
Abstract: At uniform following, reaction delay is characterized by its value and headway sensitivity. We derive a
three-dimensional car-following map that separates these quantities. The Jury conditions yield the Schur stability
region and a closed-form Neimark–Sacker boundary. Headway sensitivity is absent from the Jacobian but enters the
nonlinear terms, making the first Lyapunov coefficient quadratic in this sensitivity within the local function class.
For a hyperbolic-tangent benchmark, criticality changes while the linear boundary remains fixed, and a fifth-order
normal form identifies a Chenciner point numerically. Continuation locates the associated invariant-curve fold and
assesses the local predictor. Basin and time-response computations demonstrate coexistence of stable uniform
following and an oscillatory attractor. These results concern one leader–follower pair; disturbance propagation
along a platoon requires a multi-vehicle model.
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1 Introduction
Stop-and-go waves can arise without physical road
bottlenecks. Ring-road experiments have shown that
small perturbations of an initially homogeneous flow
can amplify into traffic jams that propagate against
the direction of travel, [1]. In a car-following model,
the simplest reference state is motion with constant
speed and constant inter-vehicle headway, which is
referred to as the uniform-following equilibrium. The
optimal-velocity model relates vehicle acceleration
to the desired speed determined by the headway, [2],
whereas the full velocity-difference model (FVDM)
also accounts for the relative speed with respect to the
preceding vehicle, [3]. Within the class of optimal-
velocity models, parameter changes can destabilize
the uniform-following equilibrium through a Hopf
bifurcation, followed by the emergence of periodic
solutions, [4].

An optimal-velocity model with explicit delay
showed that sufficiently large delays can generate dis-
tinct congestion patterns, [5]. Periodic solutions were
subsequently analyzed in a car-following model with
a reaction time delay, [6]. The Hopf bifurcation was
further shown to be robustly subcritical, allowing a
stable uniform-following equilibrium to coexist with
stop-and-go waves, [7]. In the subcritical Hopf regime
reported in [7], small perturbations decay to equi-
librium, whereas larger perturbations develop into
stop-and-go oscillations.

The reaction time may also depend on the vehicle
state. Driver memory was represented through a
state-dependent delay, with analysis of the resulting
stability region and hysteresis, [8]. A model with a

headway-dependent reaction time exhibited a bistable
region in which smooth traffic and stop-and-go traffic
occur at the same parameter values, depending on the
magnitude of the initial perturbation, [9].

In a discrete-time setting, a continuous car-
following model was discretized into a difference
equation, with stability conditions derived using dis-
crete control theory, [10]. A delayed coupled-map
car-following model was also studied, with feedback
control constructed within a linear discrete-time sys-
tems framework, [11].

Models incorporating driver-reaction and mechani-
cal delays have also been analyzed for stability changes,
oscillatory solutions, and Hopf bifurcation, [12].

Table 1 (Appendix) compares the delay formula-
tions and types of analyses used in the cited studies.
The map developed here separates the delay value at
equilibrium from its local sensitivity to the headway.
The objective is to determine whether a change in de-
lay sensitivity can alter bifurcation criticality without
shifting the linear stability boundary.

A reaction delay shorter than one update interval is
represented as a combination of the current response
and the response one step earlier. In the linearization,
the delayed-response weight at the uniform-following
equilibrium enters the Jacobian and determines the
linear stability boundary, whereas the local delay sen-
sitivity is absent from the characteristic polynomial.

The local delay sensitivity first enters the quadratic
terms of the map. At the Neimark–Sacker bound-
ary, Proposition 4.1 shows that the first Lyapunov
coefficient is quadratic in this sensitivity. Hence, the
linear boundary can remain fixed while the bifurcation
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follower leader
g(t) L

vF(t) vL(t) = v *

pF(t)
pL(t) −L

pL(t)pL(t) −pF(t) =g(t) +L

Source: created by the authors.
Figure 1: The diagram places pF (t) and pL(t) at the front bumpers
of the follower and leader. The leader rear bumper is at pL(t) − L, so
g(t) = [pL(t)−L]−pF (t); the arrow labeled L spans the leader length.

changes from supercritical to subcritical. At ℓ1 = 0,
the cubic radial term vanishes; therefore, Section 4.2
continues the normal form to fifth order and derives
the local invariant-curve fold predictor.

The criticality change and fold location near the
Chenciner point were tested numerically. Numerical
continuation is compared with the normal-form pre-
diction, while a basin section is used to examine the
coexistence of the uniform-following equilibrium and
an oscillatory response at the same parameter values.
Single-pair reduction does not address disturbance
propagation along a multi-vehicle chain.

2 Model Formulation
Consider a follower vehicle moving behind the leader,
as shown in Figure 1. To fix the coordinate convention,
a reference point was placed at the front bumper of each
vehicle. Let pL(t) and pF (t) denote the longitudinal
positions of the leader and follower front bumpers,
respectively, and let L > 0 be the effective vehicle
length subtracted from the front-to-front distance. The
net headway is

g(t) = pL(t)− pF (t)− L, (1)
with vL(t) = ṗL(t) and vF (t) = ṗF (t), so that

ġ(t) = vL(t)− vF (t). (2)
At the uniform-following equilibrium, the headway
and both vehicle speeds are constant,

g(t) ≡ g∗,

vL(t) = vF (t) ≡ v∗, v∗ = V (g∗).
(3)

where g∗ and v∗ denote the equilibrium headway and
speed, respectively. The function V maps the headway
to the desired speed.

The leader is assumed to travel at a constant speed,
vL(t) ≡ v∗. The follower acceleration obeys an
FVDM-type law,
v̇F (t) = γv [V (g(t− τphys(g(t))))− vF (t)]

+ γ∆ [v∗ − vF (t)] ,
(4)

where γv > 0 and γ∆ ≥ 0 are fixed response coef-
ficients. The second term retains the relative speed
correction of the FVDM, [3]. The function τphys(g) is

a headway-dependent reaction time, as in the headway-
dependent delay formulations of car-following dynam-
ics, [9]. The delay affects the optimal velocity response,
whereas the relative speed correction uses the current
state.

Let S > 0 be a length scale, T > 0 a time scale,
andU = S/T . Deviations from the uniform-following
equilibrium are written as

x =
g − g∗

S
, y =

v∗ − vF
U

. (5)

The variables x(t) and y(t) in (5) measure the headway
perturbation from g∗ and the scaled relative speed,
respectively. The change in optimal velocity induced
by a headway perturbation is represented by

ψ(x) =
V (g∗ + Sx)− V (g∗)

U
, (6)

so that ψ(0) = 0.
Use dimensionless time θ = t/T . Since U = S/T

and v∗ is constant,
dx

dθ
= y,

dy

dθ
= −T

U
v̇F . (7)

If gτ and xτ denote the headway and headway pertur-
bation at the delayed time, respectively, then

V (gτ )− vF = U
[︁
ψ(xτ ) + y

]︁
. (8)

Using (7)–(8), substitution of (5) and (6) into (4) gives
dx

dθ
= y,

dy

dθ
= −κvy − αψ(xτ ), (9)

where
κv = T (γv + γ∆), α = Tγv. (10)

The vehicle response is updated at dimensionless
times θn = nh, with h > 0. The physical update
interval is ∆t = hT . For a reaction time contained
within one update interval,

0 ≤ τphys(g
∗ + Sx) ≤ hT. (11)

At θn, the delay time lies between two consecutive
update times. The delayed optimal-velocity response
in (9) is represented by linear interpolation,

ψ(xτ,n) ≈ [1− ρ(xn)]ψ(xn)

+ ρ(xn)ψ(xn−1),
(12)

where

ρ(x) =
τphys(g

∗ + Sx)

hT
, 0 ≤ ρ(x) ≤ 1. (13)

In the interpolation (12), the weight ρ is defined by
(13); ρ = 0 uses the response at the current update
time, whereas ρ = 1 uses the response one update
earlier. For z = xn−1, define

Φ(x, z) = [1− ρ(x)]ψ(x) + ρ(x)ψ(z). (14)
The interval hT represents the response update

time. With
µ = hκv, a = hα, zn = xn−1, (15)
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a one-step discretization of (9) with the delayed re-
sponse (14) gives

xn+1 = xn + hyn,

yn+1 = (1− µ)yn − aΦ(xn, zn),

zn+1 = xn.

(16)

If Xn = (xn, yn, zn)
⊤, then (16) defines the map

Xn+1 = F (Xn) in a three-dimensional state space.
At a fixed point, y = 0 and z = x. SinceΦ(x, x) =

ψ(x), it follows that
Fix(F ) = {(ξ, 0, ξ) : ψ(ξ) = 0} . (17)

If V is strictly increasing on the headway interval
under consideration, then

ψ(ξ) = 0 ⇐⇒ V (g∗ + Sξ) = V (g∗)

⇐⇒ ξ = 0,
(18)

hence E0 = (0, 0, 0) is the unique uniform-following
equilibrium on the assumed headway interval.

The reaction-delay value at equilibrium and its
local variation with headway are

r = ρ(0) =
τphys(g

∗)

hT
,

d = ρ′(0) =
S

hT
τ ′phys(g

∗).

(19)

The coefficient r in (19) is the reaction time at the
uniform-following equilibrium relative to one update
interval, whereas d measures the local change in the
delay fraction induced by a headway perturbation. In
general, 0 ≤ r ≤ 1 and d ∈ R; Sections 3–5 use
0 < r < 1.

3 Linear Stability and the
Neimark–Sacker Boundary

The local stability of the uniform-following equi-
librium E0 is determined by the multipliers of the
linearization of (16). After scaling, the sensitivity
of the desired speed to headway changes near g∗ is
s = ψ′(0) = TV ′(g∗) > 0. Define q = has > 0,
which measures the effective strength of the follower’s
adjustment to headway changes over one update in-
terval. For fixed h and s, varying q is equivalent to
varying the gain a through a = q/(hs). Section 3
assumes 0 < µ < 2 and 0 < r < 1.

3.1 Schur Conditions and Stability
Boundaries

To state the stability boundaries, define

qNS =

√︁
[1 + (1− µ)r]2 + 4µr2

2r2

− 1 + (1− µ)r

2r2
.

(20)

Also set qD = 1/r and µc(r) = 1+1/(2r), and define
qF = 2(2− µ)/(2r − 1) for r > 1/2.

Proposition 3.1. For 0 < µ < 2, 0 < r < 1, and
h, a, s > 0, the equilibrium E0 is Schur stable if and
only if 0 < q < qc, where

qc =

⎧⎪⎨⎪⎩
qNS, µ < µc(r),

qD, µ = µc(r),

qF , µ > µc(r).

(21)

Proof. Differentiating (14) with respect to x and z
gives

Φx(x, z) = [1− ρ(x)]ψ′(x)

+ ρ′(x)[ψ(z)− ψ(x)],

Φz(x, z) = ρ(x)ψ′(z).

(22)

Evaluating at (x, z) = (0, 0) withψ(0) = 0, ρ(0) = r,
and ρ′(0) = d gives

Φx(0, 0) = (1− r)s+ d[ψ(0)− ψ(0)]

= s(1− r),

Φz(0, 0) = rs.

(23)

The coefficient d does not appear in the first derivatives
because the term containing d carries the factorψ(0)−
ψ(0) = 0. The Jacobian of the map at E0 is

A = DF (E0)

=

(︄
1 h 0

−as(1− r) 1− µ −asr
1 0 0

)︄
.

(24)

The characteristic polynomial of the Jacobian (24)
is

P (λ) = λ3 + b1λ
2 + b2λ+ b3, (25)

with b1 = µ− 2, b2 = 1− µ+ q(1− r), and b3 = qr.
Applying the Jury criterion, [13], to (25) yields the
conditions Ji(q) > 0, i = 1, . . . , 4, where

J1(q) = q,

J2(q) = 4− 2µ+ q(1− 2r),

J3(q) = µ− q[1 + (1− µ)r]− q2r2,

J4(q) = 1− qr.

(26)

The condition J1(q) > 0 is satisfied for q > 0. For
0 < r ≤ 1/2, J2(q) > 0 for every q > 0, whereas for
r > 1/2 it is equivalent to q < qF . Moreover,

J ′
3(q) = −[1 + (1− µ)r]− 2qr2 < 0, (27)

because 1 + (1− µ)r > 1− r > 0. Because J3(0) =
µ > 0 and J3(q) → −∞ as q → ∞, the equation
J3(q) = 0 has exactly one positive root, namely qNS

in (20). Thus, J3(q) > 0 is equivalent to q < qNS.
Finally, J4(q) > 0 is equivalent to q < qD.

Evaluating J3 at qD = 1/r gives

J3(qD) = 2µ− 2− 1

r
= 2[µ− µc(r)]. (28)

Because J3 is strictly decreasing and J3(qNS) = 0,
one obtains qNS < qD for µ < µc(r), qNS = qD for
µ = µc(r), and qNS > qD for µ > µc(r).
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For 1/2 < r < 1,

qF − qD =
2[µc(r)− µ]

2r − 1
. (29)

Hence qF > qD for µ < µc(r), qF = qD for µ =
µc(r), and qF < qD for µ > µc(r). Comparing qNS

with qD and qF with qD gives qNS < qD < qF for
µ < µc(r) and qF < qD < qNS for µ > µc(r). If
0 < r ≤ 1/2, then µc(r) ≥ 2; since 0 < µ < 2, it
follows that qNS < qD, and J2(q) = 0 has no positive
root. The intersection of Ji(q) > 0, i = 1, . . . , 4,
gives (21). □

At q = 0, the characteristic polynomial has the
factor λ − 1, so E0 is not Schur-stable. For r >
1/2 and µ = µc(r), the three candidate boundaries
coincide: qNS = qF = qD = 1/r. The identity
P (−1) = 2µ−4+ q(2r−1) shows that the boundary
qF is associated with multiplier λ = −1.

Because q = has, the boundary in the map param-
eter a is ac = qc/(hs); in particular, aNS = qNS/(hs)
and aF = qF /(hs). The parameter µ = hT (γv + γ∆)
measures the strength of the speed adjustment over one
update interval, whereas r is the reaction-delay fraction
at the uniform-following equilibrium. The threshold
µc(r) separates the two mechanisms of stability loss.
For µ < µc(r), the critical mode is oscillating. For
µ > µc(r), the multiplier λ = −1 produces a sign
reversal of the perturbation from one update to the
next update.

3.2 Spectral Conditions at the
Neimark–Sacker Boundary

In the region µ < µc(r), the stability boundary is qNS

in Eq. (20). Set aNS = qNS/(hs). Proposition 3.2 pro-
vides the spectral conditions for the critical multiplier
pair at a = aNS.

Proposition 3.2. For 0 < r < 1, 0 < µ <
min{2, µc(r)}, and h, s > 0, at a = aNS there ex-
ists a simple multiplier pair e±iω, 0 < ω < π/2,
together with a third multiplier of modulus less than
one. The critical pair is nonresonant through order
four and crosses the unit circle transversely outward
as a increases.

Proof. The identity J3(qNS) = 0 in (26) gives

µ = qNS[1 + (1− µ)r] + q2NSr
2. (30)

Substituting J3(qNS) = 0 into the coefficient b2 in (25)
gives

b2 = 1− qNS[1 + (1− µ)r]

− q2NSr
2 + qNS(1− r)

= 1− qNSr(2− µ+ qNSr).

(31)

Matching coefficients in (25) then yields the factoriza-

tion
P (λ) = (λ+ qNSr)

×
[︁
λ2 − (2− µ+ qNSr)λ+ 1

]︁
.

(32)

The real multiplier is λ3 = −qNSr. From µ < µc(r)
and the boundary comparison in the proof of Proposi-
tion 3.1, qNS < qD = 1/r hence, |λ3| < 1.

Because J3 is strictly decreasing and J3(µ/r) =
−µ/r < 0, we have qNSr < µ. Together with 0 <
µ < 2, this inequality gives 0 < 2−µ+qNSr < 2. The
two roots of the quadratic factor in (32) are therefore

λ1,2 = e±iω, 0 < ω <
π

2
,

cosω =
2− µ+ qNSr

2
.

(33)

The two roots are non-real and distinct, whereas λ3 is
real; therefore, all three multipliers are simple. For
k = 1, 2, 3, 4, one has 0 < kω < 2π, which ensures
eikω ̸= 1.

For transversality, continue the complex pair as
λ(q), λ(q) near qNS and denote the real multiplier
by γ(q). Set u(q) = Reλ(q) and m(q) = |λ(q)|2.
Vieta’s formulas applied to (25) give

2u+ γ = 2− µ,

m+ 2uγ = 1− µ+ q(1− r),

mγ = −qr.
(34)

At q = qNS, m = 1, γ = −qNSr, and 2u = 2 − µ +
qNSr. A prime denotes differentiation with respect
to q. Differentiating the three Vieta identities in (34)
gives

2u′ + γ′ = 0,

m′ + 2γu′ + 2uγ′ = 1− r,

γm′ +mγ′ = −r.
(35)

From 2u′ + γ′ = 0, u′ = −γ′/2. Since m = 1 at
q = qNS, the remaining two identities reduce to

m′ + (2u− γ)γ′ = 1− r,

γm′ + γ′ = −r.
(36)

From γm′ + γ′ = −r, one obtains γ′ = −r − γm′.
Substitution into m′ + (2u− γ)γ′ = 1− r gives

m′[1− γ(2u− γ)] = 1− r + r(2u− γ). (37)
At q = qNS, γ = −qNSr and 2u−γ = 2−µ+2qNSr.
Therefore,

dm

dq

⃓⃓⃓⃓
qNS

=
1 + r − µr + 2qNSr

2

1 + qNSr(2− µ) + 2q2NSr
2
. (38)

The numerator is positive because 1+r−µr > 1−r >
0, and the denominator is positive because 2− µ > 0.
Since m = |λ|2, m′ = 2|λ| d|λ|/dq. At q = qNS,
|λ| = 1, so

d|λ|
dq

⃓⃓⃓⃓
qNS

=
1

2

dm

dq

⃓⃓⃓⃓
qNS

> 0. (39)
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Because q = has, dq/da = hs. Hence
∂|λ|
∂a

⃓⃓⃓⃓
aNS

=
hs

2

1 + r − µr + 2qNSr
2

1 + qNSr(2− µ) + 2q2NSr
2
> 0.

(40)

□
Define

χa =
∂|λ|
∂a

⃓⃓⃓⃓
aNS

> 0. (41)

Since |λ(aNS)| = 1, the local expansion in a is
|λ(a)| = 1 + χa(a− aNS) + o(|a− aNS|). (42)

The positivity of χa in (40) yields |λ(a)| < 1 for a <
aNS sufficiently close to the boundary and |λ(a)| > 1
for a > aNS sufficiently close to it. Thus, the critical
pair crosses the unit circle transversely outward.

The linear analysis determines the location and
direction of critical crossing. Determining whether
the Neimark–Sacker bifurcation is supercritical or sub-
critical requires the first Lyapunov coefficient, which
is computed in Section 4.

4 Neimark–Sacker Criticality and
Chenciner Degeneracy

The Jacobian at E0 = (0, 0, 0) does not contain d =
ρ′(0); therefore, d can affect the transition only through
nonlinear terms. All normal-form coefficients are
evaluated at a = aNS, where λ, λ̄ form the simple
unit-modulus pair from Proposition 3.2 and the third
multiplier remains inside the unit disk. The cubic
reduction requires λk ̸= 1 for k = 1, . . . , 4; the fifth-
order reduction uses the corresponding non-resonance
condition through k = 6.

4.1 First Lyapunov Coefficient
Assume that the response functions have the local
expansions

ψ(x) = sx+
c3
6
x3 +O(x5),

ρ(x) = r + dx+O(x3).
(43)

where s = ψ′(0) > 0, c3 = ψ′′′(0), and ρ′′(0) = 0.
The coefficients s, c3, r are held fixed, whereas d is
varied. Write the mixed response as

Φ(x, z) = (1− ρ(x))ψ(x) + ρ(x)ψ(z). (44)
Substitution of (43) gives

Φ(x, z) = [1− r − dx+O(x3)]

× [sx+ 1
6c3x

3 +O(x5)]

+ [r + dx+O(x3)]

× [sz + 1
6c3z

3 +O(z5)].

(45)

Collecting monomials through degree three gives
Φ(x, z) = s[(1− r)x+ rz] + sd(xz − x2)

+
c3
6
[(1− r)x3 + rz3]

+O(∥(x, z)∥4).

(46)

The terms containing d are all quadratic. The cubic
contribution in (46) is independent of d.

For X = (x, y, z)⊤, write the map expansion as

F (X) = AX +
1

2
B(X,X) +

1

6
C(X,X,X)

+O(∥X∥4), A = DXF (E0).
(47)

In (47), B := D2
XF (E0) and C := D3

XF (E0) are
symmetric multilinear forms with codomains R3.
Their domains are (R3)2 and (R3)3, respectively.
The evaluation of complex eigenvectors uses unique
complex multilinear extensions. Only the second
component of F contains nonlinear terms through
−aΦ(x, z). Differentiating (46) therefore gives, for
U = (u1, u2, u3)

⊤ and analogously V,W ,
B(U, V )

= a s d

(︄
0

2u1v1 − (u1v3 + u3v1)
0

)︄
,

(48)

C(U, V,W )

= −ac3

(︄
0

(1− r)u1v1w1 + ru3v3w3
0

)︄
.

(49)

From (48)–(49), we write B = dB1 and C = C0; the
forms B1 and C0 are independent of d.

At the boundary a = aNS, choose the critical
multiplier λ with Imλ > 0. The right eigenvector v
and adjoint eigenvector p satisfy

Av = λv, A⊤p = λ̄p, ⟨p,v⟩ = 1. (50)
where ⟨p, U⟩ = p̄⊤U . The symbol v is reserved
for the eigenvector; q = has remains a scalar gain
parameter. From the first and third rows of Av = λv,
v2 = (λ − 1)v1/h and v3 = v1/λ. The adjoint
equation gives p1 = (λ̄ − 1 + µ)p2/h and p3 =
−asrp2/λ̄. We therefore use

˜︁v =

(︄
1

(λ− 1)/h
λ−1

)︄
,

˜︁p =

(︄
(λ̄− 1 + µ)/h

1
−asr/λ̄

)︄
.

(51)

The unused components of the eigenvector system (50)
are satisfied because P (λ) = 0. With ˜︁v and ˜︁p from
(51), set

v =
˜︁v

∥˜︁v∥2 , p =
˜︁p

⟨˜︁p,v⟩ , (52)

which gives ∥v∥2 = 1, v1 > 0, and ⟨p,v⟩ = 1. The
denominator in the adjoint normalization is nonzero
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because λ is simple. Normalization (52) is used
throughout the normal-form coefficient calculations.
Because A is independent of d, both eigenvectors
can be chosen independently of d along the boundary
a = aNS. The complex center coordinate is chosen as
w = ⟨p, X⟩, so the linear part of the center manifold
parameterization is X = vw + v̄w̄ +O(|w|2).

After the quadratic terms in the reduced map are re-
moved, the center-manifold expansion through second
order is written as
H(w, w̄) = vw + v̄w̄ + 1

2h20w
2

+ h11ww̄ + 1
2 h̄20w̄

2 +O(|w|3).
(53)

Matching the coefficients of w2 and ww̄ in F (H) =
H(G, Ḡ) gives

(λ2I −A)h20 = B(v,v),
(I −A)h11 = B(v, v̄).

(54)

The spectral conditions ensure that both matrices in
(54) are invertible. Their coefficient forms can be
explicitly obtained from the structure of A. For ζ ̸= 0
and P (ζ) ̸= 0, let (ζI − A)U = (0, b, 0)⊤. The first
and third rows give u2 = (ζ − 1)u1/h and u3 = u1/ζ.
Substitution into the second row yields[︂

as(1− r) +
(ζ − 1 + µ)(ζ − 1)

h

+
asr

ζ

]︂
u1 = b.

(55)

The bracketed expression equals P (ζ)/(hζ), hence

(ζI −A)−1

(︄
0
b
0

)︄
=

b

P (ζ)

(︄
hζ

ζ(ζ − 1)
h

)︄
. (56)

Next, the relations v3 = v1/λ and |λ| = 1 in (48) give

B(v,v) = 2a s d v21(1− λ−1)

(︄
0
1
0

)︄
,

B(v, v̄) = 2a s d |v1|2(1− Reλ)

(︄
0
1
0

)︄
.

(57)

Using (56) at ζ = λ2 and ζ = 1, with P (1) = has,
gives

h20 =
2a s d v21(1− λ−1)

P (λ2)

(︄
hλ2

λ2(λ2 − 1)
h

)︄
,

h11 = 2d|v1|2(1− Reλ)

(︄
1
0
1

)︄
.

(58)

The formulas for h20 and h11 in (58) are linear in d.
Therefore,

h20 = dh
(1)
20 , h11 = dh

(1)
11 , (59)

whereh(1)20 andh(1)11 are obtained from (58) by replacing
the factor d with 1.

Use the convention G(w, w̄) = λw + g21w
2w̄ +

O(|w|4) and write the coefficient of w2w̄ in the center

manifold as h21/2. Matching the monomial w2w̄ in
the invariance equation gives

(λI −A)h21 = C0(v,v, v̄) +B(v̄, h20)
+ 2B(v, h11)− 2g21v.

(60)

Since p̄⊤(λI − A) = 0, projection of (60) onto p
determines the resonant coefficient

g21 =
1

2

⟨︁
p, C0(v,v, v̄) +B(v̄, h20)

+ 2B(v, h11)
⟩︁
,

ℓ1 = Re(λ̄g21).

(61)

After g21 is determined, h21 is obtained from (60)
under the normalization ⟨p, h21⟩ = 0. This condition
removes the freedom to add a multiple of v to the
solution of the singular homological equation.

Proposition 4.1. Under (43) and the spectral condi-
tions of Proposition 3.2, the first Lyapunov coefficient
at a = aNS satisfies

ℓ1(d) = c0 + c2d
2, (62)

where c0 and c2 are independent of d.

Proof. Substituting B = dB1 and (59) into (61) gives
g21(d) = g

(0)
21 + d2g

(2)
21 ,

g
(0)
21 = 1

2⟨p, C0(v,v, v̄)⟩,
g
(2)
21 = 1

2⟨p, B1(v̄, h
(1)
20 ) + 2B1(v, h

(1)
11 )⟩.

(63)

Each quadratic contribution contains two factors of d,
one from B and the other from the center manifold
coefficient. Taking the real part after multiplication
by λ̄ gives cj = Re(λ̄g

(j)
21 ) for j = 0, 2, thus proving

(62).

Let χa = ∂a|λ(a)|a=aNS
, which is positive by (40).

The sign ℓ1 < 0 in (61) indicates a supercritical bifur-
cation with an attracting invariant curve for a > aNS,
whereas ℓ1 > 0 indicates a subcritical bifurcation with
an unstable invariant curve for a < aNS. In the model,
r in (19) determines where uniform following loses
linear stability through (20), whereas d determines
the criticality through (62). Therefore, two systems
with the same aNS can undergo different nonlinear
transitions.

4.2 Cubic Degeneracy and Fold Prediction
If c0c2 < 0, the positive root of (62) is

d∗ =
√︁

−c0/c2, ℓ′1(d
∗) = 2c2d

∗ ̸= 0. (64)
At d = d∗ from (64), the cubic radial term vanishes.
The fifth-order coefficient requires derivatives that are
not specified in (43). It is evaluated for the benchmark
family

ψ(x) = tanhx,
ρd(x) = r + δ0 tanh(dx/δ0),

(h, µ, r, δ0) = (1, 0.8, 0.6, 0.3).
(65)
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The benchmark family (65) satisfies 0.3 < ρd(x) <
0.9 for all x.

The expansion tanhx = x − x3/3 + 2x5/15 +
O(x7) gives

ρd(x) = r + dx− d3

3δ20
x3 +O(x5). (66)

Because ρd(x) multiplies ψ(z) − ψ(x), which has
no constant term, the fifth-degree term in ρd first
contributes at degree six inΦ. WriteΦ =

∑︁5
m=1Φm+

O(∥(x, z)∥6), where Φm is homogeneous of degree
m. Multiplying the two expansions gives

Φ1 = (1− r)x+ rz,

Φ2 = d(xz − x2),

Φ3 = −1
3 [(1− r)x3 + rz3],

Φ4 = −d
3x(z

3 − x3)− d3

3δ20
x3(z − x),

Φ5 =
2
15 [(1− r)x5 + rz5].

(67)

Thus the fifth-order Taylor polynomial of the map is

F5(X) = AX − a

(︄
0

Φ2 +Φ3 +Φ4 +Φ5
0

)︄
. (68)

The term Φ4 in (67) indicates how the third derivative
of the delay function enters the fifth-order calculation
through center-manifold matching.

The homological calculation follows the normal
form construction for maps in [14]. Use the factorial
convention

H(w, w̄) = vw + v̄w̄ +
∑︂

2≤j+k≤5

hjk
j!k!

wjw̄k,

G(w, w̄) = λw + g21w
2w̄

+ g32w
3w̄2 +O(|w|6).

(69)

In (69), hkj = h̄jk, whereas g21 and g32 multiply
monomials without factorial factors.

Let H<m and G<m contain terms of degree less
than m. If [Q]jk denotes the coefficient of wjw̄k, the
residual determined by lower orders is

R
(m)
jk = j!k!

[︂
F5(H<m)

−H<m(G<m, Ḡ<m)
]︂
jk
,

j + k = m.

(70)

Define the degree-five truncated invariance defect by
E5 =

[︁
F5(H)−H(G, Ḡ)

]︁
≤5
, (71)

and
ε5 := max

2≤j+k≤5

⃦⃦
[E5]jk

⃦⃦
2
. (72)

The norm in (72) is the Euclidean norm on C3. For
nonresonant monomials, solve

(λj λ̄kI −A)hjk = R
(m)
jk . (73)

For the resonant pairs (j, k) = (2, 1) and (3, 2), the
condition ⟨p, hjk⟩ = 0 completes the bordered system(︃

λI −A v
p̄⊤ 0

)︃(︃
hjk

j!k!gjk

)︃
=

(︃
R

(m)
jk
0

)︃
. (74)

Multiplying the first row by p̄⊤ gives
g21 =

1
2⟨p, R

(3)
21 ⟩, g32 =

1
12⟨p, R

(5)
32 ⟩. (75)

The system in (74) also determines h21, which enters
the degree-four and degree-five residuals through (70).

Set γ = λ̄g21 and ζ = λ̄g32. With R = |w|, the
terms retained in (69) give
|1 + γR2 + ζR4|2 = 1 + 2Re(γ)R2

+
(︁
|γ|2 + 2Re(ζ)

)︁
R4

+O(R6).

(76)

Expanding the square root of (76) gives the R4 coeffi-
cient Re(ζ) + 1

2 [Im(γ)]2. At d = d∗, the fifth-order
radial coefficient is therefore

β2(d
∗) = Re(λ̄g32) +

1

2
[Im(λ̄g21)]

2. (77)

For the benchmark (65), evaluation of (61) with
the normalization (50) gives

aNS ≈ 0.598968826,

ℓ1(d) ≈ −0.11266336 + 0.028056622 d2,
d∗ ≈ 2.003889,

ℓ′1(d
∗) ≈ 0.112445.

(78)

At d = d∗ in (78), λ ≈ 0.779691+0.626165 i and the
third multiplier is approximately −0.359381. Equa-
tions (70)–(74), followed by (77), yield β2(d

∗) ≈
−4.45553.

For the two-parameter unfolding, set ν(a) =
|λ(a)|−1 and letL(a, d) denote a smooth continuation
of the cubic radial coefficient, with L(aNS, d) = ℓ1(d).
Because ν is independent of d,

detD(a,d)(ν, L)
⃓⃓
(aNS,d∗)

= χaℓ
′
1(d

∗)

≈ 0.051620 ̸= 0,
χa ≈ 0.459069.

(79)

For the benchmark in (65), Proposition 3.2 supplies a
simple critical pair. The pair is nonresonant through
order six, (78) gives ℓ1(d∗) = 0, (79) has a nonzero
determinant, and (77) gives β2(d∗) ̸= 0. These condi-
tions numerically identify the benchmark point as the
Chenciner point.

The leading terms of the radial equation near
(a, d) = (aNS, d

∗) are
Rn+1 −Rn = Rn[ν + ℓ1(d)R

2
n + β2(d

∗)R4
n]

+ higher-order terms. (80)

The full cubic coefficient differs from ℓ1(d) byO(|a−
aNS|), whereas the quintic coefficient differs from
β2(d

∗) by O(|a − aNS| + |d − d∗|). These higher-
order corrections do not alter the leading-order fold
predictor, (83). For a nonzero radius, set S = R2 > 0.
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A fold of the truncated radial equation satisfies
ν + ℓ1(d)S + β2(d

∗)S2 = 0,
ℓ1(d) + 2β2(d

∗)S = 0.
(81)

Eliminating S from (81) gives

Sfold = − ℓ1(d)

2β2(d∗)
> 0, νfold =

ℓ1(d)
2

4β2(d∗)
. (82)

Substituting ν = χa(a− aNS) +O((a− aNS)
2) into

(82) yields the local prediction in the original parame-
ter,

afold(d) = aNS +
ℓ1(d)

2

4χaβ2(d∗)
+ o((d− d∗)2),

d ↓ d∗.
(83)

For d > d∗, (78) gives ℓ1(d) > 0, while (77) gives
β2(d

∗) < 0. Hence, (83) places afold(d) below aNS by
an amount of order (d− d∗)2. Through (19), d is the
local slope of the reaction-delay fraction with respect
to the normalized headway. In the benchmark, a slope
beyond d∗ creates a parameter interval afold(d) < a <
aNS in which E0 is still Schur stable, but a finite-
amplitude invariant curve is also present. Section 5
locates this interval by continuation and tests which
attractor is reached from different initial headway
perturbations.

5 Continuation and Coexistence
Fix (h, µ, r, δ0) = (1, 0.8, 0.6, 0.3) as in (65). The
choices d = 0 < d∗ and d = 3 > d∗ give opposite
signs of ℓ1 in (78), while aNS remains unchanged
because d does not enter the Jacobian. Because aNS is
identical in the two cases, the continuation isolates the
effect of the local headway sensitivity of the reaction
delay. The fold scan uses 2.02 ≤ d ≤ 3.

Each oscillatory state is represented by a periodic
parameterization K satisfying

Fa,d(K(θ)) = K(θ + ω),
K(θ + 2π) = K(θ).

(84)

A 95-point Fourier collocation discretizes (84). The
first cosine coefficient ofKx parameterizes the branch,
and its first sine coefficient is set to zero to fix the phase.
The critical eigenvector provides an initial curve. In
subsequent steps, the previous solution supplies the
starting point, while a, ω, and the Fourier coefficients
of K are solved together; this continuation passes
through the fold. Figure 2(a) shows half the range of
Kx. Proposition 3.1 supplies the stability of E0 on the
same aaxis.

At d = 0, the attracting invariant curve shrinks
to E0 as a → a+NS. Thus, near the threshold, a
follower that started close to uniform following de-
veloped only small-amplitude oscillations after E0

lost Schur stability. For d = 3, continuation follows
the attracting invariant curve into a < aNS until it
meets the saddle branch at afold ≈ 0.598297. For

0.598297 ≲ a < aNS, E0 remains Schur stable, and a
stable finite-amplitude invariant curve is also present.
Since d = ρ′(0) does not enter the Jacobian, this
coexistence interval comes from the nonlinear depen-
dence of the reaction delay on headway, not from a
displacement of aNS.

At (a, d) = (0.5985, 3), the two transverse expo-
nents of the outer curve are negative, whereas the inner
curve has one positive and one negative transverse
exponent. Therefore, the outer curve is attractive, and
the inner curve is saddle-shaped. Their meeting point
is identified by the local minimum of a along the con-
tinued branch. Increasing the collocation size from
63 to 95 points changes this minimum by less than
2 × 10−15 at d = 2.02, 2.2, 3; the largest invariance
residual over 1021 phases remains below 7× 10−14.

At d = d∗, the degree-five coefficient equations
have the largest componentwise residual of approx-
imately 2.1 × 10−15 in double precision, and (72)
gives ε5 ≈ 8.6× 10−15. Solving the same equations
at 50, 70, and 90 digits leaves β2(d∗) unchanged to
12 decimal places, while ε5 falls from approximately
8×10−50 to 7×10−90. The noncritical multiplier has
a modulus of approximately 0.359, so it is separated
from the unit circle at the benchmark point.

To compare the local formula with the continued
fold, set apredfold equal to the leading term of (83), and
let acontfold be the continuation value. Normalize their
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Figure 2: Continuation for the benchmark (65). Panel (a) shows the
invariant-curve half-range for d = 0 and d = 3; the solid and dashed
segments represent the attracting and unstable segments, respectively. For
d = 3, the shaded interval lies between the fold and aNS, and the blue line
marks a = 0.5985. Panel (b) plots aNS − afold against d− d∗ for (83)
and continuation, respectively. Circles correspond to errors at most 15%;
triangles correspond to larger errors.
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Figure 3: Coexistence at (a, d) = (0.5985, 3). Panel (a) classifies the
section z0 = x0 on a 241× 201 grid, where the equilibrium class uses
the threshold 10−7. The circle marks X(1)

0 = (0.001, 0, 0.001) and the
triangle marks X(2)

0 = (0.12, 0, 0.12). Panel (b) gives the 200-iteration
block maxima of |xn|, and panel (c) gives the last 160 iterates of the same
two trajectories.

difference by the continued fold displacement,

εfold =
|apredfold − acontfold |
|aNS − acontfold |

. (85)

Figure 2(b) shows the Chenciner value β2(d∗) from
(77) throughout the scan. Equation (85) gives about
2.5% error at d = 2.02 and more than 15% from
the sampled value d = 2.10 onward; at d = 3 the
error is about 256%. The 15% threshold is already
crossed at d = 2.10, so (83) is quantitatively useful
only when close to the local slope d∗. Accordingly,
the coexistence calculation uses the continued value
of afold(3) rather than the local predictor value. As
d− d∗ increases on the subcritical side, the continued
fold moves farther below aNS, widening the interval of
a in which the stable uniform following coexists with
a finite-amplitude invariant curve. For the benchmark,
d = ρ′(0) which controls both the change in Neimark–
Sacker criticality and the width of the coexistence
window resolved by continuation.

Set (a, d) = (0.5985, 3). Continuation gives
afold(3) < 0.5985, while Proposition 3.1 gives the

stability of E0 because 0.5985 < aNS. Hence,
(a, d) = (0.5985, 3) lies inside the coexistence in-
terval identified in Figure 2(a). Figure 3(a) samples
the section z0 = x0 on a 241× 201 grid to determine
which initial headway, relative speed, and one-step
history perturbations approach each attractor. The
orbits were advanced in blocks of 4096 iterations, with
a maximum of 163840 iterations.

The equilibrium label is assigned when
max ∥Xn∥∞ < 10−7 within the block. For the oscil-
latory label, the extrema must agree with the reference
orbit within 0.2% of its range, and the range must
change by less than 0.1% across three consecutive
blocks after at least six blocks. The reference orbit
was formed after 160000 transient iterations and then
sampled for 16384 iterations. A separate 64-point
check yielded the same classifications.

The two marked initial conditions in Figure 3
have y0 = 0 and z0 = x0, and thus differ only in
the size of the headway/history displacement. The
state X(1)

0 = (0.001, 0, 0.001) returns to E0, whereas
X

(2)
0 = (0.12, 0, 0.12) approaches the oscillatory at-

tractor and remains there through 160000 iterations.
Panel (b) separates these outcomes through the block
maxima of |xn|, and panel (c) resolves the persistent
oscillation. At a = 0.5985 < aNS, infinitesimal per-
turbations still decay, but the larger headway/history
displacement X(2)

0 selects an oscillatory state. The
boundary in Figure 3(a) is consistent with the sta-
ble manifold of the saddle-invariant curve. Because
x = (g − g∗)/S, the coordinate x0 = 0.12 represents
a headway displacement 0.12S for the implication, no
dimensional traffic amplitude is implied until the scale
S is calibrated.

6 Conclusions
The decomposition in (19) separates the two roles
of the reaction delay. The value r = ρ(0) enters
the Jacobian and fixes the linear threshold through
the equation (20). The slope d = ρ′(0) enters the
quadratic terms and changes the sign of ℓ1 through
(62). For the benchmark, d = 3 produces a fold at
afold ≈ 0.598297 < aNS. At a = 0.5985, the initial
state (0.001, 0, 0.001) returns to a uniform follow-
ing, while (0.12, 0, 0.12) approaches the oscillatory
attractor, although E0 remains linearly stable. In this
single-follower map, the headway dependence of the
reaction delay changes the response to finite pertur-
bations without moving the linear stability boundary.
Whether the same oscillation amplifies along a platoon
cannot be inferred from (16); string stability, wave
propagation, and physical amplitudes require a multi-
vehicle extension and calibration of the dimensional
scales.
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Appendix
Table 1: The table compares car-following models by time representation, delay formulation, and reported dynamical result.

Study Time representation Delay formulation Main analysis or result

[5] Continuous Constant explicit delay Effect of delay on congestion patterns
[6], [7] Continuous Constant reaction time Periodic solutions, subcritical Hopf bifurcation, and

bistability
[8] Continuous State-dependent delay through driver

memory
Stability region and hysteresis

[12] Continuous Driver-reaction and mechanical delays Stability changes, oscillatory solutions, and Hopf
bifurcation

[9] Continuous Headway-dependent reaction time Bistability of uniform motion and stop-and-go traffic
[10] Discrete Discretization with a sampling interval Discrete stability conditions and feedback control
[11] Discrete (coupled map) Delay in a discrete model Linear discrete-system analysis and feedback control

Source: created by the authors.
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