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Abstract: In the present paper, the normal impact of a viscoelastic spherical shell upon a rigid plate is investigated
using the wave theory of impact. The model developed here suggests that after the moment of impact quasi-
longitudinal and quasi-transverse shock waves are generated, which then propagate along the spherical shell. The
solution behind the wave fronts is constructed with the help of the theory of discontinuities. Since the local bearing
of the material of the impactor is taken into account, then the solution in the contact domain is found via the
modified Hertz contact theory involving the operator representation of viscoelastic analogs of Young’s modulus
and Poisson’s ratio.
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1 Introduction 2 Problem Formulation

Nowadays fractional calculus is widely used in dif- Let us consider the problem on a normal impact of
ferent fields of science and technology, including var- a viscoelastic spherical shell with the initial velocity
ious dynamic problems of mechanics of solids and Vo against a rigid plate (Fig. 1), When the viscoelastic
structures [1], and the problems of impact interaction features of the impactor are described by the standard
among them [2]. linear solid model with conventional derivatives of in-

Thus, recently Rossikhin et al. [3] investigated teger order. . .

the collision of two viscoelastic shells, viscoelastic For this purpose we will proceed from equations
features of which are described by the standard lin- of motion of two colliding viscoelastic spherical shells
ear solid model with conventional integer derivatives. derlvec’l recently in [3], wherein we tend the radius and
During the impact process there occurs decrosslink- Young’s modulus of the second shell to infinity. As a
ing within the domain of the contact of the collid- result we obtain the following equation of motion of

ing bodies, resulting in more freely displacements of the contact domain

molecules with respe7ct to ea?h ot.her, e.lnd.ﬁnally in the o ahi, = 2naho,. lr—a + Feont (1)
decrease of the shells’ material viscosity in the contact
zone. This circumstance allows one to describe the under the action of the transverse force 2mraho,|r—q
behaviour of the materials of the colliding spherical and Fiont is the contact force which is defined via the
shells within the contact domain by the standard lin- generalized Hertzian contact law
ear solid model involving fractional derivatives, since = 379

Feont = ko ) ()

variation in the fractional parameter (the order of the
fractional derivative) enables one to control the vis-
cosity of the shells’ material. That is why the frac-
tional parameter could be considered as the structural

where « is the local bearing of the impactor’s material
(Fig. 2), k is the operator involving the geometry, i.e.
spherical shell radius R, and viscoelastic features of

parameter. ) ) ) the impactor defined by the time-dependent functions
In the present paper, we will consider a special E and

but very important for engineering practice case when - 4 vRE

a viscoelastic spherical shell impacts a rigid plate. k= 312 (3)
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Figure 1: Scheme of the normal impact of a spherical
shell against an infinite plate

p and h are the density and thickness of the shell,
respectively, a is the radius of the contact domain
(Fig. 1), and an overdot denotes the time-derivative.

The following equation

Vo — Uz|7“:a = 4

should be added to equations (1) and (2).

In [3] it has been shown that considering v, |,—, =
a, the value o, |,—, could be calculated in the follow-
ing form according to the dynamic condition of com-
patibility:

(a®)
2R
+ G2) 'Uz‘r:ay

Urz|7“:a = p(Gl - G2)

2
a
—pP <G1R2

where (G; and G are the velocities of the quasi-
longitudinal and quasi-transverse waves (surfaces of
strong discontinuity), respectively, which are gener-
ated at the moment of impact at the point of tangency
(or the point of contact) of the impactor with the tar-
get, which then propagate in the form of diverging cir-
cles along spherical surface, and are defined as

(&)

Fw
G-y ©
Gy =, /E=, Y

P

where Foo, [too and vy, are non-relaxed elastic and

shear moduli and Poisson’s ratios, respectively.
Considering that a/R < 1, equation (5) is re-

duced to

(®)

Urz|r:a = *pG2vz|r:aa
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Figure 2: Scheme of velocities and stresses in the
shell’s element on the boundary of the contact domain

(3]

Now substituting (2) and (8) in (1) and consider-
ing that > = Ra yield

prRahv,|,—q = —27T(RO£)1/2I’LPG2UZ’7~ZQ + ka’/2.
©)

In order to solve equation (9), we should de-
fine the operator k, resulting in decoding the operator
E/(1—12).

For the majority of viscoelastic materials, the bulk
modulus K remains constant during the process of
mechanical loading of this material [4], resulting in
2] R

Ey Es
1-20  1-2us

Recently it has been proposed in [3] that during
the impact process there could occur decrosslinking
within the domain of the contact between the impactor
and target, resulting in more freely displacements of
molecules with respect to each other, and finally in the
decrease of the shell’s material viscosity in the contact
zone. This circumstance allows one to describe the
behaviour of the material of the impacting spherical
shell within the contact domain by the standard linear
solid model involving fractional derivatives

(10)

o+ 71)D% = Ey(e +71)D7), 11
where o is the stress, ¢ is the strain, Ej is the relaxed
modulus, 7. and 7, are the relaxation and creep times,

respectively,
d [t({t—t)
DVx(t) = — ~ _ z(t)dt 12
o) =5 | oy e a2
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is the Riemann-Liouville fractional derivative, I'(1 —

7) is the Gamma-function, v (0 < v < 1) is the frac-

tional parameter, and x(t) is a certain function.
Utilizing the model (11), it could be found [2] that

E E
—=—1
1-02  1—-v2

1 3% (1]) - ma2 3% ()]
13)
where 37 (t]) (i = 1,2) is the dimensionless Rabot-

nov operator [2]

1

)= ———— 14
and
e 2(1 + voo)7d
D7 2(1 4 vao) + (1 — 2000)
a 2(1 — voo) e
27 2(1 = o) — ve(1 — 2us0)’
3 (1 — Voo ) Ve
mi = <
2 2(1 4+ voo) + (1 — 2u00)1e
1 (14 voo)ve
me9 -
2 2(1 = Voo) — (1 = 2u00 )1
E — Ey
Vg = ———.
3 EOO

Equation (9) with due account for (4) and (13), as
well as the initial conditions

ali—o =0, d|i=o = Vb, (15)
is reduced to
t
&+ |a?(t) — A,yorl/ (t—t)!
0
xa3/2(t’)dt’} =0, (16)
where
B 4B, 1 i m;
3nv/Rph(1 — v2)’ F(’y = t]
3 Approximate Solutions
If we consider
a~ Vt (17)

as a first approximation, then Eq. (16) with due ac-
count for

t
/ (t _ t/)W—l t/3/2dt/ _ § (1 _ 1’Y> 753/2-{-7
0 Yy\3 9

(18)

E-ISSN: 2224-3429

127

Y. Rossikhin, M. Shitikova, Duong Tuan Manh

takes the form

& = —aeVy/? [tl/Q _ Av§ <1 1
Y

7) t1/2+'y:| .

3 5
19)
Integrating (19) yields
. 2 iz
a = Vo— gaeVO t
3/1 1 153/2+7
VIeALS (2 -2 20

and

4 1/2,5/2
a =Vt — =2V £/

3/1 1 t5/2+7
+ VA ( ! )
0 S5 \8 75 ) B 6/247)

2y

3.1 Thecasey =10

In a particular case, when v = 0, and therefore

relationships (20) and (21) take the form

a="Vp (1 - gaeVUl/Zt?’/Q> : (22)
o=Vt (1 - 1% aevo‘l/2t3/2> L (23)

from which the contact duration ¢
(0)
t

max

© )t and the time

con
at which the maximal local indentation al(ﬂix

takes place could be found

1/2\ 2/3
(0) 15 Vo 4
tcont (4 . ) ) ( )
2/3
3V 1/2
to & <2§E> , (25)
o)~ 2 V 0t (26)
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3.2 Thecasey #0Oorl

When the fractional parameter takes on the magni-

tudes within the interval 0 < v < 1, then the duration
™)

of contact ¢/,

; could be determined as follows

e~ o + €, 27)
where ¢ is a small value.
Substituting (27) in equation
4
0=a="Vt— BaeVOl/Qth
12, 3(1 1 o247
+eeV A (—7) (28)
O T3 5 (3/247)(5/2+47)
yields
t(o) 1+~

5. 3 /1 1 cont
e=-Ay—|-—= .

25 \3 5 B32+7)(5/2+7)
Supposing that

tr(;1ye)tx ~ tl(T((l);X + €1, (29)

where €; is a small value, and substituting (29) in
equation

2
0 = a="Vo— gV

12, 3/(1 1
e e (5 5)

t3/2+'y
_— 30
3/2+7’ (30)

we obtain
(0) 1+

A 3 <1 1 > max
ee=A—|=-—- —_—.
SEER C R NCTP R
Now substituting (29) in (21) we could define
9 1/1 1
alfh=alfh+ 5v0a, 2 (3= 57)
(0) 14~

max

“BR+6/2+7)

3D

3.3 Thecasey=1

In the particular case v = 1, the characteristic values
take the form

4 2
om = toow + 3= Ditlon, + (32)
4 2
tl(rée)lx = tI(I(l)g.X + 275A1t1(192)1x ) (33)
W) _ o0 412 A 02
Omax = Omax T+ 7A1tmax ) (34)

175
where Ay = A, 1.
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4 Conclusion

In the present paper, the problem on the normal impact
of a viscoelastic spherical shell upon a rigid plate has
been studied, when the damping features of the im-
pactor are modelled by the fractional derivative stan-
dard linear solid model. An approximate analytical
solution has been found.

The analysis carried out on the base of the sug-
gested model allows us to make the following conclu-
sion: maximal viscosity increases all values character-
izing the process of shells interaction, tcont, tmax, and
Omax, since with the increase in the fractional param-
eter from zero to unit the viscosity enhances, result-

ing in the increment of the characteristic values from

0 0 0 1 1
tﬁolt, fngx, and al(ngx to tgoilt, tI(n;X, and afnlix, respec-

tively.

Acknowledgements: This research was made possi-
ble by the Grant No. 7.22.2014/K as a Government
task from the Ministry of Education and Science of
the Russian Federation.

References:

[1] Yu.A. Rossikhin, M.V. Shitikova, Application
of fractional calculus for dynamic problems of
solid mechanics: Novel trends and recent re-
sults, Appl. Mech. Rev. 63(1), 2010, Article ID
010801.

Yu.A. Rossikhin, M.V. Shitikova, Two ap-
proaches for studying the impact response of
viscoelastic engineering systems: An overview,
Comp. Math. Appl. 66,2013, 755-773.

Yu.A. Rossikhin, M.V. Shitikova, and
D.T. Manh, Modelling of the collision of
two viscoelastic spherical shells, Mech. Time-
Depend. Mater. 2016, doi:10.1007/s11043-016-
9308-x

Yu.N. Rabotnov, Elements of Hereditary Solid
Mechanics, Nauka, Moscow 1977. Engl. transl.
by Mir Publishers, Moscow 1980.

Volume 11, 2016





