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Abstract: - In this paper, we investigate new fixed-point results within the framework of S-metric spaces, which 
provide a significant generalization of classical metric spaces. We introduce and utilize a Chatterjea type 
contractive condition involving altering distance functions, denoted by  , to establish the existence and 
uniqueness of fixed points. Specifically, we prove two primary theorems: the first considers self-mappings on 
T -orbitally compact S-metric spaces where the mapping is orbitally continuous, and the second extends these 
results to boundedly compact S-metric spaces. To support our theoretical findings, we provide illustrative 
examples of S-metrics that are not generated by any traditional metric, demonstrating the broader applicability 
of our results. Additionally, we present corollaries that translate these findings into the context of b-metric 
spaces generated by S-metrics. 
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1 Introduction 
The study of fixed point theory has undergone 
significant expansion through the generalization of 
the metric space structure. One such notable 
generalization is the concept of S-metric spaces, 
introduced to provide a more versatile framework 
than traditional metric spaces [1]. In an S-metric 
space, the distance function is defined on three 
elements of a set, satisfying specific axioms that 
allow for a broader range of mathematical 
applications. While every metric space can induce 
an S-metric, there exist various S-metrics in the 
literature that cannot be generated by any classical 
metric [2-4]. This distinction makes the 
investigation of fixed point theorems within the S-
metric framework both meaningful and significant. 
On the other hand, there are a lot of studies on 
different generalized metric spaces (for example, 
see [5] and the references therein) 

Parallel to the structural generalizations of 
spaces, researchers have also focused on refining 
contractive conditions. Khan et al. introduced the 
notion of altering distance functions to extend 

classical contraction principles [6]. These 
continuous, monotonically increasing functions, 
which vanish only at the origin, serve as effective 
tools for formulating generalized contractive 
conditions. Furthermore, the study of fixed points 
often requires specific topological properties such as 
orbital continuity and orbital compactness. These 
notions, originally developed in the context of 
metric spaces, can be handled in an analogous 
manner within S-metric spaces. 

The primary motivation of this research is to 
establish new fixed point results by combining the 
structural advantages of S-metric spaces with 
Chatterjea type contractive conditions [7], inspired 
by the theorems proved in [8]. By utilizing altering 
distance functions and considering properties such 
as T -orbital compactness and bounded 
compactness, we aim to prove the existence and 
uniqueness of fixed points for a class of self-
mappings. The results presented herein not only 
generalize existing theorems in the literature but 
also provide new insights into the relationship 
between S-metrics and generated b-metrics. 

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2026.25.52 Nihal Taş, Elif Kaplan

E-ISSN: 2224-2880 563 Volume 25, 2026



 

2 Preliminaries 
In this section, we recall some basic notions related 
to the S-metric spaces. 
 
Definition 2.1. [1] Let X  be a nonempty set and 

 )3: 0,S X →   be a function satisfying the 
following conditions for all , , ,x y z w X : 
 
(S1) ( ), , 0 ,S x y z x y z=  = =  
(S2) ( ) ( ) ( ) ( ), , , , , , , , .S x y z S x x w S y y w S z z w + +  
 
Then S  is called an S-metric and the pair ( ),X S  is 
called an S-metric space. 
 
Lemma 2.2. [1] Let ( ),X S  be an S-metric space 
and ,x y X . Then we have 
 

( ) ( ), , , , .S x x y S y y x=  
 
Definition 2.3. [1] Let ( ),X S  be an S-metric space 
and  nx  be a sequence in X . 
 
(1) A sequence  nx  converges to z X  if 
 

( ), , 0n nS x x z →  
 
 as n→ , that is, for each 0  , there exists 

0n   such that for all 0n n  we have 
 

( ), ,n nS x x z  . 
 
(2) A sequence  nx  is a Cauchy sequence if 
 

( ), , 0n n mS x x x →  
 
as ,n m→ , that is, for each 0  , there exists 

0n   such that for all 0,n m n  we have 
 

( ), ,n n mS x x x  . 
 
(3) The S-metric space is complete if every Cauchy 
sequence is a convergent sequence.  
 

The relationship between a metric and an S-
metric has been addressed in detail across a variety 
of sources [2-4]. The definition of the S-metric 
induced by a metric is defined as follows: 

 
Let ( ),X d  be a metric space. Then the function 

 )3: 0,dS X →   defined by 
 

( ) ( ) ( ), , , , ,dS x y z d x z d y z= +  
 
for all , ,x y z X  is an S-metric on X . The S-
metric dS  is called the S-metric generated by d .  
 

There are various examples of S-metrics in 
literature that cannot be generated by a metric. For 
this reason, addressing a problem in an S-metric 
space rather than a metric space becomes both 
meaningful and significant. This constitutes the 
primary motivation for conducting our study in the 
framework of S-metric spaces. 

Furthermore, the relationship between the S-
metric structure and the b-metric structure, which is 
another generalization of metric spaces, is given in 
the following theorem. 
 
Theorem 2.4. [9] Let ( ),X S  be an S-metric space 
and 
 

( ) ( ), , ,Sd x y S x x y= , 
 
for all ,x y X . Then we have 
 
(1)  Sd  is a b-metric on X , 
(2) nx x→  in ( ),X S  if and only if nx x→  in 

( ), SX d , 

(3)  nx  is a Cauchy sequence in ( ),X S  if and only 

if  nx  is a Cauchy sequence in ( ), SX d . 

 
The b-metric Sd  is called the b-metric generated by 
S . 
 
Definition 2.5. Let ( ),X d  be a metric space (or 

( ),X S  be an S-metric space) and :T X X→  be a 
self-mapping. 
 
(1) X  is called boundedly compact if every 
bounded sequence has a convergent subsequence 
[10]. 
 
(2) T  is called orbitally continuous at a point if the 
limit of the orbit implies the continuity of the 
mapping at this limit point [11]. 
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(3) X  is called T -orbitally compact if every 
sequence in ( )xO T  has a convergent subsequence 
for each x X , where the set ( )xO T  is the orbit of 
x  under T  [12]. 

These notions can be handled in an analogous 
manner in the context of S-metric spaces (for 
example, see [13]). 

In 1984, Khan et al. introduced altering distance 
functions to generalize classical fixed-point results 
[6]. These are continuous mappings from the set of 
non-negative reals to itself that are strictly 
monotonic and equal to zero if and only if the 
argument is zero. By providing an alternative 
framework for distance measurement, they have 
become a standard tool in formulating expansive 
contractive conditions. We denote the collection of 
these functions satisfying the sub-additivity 
condition as  . 
 

3 Main Results 
In this section, we prove two fixed-point theorems 
on S-metric spaces using the Chatterjea type 
contraction. 
 
Theorem 3.1. Let ( ),X S  be an S-metric space and 

:T X X→  be a self-mapping satisfying 
 

( )C  ( )( )
( )( )

( )( )

, ,1, ,
3 , ,

S x x Ty
S Tx Tx Ty

S y y Tx






 
 
 + 

, 

 
for each ,x y X , x y  and for some   . If X

is T -orbitally compact and T  is orbitally 
continuous, then T  has a unique fixed point z X . 
 
Proof. Let 0x X  be any arbitrary point and a 
sequence  nx  be defined by 
 

1 0 ,n

n nx Tx T x−= =  
 
for each n . If there exists 0n   such that 
 

0 01n nx x+ = , 
 
then the proof is completed. Assume that 
 

1n nx x−  , 
 

for each n . Then, we have ( )1 1, , 0n n nS x x x− −  . 
By ( )C , we obtain 
 

( )( )
( )( )

( )( )

( )( )

( )( ) ( )( )

1 1
1

1

1 1 1

1 1 1

, ,1, ,
3 , ,

1 , ,
3
1 2 , , , , .
3

n n n

n n n

n n n

n n n

n n n n n n

S x x Tx
S x x x

S x x Tx

S x x x

S x x x S x x x








 

− −

+

−

− − +

− − +

 
 
 + 

=

  + 

 

 
Suppose that 
 

( ) ( )1 1 1, , , ,n n n n n nS x x x S x x x− − + , 
 
for 1n  and so we get  
 

( )( ) ( )( )1 1, , , , ,n n n n n nS x x x S x x x + +  
 
a contradiction. It should be 
 

( ) ( )1 1 1, , , ,n n n n n nS x x x S x x x+ − −  
 
and so     
 

( )( ) ( )( )1 1 1, , , , ,n n n n n nS x x x S x x x + − −  
 
for each n . Therefore, ( ) 1, ,n n nS x x x +  and 

( )( ) 1, ,n n nS x x x +  are non-increasing sequences of 
positive real numbers. They are bounded and 
converge to their respective infima. Since X  is T -
orbitally compact,  nx  has a convergent 

subsequence  
knx  which converges to z X  such 

that 
 

lim .
kn

k
x z

→
=  

 
Since T  is orbitally continuous, we get 
 

lim
kn

k
Tx Tz

→
=  

 
and 
 

2 2lim .
kn

k
T x T z

→
=  

 
To show that z  is a fixed point of T , on the 
contrary, we assume that 
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.z Tz  

 
By ( )C , we obtain 
 

( )( )
( )( )

( )( )

( )( )

2
, ,1, ,

3 , ,

1 , , .
3

S z z Tz
S Tz Tz T z

S Tz Tz Tz

S z z Tz








 
 
 + 

=

 

 
Using the continuity of S , we get 
 

( ) ( )
1

lim , , , ,
k k kn n n

k
S x x x S z z Tz

+→
=  

 
and 
 

( ) ( )
1 1 2

2lim , , , ,
k k kn n n

k
S x x x S Tz Tz T z

+ + +→
= . 

 
Hence, we have 
 

( )( ) ( )( )
1

lim , , , ,
k k kn n n

k
S x x x S z z Tz 

+→
=  

 
and 
 

( )( ) ( )( )1 1 2

2lim , , , ,
k k kn n n

k
S x x x S Tz Tz T z 

+ + +→
= . 

 
Since ( )( ) 1, ,n n nS x x x +  is convergent, we obtain 

 
( )( ) ( )( )2, , , , ,S z z Tz S Tz Tz T z =  

 
a contradiction. It should be z Tz= . Finally, we 
prove that z  is a unique fixed point of T . For this 
purpose, we suppose that there exist two fixed 
points ,z w X  with z w . By ( )C , we get 
 

( )( ) ( )( )

( )( ) ( )( )

( )( )

, , , ,

1 , , , ,
3
2 , , ,
3

S z z w S Tz Tz Tw

S z z Tw S w w Tz

S z z w

 

 



=

  + 

=

 

 
a contradiction. Consequently, T  has a unique fixed 
point z  in X . □ 
 

Example 3.2. Let   ( 0,1,2,4 6,8X =   be an S-
metric space with the S-metric  )3: 0,S X →   
defined as  
 

( ), , 2 ,S x y z x z x z y= − + + −  
 
for all , ,x y z X  [4]. This S-metric is not generated 
by any metric. Let us define the self-mapping 

:T X X→  by 
 

 1 , 8
,

0 , 8
x X

Tx
x

  −
= 

=
 

 
for all x X . Then X  is T -orbitally compact and 
T  is orbitally continuous. Let us take   such 
that 
 

( ) ,t t =  
 
for each 0t  . Now, we consider the following 
cases: 
 
Case I: If  , 8x y X −  with x y , then we have 
 

( )

( ) ( )

0 , ,
1 , , , , .
3

S Tx Tx Ty

S x x Ty S y y Tx

=

  +  

 

 
Case II: If  8x X −  and 8y = , then we have 
 

( )

( ) ( )

142 , ,
3

1 , , , , .
3

S Tx Tx Ty

S x x Ty S y y Tx

= 

  +  

 

 
Case III: If  8y X −  and 8x = , then we have 
 

( )

( ) ( )

142 , ,
3

1 , , , , .
3

S Tx Tx Ty

S x x Ty S y y Tx

= 

  +  

 

 
Consequently, T  satisfies the conditions of 
Theorem 3.1 and so T  has a unique fixed point 

1x = .  
 
Theorem 3.3. Let ( ),X S  be an S-metric space and 

:T X X→  be a self-mapping satisfying the 
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condition ( )C . If X  is boundedly compact and T  
is orbitally continuous, then T  has a unique fixed 
point z X . 
 
Proof. Let 0x X  be any arbitrary point and a 
sequence  nx  be defined by 
 

1 0 ,n

n nx Tx T x−= =  
 
for each n . If there exists 0n   such that 
 

0 01n nx x+ = , 
 
then the proof is completed. Assume that 
 

1n nx x−  , 
 
for each n . Then, we have ( )1 1, , 0n n nS x x x− −  . 
By ( )C , we obtain 
 

( )( )
( )( )

( )( )

( )( )

( )( ) ( )( )

1 1
1

1

1 1 1

1 1 1

, ,1, ,
3 , ,

1 , ,
3
1 2 , , , , .
3

n n n

n n n

n n n

n n n

n n n n n n

S x x Tx
S x x x

S x x Tx

S x x x

S x x x S x x x








 

− −

+

−

− − +

− − +

 
 
 + 

=

  + 

 

 
Suppose that 
 

( ) ( )1 1 1, , , ,n n n n n nS x x x S x x x− − + , 
 
for 1n  and so we get  
 

( )( ) ( )( )1 1, , , , ,n n n n n nS x x x S x x x + +  
 
a contradiction. It should be 
 

( ) ( )1 1 1, , , ,n n n n n nS x x x S x x x+ − −  
 
and so     
 

( )( ) ( )( )1 1 1, , , , ,n n n n n nS x x x S x x x + − −  
 
for each n . Therefore, ( ) 1, ,n n nS x x x +  and 

( )( ) 1, ,n n nS x x x +  are non-increasing sequences of 

positive real numbers. They are bounded and 

converge to their respective infima. By the 
monotonicity of ( ) 1, ,n n nS x x x +

 and 

( )( ) 1, ,n n nS x x x + , we get 

( ) ( )

( )

( )

1 1 1

2 2 1

0 0 1

, , , ,

, ,

, ,
.

n n n n n n

n n n

S x x x S x x x

S x x x

S x x x

K

+ − −

− − −







=

 

 
For any ,n m , let us define 
 

( ) , , : , 1 .n n mS x x x n m= B  
 

Suppose that B  is not bounded. Then, we have 
 

( )
,

limsup , , .n n m
n m

S x x x
→

=   

 
For n m , we get 
 

( ) ( )

( ) ( )

( )

1 1 1 2

1 1

, , , ,

2 , , 2 , ,

2 , ,
2

n n m n n n r

n n n n n n

n r n r n r

S x x x S x x x

S x x x S x x x

S x x x

rK

+

+ + + +

+ − + − +

=

 +

+ +



 

 
and taking limsup as ,n m→ , we have 
 

( )
,

limsup , ,

2 ,

n n m
n m

S x x x

rK

→

 =

  

 

 
a contradiction. Therefore, B  is bounded and  nx  
is a bounded sequence in X . Since X  is boundedly 
compact, the sequence  nx  has a subsequence 
which converges z X  such that 
 

lim .
kn

k
x z

→
=  

 
Since T  is orbitally continuous, we get 
 

lim
kn

k
Tx Tz

→
= . 

 
By a similar approach used in the proof of Theorem 
3.1, we prove that T  has a unique fixed point z  in 
X . □ 
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Example 3.4. Let X =  be the S-metric space with 
the S-metric defined as in Example 3.2. Let us 
define the self-mapping :T X X→  as 
 

1 , 6
.6

0 , 6

x
Tx

x




= 
 

 

 
Then X  is boundedly compact and T  is orbitally 
continuous. Let us take   such that 
 

( ) ,t t =  
 
for each 0t  . Now, we consider the following 
cases: 
 
Case I: If , 6x y   or , 6x y  , then we have 
 

( )

( ) ( )

0 , ,
1 , , , , .
3

S Tx Tx Ty

S x x Ty S y y Tx

=

  +  

 

 
Case II: If 6x   and 6y  , then we have 
 

( ) ( )

( )

1 , , , ,
3

1 12 2
3 6

1 12 2
3 6
1 12 2 4
3 3

12 0
6

, , .

S x x Ty S y y Tx

x y

x y

x y

S Tx Tx Ty

 +  

 
= + − 

 

  
 + −  

  

  +   

= −

=

 

 
Case III. If 6y   and 6x  , then the condition 
( )C  is satisfied like Case II.  
 
Consequently, the conditions of Theorem 3.3 are 

satisfied and T  has a unique fixed point 1
6

x = . 

 
Corollary 3.5. Let ( ), SX d  be a b-metric space and 

:T X X→  be a self-mapping satisfying 
 

*( )C  ( )( )
( )( )

( )( )

,1,
3 ,

S

S

S

d x Ty
d Tx Ty

d y Tx






 
 
 +
 

, 

 
for each ,x y X , x y  and for some   . If X

is T -orbitally compact and T  is orbitally 
continuous, then T  has a unique fixed point z X . 
 
Corollary 3.6. Let ( ), SX d  be a b-metric space and 

:T X X→  be a self-mapping satisfying the 
condition *( )C . If X  is boundedly compact and T  
is orbitally continuous, then T  has a unique fixed 
point z X . 
 

 

4 Conclusion and Future Works 
In this research, we have successfully established 
new fixed-point theorems for Chatterjea type 
contractions within the framework of S-metric 
spaces. By incorporating altering distance functions 
and utilizing the properties of T -orbital 
compactness and bounded compactness, we have 
provided conditions under which a self-mapping 
possesses a unique fixed point. The examples 
presented demonstrate that our results are applicable 
even in S-metric spaces that are not generated by 
traditional metrics, highlighting the independence 
and significance of the S-metric structure. 
Furthermore, the corollaries derived for b-metric 
spaces illustrate the versatility of the S-metric 
approach in connecting different generalized metric 
structures. 

In the literature, there are some studies related to 
the generalization of Chatterjea type fixed-point 
results (for example, see [14-16] and the references 
therein). Building upon and going beyond the 
aforementioned studies, this paper makes a novel 
contribution to the literature on fixed point theory in 
S-metric spaces. Specifically, we introduce and 
employ the concepts of orbital compactness, orbital 
continuity, and bounded compactness to establish 
new Chatterjea-type fixed point theorems under 
appropriate contractive conditions. Our results 
provide a distinct theoretical framework for 
investigating Chatterjea-type contractions in S-
metric spaces and substantially broaden the existing 
scope of fixed-point theory in this setting. Thus, the 
present study advances the literature by establishing 
new connections between these topological 
properties and the existence of fixed points, thereby 
opening new avenues for further research. 
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For future research, the contractive conditions 
explored in this paper could be extended to common 
fixed-point results for pairs or families of mappings. 
Additionally, the study of these concepts can be 
further generalized by considering different types of 
spaces, such as Sb-metric spaces or fuzzy S-metric 
spaces. Another promising direction involves 
investigating the application of these fixed-point 
results in solving nonlinear integral equations or 
related problems in functional analysis where the S-
metric structure provides a more natural setting than 
classical metrics. 
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