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Abstract: Discrete and continuous stochastic models that have approximate probability densities are identified
through finite difference approximations of forward Kolmogorov equations (FKEs). Finite difference construc-
tions of the FKE of an Itd stochastic differential equation (SDE) are shown to be identical to the FKEs of certain
stochastic models that are discrete in time and state. This identification yields a family of discrete stochastic
models with probability densities that approximate the probability density of the SDE model. Additionally, the
FKE of a discrete stochastic model is shown to be equal to a finite difference equation of the FKE of a continu-
ous stochastic model. This work gives greater understanding of how discrete and continuous stochastic models
are related. Several examples in natural sciences illustrate joint application of realistic discrete and continuous
stochastic models.
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1 Introduction tic processes. Identification of a family of discrete
stochastic models that have a similar dynamic behav-
ior leads to a better understanding of the problem.
Due to the many applications of discrete and con-
tinuous stochastic models, e.g., [, [2], [3]], [4], [5],
[6l], [7], this work raises awareness of how discrete
and continuous models are related. One-dimensional
problems are primarily considered in the present in-
vestigation. Several examples illustrate how finite
differences are used to identify discrete and contin-
uous stochastic models with approximate probability
densities and how understanding of a problem is en-
hanced through joint application of these discrete and

Forward Kolmogorov equations of a stochastic
model, discrete in time and state, through Taylor se-
ries expansions in the time and state variables, leads
to the forward Kolmogorov equation (FKE) of a cer-
tain Itd stochastic differential equation (SDE) model,
(L], [2]. This result implies that the probability den-
sity of the continuous stochastic model approximates
that of the discrete stochastic model. In applications,
the relation between discrete and continuous stochas-
tic models is useful in constructing physically or bio-
logically realistic SDE models, [[1]], [2], [3], [4], [S],

o1, 1. continuous stochastic models. Two of the examples
The objective of the present investigation is to de- are multidimensional.

scribe how discrete and continuous stochastic models

are related through an interpretation of finite differ- Original contributions of this work include:

ence approximations of forward Kolmogorov equa-

tions. It is shown that finite difference constructions e Given a FKE of a continuous stochastic model, it

of the FKE of an It6 stochastic differential equation is shown that a collection of finite difference methods

model are identical to the FKEs of certain discrete leads to a family of discrete stochastic models.

time and state stochastic models. This identifica-

tion yields a family of discrete stochastic models with e The FKE of a stochastic model, discrete in time

probability densities that approximate the probability and state, is shown to be equal to a finite difference

density of the SDE model. Specifically, given a FKE equation of a FKE of a continuous model.

associated with a SDE, a finite difference method
for solving the FKE leads to a FKE of a discrete e For a problem modeled by a physically or bio-

stochastic process and a collection of finite difference logically realistic discrete stochastic model, a corre-
methods for solving the continuous FKE leads to a sponding approximate continuous stochastic model is
family of FKEs of corresponding discrete stochas- identified through the finite difference methodology.
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2 FKEs: Discrete And Continuous
Stochastic Models

In this section, a stochastic differential equation, con-
tinuous in time and state, is given. The FKE of this
SDE is approximated by a family of finite difference
equations. It is shown how each of these finite differ-
ence equations generates a FKE of a stochastic model
that is discrete in time and state. As all the discrete
FKEs approximate the same continuous FKE, the
probability densities of the different discrete stochas-
tic models approximate each other. Also, when a dis-
crete stochastic model, discrete in time and state is
given, the FKE of this discrete stochastic model is
shown to be equal to a finite difference equation of the
FKE of a continuous stochastic model corresponding
to a certain SDE.

2.1 Family Of Finite Difference Methods
For A Continuous FKE

Consider the forward Kolmogorov equation for the
continuous stochastic process X (r)

Ip(t,x) I(f(1,x)p(t,x))

- w0
L 1P(p)
2 o0x? ’

with p(0,x) = po(x) and p(t,u;) = p(t,up) = 0, for
(t,x) € Ur where Ur = (0,T] x U and U = (uy,us)
for constants uy > uy, [8l], [9]. It is assumed that g
is positive on Ur. The function p in is the ap-
proximate probability density, for u, — u; large, of
solutions of the Ito SDE

dX(t) = f(t,X)dt ++/g(t,X)dW (t), )

with X (0) ~ po(x), where f and /g are the drift and
diffusion coefficients, [9], [10], [L1]]. A truncated do-
main U C R is considered here to facilitate the finite
difference construction and the comparison with the
discrete stochastic model. It is assumed that uy — u;
is sufficiently large such that the probability density
of FKE (I)) on the truncated domain gives an accu-
rate approximation to the probability density on R for
time 0 <t < T, such as when the density has Gaus-
sian bounds, [12], [13], [14)]. In particular, Gaussian
upper and lower bounds exist to the fundamental so-
lution of the forward Kolmogorov equation when the
drift and diffusion coefficients are smooth, [13]].

For existence and smoothness of the probability
density p of FKE (), see, e.g., [8], [15], [16]. For
example, probability density p € C(Ur) exists if
po € C*(U), po(u1) = po(uz) = 0, g is positive on
Ur, and f,g € C*(Ur). In the present investigation,
to estimate approximation errors, it is assumed that g
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is positive on Uy, probability density p exists to (1)),
and f,g,p € C3(UT)

A general explicit finite difference formulation of
FKE () is defined, in a form to simplify comparison
with discrete stochastic models, by the equation

p(tiv1,xi) = p(tj,xi) +AR(t),x;)
=+ 8,'7]'(AZ‘,AX>,

fori=1,...M+1and j=1,2,...,N, where x; =
u + (i — 1)Ax with Ax = (up —uy) /M, and t; = (j —
1)Ar with T = NAt. In addition, p(t1,x;) = po(x;) and
p(tj,x1) = p(tj,xm+1) = 0. The function R(t;,x;) is
given by

3)

R(tj,x;) = a1 (tj,xiy2) p(tj, Xiv2) + 4)
ar(tj,xip 1) p(tj, Xiy1) —as(tj, x;)p(tj,x;) +
as(tj,xi—1)p(tj,xi—1) +as(tj,xi2)p(tj,xi—2)

where the functions a(t,x) depend on f(¢,x) and
g(t,x) and are assumed to be nonnegative. In equa-
tion , & j(At, Ax) is the truncation error in the finite
difference approximation. (That is, &; ;(Af,Ax) is the
error produced when the exact solution of the FKE
is substituted into the approximate finite difference
equations.)

The functions ay(z,x) for k = 1,2,...,5 are se-
lected so that the truncation error is small when At
and Ax are small. By expanding all the terms in (3)
and (@) in Taylor series about #; and x; and applying
(1), then to obtain a truncation error of O((Ar)?) +
O(AtAx), the functions a; satisfy

ay (t,x) +ax(t,x) — as(t,x)
+au(t,x)+as(t,x) =0,
2a;(t,x) +ax(t,x) — aa(t,x)

~2as(t,x) = —f(t,x)/Ax, ®)
4a(t,x) +ax(t,x) +aa(t,x)
—f—4(,l5(l’,X) = g(t,x)/(Ax)z.
For example, the terms in the Taylor ex-
pansions  containing the partial derivatives

8(ak(t,x)p(t,x))/ax‘(lhxi) yield 2a; + a, — a4 —

2as = —f/Ax.  With values of @ that sat-

isfy , the truncation error & ; in (@ satisfies
max; j 81‘7]'(AI,AX)‘ < Ate where
9*p(t,x)

£ = CAtmain’D 6

! (t.x) ot2 ©)

93 (ax(t t
+C2(Ax)3 max (‘ (ak( 7xlp( ax)) >’
k,(.%) ox

for constants C1,C>. To readily construct families of
difference methods using (), the functions g are as-
sumed to satisfy the equations

a(t,x) = b f(t,x)

Ckg(tax)
Ax +

(Ax)* 7

(7
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for k =1,2,...,5. By (5) and (7), the constants by
and ¢y, satisfy the six equations

by +by—bz+bs+bs =0,
2by 4+ by — by —2b5 =1,
4b1 + by + by +4bs =0,
cit+ce—c3+eates=0,
2c14cr—c4—2¢5 =0,
de14+cr+ceq4+4c5=1,

(®)

under the condition that the resulting a;, for k =
1,2,...,5, are nonnegative. If the functions R and ay
of @) and (7) are substituted into (3) and the equa-
tion is divided by Az, the resulting equation is the
standard, but general, finite difference formulation
of FKE (1)), [17]. In the present investigation, to
facilitate comparison between the FKEs of discrete
and continuous stochastic models, the finite differ-
ence methods are described by equations (3)-(8).

Based on the above formulation, the difference ap-
proximation pj; to p(tj,x;) is defined to exactly sat-
isfy the finite difference equations

Dj+1,i=pjit+AtR;;, )
fori=1,....M+1and j=1,2,... N where
Rii = ai(tj,xip2)pjiva+ (10)

ar(tj,xiy1)pjivt —az(tj,x;)pji~+
as(tj, Xi—1)pji-1 +as(tj,xi—2)pji-2-

In addition, p1; = po(x;) and p;1 = pjm+1 = 0 for
i=1,....M+1and j=1,2,...,N. It is noted that
() is identical in form to (3)) but there is no trunca-
tion error term. The global error in the finite differ-
ence method, which takes into account the error ac-
cumulating with the time steps, is estimated using the
truncation error.

To roughly estimate the global error in the fi-
nite difference method @[), a stability condition on
the size of At relative to Ax is assumed of the form
Atmax;;asz(tj,x;) <1 (see, e.g., [17]). In addition, L
is defined as

L:n}a}X|a1(tj,xi+z)+az(tj,xz'+1) (11
_a3(tj7xi)+a4(tjaxi—1)+a5(tj7xi—2)|a
where by (3)-(8), L < C3 + O(Ax) with
If(r,x) | 119%(g(t,x))
(ML
3 182}3(( dx +2 ox? (12)

Letting e; = max;|p;; — p(tj,x;)|, then as a;(tj,x;) >
Ofork=1,2,....5,

ejgej,l(H—LAt)—l—Ate, (13)

E-ISSN: 2224-2880

615

Edward Allen

Table 1: Discrete stochastic model with indicated
changes and probabilities in time interval At.

Change in X(7r) Probability of a change at time 7
and state x in time interval Af
—2Ax ay (t,x)At
—Ax ax(t,x)At
0 1 —az(t,x)At
Ax as(t,x)At
2Ax as(t,x)At

Source: created by the author.

for j=1,...,N. From (I3), the global error in the
finite difference method satisfies

maxe; < €(exp(LT)—1) /L. (14)
J

Thus, as € = O(Ar) + O(Ax), the global error between
the continuous probability density and the finite dif-
ference solution is small when both Ar and Ax are
small.

In the next subsection, a discrete stochastic model
is defined based on the five functions a; > 0 for
k=1,2,...,5. If functions f and g of a continu-
ous stochastic model are expressed in a certain way in
terms of the g for k= 1,2,...,5, the FKE of the dis-
crete stochastic model is equal to a finite difference
approximation of the continuous FKE (I). This im-
plies that the continuous probability density approx-
imates the discrete probability density. On the other
hand, based on the results of the present subsection,
if the functions f and g of FKE are given along
with a collection of values by and ¢ fork=1,2,...,5
that satisfy and nonnegative functions a; for k =
1,2,...,5 that satisfy (7), then a collection of discrete
stochastic models are obtained whose FKEs are iden-
tical to finite difference approximations of the contin-
uous stochastic model’s FKE ().

2.2 Continuous Stochastic Model
Corresponding To A Discrete Model

The discrete stochastic model of Table 1 specifies five
possible changes in time interval Ar along with their
respective probabilities. For clarity in the present in-
vestigation, five changes and exact probabilities are
assumed in Table 1, but the model can be general-
ized to more than five changes and to probabilities
with approximation errors of magnitude O((Ar)?). In
Table 1, for the five indicated possible outcomes and
probabilities in small time interval A¢, it is assumed
that ag(r,x) >0fork=1,2,...,5,a3(t,x) = a;(t,x)+
ax(t,x) + aa(t,x) + as(t,x), and max, ) az(t,x)At <
1. Random variable X (¢) takes discrete values x; =
up+(@—1)Axfori=1,...,M+1 with Ax = (up —
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u1)/M and time ¢ is discrete with values t; = (j — 1) At
for j=1,2,...,N+1 and T = NAz. The probability
mass function for the discrete stochastic model is de-
fined as ij'Ax, that is, pj.,iAx = P(X(lj) = xi). This
definition is helpful so that the units of p;; for the
discrete stochastic model is consistent with the units
of p;; in equation (/) for the finite-difference approx-
imation of the continuous stochastic model.

It is now shown, when the functions a(t,x) in
Table 1 are identical to those in equation (Ef[), that
the discrete model’s FKE is equal to the finite differ-
ence equations (9)-(I0) of the continuous stochastic
model. The FKE of the discrete stochastic model fol-
lows directly from Table 1. When each term on both
sides of the FKE is divided by Ax, the equation takes
the simplified form

Pj+1,i=Pjit+ AR, (15)
fori=1,....M+1and j=1,2,...,N where
Rji = ai(tj,Xi2)pjiva+ (16)
ax(tj,xit1)pjiv1 —as(tj, Xi)pji

+as(tj,xi—1)pji-1+astj,xi—2)pji-2,

with p1; = po(x;) and pj1 = pjms1 = 0. As
and (I6) are identical to (9) and (10), the FKE of
the discrete stochastic model of Table 1 is identical
to the finite difference equations (9)-(I0) of the con-
tinuous FKE (I). To identify the functions f and g
of the continuous stochastic model that corresponds
with the finite difference equations, the terms in equa-
tions (3) and (@) are expanded in Taylor series about
tj and x; as in the previous subsection. To obtain a
low truncation error, the functions f and g in FKE
are identified as identical to those given in equation
(3). Specifically,

flt,x) = ( 2a1(t, x) —ax(t,x)

+ay(t,x) +2a5 X ), 17
g(t,x) = (Ax)? (4al(f x) +ax(t,x)

+ay(t,x) +4as(t )

Thus, given a, for k = 1,2,...,5, of the discrete
model of Table 1, the corresponding approximate
continuous stochastic model has drift and diffusion
coefficients f and g that satisfy (I7). For f and g
satisfying (I7), by a similar argument to that in the
previous subsection, the approximation error between
the continuous and discrete probability densities de-
creases to zero as At and Ax decrease to zero.
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The results and discussion of this section lead to
the following theorem which summarizes and de-
scribes how the discrete and continuous stochastic
models are related.

Theorem 1

Part 1. Assume that smooth nonnegative functions
ap,k =1,2,...,5 are given that define the discrete
stochastic model described in Table 1. Let the drift
and diffusion coefficients f and g be glven by (I7)
with g positive and assume that p € C°( Then,
the probability density p of the contlnuous stochastlc
model’s FKE (I)) approximates the probability den-
sity of the discrete stochastic model’s FKE for
(t,x) € Ur with errors of O(Ax) + O(Ar) for Ar suffi-
ciently small.

Part 2. On the other hand, assume that functions
f and g, with g positive, are given which define a
continuous stochastic model and f, g, p € C3 (Ur). It
the parameters by and ¢y satisfy (8) and nonnegative
functions ay, satisfy (7) for k =1,2,...,5, then the re-
sulting discrete stochastic models, described in Table
1, have FKEs that are finite difference approx-
imations of the continuous stochastic model’s FKE
with global errors of O(Ax) + O(At) for At suffi-
ciently small.

Several examples are presented to clarify this dis-
cussion. Suppose the discrete stochastic model in Ta-
ble 1 has functions a; = as = 0, a» and a4 nonnega-
tive, and a3 = a; +az +aq +as. Let f and g be given

using as

{ f(tvx) = (a4(tax) _aZ(t7x))Ax7
g(t,x) = (az(t,x) +as(t,x))(Ax)%.

Then, the discrete stochastic model’s FKE is a finite
difference approximation of the continuous stochas-
tic model’s FKE (TJ). Next, suppose instead that func-
tions f and g are given for a continuous stochastic
model and by =0,b, = 1/2,b3 =0,by = —1/2,bs =

(18)

0,c1 =0,c0=1/2,c3 =1,c4 =1/2,c5 = 0. By (7)),
the functions a; are selected as
—f 8
—as=0.a0 = —~
ay =as ;a2 2M+2(Ax)2,
f (19)
agzim:——k d .
(A 2Ax  2(Ax)?

Then, if a; and a4 are nonnegative, the resulting dis-
crete stochastic model’s FKE approximates the con-
tinuous stochastic model’s FKE.

In the second example, suppose functions f and
g are given in a continuous stochastic model and
a common, important modeling situation is consid-
ered where the only changes in Table 1 for small
time Az are 0 and +Ax and so a;(¢,x) = as(t,x) = 0.
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To find aj,as, and a4 in the corresponding discrete
stochastic model, as b1 = bs = c; = ¢5 = 0, then by
, b2 = C) = C4 = 1/2, b4 = —1/2, b3 = 0, and
¢3 = 1. Thus, by (), a> = g/(2(Ax)?) — f/(2Ax),
a3 = g/(Ax)?, and a4 = g/(2(Ax)?) + f/(2Ax). The
discrete stochastic model’s FKE in this case corre-
sponds exactly with the central difference method
for approximately solving the continuous model’s
FKE. This example indicates that, given a continuous
stochastic model, a single discrete stochastic model is
obtained that satisfies equations (7)) and (8) and only
allows nonzero changes +Ax in a small time interval.

In the third example, suppose first that a dis-
crete stochastic model is defined in Table 1 by
the equations as(f,x) = 0, ay(t,x) = ¢1(t,x),
ax(t,x) = ¢(t,x), and as(t,x) = @o(t,x) + Pua(t,x)
where ¢;(t,x), ¢ (¢,x), and @4(¢,x) are given
nonnegative linearly independent functions. Us-
ing equations (I7), the functions f and g for
the corresponding continuous stochastic model
satisfy  f(t,x)/Ax = (=2¢;(t,x) + ¢4(¢,x)) and
g(t,x)/(Ax)? = (4¢1 (¢, %) +2¢2 (¢, %) + @4(t,x)). Now
suppose instead that a continuous stochastic model
is defined by f(¢,x)/Ax = (—2¢,(¢,x) + ¢4(¢,x)) and
g(t,x)/(Ax)> = (461 (t,x) +2¢a(1,x) + ¢4 (t,x)) where
01(t,x), ¢2(t,x), and @4(¢,x) are given nonnegative
linearly independent functions. For this continuous
model, the original discrete stochastic model is not in
the family of models described by equations and
as, for example, the function a;(f,x) = ¢;(z,x)
cannot be written as —b1 f(z,x) /Ax +c1g(t,x) / (Ax)?
for constants by and c;. The original discrete
stochastic model’s FKE is a special finite-difference
approximation of the continuous model’s FKE.
Although the original discrete stochastic model is
not a member of the family described by and
(8), many members of this family do exist such
as the model with a; = as = 0, a; = 3¢; + ¢2,
az = 491 +2¢> + ¢4, and as = @1 + ¢ + P4, Or
the model with a = as = 0, a; = ¢ + ¢/3,
az =01+ ¢+ ¢4, and a4 = 2¢2/3 + @4. Also, the
probability densities of all these discrete stochastic
models approximate each other as they approximate
the same continuous probability density.

Finally, the family of discrete stochastic mod-
els that satisfy (5) may be empty. For example, if
Ax =1 and f = 2g with g positive, then there are
no nonnegative functions ai,k = 1,2,...,5 that sat-
isfy (B) as (3) gives 6a; + 2a; + 2as = —g. How-
ever, given f and positive g, if Ax can be made suffi-
ciently small, nonnegative functions a;,k=1,2,...,5
do exist that satisfy (5)). For example, a; = as =0,
2ay = —f/Ax+g/(Ax)?, 2as = f/Ax+g/(Ax)?, and
as = g/(Ax)*.
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3 Applications

Examples of several possible applications are de-
scribed in this section. In the first example, how sur-
face roughness changes with time during a smooth-
ness process is studied through development of a
physically reasonable discrete stochastic model. The
discrete stochastic model leads to a corresponding
SDE model which yields a formula for root mean
square surface roughness as a function of time. In
the second example, seed longevity is modeled by a
discrete stochastic model. The corresponding con-
tinuous stochastic model yields insight, for example,
into the coefficient of variation of sample batches. In
addition, it is shown how corresponding discrete and
continuous models may be identified for a multidi-
mensional seed longevity problem. The third exam-
ple illustrates how a hypothesized SDE model may be
examined for realism by examining the correspond-
ing discrete stochastic models. In the fourth example,
the effects of demographic variability in the popula-
tion dynamics of a two-dimensional biological con-
trol problem are studied. In the fifth example, the
discrete stochastic model of a particular chemical re-
action is studied. Another member of the same fam-
ily of discrete stochastic models is described that has
a similar probability density.

3.1 Progression of Surface Roughness

Under Smoothing
In this example, the SDE corresponding to a discrete
stochastic model is studied to find a relation for sur-
face roughness as a function of time for a metal sur-
face being smoothed through grinding. Root mean
square surface roughness, R,(¢), is defined as the
standard deviation in the surface height at time #, [18]].
It is desired to find a relation for R, () during surface
smoothing. It is assumed that the initial roughness,
R,(0), is known and that smoothing occurs through a
grinding process where surface particles are removed
during smoothing. To model the smoothing process,
the surface height is assumed to be piecewise constant
on a mesh with small mesh area AA and it is assumed
that the heights on the mesh are independent. Let
X (1) be the height of the surface at a mesh position

and notice that R, (t) = \/ Var(X(t)). Let y be the rate

per unit surface area that particles separate from the
surface during smoothing. It is assumed that a sep-
arating particle has volume v and that the mesh area
AA is greater than the particle cross-sectional area. A
particle is removed with probability YAAAt in area AA
in small time interval Az. The term E(X(0)) — vyr
is the average height of the surface at time ¢ and
X(t) — E(X(0)) + vyr is the difference between the
height at a mesh point and the average height of the
surface. As particles more likely separate at high re-
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Table 2: Surface height changes and probabilities in
small time interval Az.

Change in mesh Probability of
height X (7) change in Az
—V/AA (v+az(r))AtAA
0 1— (y+aZ(t) AtAA

Source: created by the author.

gions on the surface during grinding, the rate parti-
cles separate at a mesh position with height X (¢) is
assumed to be equal to Y+ a (X (t) — E(X(0)) + vyr)
where the second term “corrects” the rate y for the
height above or below the average surface height and
where it is assumed that E(X(0)) < y. Letting
Z(t) = X(t) — E(X(0)) 4+ vyr, a discrete stochastic
model for the height at each mesh point is described
in Table 2 where —Vv/AA is the possible change in
height for small time Af in mesh area AA.

Using equation (I7), the corresponding It6 SDE
for this discrete stochastic model is given by

dX(1) = —voa(Z(t)+y/a)dt

+\/V2a(z() +y/a) /aadw (1),
where Z(1) = X (1) — E(X(0)) + vyr. Applying Itd’s

formula, [9], [10], [19], the variance of the mesh
height is given by

(20)

Var(X(t)) = R;(0)exp(—bt) (21)

+ vy(1—exp(—br))/(2aAA),
where R,(0) is the initial roughness and b = 2va.

Equation implies that an approximate formula
for the roughness parameter R,(r) is given by

R,(1) = \/Rg,(O) exp(—bt) +a(1 —exp(—br)) (22)

where a and b are constants. To test this result, the
least squares fit is calculated for equation to the
roughness data reported in [20] for polishing a steel
surface for different lengths of time. For this data,
the least squares values of a and b are 0.00846 and
0.07950, respectively. The least squares curve of
equation to the data is presented in Figure 1. As
can be seen from the figure, equation fits well the
roughness data.

3.2 Stochastic Modeling Of Seed Longevity

A problem in agriculture is the decline of seed fer-
tility or viability with storage time, [21]], [22]. Previ-
ously, seed germination data has generally been mod-
eled by probit analysis where it is assumed that the
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o

Figure 1: Comparison of equation (22) for roughness
as a function of polishing time with data reported in
[20]] for steel. Source: created by the author.

Table 3: Changes in the number of viable seeds in
small time interval At.

Change AX  Probability of change
—1 kt"X (1) At
0 1 —kt"X (1) At
Source: created by the author.

loss of the ability to germinate over time follows a
normal distribution, [22]]. In this example, a dynamic
discrete stochastic model is derived from basic as-
sumptions on loss of viability with time. The discrete
stochastic model then leads to an approximate con-
tinuous SDE model which in turn provides approx-
imations to the mean and variance of the number of
fertile seeds with storage time. In addition, this exam-
ple indicates how multidimensional problems can be
treated in a manner similar to one-dimensional prob-
lems.

Viability of seeds in storage depends on storage
time and on certain environmental conditions such as
humidity and temperature. In this example, sample
batches of seeds are considered each with total num-
ber xg. Let X(¢) be the number of viable seeds in a
sample batch at storage time ¢. It is assumed that the
rate of change of the number of viable seeds is pro-
portional to X (¢) and #¥ where 7 is a constant. Let k
be a proportionality parameter which is assumed to
depend on environmental conditions during storage.
First, though, it is assumed that the environment is
constant so k is a constant. Based on these assump-
tions, a discrete model for the number of viable seeds
with storage time ¢ is given in Table 3. From this ta-
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Figure 2: Data (from [21]) on mean number
of tomato seeds sprouting in batches of 200
seeds compared with mean number E(X(t)) =
135.5exp(—t'¥*/550) using equation . Source:
created by the author.

ble, the functions f and g for equation are given

from as f(t,x) = —kt"x(t) and g(t,x) = kt"x(¢)
and the corresponding SDE has the form

dX (1) = —kt"X (t)dt 4+ / ke VX (t)dW (¢

with X (0) ~ po(x), where py is the probablhty den-
sity at t = 0 of the number of viable seeds for batches
of size xp. It is assumed that the mean and variance of
density pg is Xo and 602, respectively. Using equation
(23), the mean number of viable seeds in the batches,
E(X(t)), satisfies for t > 0,

E(X(t)) =xoexp (— k"1 /(y+1)).

To compare equation with data, longevity data
was considered for tomato seeds (of cultivar Gaucho)
reported in reference [21] under a constant environ-
ment where xp = 200 and Xy = 135.5. A least squares
fit to the tomato seed data for the mean number of
viable seeds with storage time gives ¥ = 0.849 and
k =0.00336 in equation (24). In Figure 2, the least
squares fit is compared with the tomato seed data.

The SDE model (23) gives useful insight about the
variability in number of viable seeds in the sample
batches. For example, if ¥ ~ xg and of ~ 0, the
coefficient of variation for batches of seeds approxi-
mately satisfies

(23)

(24)

VaX()) 0
EX() i 2

where z(t) = exp (kt”™/(y+1)) — 1 indicating, for
example, how the coefficient of variation in sam-
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Table 4: Changes and probabilities in [X (¢),K(¢)] for
small time interval At.
Change Probability of change
[—1,0] K(t)t"X (1) At
0,a]  BiK(t)Ar+ Ba(ke — K (1)) At
[0,—a]  BiK(r)Ar — B (ke — K(1))At
[0,0] 1—K()t"X(¢)At —2B,K(t)At

Source: created by the author.

ple batches is improved by increasing the number of
seeds, xp, in batches.

In the remainder of this subsection, the stochas-
tic model for seed viability is generalized to ran-
domly varying storage conditions, for example, to
randomly varying temperature and/or humidity. It is
assumed, under the randomly varying environment,
that the rate parameter K(¢) varies randomly with
time about a mean value k.. A discrete stochastic
model for X (¢) and K (¢) is presented in Table 4 where
o, By and f3, are constants. Letting x; = x;—1 + 1 and
kn = k1 + o, the FKE for the discrete stochastic
model of Table 4 has the form

:p(tj,xi+1,k ) (ZJ,XH_] k )Al‘ (26)
+p(tj)xivkm 1) (tju I)At
+p(tjaxiakm+l) (tja m+1)At

—i—p(tj,xi,km)(l— (tj,xi,km)At
—v(tj,km)At —w(tj, k)At),

where u(t,x,k) = kt"x, v(t,k) = Bik + Ba(ke — k),

and w(t,k) = Bik — Ba(ke — k). Letting fi(t,x,k) =

—u(t,x,k), fo(t,k) = o(v(t,k) —w(t,k)), g1(t,x,k) =

u(t,x,k), and ga(t,k) = a® (v(t, k) +w(t,k)), it is seen

that the discrete stochastic model’s FKE (26)) are fi-

nite difference equations of the continuous model’s
FKE given by

P(tj-i-l 7xi7km)

dp _ d(fip) I(fap)
" ox ok @7
L19%e1p) | 19%(s2p)
2 oJx? 2 Jk?

where p(t,x,k) is the probability density. Further-
more, the SDE system of the continuous model’s
FKE has the form

dX(t) = —Kt"Xdt +VKt"XdW) (¢)
dK( ) 206[32 ko — dl‘+ \/ ZazﬁleW2

with X (0) ~ po(x) and K(0) = ko where W; (t) and
W (t) are independent Wiener processes. Computa-
tional solution of this SDE system may be helpful, for
example, in studying the effects of randomly varying
storage conditions on seed viability.

(28)
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3.3 Checking the Realism of a SDE Model
Suppose a SDE model is hypothesized for a biolog-
ical or physical phenomenon. Examining the dis-
crete stochastic models that correspond with the SDE
model can be helpful in determining whether the SDE
model is reasonable biologically or physically. To il-
lustrate this, a simple example is described.

Consider the pure birth process with demographic
variability. It is hypothesized that the population size
X (t) at time 7 satisfies the SDE

dX(t) =nX(t)dt+ (rnX(1))*dw(t), (29)

with X(0) = 0 where r,ry, & > 0 are constants. By
inspection, f(t,x) = rix and g(t,x) = (rx)?*. The
discrete stochastic models that correspond with
are found by referring to Table 1 and equations (5)
or (I7). Assuming that the changes in the popula-
tion size are either O or 1 for births in small time
interval Az, then Ax =1 and a; =ap = a5 =0. In
addition, equation (5) gives ay4(x,t) = f(x,t) = rix,
and ay(x,t) = g(x,t) = (rx)?*. Thus, for discrete
stochastic models having population changes of 0 or
1 and corresponding with SDE (29)), the results im-
ply values of a = 1/2 and r, = ry in (29). Thus, a
reasonable SDE population model based on hypothe-
sized model is given by

dX (1) =nX @) di+ (nX()2daw ().  (30)

3.4 Plant Competition With Control

In this example, the effects of demographic variabil-
ity in the population dynamics of a biological control
problem are studied. A deterministic competition-
control example described and studied in [23] is
used as an illustration of transforming a deterministic
problem into one involving discrete and continuous
stochastic models. The problem involves competing
native and invasive species and illustrates application
to a multivariable problem.

Consider native and invasive species of compet-
ing plants with population levels X () and Y (¢), re-
spectively. A control is applied to limit the invasive
species. How the randomness in the population lev-
els affects the control is of interest in this example.
Referring to [23]], deterministic differential equations
for X (¢) and Y (¢) for this example have the form

ax(r) _ bi(t,X (1)) —dy(1,X(1),Y (1)),
dl%) Gh
o = bt Y (1) —da(t.X (1), Y (1)),

with X(0) = x,Y(0) = yo where by,d;,by,d; are
birth and death rates of the native and invasive
species, respectively, ¢ is time in years, and 0 <u < 1
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Table 5: Changes and probabilities in population
sizes [X(t),Y (¢)] at time ¢ for small time interval Ar.

Change in [X(7),Y ()] Probability of change
[1,0] bi(t,X(t))At
[—1,0] di(1,X(1),Y (1)) At
[0,1] by(t,Y(1))At
[0, 1] da(1,X (1), Y (1)) At

Source: created by the author.

is a control parameter. In the present investigation, it
is assumed that u = 0.9 and

bi(t,x) = 0.64x, by(t,y) =0.8(1—¢(t)u)y,
{ dy (t,x,y) = (0.60+40.02x/x9 + 0.05y/yo)x,
dy(t,x,y) = (0.70+0.05x/x0 + 0.025y/y0)y,
where ¢(t) =1 if t —[¢t] < 1/10 and ¢(z) = 0 if
— [t] > 1/10, where [f] is the greatest integer in ¢.
Thus, the control is applied for the first 1/10 of each
year. The control affects the reproduction rate of
the invasive species. The discrete stochastic model
derived from this discussion is described in Table 5

where unit changes may occur in X (7) and Y (). The
discrete stochastic model in Table 5 has the FKE

(32)

P(tji1,Xi,0) = p(tj, Xi—1,y)b1(tj,xi-1)Ar (33)
+p(tj, %, yk-1)b2(t), k1) At
+p(t,%ir1, k) d1 (2, Xi1, k) At
+P(tj,xi,yk+1)dz(tpxuykﬂ)m
+p(tj,xi,y) (1 — b1 (tj,%:) At — by (1, ) At )

—p(tj,xi,yk) (d1 (2], %0,y ) At + do (1, %1, yi ) At ).

Letting
faca-gpe
t,x t, 1,X,y),
g1 (t,x i}j) by (z,fc) +d21 (r.x ijz), (34
g (t,x,y) = ba(t,y) +da(t,x,y),

and Ax = Ay = 1, it is seen that the FKE (33) of the
discrete model is a central finite difference approxi-
mation of the continuous model’s FKE

b Ahp) fw)

- ox  dy 35)
L 19%(e1p) | 19%(g2p)
2 ox? 2 ody?

where p(t,x,y) is the probability density. In addition,
the corresponding It6 SDE system is given by

{ dX = fi(t,X,Y) dt ++/g1(t,X,Y) dW(t),

dYZfZ(t7X7Y) dt+ V gz(f,X,Y) sz(t) (36)
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Table 6: Means and Standard Deviations in Na-
tives and Invasives for the Discrete and Continuous
Stochastic Models at r =2.5,5.0 and 7.5.

Mean(Stdev) in Natives
Discrete | Continuous

Time (years)

2.5 93.9(17.0) | 93.5(16.8)
5.0 89.3(23.0) | 89.3(23.2)
7.5 85.7(27.5) | 86.0(27.7)

Time (years) Mean(Stdev) in Invasives
Discrete | Continuous

25 43.2(12.0) | 42.5(11.8)
5.0 40.4(16.1) | 39.7(15.8)
7.5 35.6(17.7) | 35.0(17.4)

Source: created by the author.

where W;(r) and W)(t) are independent standard
Wiener processes. Individual trajectories of the SDE
system (36) are simulated, for example, using numer-
ical methods such as the Euler-Maruyama method,
191, [10].

A test comparison is made between the probabil-
ity densities of the discrete and continuous stochastic
models. The means and standard deviations of na-
tives and invasives are calculated for the two stochas-
tic models at t = 2.5,5.0, and 7.5 years. The calcu-
lated values given in Table 6 show that the means and
standard deviations of the discrete and continuous
stochastic models are within 2% forr = 2.5,5.0,7.5.

The deterministic control equation (31)) is com-
pared to the stochastic SDE system (36) up to time
t = 30, with u = 0.9, x9 = 100, and yg = 50.
With this level of control in the deterministic model,
the native species (always) outcompetes the inva-
sive species. However, for 5000 trajectories of the
stochastic model’s SDE system, the invasive species
outcompetes the native species in about 18% of the
stochastic population trajectories by time t = 30. For
the SDE system, the proportion of the 5000 trajec-
tories where the invasive population is greater than
the native population is displayed in Figure 3 for
0 <t <30. These results indicate, for the population
sizes considered in this example, that evaluating the
control’s effectiveness based solely on a deterministic
control model can be misleading.

3.5 A Chemical Reaction Example

Consider reactions of three chemicals with molecular
quantities X (¢), Y (), and Z(z). (See, for example, the
discussion in [24]].) For simplicity, it is assumed that
the numbers of molecules of Y (¢) and Z(¢) are large
with respect to X () and approximately constant so
Y (1) = ypand Z(r) ~ zo. Three reactions are assumed:
2X+7Z—-U,X —-V,and X +Y — 2X + W, where
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Figure 3: Proportion of 5000 trajectories where the
invasive population is greater than native population
at time t. Source: created by the author.

Table 7: Changes and probabilities of number of
molecules of chemical reactant X (¢) for interval Ar.

Change in X(7) Probability of change
in time interval At

-2 rizox(x —1)As
—1 ryxAt
0 1 —as(t,x)At
1 rayoXxAt
2 0

Source: created by the author.

U, V,and W are product chemicals. The probabilities
of the three reactions for small Af are given in Table
7 where ry,rp,r4 are rate constants, Y (f) & yp, and
Z(t) ~ 2.

From Tables 1 and 7,

ay (t,x) = rix(x—1)zo,

ax(t,x) = ryx,

as(t,x) = rix(x— 1)zo + rax + raxyo,
as(t,x) = raxyo, as(t,x)=0.

In addition, from and with Ax =1,

(37)

f(t7x):r4y0x_2rlzox('x_l)_r2x7 (38)
g(t,x) = rayox +4rizox(x — 1) + rpx.

For this problem, the FKE of the corresponding con-
tinuous stochastic model has the form

ap(t,x) A(f(t,x)p(t,x))
ot - ox 59

laz(g(t,x)p(tjx))

2 ox? ’
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Table 8: Changes and probabilities of number of
molecules of reactant X (¢) in small time interval Ar.

Change in X(r) Probability of change in Ar
—1 (3rizox(x — 1) + rax) At
0 1 —g(t,x)At
1 (r1zox(x — 1) + rqyox)At

Source: created by the author.

where p(z,x) in (39) is the probability density of the
number of molecules x at time ¢.

A central difference form of FKE (39) is now con-
sidered to give a second discrete stochastic model
which will have approximately the same probability
density as the stochastic model defined in Table 7.
For this central finite difference method, by = 0,b, =
1/2,b3 :0,b4 = —1/2,b5 :0, C1 :0,62 = 1/2,03 =
l,c4 = 1/2,¢5 =0, and for these values d; = ds =0,
ay=—f/2+g/2, a3 =g, and ds = f/2+ g/2. The
discrete stochastic model for this central difference
method is described in Table 8.

To computationally compare the probability den-
sities of the two discrete models of Tables 7 and 8,
the values of the parameters are selected as rjzo =
0.00002, r, = 0.002, r4yo = 0.001, with x(0) = 100,
and Ar = 0.25. The probability densities are calcu-
lated at r = 50 using the FKESs of the discrete models
of Tables 7 and 8. The calculated probability densi-
ties are displayed in Figure 4 which illustrates that the
two densities closely approximate each other. This
example indicates that a chemical reaction involving
a single reactant changing with time can be approxi-
mated theoretically by a reaction that involves molec-
ular changes of just +1 or —1 per time step. It is also
noted for this example that if the reaction X — V is
replaced by a reaction of the form X + Q — V with
reaction rate rsgox where Q(t) ~ qo, then the prob-
ability density p(z,x) for the second set of reactions
is approximately the same as for the original set of
reactions when go = r/rs.

As another example, consider two sets of ele-
mentary chemical reactions. The first set of reac-
tions is Hz(g) + ICl(g) — HI(g) + HCl(g) and HI(g) +
ICl(g) — Iz(g) + HCl(y) with rate constants 1 and r,
respectively. The second set is 2NOg) == N7O2(g)
and NzOz(g) + Oz(g) — 2N02(g) with rate con-
stants r3 (forward), r_3 (reverse), and r4, respec-
tively. In these reactions, suppose that the numbers of
molecules of Hy, ICL, NO, and O are initially large
and approximately constant for the time interval con-
sidered with values [H], [ICI], [NO], and [O;]. Let
the numbers of molecules of HI and N>O, be denoted
by X (¢) and Y (1), respectively, with X (0) =Y (0) = 0.
By constructing discrete stochastic models for X(r)
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Figure 4: Probability densities of number of

molecules at t = 50 for original and second models.
Source: created by the author.

and Y(z), it is straightforward to see that the corre-
sponding continuous stochastic models for X () and
for Y(¢) are identical if [NO]? = r|[Hp][ICl]/r3 and
[O2] = (r2[ICl] — r_3)/r4. This implies, under these
conditions, that the probability densities of X () and
Y (¢) approximate each other for these two sets of re-
actions.

4 Summary And Future Work

In summary, discrete and continuous stochastic mod-
els are shown to be related through an interpretation
of explicit finite difference methods of FKEs. A fam-
ily of discrete stochastic models is identified with
probability densities that approximate the density of a
continuous stochastic model. The probability density
of a continuous stochastic model is shown to approx-
imate the probability density of a discrete stochastic
model. For a given biologically or physically real-
istic discrete stochastic model, a corresponding ap-
proximate continuous stochastic model is identified
through finite differences. The results are useful in
the derivation, analysis, and joint application of re-
alistic discrete and continuous stochastic models to
applied problems in science and engineering.

There is potential for much future work. The dis-
cussion is generally limited to one dimension, only
a basic one-dimensional error analysis is given, and
solvability and smoothness results are described for
one-dimensional parabolic PDEs. In future work,
an increased explanation about multidimensional
stochastic models is suggested with more-detailed er-
ror and convergence analyses of the numerical meth-
ods and with more numerical experiments. A detailed
von Neumann stability analysis, a rigorous proof of
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consistency and convergence in a suitable norm, and
a precise discussion of the Courant-Friedrichs-Lewy
condition is suggested for multiple dimensions. More
general solvability and smoothness results applica-
ble to the multidimensional parabolic PDEs could
be considered and described. Furthermore, extend-
ing the results of the present investigation to a set-
ting of implicit finite difference methodology is pos-
sible. That is, implicit finite difference equations
of the continuous model’s FKE could be related to
implicit discrete models in a straightforward manner
where the implicit discrete stochastic models are de-
fined, for example, by generalizing the explicit dis-
crete stochastic models described in Table 1. Finally,
there are many more applications of the techniques
described in this paper to derive and study various
randomly varying problems in science, engineering,
and agriculture. For example, future work may in-
volve a more detailed study of seed longevity and
plant competition with control.
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