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Abstract: - Finite element approximation is often used to solve various problems in mathematical physics, such
as boundary value problems. Previously, the authors considered the Courant approximation on a sphere. The
Zlamal approximation on the plane gives smaller errors of approximation than the Courant approximation. This
paper discusses a generalization of the Zlamal approximation on the plane and the Zlamal approximation on a

sphere.

The theoretical results are given for the Zlamal approximation on the plane and the Zlamal
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1 Introduction

In 2024, we celebrated 100 years since the birth of
Professor Milo§ Zlamal [1]. The most important
mathematical achievements of Professor Milo$
Zlamal are the study of various properties of
analytical solutions of ordinary and partial
differential equations and the theoretical foundation
of the finite element method [2], such as the
minimum angle condition and curved finite
elements [3]. He also developed the mortar finite
elements used to cover a strip between two different
types of finite elements.

The finite element method is currently widely
used for the numerical solution of boundary value
problems in mathematical physics. The method is
based on the concept of finite element
approximation, which is a type of local
approximation.

Main features of finite element approximation are:

e triangulation of the initial domain;

o local interpolation basis;

e the piecewise polynomial nature of the
approximation.

e the wuse of variational
derivation of the discrete system of
algebraic equations approximating the
boundary value problem.

principles for
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An extensive bibliography and a detailed
exposition of the finite element method are
contained in [4]'s monograph and [5]’s paper. We
note that paper [6] is also significant in Zlamal's
exploration of finite element approximation.

Review paper [7] discusses the developments in
immersed or unfitted finite element methods. The
main focus of this paper is the analysis and the
treatment of the adverse effects of small cut
elements.

3D Concrete Printing (3DCP) is an innovative
construction technology that enables the efficient
fabrication of complex objects through the extrusion
of cementitious materials. However, the quality and
integrity of the structural components are critically
dependent on the accuracy of the extrusion and layer
deposition processes. Study [8] employs the Particle
Finite Element Method (PFEM) to virtually
reproduce 3D printing of cementitious materials.
PFEM allows for automatically tracking the free
surface and efficiently modeling the material as a
non-Newtonian Bingham fluid.

Flexoelectricity is a fundamental property found
in all nano/micro-scale dielectric materials, even
those with centrosymmetry. It describes coupling
between the electric field and nonuniform
mechanical strains, as well as between the electric
field gradient and mechanical strains. Paper [9]
presents a  three-dimensional  second-order
collocation finite element method, which can model
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higher-order electromechanical coupling and is
computationally efficient. The formulations for the
27-noded mixed finite element based on the
collocation principle are derived and translated into
Fortran code.

An accurate simulation and computational
analysis of temperature distribution in large power
transformers used in power plants is crucial during
both the design and operational phases. Paper [10]
introduces a thermal  modeling  analysis
encompassing two- and three-dimensional (2D and
3D) approaches for power transformers. The
mathematical model for heat diffusion follows the
Finite Element Method (FEM) approach.

Atomic force microscopy (AFM) is widely used
to quantify mechanical properties, typically Young’s
modulus, by fitting force—indentation data with
various mathematical contact models. Paper [11]
focuses on the contact radius and Hertz-based
extraction of Young’s modulus.The results were
compared to macroscopic data obtained using a
standard measurement (ISO 527-1:2019) of
Young’s modulus. The contact was modeled using
finite element analysis (FEA).

Paper [12], using the Finite Element Method, a
solid model was created with images of femur bone
tomography. Dynamic hip screws (DHS),
cannulated screws (CCS), and medial buttress plates
(MBP) were obtained by making three-dimensional
designs. The required elements for the models were
assigned, and the material properties of the elements
were defined.

Research study [13] presents a comprehensive
analysis of the local discontinuous Galerkin (LDG)
method  for  solving  multi-order  fractional
differential equations (FDEs), with an emphasis on
circuit modeling applications. The results
demonstrate that the LDG method achieves high-
accuracy solutions (e.g., with a relatively large time
step size) and reduced computational costs, which
are attributed to its element-wise formulation.

Paper [14] presents a closed-loop control
strategy for morphing wing structures where the
feedback originates from monitoring the actual
deformed shape of the morphed skin. The approach
is based on the inverse Finite Element Method
(iIFEM), which is able to reconstruct the
displacement field of a structure by minimizing, in a
least-squares sense, the error between the analytical
strains and those experimentally measured in some
discrete locations. The iFEM-based control strategy
is assessed numerically on the example problem of a
wing segment whose trailing-edge camber is
modified via the morphing strategy.
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Paper [15] reveals the extension of a
mathematical model of heat and mass transfer of
fluid flow over a sheet by incorporating the effect of
non-linear mixed convection. The governing
equations of flow phenomena are expressed as
partial differential equations (PDEs). Similarity
transformations are employed to get a dimensionless
set of boundary value problems. This study
implements the finite element method to tackle the
boundary value problems, based on the Galerkin
approach.

Prof. Yu. K. Dem'yanovich of St. Petersburg
State University focused on approximations over
manifolds and, in particular, approximations on a
sphere. The authors are grateful to Yu. K.
Dem'yanovich for consultations and mentoring.

In this paper, we discuss the application of the
Zlamal  approximation to constructing an
approximation on a sphere. As is known from
mathematical analysis and geometry, a surface in
space can be defined using various coordinate
systems. One way to define a coordinate system is
using Cartesian coordinates.

However, such a definition is only allowed for
surfaces that project one-to-one onto one of the
coordinate planes. Closed surfaces, such as a sphere,
must be broken down into intersecting pieces. These
pieces are called maps. The term "map" is used
because the FEarth's surface is a sphere; in
cartography, the Earth's sphere is represented by a
set of two-dimensional maps. A set of maps
constitutes an atlas of the Earth's surface.

Here we consider a triangulation and atlas for a
two-dimensional closed surface M, smoothly
embedded in three-dimensional space. Suppose that
the nodes (vertices) of a two-dimensional closed
surface are given and the topology of a triangulation
with these vertices is specified; that is, the triangles
and vertices are numbered, and there is an incidence
table that can be used to determine which nodes are
vertices of each triangle. We can give an example of
a triangulation on a sphere. First, consider the
triangulation generated by the four vertices of an
inscribed regular tetrahedron and segments of great
circle arcs. We refine this triangulation by a factor
of four, connecting the midpoints of the triangles'
sides with great circle arc segments. We project the
triangles on the sphere orthogonally onto the tangent

plane.
The paper is organized as follows. The second
section discusses the Courant and Zlamal

approximations on a plane, and the third section
discusses the Zlamal approximation on a sphere.
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2 Problem Formulation

2.1 Construction of a Piecewise Linear
Approximation

Let 7' be a triangulation of the plane R? formed by
finite triangles. Let &';, i = 1,2, 3, be the vertices of
triangle T on the plane R?. Denote by 3} the union
of closed triangles T', containing the vertex & ]’ To
each vertex ¢; we associate a piecewise linear
function 2;(¢"). This function must vanish outside
3jand 2;(¢}) = 1.

Let us take j =1 and write out the function
2:(§").

Let us introduce the notation for the Cartesian
coordinates of the triangle's vertices: ¢ =
(x;,¥{),i=1,2,3. Letusalso denote &' = (x',y").

Now we have
1 1 1 1 1 1
2,(&) =det| x' x3 x3|/det| 1 x5 x3 |,
Y y: ¥3 i Y2 Y3
1)
Theorem 1. For function U € C%(R?) the

approximation
UE) = ) UEPHEY @
j

gives the error of the approximation of the second
order

1U = U llg(rz)< KR? 11U llg2(rzy - (3)
Here h is the upper bound of the diameters of the
triangles of the triangulation 7.

Table 1 presents the errors of the Courant
approximations for some functions at point (0.48,
0.5). The rows of this table correspond to the levels
of grid refinement (n is the number of triangles in
the triangulation).

Table 1. The errors of the Courant approximations
for some functions at point (0.48, 0.5)

n cos x? 3 +y3 sin 5x + cos4y x5

42 | 23107 | -1.3-107? -41-1072 -33-1078

43| 13-107° | -6.6-1073 -25-1072 -20-1073

4* | 56-107* | -31-1073 -1.2-1072 -9.0-10*
Source: created by the authors.

2.2 Construction of the Zlamal

Approximation
Now, we consider the Zlamal-type approximation
on the plane.
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Let us introduce the concept of barycentric
coordinates. The barycentric coordinates of a point
&' € R? are the numbers 1,(&"), 1,(¢"), and A3(§")
satisfying the equalities:

() +22(8) +243(8) = 1,

A1(ENx1 + A,(§Dxy + A3(8)x3 =
€Ny + 2,(ENys + A3(EDys =y
Now we have
1 1 1
M) =det|x' x3 x3 /4, (4)
Y y: y3
1 1 1
(E) =det| x1 X" x3)/4,(5)
i Y oy
1 1 1
A3 =det| x1 x3 x'|/4, (6)
yi Y2 ¥
where
1 1 1
A=det| x1 x5 x3| (7)
yi Y2 Y3

Properties of barycentric coordinates
1) 2;(§") is a first-degree polynomial, where
A€ =8y, L) =1,2,3;
2) The equation 4;(§') = 0 defines the line on
which the side of the triangle opposite the vertex EJ’-
is situated;
3) The interior points of the triangle are described
by the system of inequalities

L,EY)>0, i=1,23;
4) The functions 4;(¢') are not additive and
homogeneous, but if the real numbers >0 and >0
are such that o+ =1, thent;(cé' + 6¢&') =

2@ &)Y+ 0(58) =02, +a0(E);
5)2,(§) =2.(§).
We introduce the notation

Jo={123}, & =& +&)/2
k 1€y, k<L

Let function U be continuous on T , where T is the
closed T’ triangle.

Lemma 1. A polynomial of the second degree
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0@E) =) M) @AE) - DUE) +
i€]o

4 z LEEWE)  (8)

k<Lk,Ll€],
interpolates the function U at the nodes &/, &,.

Proof.
Substituting §’ = &; we obtain from (8)

0(5) =Y A& @A) - DU +
i€Jo
4 EENUE)

k<l k€],

USing A](El,) = 6ij’ ll] = 1;2;3’ (See property 1))1
we obtain that

> a(E) @A(E) - DuEh = u(E),

i€jo
because nonzero will be only that the term for
whichi =j, and

Le(E)A(E)U (Era) = O,
k<Lk,EJo
because every the term is zero.

Thus, we have the relation:

0@ =)

Substituting &' = &, S,;t€ Jo, s < t, then we have

Ui = ) A6i0) 2 Au(Ei) = DU +
i€Jo
4 EDREIUE)-
k<Lkl€],

wheno =& = % &' =¢&LE =¢&, then

1
Aise) = 5 (8is + i),
where
bis = 4i(§5), 63 = (S
Now we have
—~ 1
0 Gi) =5 ) (Bis +8i0) (Bis + 8 = DU +
L€Jo
4 Gt 8Os + 80U (E)

k<Lk,Ll€],

In the first sum, the term is certainly zero if i +
s,i #t. Fori =s,i =t, the terms are also zero. It
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is easy to show that in the second sum, if s = 1,t =
2, then U(&],) = U(&;,). Similarly, for s < t, we
obtain the equality U (¢;,) = U(&;p).

Thus, the interpolation properties of the polynomial
U (&') are proven.

Assume that U € C3(R?). On each triangle T’,
consider a polynomial of degree two:

0@y= Y '€ (240 -1)uE +

i€j(T")

) AEOTEOUE . ©

k<Lk,LleJ(T"

Here J(T") is the set of indices that number the
vertices of the triangle T, A]-T'(f’) are the
barycentric coordinates of the point &', determined
by the vertices of T', T is the closure T, %, =
CEr+éED/2, ke k<L
Let T' and T," be two adjacent triangles, and if the
point &' lies on their common side, then it can be
proved that the relation:

Lemma2. UT'(¢)=T"'(e"), & e T'nT',.

Proof. The proof is obvious, because, for the three
points (the two ends and the middle point), the
relation is valid. If we put &' = &'(s), where s is the
parameter that defines the length of the side, we can
see that OT'(¢'(s)) and UT'(E'(s)) are the
polynomials of the second-degree, coinciding at
three points, therefore, they coincide for all s under
consideration.

On R?, we define the function U (¢') by the
equality T (¢) = UT'(¢"), where &' € T',T" is any
triangle in 7.

The function U (¢') is called the Zlamal finite
element approximation.

Theorem 2 The Zlamal approximation U (&),

defined by formulas (8) and (9), interpolates the
function U at the points ¢; and f{j :

0(¢) =U (), 0(¢y) = U (&)
The proof follows from Lemma 2.

Corollary The Zlamal approximation is exact on
second-degree polynomials

UEH=UE"). § er?
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Proof. From the statement of Theorem 1 and

formula (9), it follows that the second-degree
polynomial
Py =Y A€ (2@ -1)vi+

iej(T")
4 AENE W T (10)

k<Lk,lej(T")

gives a solution to the interpolation problem

P(5) =
P(Emn) =

in the class of second-degree polynomials , in two
variables. Formula (10) can be viewed as a linear
mapping of the six-dimensional space of
coefficients V;,V;, ,, into the six-dimensional space
m,.The Kkernel of this mapping consists of a single
zero. Therefore, mapping (10) maps the space m,
onto itself. To obtain a polynomial P € m, in
formula (10), we must set V; = P(¢§}), Viq = P(&x)).
Thus, mapping (10) is the |dent|ty transformation on
the space m,.

The corollary is proved.

]']E](T)
Vo, m<n, mne€ J(T"),

Table 2 presents the errors of the Zlamal
approximations for some functions at point (0.48,
0.5). The rows of this table correspond to the levels
of grid refinement (n is the number of triangles in
the triangulation).

Table 2. The errors of the Zlamal approximations
for some functions at point (0.48, 0.5)

n cosx? 3 +y3 sin 5x x5

+ cos4y
4% 3.7-10™* | -4.8-10* -9.8-1073 -7.9-10"*
43 7.6-1075 -89-10°° -1.6-1073 -1.8-107*
4* 85-10°° -9.6-107° -1.5-10™* -2.1-107°

Source: created by the authors

2.3 A Generalization of the Zlamal
Approximation on the Plane

Now let us consider a generalization of the Zlamal

approximation.

Let o;; and gj; be numbers such that

O-ij + O'jl' = 1, O-ij'o-jl' € (0,1), i<j, l,] € ](T’)

Consider the points ¢/; = 0;;¢; + g;;§;.

By virtue of property 4) of the previous sect_ion
Al’(O'f’ + 65’) = Ai(Uf,) +/11(5€’)

we obtain
AL (Er) = oAl (&) + oyl (ED.
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By virtue of property 1), 1;(¢") is a first-degree
polynomial, and A;(§)) =6, i,j=1,2,3, we
obtain fori = k,i #1 the following relations
AL G =0 A &) = ou, AL (&) = 0.

On functions u € C(R?), we introduce the operator
A by the equality TT' (¢") = AU, where

o' @) =
@A @) = 1)ai/2 +UED)
iej(T")

AT EUED/ Gy,
i<j,i,jeJ(T")
&eT’,(11)
here
g1 = U (031 + o3) + U(fz)(ff
U(&3) (o5 — 053),
qz = UG (021" — 031) + U(&) (o + 033) +
U(&3) (023" — o131),
q3 = U(§)) (031" — 031) + U(&)) (037 — 017) +
U(¢3) (o5 + 053").

—037) +

We assume that &7,&;,&5 are the vertices.
Therefore, we can take J(T') = {1,2,3}. It is easy to
establish the interpolation properties of the mapping
AT (&) = UL, k<1, k, 1=1,2,3.

Lemma 3 (Dem'yanovich). U7 (¢5;) = U(EL;), k <
Lk1l=123.
Denote a = o5, b = 031, c = 03,5, a’ = ot b’ =
o3, ¢’ = 053
We have
Av)(¢"H =
/11(‘5')((/11(‘5’? - 1q./2+ U (&)
() ()2, ey

+23(§)((A3(§") — Dgs/2+ U(§3))
+A1(EN22(E) aa'U(E1,) +
+21(ENA3(EN b D'U(E3) +
+2,(EN23(€) c c'U(&33),
g, =UE)(a+b)+U()(@@ — o)
+U&) (b =),
gz =U(D(@a—-b)+U(E)@ +c¢)
+U(&3)(c' = b,
q3 =UDb —a) +U(E)(c—a’)
+ U + ),

Note. When aij=%, then a=a'=b=>b"=c=

c'=2,q; = 4U(&)).
We denote
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5= A€ — Dagi/2
ie{1,2,3}
+UED),
52§ = 4NN UG/ (o) 050
i<jij=1,2,3

Obviously we have

Si (&) =U), S(&) =0,
U = U k=123,

() — g
2

thus

and

S1 (fllcl) = A (fllcl)(

<(/11(51'd;_ Daq 4 U(fz’))-

U

+4, (&)

We can rewrite this formula in the following form:

-1
51 (§) = o ((“’“2—”" + U@,;)) *

+ou ((Ulk ; D + U(fz')) =

_ a1 =0)(qx + q0) 4

h 2
+01 U(ER) + (1 — 0y U (E)).

We can take k = 1,1 = 2. In this case, we have

g+ =225 Ua(%)'
21 12
Thus
UE) UG
$1(§12) = =012 01 ( Sf) * a(f)> i

012 U1) + 042 U(&3) = 0.

Similary, we have
51(513) = 51(553) = 0.

S0 51 (§) = 0.

And we can obtain the relation:

oy MGG ,
$2(El) = T2 U Gh) = UG-
Ok1 O1k
Finally we obtain
0" (&) = UERD, k < Lk, 1=1,23.
Lemma 4. Relation (11) defines an interpolation

polynomial of degree two with interpolation nodes
&,&1j, where &/, &/, such that

§ij=0y& + 0585 i<y, i,j € J(T").
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The operator A is the identity operator on the set
of polynomials of degree two.

For a function U € C3(R?), on each triangle T’
of a triangulation 7', consider the polynomial
J7T' (£"),&' € T'. We define the function T(£"),&’ €
R?, by the equality

JEH =07, & eT, T'eT".(12)

The function U(E") generalizes the Zlamal finite
element approximation.

Theorem 3. The approximation U(¢’), satisfying

relations (11), (12), is continuous on the entire plane
and interpolates the function at the points 51’-, Ei’j

0(5j) =U(&)). 0(&;) =U(&)).
The proof is easy to obtain using Lemma 4.

It is convenient to represent the approximation
U(&") in the form:

UGN = ) UG %@+ ) U(E) 256,
k

i<j
where
§ij = 0u§i + ), i<,
aij + O'jl' = 1, O-ijlo-ji € (0,1),
o),
I E Tl Tl !
-Qk(s;’) = Oik aji’ ¢ ’ < Sk (13)
0, §' €& 3k
M f’ET, T’C3,n3’
21 (&) =1 owow’ ’ KWL (14)

0, &' &3N3y

Recall that 3, is the union of closed triangles
from 7', and 3y, is the union of closed triangles
containing the vertices &, and &;. Obviously, supp
O = Jia (Figure 1), and  supp 02y = Jj
(Figure 2).

3
Fig. 1: 3j; is the union of closed triangles

containing the vertices &, and ¢;.
Source: created by the authors.
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Fig. 2: supp 2 = 3y
Source: created by the authors.

Remark. We do not indicate the dependence of ﬂjT'
from¢' .

The following statements hold:
D2.(61) =L 4§D =0, if ke # §;
2(&)=1,04C) =0,ifk =i, j#1;
functions Ue C3(R?) the

Theorem 4. For

approximation

TN = ) UG %@+ ) U(Eh) 256N,
K i<j
§ij = 0y§ + 0;;&j, i<),, 04 + g = 1,
0ij, g5 € (0,1),
gives the error of the approximation of the third
order

U = T lle(gz)< Kh2 U llgaray.

Here h is the upper bound of the diameters of
the triangles of the triangulation T' and the constant
K is independent of h.

The proof is based on the fact that the
approximation U is exact on second-degree
polynomials and the application of Taylor's formula.
Remark. In practical calculations, it is necessary to
ensure that the quantities a;;, oj; are not too small;
otherwise, the process may become unstable.

For example. If we approximate the function
3x(x —1) in the triangle (Figure 3) with the
program developed in C with float-type numbers
when eps=0.0001, we obtain the approximation with
error=0.0, but when eps=0.00001 we obtain the
approximation with error=0.021.
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(0,2)

(0,0)

Fig. 3: The triangle with small eps.
Source: created by the authors

If we approximate the function 3x(x — 1) with
the program developed in C with double-type
numbers when eps=0.0001 we obtain the
approximation with error=0, but when eps=0.00001
we obtain the approximation with error=5.8 10711,

Table 3 presents the errors of approximation
with generalization of the Zlamal functions (o;; =
1/3) at point (0.49, 0.5). The rows of this table
correspond to the levels of grid refinement (n is the
number of triangles in the triangulation).

Table 3. The errors of approximation with
generalization of the Zlamal functions (o;; = 1/3)
at point (0.49, 0.5)

n cos x2 x3+y8 sin 5x + cos4y
42 2.7-107% -5.0-107* -55-1073
43 1.2-107* 15-1075 -15-1073
44 5.0-107* 1.4-1075 -41-107*

Source: created by the authors.

Table 4 presents the errors of approximation
with generalization of the Zlamal functions (o;; =
1/4) at point (0.49, 0.5). The rows of this table
correspond to the levels of grid refinement (n is the
number of triangles in the triangulation).

Table 4. The errors of approximation with
generalization of the Zlamal functions (g;; = 1/4)
at point (0.49, 0.5)

n cos x2 x3+y8 sin 5x + cos4y
42 3.3-107* 9.9-10°° -73-1073
43 2.0- 10~* 3.0-107° -33-1073
44 1.1-107* 2.3-107°5 -14-1073

Source: created by the authors.

Comparison of the results of applying the
Courant (Table 1) and Zlamal functions firstly
highlights the advantage of using the Zlamal
functions, and secondly confirms the theoretical
estimates of the approximation.
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3 The Zlamal-type Approximation on
a Sphere

Let us now construct the coordinate functions on a
sphere M in the space R® with the center at O:

& =r%

We assume that the sphere is triangulated in the
same way as in [16]. Besides the vertices &; of the
triangulation 77, i € J, for a pair of vertices &, &
of each triangle T € T, k <, take a point &; =
G +&) XN & +& 17" on M.
Putting U, ={¢](§,Q) = er?}
const) we consider the mapping [16]

Xg§ =8, =18 (19)

(e€(0,1),e=

.',.2

where t = Tk

For points &;,&,; which are in T, we consider the
points

fl, = X{ (fi)! Elifl = X{ (Ekl)i k < l! i,k,l E]
on the plane L. The images ¢; of the vertices ¢; of

triangle T obviously are not situated on one straight
line; we connect them by the straight line segments
in L; and denote the resulting triangle by 7"

Obviously, 0 €T'. In the triangle T' we
construct the functions Q#(¢') and QZ,(£') using
formulas (13) and (14); due to the dependence of the
points & and &, on { € M, these functions depend
on ¢. In what follows, we will denote them by
wF;(§') and wf ('), respectively.

In view of the relation &; = 0y;&, + oy é], the
quantities ay,; in formulas (13) and (14) depend on ,
namely,

oij = (.§)/(C.8i+¢), iLj€]. (16)

Since we need the values wf;(0) and w,(0),
then, as can be seen from (13) and (14), it is
required to find the barycentric coordinates of the
point 0 in the triangle T' depending on the variable
(e M. Considering that the wvertices of the
corresponding triangle T € T are the points &;, &, ,
and &5, we have

2:(0) = (G, 847 /(r?* A7) (17)
where AT is the third-order determinant whose
columns are the vectors &, &, and &;, and
where AT is the determinant obtained from AT by
replacing the i-th column with the vector ¢.

From basis functions of Courant approximations
on the sphere, and formulas (13) through (17), we

E-ISSN: 2224-2880

596

I. G. Burova, N. A. Lebedinskaya,
D. M. Lebedinski, V. G. Korneev

find the basis functions of the Zlamal approximation
on the sphere, which have the form:

wi({)=
P U@ = Dyt ), C €T
0, otherwise
wiy ()=

{(Ek + 'Sl! ()ZA};(()A’{(()/(T/A(AT)Z )' fll fil ( € T

0, otherwise

As well as plane Zlamal functions, the functions
above are continuous and satisfy the following
interpolation relations

wi(&;)=6:;, wiy (Exn)= Sk prSuur,
Wi (fj):O, o} (&)=0,
where k < L,k' <l and i,j, k, k', l' €J.

The support of the function w# is the closure of
the barycentric star with the vertex &;, and the
support of the function wZ, is the union of two
closed triangles whose vertices are the points &
and &, where k < L.

Note that, due to the properties of basis splines
and the interpolation relations, the approximation

U@ = ) UED) wf @) + ) UlE) 0f 9,
i k<l
is continuouls, exact on second-degree polynomials,

and approximates the function Ue C3(M) with
order 4% in the C(M) metric, where

h= max _ |[|§ — fj |2
TET,fi,fj €T

The proof is based on the fact that the
approximation U(¢) is exact on second-degree
polynomials and the application of Taylor's formula.

Table 5 presents the errors of the Courant
approximations on a sphere for some functions

f(x,y,z)atpoint{; 3  with angular coordinates
3t 6m

T 5

Table 5. The errors of the Courant approximations
on a sphere for some functions f(x,y, z)

: : : 3
at point {; 3 with angular coordinates (— 1—7;,
61
=)
n cosx? | x3+7y3 | exp(z x5
2
)
242 | -1.21073 | 3.21072 3.51073 211072
243 | 7.1107* 151072 1.01073 751073
24% | 22107* 371073 1.4107* 141073

Source: created by the authors.
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Next, we recall some auxiliary statements.

Let M be some n-dimensional manifold (i.e., a
topological space in which every point has a
neighborhood homeomorphic to an n-dimensional
ball in the Euclidean space R™*1), let E; be an open
ball in the space R™*1, let Z be some set of indices,
and let there be a system of differentiable
coordinates on the manifold Me C*, i.e., a family of
open sets  {Ur}rez covering M, and
homeomorphisms ., .:E; - U such that the
mappings

Wi e szt (Ug 0 Ug) > 97 (U n U,

{,¢{'ez (18)
are continuously differentiable. Here y.: E; — U; is
called a map and the set {y;:E; > Uy | { €Z} s
called an atlas. Next we take n=2.

Definition. A function u is said to be defined on a
manifold M, if for each {€Z, a function F;(x) (x €
E;) is defined such that the relations Fy(x;) =
Fou(xg), xg =97 (), xpr = ¢E,1(§), §elU; n
Uzr are valid.

Let function U €C3® (M) be defined on a
manifold M. By definition, this means that functions
F;€ c3 (E(), ¢ € M, are given, and with these
functions F; the function U=F;°y~" is uniquely
determined.

Let f(n) be an abstract function with values in the
space (C3(M))*, n € M;let the support of the
functional f(n) (for a fixed 1) lie in the set U,,.
Theorem 5 (Demyanovich). If f({) is a
continuous abstract function on a compact manifold
M with values in C*(M), then the following estimate
holds:

U = T 1] con < CoKoh® 11U1] oy
where the constant Cy is independent of ¢ and F,
Ko =sup || f(O |l ¢y » h = suph({), and

{eM {eM

U skvy = sup || E; k , (19
U cegn = sup I llce (g (19

S@) =supp f(§), S =97 (S (D),
h(Q) = diam S'(Q).

Proof'is given in [17].

Next, we give the notion of an admissible atlas
on a compact manifold. Recall that an atlas A =
{Xi: E;->M|li=1,..,i } is said to be
admissible for a differentiable manifold of class C*
if homeomorphisms

X7 s xpt X7 (M0 M) (20)
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are k times continuously differentiable. In what
follows, we assume that E; and E; are open balls
in R™ centered at the origin.

An atlasA consisting of some maps of an
atlas A is called a sub-atlas of A; we write A c A.
Functions ®;(&'), i =1, ..., iy, are said to represent
a function u (¢), ¢ € M, inthe atlas A, if

u(Q) =o(x;17), { € M.

We show that, under certain conditions, the
norm || u || ¢ is equivalent to the commonly

accepted norm defined as follows.

LetMecCk, let A={X;: E->M|i=
1,...,ip } be an admissible atlas, and the function
U({), ¢ € M, is represented by the functions @; in

the atlasA. We shall say thatulies in the
space C¥ (M) of the norm
HU I ek = L=n1laxlo | ®; ”Ck(E_'i) (21)

is defined and finite.

It is easy to see that the space C*(M) is Banach,
its elementwise composition does not depend on the
choice of admissible atlas, and although the norms
(21) depend on such a choice, for two admissible
atlases these norms are equivalent.

In the end, we introduce the following condition:
Condition (B). On the manifold M there exists an
admissible atlas
A={X;: E;-»M;|i=1,..,ip} and a finite
cover{M;|i=1,..,ip} by open sets M; such
that, for every i € {1, ...,i,} , the mappings

X7 et Eo N7 X B —» X7 W E; 0 E;,
are ktimes continuously differentiable and their
derivatives are uniformly bounded with respect to
the parameter ¢ € M;. Moreover, it is assumed that
ifA={U;|i=1,..,ip}is a finite cover of the
manifold M, then there corresponds to it an
admissible atlas

U= {lpzl E{l - U{L | i = 1,...,i0}.

Remark. If M is ann-dimensional manifold of
class Ck¥*2 smoothly embedded in R™!, and
if {y; 1} is a family of orthogonal projections onto
the tangent plane L. drawn to M at the point ¢, then
condition (B) is satisfied.

Theorem 6 If condition (B) holds for a compact
manifold M of class C¥*1, then norms (19) and (21)
are equivalent.

The proof can be found in [17].

Theorem 7 The Zlamal-type approximation
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IO =) U F @O+ ) U)ok ®
i€] k<lLkle]
approximates the function U with the order A3 in the
metric C(M) , where
h = max max [1€; —

TET &, fl

$ill-

The proof of the theorem follows from the
construction of the functions w? and wZ; , and from
Theorems 5 and 6, which are stated above.

Table 6 presents the errors of the Zlamal
approximations on a sphere for the function
f(x,y,z) = x defined on the unit sphere at points

T T

(ki With angular coordinates (— - = —)

Table 6. Errors in the Zlamal-type approximation of
the function f(x,y,z) = x defined on the unit
sphere at points Zkl with angular coordinates

T i
G373
n $11 (12 (1,3 (14
42 | 871073 | 271072 | -1.21073 -2.81072
43 0 3610~* | -3.21073 -9.81073
44 0 43107* | -6.7107* -1.31073
45 0 54107% | -2.710°5 -25107¢
46 0 341076 | -1.710°¢ 281075

Source: created by the authors.

For comparison, in Table 7 we present the errors
obtained using the Courant functions.
Note. The C++ programs were developed for the
numerical experiments in this paper.

Table 7 presents the errors of the Courant
approximations on a sphere. The rows of these
tables correspond to the levels of grid refinement (n
is the number of triangles in the triangulation), and
the columns correspond to the points {; with

angular coordinates ('1—”—5 7”) at which the
error is calculated.

Table 7. Errors in the Courant-type approximation
of the function f(x,y,z) = x defined on the unit
sphere at points (kl with angular coordinates

G-
n {11 {12 (13 (14
42 | -14107t | 161071 [ 301072 |-141071
43 |0 481072 | 841073 | -541072
4* | 0 861073 [ 141073 |-111072
45 | 0 281073 |6.6105 |-481073
4% | 0 80107 |3410°° |-83107*

Source: created by the authors.
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Comparing the results presented in Table 6 and
Table 7, we see that the errors are smaller when
approximating with Zlamal functions. This is
consistent with theoretical results.

Paper [18] considers a special partition of the
sphere into Voronoi cells in which the generating
elements of the cells coincide with the centers of
mass of those cells, as determined by a given
density function.

Various methods for approximating functions
on a sphere are known, such as Shepard's method,
Moving Least Squares, and Radial basis functions.
Shepard's method is frequently used for
interpolation on a sphere. Shepard's method can
function as either an exact or a smoothing
interpolation method. The least-squares method is
employed when constructing the interpolation
function  within  local regions. The main
disadvantages arise with large datasets: Shepard's
method can be unstable. In such cases, the Modified
Shepard's Method (MSM) is used. Instead of
considering the entire dataset, the algorithm
considers only the N nearest neighbors or points
within a radius R, [19].

Radial Basis Function (RBF) interpolation and
approximation provide an elegant and flexible
method for reconstructing smooth fields from
irregularly distributed spatio—temporal data [20].

The main idea in RBF approximation is to select
m reference points (knots) &;,j = 1,...,m, where
the precision of the data approximation is critical. In
this case, the reference points must be carefully
chosen [21], [22].

The main advantages are as follows: simplicity,
no meshing required, flexibility, and smoothness.
RBF interpolation typically results in a smooth and
accurate approximation. A further advantage is
independence from data domain dimensionality,
although the interpolation error might be higher on
the data domain border.

Using RBF leads to a system of linear
equations: Ax = b, where the matrix A is of size
N X N, but is independent of the dimensionality of
the data domain. However, the system of linear
equations can be very large for large data sets.

The Courant and Zlamal approximations solve
interpolation problems of the form U(x]-) = U(x)).
We can consider a problem with a perturbation of
the right-hand side:

Ueps (xj) = U(xj) + eps(x;).

When constructing the Courant and Zlamal
methods, the constant in the approximation theorem
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is independent of the polynomial degree and the
chosen set of points.

Therefore, the approximation error in the local
region is as follows:

I Ueps (%) = U(x;) I < Cm]ax|eps(x]-)|,
where C = const is independent of the h and eps.

However, the Courant and  Zlamal
approximations are best suited for approximation at
discrete points. Higher-order approximations can be
obtained using the Argyris or Bell approximations.
The resulting values can then be connected using
smooth spline-based curves. We note that it is not
necessary to know the curvilinear elements on the
surface of the sphere; it is sufficient to know only
the vertex coordinates. It is sufficient here to use
approximations on the plane.

4 Conclusion

This paper considers a generalization of Zlamal's
approximation on the plane and on the sphere.
Comparison of the results of applying the Courant
and Zlamal functions highlights the advantage, in
terms of approximation error, of using the Zlamal
functions. This confirms theoretical estimates of the
approximation. In future papers, we will consider
other variants of approximations on other manifolds
with more attention to the computational work
required for achieving specified accuracy.
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