen’s inequality) [1] For any constant
matrix Q € R, Q = QT > 0, scalar hy > 0, vec-
tor function & : [—hg, 0] — R such that the integra-
tions concerned are well defined, then

wf
< —( atrom)a( [

Rearranging the term f_0h2 &(s+t)ds with z(t) —z(t—
h2), one can yield the following inequality:

0
—hy / T
—ho

RN |

Lemma 3 [18] Suppose that A(t) is given by (5)-(6).
Let M, S and N be real matrices of appropriate di-
mensions with M = M”. Then, the inequality

(s+t)Qx(s+t)ds

(s + t)ds).

(s +t)Qi(s +t)ds

M + SA@)N + NTAT (1)ST < 0,

holds, if and only if, for any scalar § > 0,

M S 6NT
x —o0I 6JT| <o.
* * -0l

Lemma 4 [19] For any constant symmetric posi-
tive definite matrix Q € R™™, h(t) is discrete
time-varying delays with (2), vector function w
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[—he,0] — R such that the integrations concerned
are well defined, then

—h
—(hy— ) / W7 (5)Qu(s)ds

h1
< —/ (s dsQ/
h(t)
h(t) h(t)
/ (s dsQ/
ho

Lemma 5 [19] For any constant matrices @1, Q2,

Qs € RV Q> 0,Q3 > 0, [Ql gj >0, h(t) is

discrete time-varying delays with (2) and vector func-
tion & : [—hga,0] — R™ such that the following inte-
gration is well defined, then

2(t — hl) 1"
(t — h(t))
< l‘(t - hg)
ftt hh&)x(s)ds
tt ]Z( ) x(s)ds_
[—Q3 Q3 0 -QF o0
*  —Q3—-Q3 Q3 QF -QF
X * * —Q3 0 2T
* * * -1 0
| * * * * -1
(t—h1) ]
(t —h(t))
X (t — ha)
ftt :& x(s)ds
tt th( ) x(s)ds |

Lemma 6 [19] Let () € R™ be a vector-valued
function with first-order continuous-derivative entries.
Then, the following integral inequality holds for any
constant matrices X, M; € R"*" i =1,2,...,5 and
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h(t) is discrete time-varying delays with (2),

T
t—hi z(t — hl)
_ / ()X (s)ds < |2(t — h(t))
t=ha l’(t — hQ)
_Ml + MlT —MlT + M> 0
X % My + M — My — MI —MT + M,
i * * — My — MZT
x(t — hl)
X |xz(t — h(t))
x(t — hg)
at—h) ] My My 0
+(h2 - hl) m(t — h(t)) * M3+ Ms My
CC(t — h2) * * Ms
l’(t — hl)
x |t~ )| |
l‘(t — h2)
where
X My M,
* M3 M4 Z 0.
* * M5

Lemma 7 [10] For any matrix Z > 0, the following
inequality holds for all continuously different-able
function x : [hi, ho| — R™:

t—h1
(hs — h1) / () Z(s)ds < wT O,
t—ha
where
w= [27(t—h1), 2T (t—ha), 5l [ T (s)ds]"
47 -27 6Z
and ) = * —-47 67
* * —127

Lemma 8 (Peng — Park’s integral inequality) [9]

.|z o
For any matrix L ] > 0, positive scalars 7 and

Z
7(t) satisfying 0 < 7(t) < 7, vector function & :
[-7,0] — R such that the concerned integrations
are well defined, then

—r /; i (s)Zi(s)ds < w” (t)Aw(t),

where w(t) = [27(t), 2T (t — 7(t)), 2T (t — T)]T and
-7 Z -8 S
A= | * —2Z2+85+8T Z-5|.
* * —7Z
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Lemma 9 [20] For any constant matrix Z = zT >
0 and positive number h1, ho such that the following
integrals are well defined, then

L e
< *H /_h2 /HS:C(T)des)TZ
—h1 t
(/_h2 /t+8;v(7')d7'ds).

Lemma 10 [21] For any matrix Z € R™*", Z =
ZT > 0, a scalar 7 > o, and a vector-valued function
& : [—7,0] — R" such that the following integrations
are well defined, then

/T /+s
27 27

O Z} (1),

), L ftt_T 2T (s)ds] T

T)dTds

0)dods

where w(t) = [¢7 (¢

3 Exponential stability analysis

In this section, by using the combination of linear ma-
trix inequalities (LMIs) technique and Lyapunov the-
ory method. We introduce the following notations for

later use:
- [EZ’J} ’
Z 23%23

where Y7, . =1, i,j=1,2,3..,23,U = PG,

Yi1=2aP +U+UT + Q1+ Q¥ + P, + P;
+h2Ps + h3Ps + QY (A+ B) + (AT + BT)Q3
+ (hy — h1)?P; + (hg — h1)?Ps — e~ 2 py

e~20h2 Py 4 e n?T + e29h2[Ny + NT]

+ h26_2ah2N3 — 26_4ah2P18 + h%Rl + h%RzL
_ 2(:22;}511)67401112]319 + (h2 _ h1)2R7 4 Wl
—e 2R+ L1+ LT+ Ly+ LT + LT (A+B)
+ (AT + BT)L7 +d? [WQ + Rm] — eiQade,,

Y19 =-U—-QF +e720h2(—NT + Ny+haNy+ Rg)
— LT + Ly + (AT + BT Lg,

S13=-U—-Qf —(Q§+LE¥)B—L{ + L3+ AT Ly

+ BTLy,

S14 =P+ (AT+BT)Q2—QF +hiRo+h3Rs— LT

+ (hg — h1)?Rg + d?Ryy,

(10)

2 T 1T o2
Sip=e2MmpPy— LT+ LT, By6=e2"2p,
_ 4achy —dahy
Y17=0, §1h8 2e7M Py, Y9 = h2+h1 Py,
ang
Y110 = Fp=Plo, Y111 = Y112 =0,
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Yi13=—LT + L, Y114=2115=0,

Y116 = —e 2RI %y 17 = QT + LT,

i1 = Q% + LT,

Y110 = (QF + LT)C + e7200Ws,

Y120 =121 =0,

Y190 = Q% + LT, Y123 =0,

2272 = 6_2ah2 [N1 —|—Nir — Ny — NQT + hQ(Ng —|—N5)

+ K3 +K1T—K2 —Kg—F (hg —hl)(K3+K5)
—~2Rg — 2Ry — 2Pig + S + 87| — LT — L
+ 62,02I7

Yog=—-LI — Ly - LIB, o4 =LY,

Y5 = e 20h2 [ — K1 + KT + RY + (hg — h1) K]
+ P - 57],

o6 = e 20h2 [—N1T+N2+h2]\74 — KT+ Ky+Rg
+ Rg + (hg — hl)K4 + Pig — S],

22’7 = 2278 f 0’ 2279 — e—QOLhQRg’

210 = e "2 (—R{ — RY),

Y11= Mo12 = Yo13 = Yo1q4 = X215 =0,

Yo16 =€ 292 RI Sy 17 =915 =LY,

Yo19 = LIC, S990 =192 =0, Yo9 = LI,

Y923 =0,

Y3 =—e22py L3 LT — LIB— BTLy,

Ya4=—-BTQs— LT, T35=336=0,

Y37 = Y38= X39= X310= 2311 =0,

Y312 = X313= X314= X315 = 2316 = 0,

Y317 = Bg18 = LY, Y319 = LEC,
N300 = U301 =0, Xg00=L§, T303=0,
Saa=—Qs— QF +h3(Py+ Pio+ R3) + haPuy
+ h3(Pyy1 + Pia + P13 + R + Pig)
+ (hg — h1)?(P15 + P16 + Ro)
+ (ha — h1)(Pr7 + hoPrg)
+ & [Wy + Wi+ Ras,
2ap = 24 = da7= 248 = 49 =0,
Y410 = Y411 = 2412 = Y413 =Yg 14 = 0,
Sa15 = Ba16 =0, Bya7 = QF, Tu1s=QF,
Y419 = Q3C, yo0=1401 =0, Sy20 =QF,
Y423 =0,
2575 = ¢ 2ah (—P2 + Py — Pg) — Ly — Lg
b Ky 4 KT — 4Py + (hy — ) K

— Ry — PIG} ;
Y56 =e 20h2(—2P;5 + 8), T57=355=0,

Y59 =—e 2Rl S5 10=3511 =512 =0,
Y513 = —LI — Lg, Y514 = 0,%5,15 = 6e 202 Py,
Y516 = 2517 = 2518 = 2519 = 2520 = 0,
Y521 =0, Y520 = Y523=0,
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26,6 = —e2ah2 [P3+P4+R6+R9+P11 +N2+N2T
+ Ko + KQT — hoNs5 + 4P;5 — (hg — hl)K5
+P16]7 Y7 = Yes= 9= 0,

Y610 = e 22 (RE + RY), 611 =612 =0,
Y613 = B6.14 = 0, 5615 = 6292 P35, B 16 = 0,

Y617 = 26,18 = 26,19 = 2620 = 2621 = 0,
Y22 = 2g23= 0,

Yrr=—e M (P4 hRy), Yrg= Y79=0,
Y710 =711 =712 =0, Y713=—e MRy

Yr1a= Yri5= Yr16= Y717 = X718 =0,
Y719 = Xr20= X721 = Xr22= X723=0,
28,8 = —h%€_2ah2p6 — 26_4ah2P18, Eg’g = 0,
28,10 = 2811 = 2812 = 2813 = 2814 =0,
Y815 = 2816 = 2817 = 2818 = 28,19 =0,
2820 = 2g21 = 2g22= 2g23= 0,

o —_2ah 2¢—4ahg
Yoo = —e "2(Pr + Ry) — Sg=nr Do,
2 74ozh2
Y910 = —ﬁPw? Y911 = 29,12 = 29,13 = 0,
Y914 = 2915 = X916 = 29,17 = 29,18 = 0,
Y919 = 2920 = X921 = X922 = 923 =0,

Y1000 = —e~22"2(P; + Ry + Ry) — %PM,
210,11 = 210,12 = 210,13 = 210,14 = 210,15 = 0,
¥10,16 = 10,17 = 210,18 = 210,19 = 210,20 = 0,
210,21 = 210,22 = 210,23 = 0,

111 = —(he — hy)%e 22 Py 149 = 0,
Y1113 = 11,14 = 211,15 = 211,16 = 211,17 = 0,
211,18 = 211,19 = 211,20 = 21121 = 211,22 =
Y1123 =0,

Yig12 = —e 22 (h2 — h3)2P;, Yip13= 0,
Y1214 = Y1215 = 212,16 = 212,17 = 212,18 = 0,
212,19 = Y1220 = 212,21 = 212,22 = 0,

Y1223 =0,

Y1313 = —e 2" (Pyg + hiR3) — L — Le,
213,14 = 213,15 = 213,16 = 213,17 = 213,18 = 0,
213,19 = 213,20 = 213,21 = 213,22 = 213,23 = 0,
Nia14 = —h3e 22 Py Y415 = 1416 = 0,
Y1407 = 14,18 = 214,19 = 214,20 = 214,21 = 0,
Y1420 = Y1423 = 0,

Y515 = —12e722 P5 Y516 = 15,17 = 0,
Y1518 = 215,19 = 215,20 = 215,21 = 215,22 = 0,
Y1523 = 0,

Y1616 = —€ 2Ry, Y517 = P18 = O,
216,19 = 216,20 = 216,21 = 216,22 = 216,23 = 0,
Yarar = —eil, Y1718 = Y1719 = Y1720 = 0,

Y721 = Y1722 = 17,23 = 0,

Y818 = —€2l, Y1819 = Y1820 = Y1821 = 0,

Y1822 = 21823 = 0,

Ni19,19 = —e 2(Wy + W3) + e37?,

219,20 = Y1921 = 219,22 = 219,23 = 0,

Y9020 = —e 2%(Wa + Ryg), Xoo01 = —e 2Ry,
220,22 = 220,23 = 0,
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—2ad
Y101 = —e Y Wyi+Ri2), o120 = o123 =0,
—2ah
Y9992 = —€3l, Yoo 03 = 0, Yoz 23 = —e” “*"2Py3.

Then, we study the nominal system (1) which is
defined to be

#(t) = Ax(t)+ Bx(t— h(t)) + Cx(t — d)
+f(tx(t)) + g(t, 2(t — h(t)))

+w(t,z(t — d)), (11)

By utilizing the following zero equation formula, we
get

t
0=Gz(t) - Gz(t—h(t) -G z(s)ds. (12)
t—h(t)

where G € R™ " will be chosen to guarantee the ex-
ponential stability of the system (11). Rewrite the sys-
tem (11) in the following descriptor model transfor-
mation and adjust the system (11), then

i(t) z(1),
0 = —z(t)+[A+ Blz(t)

t
—B/‘ +(s)ds + Ca(t — d)
t—h(t)

+f (@t x(t) + gt z(t — h(t))) (14)
Fw(t, z(t — d)).

13)

Theorem 1. For given positive real constants Ay, ho,
d,n, p and v , the system (11) is exponentially sta-
ble, if there exist positive definite symmetric ma-
trices F;, ¢ = 1,2,...,19 , any appropriate di-
mensional matrices G, S, Qj, Ny, K, , Ry, Ly, j =

1,2,3, k=1,2,...,5, m=12...,12, n =
1,2,...,9, and positive real constants ¢; > 0, i =
1, 2, 3 satisfying the following LMIs :
R R
s Rs) >0, (15)
'Ry R
1
|+ R >0, (16)
‘Re Ry
|+ Ry >0, a7
Rip Rn
1
[* Ru}>& (18)
Py N1 Nof
x* N3 Nyl >0, 19)
* *  Ns|
Pi7 K K]
x K3 Ky4| >0, (20)
* *  Ki|
> <o. Q1
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Moreover, the solution x(t, ¢) satisfies the inequality

|z (t, ¢ < [plle=*, teRY, (22)

N
)\rnm ( )

where

N = )\max(Pl) + hg)\maa;(PQ + P3 + P4)
+dAmax Wi + B3 Amax (Ps + Ps + Pr + Fx)
+d* Amax (Wa + W3 + Wy)

—‘th maX(Pg + Pig + ho P11 + hgplg)
+h3Amax (ha Pi3 + Pra)

+h3Amax (ha P15 + hoPig + Py7)
+h3Amax(P1s + Pig)
R R Rs R
3 1 R 3 4+ Rs
Ry Rs] 3 [Rm R11]
+h3>\max + d A7’)"L(lz .
2 [R;—{ Ry RY, R

Proof. Construct the following LyapunovKrasovskii
functional candidate for the system

6
V()= Vi(t), (23)
=1
where,
217 [T 0 0] [P, 0 07 [2t)
e = M { ; ] . ] {z@
z(t)] [0 0 0f [@1 Q2 Qs
o = [ a6 P
! e2 (s—t) T
o (5)Pya(s)d
t—h1
20T (8 Pya(s)ds
o (5) Paa(s)d
+/ 2a(s—t) T( )Wldf( )dS,
Va(t) = hl/h /+ A0=1) 1.7 (9) Ps:(0)dOds

+h / / 202 (0) Ps2:(0)dOds
—ho +s

x(t)

)

Va(t)

Vs(t)

—hq t
+(ho — hy) / / 202 (0) Pra:(0)dOds
+s

—hq t
+(hs — ha) / / ¢20(0=0,T () Py(0)df s
t+s

(0)Wax(0)dbds,

+d// a(O—t) 4,
t+s
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T(9)Pyz(0)dbds

hl / / a(0— t
hy Jt+s

+h1/ / 2= 2T (9) Py z(0)d6ds
h1 Jt+s

+h2/ / 20:(9 t

ho Jt+s

+h2/ / 204(0 t
ho Jt+s

+h / / 0= T (0) P32 (0)dfds
ho Jt+s

)Puz(e)deds

1) Pyy2(6)dbds

/ / 0=0) T (9) P4z (0)dOds

ho Jt+s

+(hg — hy)

/ / A0=0) T (9) Py52(0)dbds
t+s

+(ha — h1)

/ / s (0= 2T(9) Prgz(0)dbds

+ / / 22(0=) . T(9) Pr72(0)dfds
—ho t+s
t
—|—d/ / (0)W3z(0)dOds,
t+s
t
+d/ (9)W4z(9)d(9ds,
d t+5

>

. /; [ifEﬁﬂT o
[0

o f. [

x {R“ R5] [:”(9)} dods

—
IS
>
IS
[V2)

x  Rg| |2(0)

[ o1

]

waf [l e [T

[ m ] e
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0 0 st ,
/ / / p20(T+s—t) ZT( ) Pisz(7)drdfds It’s from the Lemma 2 and Lemma 4 that we have
ho +s

- 0 Jt
—h1 0 t V t <
—|—/ / / 62a(T+S_t)ZT(T)Plgz(T)deadg.() -
—ho (% t+s

The time derivative of V'(¢) along the trajectory for
the system (11) is given by

6
V(e = 3 Vi),
i=1
where
, [u) Ao QT] rm]
Vi(t) = 2 |z(t) 00 Q7] 0],
(t) 0 0 Q][0
= [227()P 0 22T()QT +2:"(1)QF + 27 (1) Q] ]
r(t)
0
0
— 2TW)P [z(t) + Gx(t) — Ga(t — h(t))
-G z(s)ds]
t—h(t)
+2:T (1) QT [az(t) —z(t—h /t " ds
2.7 (4)QT [ —2(t) + (A+ B)a(t)
-B z(8)ds + Cx(t — d
/ o s+ Calt =)
Pt a(t) + gt 2t — h(t))) + w(t, z(t — d))‘l
) <
+27(HQF | ~ 2(t) + (A + B)a(t) =
—-B z(8)ds + Cx(t — d
/ o s Calt =)
+(t,2(0) + g(t 2(t = k(D) + w(t,o(t - d))]
+202” (t) Pyx(t) — 2aVi(t),
Vo(t) = [a;T(t)sz(t) ~ e 20h Ty ) Poa(t — hl)}

+[zT (t) P3x(t) — e 2M22T (t — hy) Pyax(t — ho)]
+ [e‘Qahle(t — h)Pax(t — )

—e2eh2 T (4 — hy)Pyar(t — hg)} - [:cT(t)Wlx(t)
—e~20y T (4 _ YWyt — d)} — 2aVa(t).
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" ()[hiPs + h3Ps

+(h2 — hl)Q(P7 + Pg)]l’(t)

t T t
ez ([ atsas) p( [t
e x(s)ds) Ps x(s)ds
(), =@s) Ps( | alo)is)
I T
—e2ah2 x(s)ds
(5, /., 7)
1 t
><h2P6<h2 /t—h2 :r(s)ds)
t—h1 t—h1
—e2°‘h2/ xT(s)dsP7/ x(s)ds
t—h(t) t
_o—20hs /t_h(t) T
t—ho
1 t—h1
2acho
—e _ z(s
1 t—h1
x P x(s)ds
8<h2—h1 /t_h(t) () >
—h
_eQah2< 1 /t (t)
ho — h1 Ji—p,

1 t—h(t)
x P z(s)ds
8<h2—h1 /t_h2 (5) )

+d?2T () Wax(t)

—e20d ( /tjd $<S)d$) TW2 ( /t—d

—2aV3(t).

x(s)ds)T(hg )2

m(s)ds)

Using Lemma 2, Lemma 4, Lemma 6, Lemma 7 and
Lemma 8 , we get that

() [hfpg n hfpm} (1)

P E%]T i

- Lﬁ(fxﬁt)hl)}

20l (/tthl z(s)ds) TPlO(/tthl z(s)ds)

0 [h%Pu + h2Pro + h2Pys + h2P14} 2(t)

el [:L“(tx(t)hQ)] {_1:11 PEJ

- L(fﬁt )h2)}
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t t '
_e2ah2 <h12 /th2 z(s)d8>Th%P12 (h12 /th2 Z(S)ds) +(hg — hy)e20h2 |:;§thh(g)]

—2ahs T ! x(t — ha)
—e /t_h(t)z (s)dsPi3 /t_h(t)z(s)ds K, K, 0
t—h(t) t—h(t) x| *x K3+Ks; K
_e—2ah2 /_h zT(S)d$P13/ X z(s)ds | * ’ * ’ K;l
: o 2(t — )
zt) 17
a0 !:E o (t)))] < ((t )|+ T (6) [ W + Wi =(1)
x(t — hg T
"Ny + NT ~NT + N. 0 o-20d | (1) Wz W (t)
T N1+N11 N22— NT —N1T+N:% ! [ﬂf(i—@] [T* —?/J [fv(t—d)]
L ¥ Ny — N, —e~20d z(s)ds z(s8)ds ) — 2« .
- 2 ([ #teas) wil [ a(s)ds) - 2avatt
X |x(t — h(t))
L x(t — hg)

From Lemma2 and Lemma5, we have the following
N3 Ny 0 inequalities

o) 1"
+hge~2ah2 {x(th(t))] x N3+ Ns Ny

CL’(t — h2) * * N5
z(t) : 2" [R1 Ro] [2(t)
X%ﬁ%?]HMMVf@me Vs(t) ShﬂaJ LleL@]
x(t — 2 T
x(t Ry Rs| |x(t
+21 ()[(h2 — h1)?Prg +7§h2 — h1) Pr7]z(t) +h Lgtﬂ [ . RZ] 28]
z(t — hy) —4Py5; —2P;5 6P TOIR z
e [SHTTE R B] el T
n lh tt,:l * —12P15 T
2—F1 Jt—h S, w(s)ds|” [Ri R
[ x(t — hy) x(t —hy) T —hje"2am [ i 2(s)ds [ *1 Rj
X :J:(t—hzzl + 2o { (t — h(t)) t =
P tt:hgl (t = ha) [ft hi x(s)dsl
[—Pig Pyg — S t —h1) J; B, #(8)ds
X * —2Pi + S + 5T Pig — — h(t)) r 2(t) 17
|+ * —Pw t — h2) x(t — h(t))
a(t—h) 1" em2aha | alt—ho)
+e2h2 | g (t — h(t)) 1—h(r) T(s)ds
z(t — ha) tt:;(t) x(s)ds
Ky + KT KT + K 0 - 0 _gT
L * —Ky — K3 x| * * —Rs O RT
z(t — hy) * * * —R4 0
x |x(t — h(t)) | * * * * IRy
z(t — ha) z(t) ]
(t = h(t))
X | (t = h2)
x(s)ds
i:%((t ) x(( s)) ds
t—ho
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a(t—hy) 17
x(t — h(t))
+ —2ahs :I;(t - h2)
tt__f?é) x(s)ds
i tt__:;t) x(s)ds|
Ry  Ro 0 —RT
+ —Ry—Ry Ry R!
X * * —Rg 0
* * —R7
B * * *
(t—h1) ]
(t = h(t)) C AT
% (t—h2) | 4 g2 95(75)] [Rm
tt__}?é) x(s)ds #(1) ¥
tt }Z(t):r(s)ds_
. T
de—20d Ji_qx(s)ds Ry
j;t_dz(s)ds | xR

—204V5(t).

Calculating the derivative of Vg(t), we get

Vs(t) < h3z"(t)Pisz(t)
—404h2/ / P182’
ho Jt+s
(h2 — hl hQZ Plgz( )
—4ah2/ / P192
t+s
—2aVg(t

By the use of Lemma9 and LemmalO, two
terms in V() can be estimated as follows

Vs(t) < h22T(t)Pigz(t) +
—4ahy z(t)
e [ f:hzx<s>d4 [
" [ x(t) ] B 2¢~4ahs
h—12 ftt_hQ x(s)ds h% — h?

—h1 t T
X ( / / z(e)deds) Pro
—ho t+s

0

—R;{

R§
0

— Ry

Ry
Ris| |2

ftds
ft—ds

t)dfds

t)dfds

integral

(hg — hl)hQZT(t)Plgz(t)
—2P13g

X ( / : /t;z(é)deds) — 2aVg(t),
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< h22T(t)Pigz(t) + (hy — hl)TthT(t)Plgz(t)
el [hlz ftiiitj?(s)ds} [_2518 _2;3]13?8]
[y ] 3 s
_ /tth:)m(s)ds_ /tth:‘(t)x(s)dS)Tplg
t—h1
X ((hg — hy)z(t) — /t_h(t) x(s)ds

x(s)ds) — 2aV4(t).

t—h(t)
I

From the utilization of zero equation, the follow-
ing equation is true for any real matrices, Ly, k =
1,2, ...,9 with appropriate dimensions

2 [a;T(t)LlT + a2l (t — h(t)) LY

t
+ / zT(s)dng:}
t—h(t)

< (1) — (1 — (1)) - /tt

zT(s)ds} —0, (24)
—h(#)

{ ALY + 2T (t — hy) LT + /tih zT(s)dsLﬂ
X [x(t) —a(t —hy) — /;hl ZT(s)ds} =0, (29
2T (®)LT + T (¢~ h())LE + /tth@ 27 (s)dsLf |

X [ —2(t) + (A + B)z(t) — B /t T (s)ds
t—h(t)
+Cx(t —d) + f(t,z(t)) + g(t, x(t — h(t)))

w(t, z(t — d))} —0. (26)
From (7)-(9), we obtain for any scalars €1, €2, €3 > 0
afT(t () f(t,z(t) < an’z”(t)z(t), Q@7
eng( z(t — h(t)))g(t, x(t — h(?)))
< ep’a’ (t = h(t))z(t — h(t),  (28)
eng(t, z(t — d)w(t,z(t — d))
< esv?2T (t — d)x(t — d). (29)

Let us define U = P;G. From (23), (24)-(29), we

obtain
(t)) &)

V() +2aV(t) < 7 (t) (30)
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where €7(t) = [xT(t) T(t—h(t ft o 27 ()ds
) 2Tt —hy) 2Tt —h) [ By T (8)ds
h%j;t_hz s)ds ft :é) s)ds tt:,fz(t) 27 (s)ds
h21 tt ,f(l) T(s)ds h21h1 tt ]Z()xT(s)ds
ft—h 2T(s ft ho 2T(s)ds h21h1 tt:}?; 27 (s)ds
ft ny @ (8)ds fT(t2(t) g" (¢t — h(t)))
ft 4ol (s)ds ft G 7 (s)ds w(t, z(t —

d))
tt ;Z(t) (s )ds}
and Y is defined in (10). It is a fact that, if
> <0, then

V(t) +2aV(t) <0 Vte RT, (31
which gives

V(t) < V(0)e 2, Vte RY. (32

From (32), it is easy to see that
Amin(P)[[2(D[ < V() < V(0)e™2, 33)

V() = Y Vi),
i=1
where
Vi(0) = 27(0)Pz(0),
— 0 2as T
»(0) = /h ez’ (s)Pox(s)ds
0
+/—h 25T (5) Pyx(s)ds
—hy
+/—h e 2T () Pyx(s)ds
0
+/_d62a8$T(S)W1$(S)dS,
V3(0) = My / ' / Oe2a93:T(9)P5x(9)d9ds
—h1 Js

0 0
+hy / / 29T (0) Py (0)dbds
—ho Js

—hy 0
+(hy — hy) / 29T (0) Prx(0)dOds
—hsa

S

—h1 0
+(hs — ha) / ¢200,T () Pa(0)dO s
—ho

S
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Va(0)

V5(0)

V5(0)

Amin(P1)l|z ()2 < V(0)e™*" < Nl|g||%e
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0 0
+hoy / / 0T (0) P 2(0)dOds

0 0

+h2/ / ezo‘ezT(G)Plgz(G)des
ha Js
0

0
2921 (0) P32(0)dbds

—ho Js

/ / 2a0 T (0) P142(0)dOds
ha Js

+(hy — hy) / / 206 .T(9) P152(60)dOds
+(hy — h1) / / 200 .T(9) Pyg2(0)dOds
0
- / / 02T (0)Pr72(0)dOds
0 S
+d /
dJs
hy /0 /Oe2a9 [90(9)] |:R1 R2:|
s z(0) *  Rs

620‘9 T(0)[W3 + Wa]2(0)dbds,

s [ G Y
[igzﬂ dbds

wa [ oo [0 [0

X [ Ezﬂ dfds,

Plsz( )deQdS

/hQ// 20(r+s)
/‘hl// alr+s),

T)Proz(T)dTdOds.

Therefore, we get

72at7 (34)
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where
N )\max(Pl) + h2)\max(P2 + P3 + P4)
+d)\maxW1
h3Amax(Ps + Ps + Pr + Py)
+d3)\max(W2 + W3 + W4)

+h3Amax(Po + Pio + ha P11 + hoPia
+h3 Amax (h2 P13 + Pra)
+h3Amax(ha P15 + hoPig + Pi7)
+h2 max( 8+P19)
Ry R Ry R
3 1 2 3 4 5
+h2Amax |:R%“ R :| + h )\max |:Rg“ R6:|
R7 Rg 3 [Rm R11:|
+h5 Amax + d*Amax :
? [RsT 39] R} R
From (34), we get
z(t, 9)|| < [plle™, te RT. (35)

)\mm(Pl)

This means that the system (11) is exponentially sta-
ble. The proof of the theorem is completed. g

4 Robust exponential stability
analysis

In this section, we study the robust stability criteria for
the uncertain linear systems with multiple delays and
nonlinear perturbations of the system (1).

Theorem 2 The system (1) is robust exponen-
tially stable, if there exist positive definite sym-
metric matrices P;, ¢ = 1,2,...,19 , any ap-
propriate dimensional matrices G, S, N, J,Q;, Ni,
Ky, Ry, Ln,j=1,2,...,3, k=1,2,...,5, m=
1,2,...,12, n=1,2,...,9, and positive real con-
stants ¢ satisfying the following LMIs :

:]ff gi: > 0, (36)
:}i‘* ZZ: >0, (37)
:Jffi gg: >0, (38)
[R*lo Zﬂ >0, (39)
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Py N1 Noj
% N3 N4 ZO, (40)
* * N5_
P Ki K]
* K3 K4 ZO, (41)
* * K5_
> F NT
« —o0I §JT| <o. (42)
* * —01

Moreover, the solution z(t,¢) satisfies the in-
equality

[z (t, ¢l < lolle™", teRT, (43)

Amm( 1)

where

)\max(Pl) + hQAmax(PQ + P3 + P4)
+d)\maXW1h§Amax(P5 + P6 + P7 + P8)
+d3>\max(W2 + WS + W4)
+h3Amax(Po + Pio + ha P11 + haPyo)
+h3Amax (h2 P13 + Pi4)
+h3 Amax (ho P15 + hoPig + Pi7)
+h2 maz(PIS + P19)
Ry R

3 1 2 3
+h2)\max |:R%1 R3:| + h2>\max |:Rg“ RG
R7 Rg 3 RlO Rll
A ) e (1) ]
Proof. Replacing A, B and C in (10) with A =
A+ EA(t)Gl, B =B+ EA(t)GQ and C' = C' +

EA(t)Gs, respectively, we find that condition (10) is
equivalent to the following condition

M =

Ry R5]

4P Amax [

> +FA(HN + NTATFT <o,

where > is define in (10), FT = [ET(Qg +
L7) ETLg ETLy ETQ2 00000000000
0000000000},N:[G1+G20 _

GQOOOOOOOOOOOOOOOG3000000}.

By using lemma3, we can find that (44) is equivalent
to the LMIs as follows,

> F NT
« —o6I 6JT| <o, (44)
* * —ol

where 9 is positive real constant. From Theorem1 and
condition (36)-(44), system (1) is robust exponentially
stable. The proof of theorem is complete. g
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S Numerical Examples

In this section, we give numerical example in order to
compare several existing criteria and those obtained in
this paper. All the numerical results are calculated via
the LMIs toolbox of Matlab.

Examplel Consider the linear system (1) with the fol-

Akkharaphong Wongphat, Sirada Pinjai

lowing coefficient matrices:
-2 0 -1
[ o[

0 0.05

<[s )

By using the LMIs Toolbox

0 0.1 0
—1] 0= { 0 —0.2}’

G1:[1.6 0],02:[0'1 0}7G3:J:[0 0

0 03

of Matlab and Conditions

(2.7)-(2.9) of Theorem 2 for Example 1 with d = 0.1,
a=01,7n=01p =01~y = 0.1, hy = 0.3
and upper bound hy = 0.693. The solutions of LMIs

verify as follows,

00

P [ 0.2108 —0.0186
17| -0.0186  0.0458 |
p, _ [0.0466 0.0010
>~ 0.0010 0.0290]
P — [ 0.0476  —0.0033]
57 [-0.0033  0.0194 |
p, [ 01522 —0.0264]
700264 0.0445 |°
P [ 0.0044  —0.0027]
° "~ |-0.0027 0.0019 |’
p _ [ 0:0011  —0.0007]
0~ |-0.0007  0.0005 |’
P [ 0.0032  —0.0020]
"7 [-0.0020 0.0014 |
p._ [ 0-0054  —0.0033]
® = |-0.0033 0.0022 |’
P [ 0.0867 —0.0029]
? 7 [-0.0029  0.0203 |
po_ [0-7730  —0.4664
107 -0.4664  0.3266 |
[0.7730  —0.4664]
_ —4
Pu=107"21 "0 4664 0.3266 |
[0.9776  —0.5876]
_ —4
Pr2=107">1 "0 5876 0.4169 |
[0.4351  —0.2650]
_ -3
Pra =107 69650 01811 |
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3] 05502 —0.3350]
Pu=10 |-0.3350  0.2288 |’
[0.3569  —0.2175]
_ -3
Fs =10 |—0.2175  0.1487 |’
3] 0.1560 —0.0948]
Fie =10 |—0.0948  0.0655 |’
p__ [0.018  —0.0013
77 | -0.0013  0.0131 |’
4 [0.6962  —0.4196
Fg =10 [—0.4196 0.2929 |’
0.1109  —0.0672
—10-3
FPio =10 X[—O.OG?Q 0.()466]’
s [13211 1.2306
G =10"x [6.4709 —0.6849) °
R _ [ 00044 —0.0027
' -0.0027  0.0019 |’
6 [09103 —0.6462
2 =10 X[—0.6462 0.4561 |
R [0.0867  —0.0029
57 [-0.0029  0.0203 |
R, _ [ 0:0012  —0.0008
* 7 |-0.0008  0.0005 |
—0.1343  0.0739
_ -5
5 =107 x [0.0739 —0.0491}’
0.4026  —0.2451
—10-3
Re = 107" x [—0.2451 0.1675}’
R _ [ 00032 —0.0020
"7 |-0.0020 0.0014 |
4 [0.5306  —0.3293]
fs =10 |—0.3293  0.2323 |’
-3 [—0.7913  0.4826 |
N =10 | 0.4826  —0.3284]°
[0.7913  —0.4826]
—10-3
No=10""1 04826 0.3284 |-
No — [ 0.0013  —0.0008]
>~ [-0.0008  0.0005 |’
N, — [~0:0012  0.0007 ]
70,0007 —0.0005]’
Ne — [ 0.0013  —0.0008]
>~ [-0.0008 0.0005 |’
[—0.0475  0.0031 ]
Klz ’
| 0.0031  —0.0333]
oo — [ 0.0475 —0.0031]
>~ 1-0.0031 0.0333 |’
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oo — [0.1207  —0.0078]
57 |-0.0078  0.0845 |
Ky — [—0.1206  0.0077 ]
17100077 —0.0845]
e — [0.1207  —0.0078]
° 7 |-0.0078 0.0845 |’
o [+3.0543 —5.3984
@ =10"x [—5.3984 1.0255 |
0, — | 0:0567  —0.0085
>~ [-0.0085 0.0224 |’
~3.1607 —0.0516
_ 7
@s =107 x [—0.0516 —().2641]’
o [r4m0 2.6769
Li=10"x {2.6769 —0.4830] °

I [—0.0246 0.0116
>~ | 00116 0.0117)"

7. [0.1367 0.0051
57 0.0051 0.0573]"

7. _ [0-0897 —0.0099
47 [-0.0099 —0.0331]
. [0.0871 0.0056

>~ 0.0056 0.0393]

I [—0.0526 —0.0011
0~ |-0.0011 0.0061 |

3.1607 0.0516
_ 7
Lr=10"x {0.0516 0.2641]’
7. _ [ 00519 —0.0005
® 7 [-0.0005 0.0236 |
7. [ 00726 —0.0028
? 7 |-0.0028 0.0200 |’
W — [ 0.0228 —0.0130]
7 -0.0130  0.0169 |
Wo — [ 0.0269 —0.0162]
>~ [-0.0162 0.0115 |’
W — [ 0.0824 —0.0231]
57 [-0.0231  0.0590 |
1, — [ 0:0033  —0.0020]
47 [-0.0020  0.0014 |

€1 = 1.5251, €3 =0.8023, €3 =1.5111, and

0 = 0.1570.

Assume that the nonlinear perturbations satisfy (7) -
(9) respectively and the delay h(t) satisfies (2.3). Now
we calculate the allow able upper bound of hs that
guarantees the robust stability of system (2.1) under
different and listed in Table 1, 2.
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Table 1: Upper bounds of time delays hs for Example

1 with
a=y=n=p=d=0.1.

Table 2: Upper bounds of time delays hg for Example
1 with
y=n=p=d=0.1and h; = 0.

(6 h2
0.0 | 0.7000
0.1 | 0.6489
0.2 | 0.6077
0.3 ] 0.5733

Example 2 Consider the follwing system [17] :

B(t) = Ax(t)+ Bzt — h(t)) + f(t,z(t))
+g(t, z(t — h(t))) (45)

with

—-1.2 0.1 -0.6 0.7
a=n G- 00 S

where 7 > 0 and p > 0.

Assume that the nonlinear perturbations f(¢,x(t))
and g(t, z(t — h(t))) satisfy (7) and (9) respectively
and the delay h(t) satisfies (2). Now we calculate the
allowable upper bound of hs that guarantees the ex-
ponential stability of system (45) under different and
listed in Table 3, 4.

Table 3: Upper bounds of time delays hq for Example
2forh; =0,n=0and p =0.1

h(t) > 1 no restriction on h(t)

Chen [15] 0.7355 -
Qiu [16] 0.9284 -
Botmart [17] - 1.1045
Theorem1 - 1.3598
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Table 4: Upper bounds of time delays hs for Example
2forhy =0,7=0.1and p =0.1

h(t) > 1 no restriction on h(t)
Chen [15] 0.7147 -
Qiu [16] 0.8865 -
Botmart [17] - 1.0600
Theorem1 - 1.2152

6 Conclusion

The research proposed the robust exponential sta-
bility criteria for delay-dependent robust expo-
nential stability for uncertain linear systems with
multiple non-differentiable time-varying delays and
nonlinear perturbations. The method combining
Lyapunov-Krasovskii functional, model transforma-
tion, Jensent’s inequality Lemma, Wirtinger-base
integral inequality, Peng-Paik’s integral inequality,
Leibinz-Newton formula and utilization of zero equa-
tions has been adopted to study the research. Expo-
nential stability criteria have formulated in terms of
LMIs for the systems. Finally, numerical example
showed that the proposed criteria are less conservative
than some existing stability criteria.

Acknowledgements: This research was supported
by department of Mathematics, faculty of Science,
Khonkaen University, Thailand and many thanks to
a scholarship from Rajabhat Maha Sarakham Univer-
sity, Thailand.

References:

[1] GuK, Kharitonov V L and Chen J 2003 Stability
of time-delay systems (Birkhduser: Berlin)

[2] Lee Y S, Moon Y S, Kwon W H and Park P
G, 2004 Delay-dependent robust H, control for

uncertain systems with a state-delay Automatica
408

Kim J H and Park H B 1999 H, state feedback
control for generalized continuous/discrete time-
delay systems. Automatica 35 8

Fridman E and Shaked U 2002 A descriptor sys-
tem approach to H, control of linear time-delay
systems IEEE Transactions on Automatic Con-

trol 47(2) 8

[5] Kwon O M, Park M J, Park J H, Lee S M and
Cha E J 2013 Analysis on robust H -performance

and stability for linear systems with interval

E-ISSN: 2224-3429

103

Akkharaphong Wongphat, Sirada Pinjai

time-varying state delays via some new aug-
mented LyapunovKrasovskii functional Appl.
Math. Comput. 224 15

Zhang X M, Wu M, She J H and He Y 2005
Delay-dependent stabilization of linear systems
with time-varying state and input delays Auto-
matica 41 8

Tian J, Xiong L, Liu J and Xie X 2009 Novel
delay-dependent robust stability criteria for un-
certain neutral systems with time-varying delay
Chaos, Solitons and Fractals 40 9

[8] SunJ, Liu G P, Chen J and Rees D 2010 Improve
delay-range-dependent stability criteria for lin-
ear systems with time-varying delays Automatic

46 4

Park P G, Ko J W and Jeong C K 2011 Recip-
rocally convex approach to stability of systems
with time-varying delays Automatica 47 4

[10] Seuret A and Gouaisbaut F 2013 Wirtinger-
based integral inequality: application to time-

delay system Automatica 49(9) 7

[11] Peng C and Fei M R 2013 An improved result on
the stability of uncertain T-S fuzzy systems with
interval time-varying delay Fuzzy Sets Syst. 212

13

[12] Zhang W, Cai X S and Han Z Z 2010 Ro-
bust stability criteria for systems with interval
time-varying delay and nonlinear perturbations

J. Comp. Appl. Math. 2347

[13] Nam P T 2009 Exponential stability criterion for
time-delay systems with nonlinear uncertainties

Appl. Math. Comput. 2147

[14] Kwon O M, Park J H and Lee S M 2003 On ro-
bust stability criterion for dynamic systems with
time-varying delays and nonlinear perturbations

Appl. Math. Comput. 208 6

[15] Chen Y, Xue A, Lu R and Zhou S 2008 On ro-
bust stability of uncertain neutral systems with
time-varying delays and nonlinear perturbations

Nonlinear Anal. 68 7

[16] QiuF, Cui B and Ji Y 2010 Further results on ro-
bust stability of neutral system with mixed time-
varying delays and nonlinear-perturbations Non-
linear Anal. 11 12

[17] Botmart T and Niamsup P 2012 Delay-
Dependent Robust stability criteria for linear

Volume 14, 2019



[18]

[19]

[20]

[21]

systems with interval time-varying delays and
nonlinear perturbations Advance in Nonlinear
Variational lequalities 15 28

Li T, Guo L and Lin C 2007 A new criterion
of delay-dependent stability for uncertain time-
delay systems, IEE Proc. Contr.Theor. Appl. 3 6

Tangsiridamrong P and Mukdasai K 2016 Im-
proved delay-range-dependent stability criteria
for linear system with non-differentiable inter-
val time-varying delay and nonlinear perturba-
tionsThai Journal of Mathematics 1 22

Sun J, Liu G P, Chen J and Rees D 2010
Improved delay-range-dependent stability cri-
teria for linear systems with time-varying de-
laysAutomatica 46 5

Balasubramaniam P, Krishnasamy R and
Rakkiyappan R 2012 Delay-dependent stability
of neutral systems with time-varying delays
using delay decomposition approachAppl. Math.
Model. 36 8

E-ISSN: 2224-3429

WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS

104

Akkharaphong Wongphat, Sirada Pinjai

Volume 14, 2019





