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1 Introduction

In recent years, the study of metric spaces has
witnessed significant advancements, particularly
in the development of generalized metric spaces
and their applications in fixed point theory. The
introduction of M R-metric spaces by Malkawi et
al. [1] has opened new avenues for research in
this field, extending the classical notions of metric
spaces and D-metric spaces. This generalization has
proven particularly useful in establishing fixed point
theorems under various contraction conditions. The
foundational work on M R-metric spaces builds upon
earlier developments in b-metric spaces [2], where
researchers investigated weak contraction mappings
and their fixed point properties. Recent studies
have demonstrated the versatility of these spaces,
with applications ranging from fractional calculus
to graph theory and deep learning. Significant
contributions have been made in the study of
fixed point theorems in these generalized metric
spaces. Qawasmeh [3], [4] explored interpolative
contractions and simulation functions, while Bataihah
et al. [5],[6],[7] investigated new types of distance
spaces and fixed point results using (2-distance
mappings. The work of Shatanawi and collaborators
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[8],[9],[10],[11] has further enriched the theory
through various contraction mappings in extended
quasi b-metric spaces. Recent developments
by Malkawi and colleagues [1],[2],[12] have
established comprehensive results on the existence,
uniqueness, and convergence of fixed points in
M R-metric spaces. These include applications
neutrosophic theory [12], measure theory and
fractional calculus. The current paper continues this
line of research by investigating the convergence
of Cauchy sequences and the existence of unique
fixed points in M R-metric spaces. The structure of
this paper is as follows: Section 2 presents our main
results, including several illustrative examples and
theorems establishing the convergence properties
of sequences in M R-metric spaces. We prove
the existence of unique fixed points under various
conditions and demonstrate applications of these
results. For more information, see [13], [14], [15],
[16], [17], [18], [19], [20], [21], [22], [23], [24], [25],
[26], [27], [28], [29].

Definition 1.1. [/] Let X é () be a non-empty set and
R > 1 beareal number. Afunction M : XxXxX —
[0, 00) is referred to as an M R-metric if it satisfies the
following conditions for all v, &, € X:
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* (M1): M(v,§,3) 20

e (M2): M(v,&,9) = fandonly ifo=£=S.

© (M3) : M(v,§,9) = M(p(v,§,9)), for any
permutation (U £,) of v,§,S.

. (M4) M(v,€,3) <

R[M(v,&, f1)+M(U 0,) + M(41,£,9)].

A pair (X, M) that satisfies these properties is called
an M R-metric space.

Definition 1.2. Let {v; } be a sequence within an
M R-metric space (Y, M). This sequence is called
M R-convergent if there exists an element v;, € Y
such that for every e > 0, there exists a positive
integer N where M(v; ,v; ,vi) < € for all
m,n > N. In this case, we say the sequence {vi,}
M R-converges to v;,, and vj, is the limit of the
sequence.

Definition 1.3. A sequence {v;,} in an M R-metric
space (Y, M) is called M R-Cauchy if for every
€ > 0, there exists a positive integer N such that
M (vi,v;,,,v;,) < € forallm,n,p > N.

Definition 1.4. An M R-metric space (X,M) is
considered bounded if there exists a real number L >
0 such that M (v,&,) < L for all v,§,3 € X. In
this case, M is referred to as an M R-bound for the
metric.

Definition 1.5. The subset E of an M R-metric space
(X, M) is said to be M-bounded if there exists L > 0
such that M (v,&,) < L forallv,§,3 € E

This paper builds upon the foundational work
of Al-Malkawi and colleagues in the realm of
M R-metric spaces. It investigates the properties
of self-maps defined within this framework, with
particular attention to convergence and M -Cauchy
sequences as established by Malkawi et al. Through
illustrative examples, we explore the behavior
of these maps under conditions involving the
M R-metric M and parameter R. The results
demonstrate that iterated distances of self-maps
converge, leading to unique fixed points. Moreover,
we prove that iterated maps form M-Cauchy
sequences, provided

2 Main Results

We start has section by presents Examples.

Example 2.1. Let X = {0,1,4,%,...} and R > 1.
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Define a function M : X x X x X — R as follows:

,

v — &+

€ — S+
‘%—UH’

v, €, €

XA {1}
v=_¢
=%=1,

if 0 and 1
appear among

o=

U? 57 %7
or if 1 appears
exactly twice

=~

M(v,&,F) = 2.1
among v,

£,

{max{u.€},

max{¢, 3},

max{S, v}},

if 1 appears

exactly once

and 0 does

not appear

o=

among v,
£,
\

Then, the pair (X, M) constitutes a complete
M R-metric space. Moreover, the sequence {%}
demonstrates convergence to both 0 and 1. For any
sequence {vy} within X that converges to a point
vg € X\ {0,1}, the limit vy is uniquely defined.
Therefore, every convergent sequence in X can have
no more than two distinct limits.

Proof. 1t is clear that M is symmetric in all three

variables v, £, and , and that M (v,£,J) =0 <~

v=¢&=2S. Letv, & S, and k be elements of X.
Case 1. Suppose v, &, S € X\ {1}.

. IfﬁGX\{l} then

M(v,§,9) = [\U—E\+\£—\f\+\°—v|]

:U\H:U\

[k =&+ 16 =S+ IS — sl
+v—k|+ k= + |8 —v]

+lv =€+ 1€ — wl + [k — ]

sk (1)
[M(5,&,9) 4+ M(v,5,9) + M(v, &) (2.2)
e If xk = 1, then
M(v,§,9) = % [v—¢& +1€ =S+ S -]

< [max{€, S} + max{3, v} + max{v, )]

S R[M(k, &) + M(v, £, S) + M (v, &, 5)],

2.3)
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since M(k,§,) =
max{&, 3}, and so on.

M(1,¢£,9) = % or %

Case 2. If 1 appears among v, &, and .

* Subcase 1. If v = £ = & =1, then

M(U7£>C\}) :OgR[M(K,f,%)—FM(U,/{,%)
+M (v, &, k)] .
(2.4)

Subcase 2. If the value 1 appears exactly twice
among v, &, and &, To simplify the analysis, let us
consider the case where v = & = 1. Under this
assumption, it follows that & € X'\ {1}.

* In the case where k = 1, we have

M(,£,S) =M(1,1,3) = M(L,¢,9)

< R[M(kK,&S) + M(v,k, ) + M(v,&,K)] .
(2.5)

« If kK # 1, then
M(v,€,9) = M(1,1,9) = % @
=M(,1,k) = M(v,,K)

< R[M(k,&,9) + M(v, k,S) + M(v, &, K)].
(2.6)

Subcase 3. If the value 1 appears exactly once among
v, &, and 3, assume without loss of generality that
v =1, with {,¥ € X\ {1}. Further, assume that
§ <& Ifk =1, then

M(v,§,9) = M(L,£,9) = M(x,§,9)

< R[M(k,&S9) 4+ M(v,k,D) + M(v,&,8)]. (2.7)
If & = 0, then
M(v,6,3) = M(L£,0) = —
T T R (2.8)
=M(Q1,k,0) = M(v,k,S),
and consequently,
M(v,£,9) < R[M(k, &)+ M(v,k,S) + M, k).
2.9

If Kk # 1 and & # 0, then

M(w,6,9) = M(1,€,3) = — max{€,3} =

S max{ﬁ, g}
= %min{max{n, &}, max{1,x},max {1,¢}}
< R[M(k,& ) + M(v,k,9) + M(v,€,5)]. (2.10)
Thus, for all v, £, 3, k € X, we have
M(v,£,S) < M(k,&,S)+M(v, K, 3)+M(v,§, k).

(2.11)
Therefore, M is an M R-metric on X.
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Our objective is to demonstrate that (X, M) is a
complete space. Consider a Cauchy sequence {v, }
in X.

Case 1. There exists some /N € N such that for all
n > N, we have v,, = vp.

In this situation, it is clear that the sequence {vy, }
converges to vy.

Case 2. For all N € N, there exists at least one
pair of indices ¢, € N with¢ > 5 > N such that
U; 7& Uj.

Within this case, we analyze the following
subcase:

Subcase 1. There exists some v € X such that
v, = -y for infinitely many values of n. In this
scenario, for any N € N, there exist indices i, j, k €
Nwith & > j > i > N, satistfying v; = v; = v
and vy, # 7. If v = 1, then M (v;,vj,v;) = %.
However, since {v,, } is a Cauchy sequence, it follows
that v # 1. Therefore, there exists Ny € N such that
v, € X'\ {1} for all n > Ny. Consequently, for all
1,7,k > Ny, we have

M(Uz‘,’Uj,’Uk;) = R

[lvi = vjl + |vj — vkl + |vk —vil].-

Since M (vs,vj,v) < % = |v; —vj| <e = {v;}is
cauchy in R, 3¢ € R such that v; — £. But & = ~,
since {~} is a subsequence of {v;}, so v; — 7.
Subcase 2. For every v € X, the equality v, = vy
holds for only finitely many indices n.
Consider ¢ > 0 and choose a positive integer L
such that % < €. Define

—_

1
) E}}7

where the supremum of the empty set is
conventionally defined as zero. Since for any
k €N, 1/k € Xand v, = 1/k for only finitely many
n, it follows that /N is a nonnegative integer. Let
N = Nj + 1. Then, for all n > N, we have

1
lesup{neN:Une{l,i,g,..

1
OS’UTL<Z<E,

because X = {0} U {+ : k € N}. Consequently, the

sequence {v, } converges to 0 in the usual sense.

For n,m > N, it follows that

M(0, vn, ) = % [10 = ] + [vm — vm] + [vm — O]
2 2
< E\vn| + E‘Um| —0 as n,m— oco. (2.12)

Thus, the sequence {v,} converges to 0 with
respect to M. Consequently, in all cases, {v,} is a
convergent sequence in X with respect to M. This
establishes that (X, M) is a complete space.

It is evident that the sequence {1/n} converges to
both 0 and 1.
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Now, consider a sequence {vy,} in X such that it
converges to an element vyp € X \ {0,1}. Since
M(1,1,v9) = % and M (vy,, U, v0) — 0asn,m —
oo, it follows that there exists Ny € N such that
vp, € X\ {1} for all n > Ny. For all m,n > Np,
we have

M (U, U, v0) = % [lvn = Um| + |vm — vo| + |vo — vn]] -
(2.13)
As n,m — oo, the condition M (vy,, U, vg) — 0
implies that |v, — vg| — 0 asn — oo. Since vy
is strictly positive, there exists an integer N; € N
such that v, > 0 for all n > N;. For n,m >

max{ Ny, N1 }, the following holds:

1 .
M1, vn,vm) = Emln{rnax{l,vn},max{vn,vm},max{um7 1}}

1 Vo
= — max{vn,Um} — b

as n,m — oo.
R

(2.14)

Hence, the sequence {v,, } does not approach 1 as
its limit. Consider £ € X\ {1}. For all m,n > Np,
the following holds:

1
M(E, vn,vm) = £ 1€ = vnl +[vn = vm| + [vm —£]]

— 2|§ —vo| as (2.15)

n,m — oo.

2
E‘f —vp| =0 ifandonlyif &= vyg.

Thus, {v,} does not converge to £ for any £ €
X\ {1, vo}. Therefore, vy is the only limit of {v,, }.
]

Exam{)le 2.2. Let the set X be defined as X =
{0,1,3, %, ... }. Consider the function M : X x X x

X — R defined by the following rule:
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==

v — €|+
€~ S+
’%_UH?
U7§7% €
XA\ {1},
v=¢&

= %: 1’
both 0 and 1

appear among
v,§, 3,

{ max{v.€).
max{¢, S},
max{S, v}},
1 appears
exactly once

=

3l

R min

M(U7§7 %) =

and 0 does not
appear among
v,§, S,

{U7 57 %}7

1 appears
exactly twice

= min

among v,
&, S and
0 does not appear.
(2.16)
It follows that (X,M) forms a complete
M R-metric space.  Additionally, the sequence
{1/n} is observed to converge to both 0 and 1.
Ifasequence {v,, } in X converges to some element
vg € X\ {0, 1}, then vy serves as the unique limit of
the sequence {v,, }. Consequently, any sequence in X
that converges can possess no more than two distinct
limits.

Proof. 1t is evident that M is symmetric in all three
variables v, ¢, S, and M (v, &,3) = 0 if and only if
v=¢6=2S. Letv,§,3,k € X.

Case 1. Suppose v, &, 3 € X\ {1}.

Subcase 1. k € X'\ {1}, then we have

1
M(v,6,9) = Z v =&+ 6 =S +[S ]

SRk =& +[§—S]+[S—x]]
+ Rllv—&|+ |k =S|+ S —v|
+Ho — €l + 16— k[ + |k —v]]
= R[M(k,&,3) + M(v,k,3) + M(v,&, k)] . (2.17)

Subcase 2. k = 1, then
1
M(v,§,3) = % [lv =&+ 16 = S| + S — ]

< % [max{&, S} + max{S, v} + max{v, £}]

< R[M(k,&,9) 4+ M(v,k,D) + M(v, €, k)], (2.18)
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since M(k,&, )
2 max{¢, S}, and so on.
Case 2. Suppose that 1 appears among v, &, 5.
Subcase 1. Assume v = £ = § = 1. Then

M(1,¢,3)

1
= ROI‘

M(v,&,3) =0 < R[M(~,&,3) + M(v, 5, )
+M (v, R)]. (2.19)
Subcase 2. Suppose that the value 1 appears
exactly twice among the elements v, £, . To simplify
the analysis, assume without loss of generality that
v = ¢ = 1. This implies that & € X'\ {1}.
If Kk = 1, then
M(U7€7%) M<17§7%) M(K;7£?%)
< R[M(k, &)+ M(v,k, ) (2.20)
+M(v, &, k)]

If S = 0, then

M(v,§,9) = M(1,1,0) =1 = M(s,1,0) = M(x,§,9)
< R[M(K,&S) + M(v,,,3) + M(v,§, k)] (2.21)

If$ # 0 and k # 1, then

M(v,§,¥) = M(1,1,9) = =S

=

2
< —max{k, &
< — max{x, 9}

< M(I,F{,,%) = M(K‘757S)
< R[M(k,§,S) + M(v, 5,9) + M(v,&,5)] . (222)
Subcase 3. Assume that the value 1 appears only
once among the elements v, &, . Without loss of

generality, let us take v = 1. As a result, we have

¢, € X\ {1}. Additionally, we assume that I < £.
If kK = 1, then

M(v,€,9) = M(1,£,9) = M(k,£,9)
S R[M(,§,9) + M(v,5,9) + M(v,§,5)] . (2.23)

If S =0, then

M(v, &) =M(1,£,0)=1=M(1,k,0) = M(v,k, ),
(2.24)
and consequently

M(v,£,9) < R[M(k, &)+ M, k,S) + M, k).
(2.25)
If kK # 1 and & # 0, then

M(0,6,9) = M1, S) = = max{€, 3} = ~¢

< % max{k, £}

S M(17 ’{/7 E) = J‘J(’i7 67 C\})
< R[M(k,&9) + M(v, .k, ) + M(v, €, k)] (2.26)

Thus, for all v, &, S, k € X, we obtain

M(v,£,9) < R[M(k, &)+ M, k,S) + M, k).
2.27)
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Hence, M
M R-metric on X.

Our goal is to prove that the M R — metric space
(X, M) is complete. Let {v,, } be a Cauchy sequence
in X,

Case 1. Assume that v, = 1 for infinitely many
terms of the sequence. For any i € N, there exist
indices j,k € Nsuchthatk > 57 > iand v, = v; =
1. In this case, the M R — metric M satisfies the
following equation:

satisfies the conditions of an

0 ifu=1,
Z\/f('l}i,l)j,’uk) = ]\/f(l)i7 1, 1) = % ifv; =0,
Zv; ifv; € X\ {0,1}.

(2.28)

Since {vy,} is a Cauchy sequence, it follows that
M (vp,vq,vr) = 0as p,q,r — oo. Consequently,
M (v;,1,1) — 0 as i — oo. This implies that v,, = 0
for only finitely many values of n. Therefore, there
exists an integer N € N such that v,, # 0 for all
n>N.

If v, # 1 for infinitely many n, thus v, — 0 in
the usual sense.

For m,n > N, we have the following expression
for M (1, vy, vp):

0 ifv, =v, =1,
2 .
2, fo, =1v,#1
M1l v, . v,) = BUm L vm » Un ’
(1, U, vn) %Un ifo, #1,v, =1,
%max{vm,vn} if vy, vy # 1.
(2.29)

Thus, M(1,vp,v,) — 0 as m,n — oc.
Therefore, {v,,} converges to 1 with respect to the
metric M.

Case 2. Suppose that v, = 1 occurs for only finite
number of terms of the sequence, and let there exist
an element v € X\ {1} such that v,, = ~ for infinitely
many terms.

Since v, = 1 happens finitely many times, there
exists an integer Ny € N such that v, € X\ {1}
for all n > Ny. Consequently, for ¢, j, kK > Ny, the
following condition is satisfied:

M(’Ui,Uj,Uk;) = R

(lvi = vjl + |vj — vkl + |ok —vil]-
Given that v,, = y for infinitely many terms in the
sequence, for any ¢ € N, there exist integers j, k € N
such that k > j > i and v; = v}, = 7.
Therefore, for any integer ¢ > Ny, we can find
j,k € Nsuch that & > j > 4, and the following
equation is satisfied:

2
S lvi = = M (v, vj, ). (2.30)

R

Given that {v,,} forms a Cauchy sequence, we
have M(v;,vj,vx) — 0 as 4,5,k — oo.
Consequently, |v; —y| — 0 as i — oc.

Volume 25, 2026



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2026.25.51

Thus, for n, m > Ny, we have:

1
[[vn — Um| + [vm — | + |7 — val]

M(Una Umv’Y) = E

2 2
§—|vn—7\+ﬁ\vm—7]—>0 as n, m — oo.

R
(2.31)

Therefore, the sequence {v,,} converges to 7.

Case 3. Suppose v € X. Assume that v, = ~
occurs for only a finite number of indices n.

Let € > 0 be given. Choose a positive integer L
such that % <e.

Define Ny = max{n € N : v, €
{1,1,1,...,1}}, where the supremum of an empty
set is taken to be zero. Since % € Xforany k € N,
and v, = % only for finitely many n, the value V; is
well-defined as a nonnegative integer.

Let N = N; + 1. Since the set X is
{0,1,%,%,...}, it follows that 0 < v, < % < e

foralln > N.

Hence, the sequence {v,,} converges to 0 under
the standard topology.

For n,m > N, we have:

1
M0, v, ) = = [0 — vp| + |Un — V| + |Um — 0]]

2 2
< E|Un\ + E‘Um| —0 asn,m — oo.

Thus, the sequence {v,, } converges to 0 under the
MR — metric M. Therefore, in all scenarios, the
sequence {v,, } is convergent in X with respect to M,
establishing that (X, M) is a complete metric space.

Moreover, the sequence {%} clearly converges to
both 0 and 1 under M.

For any sequence {v,} in X that converges to a
point vg € X \ {0, 1}, it can be shown, following the
argument in Example 2.1, that vg is the unique limit
of {vp}.

O]

Example 2.3. Let (X, M) be as in Example 2.2.
Define the function f : X — X as

0 ifv=1
p— ’ 2. 2

() {311’,% otherwise. (2.32)
Then, for all v, & € X, we have
M(f(v), F(€), [(Y)) < M (v,&,3). Clearly, 0 is
the unique fixed point of f.

Proof. Let v, &, € X, Due to the symmetry of M,
it is sufficient to consider the following five cases.
Casel.v=£(=S=1.
Then,

M(f(v), f(y), f(3)) = M(f(1), f(1), f(1))
= M (0,0,0) =0

2 $3
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Case2.v=¢(=1and & # 1.
Then,

M(f(v), f(£), F(3)) = M(f(1), F(1), F(3))

Case3. v=1,&=0and & # 1.
Then,

M(f(v), f(£), F(3)) = M(f(1), £(0), f(3))

3R R3R
2 1 2
< (=)=—M 3).
(2.35)
Cased.v=1and0<3JI << L.
Then,
M(f(v), £(€), F()) = M(f(1), f(£), f(S))
_ ( £ S)
N 3R’ 3R
1€ 1le S| 119
—ﬂﬁ'ﬁﬁ‘ﬂ ﬂﬁ‘
1 1 Cx Cx
— o5 | Rl le -1+
1 Cx
EM(U’&‘;)
2 x
< gpM@.£9). (2.36)
Case5. O <¢<w<«l1
M) SO =M (555057
_l[g K R
T R||3R 3R| [3R 3R
R
3R‘_3R}

2
— W =9) £ S M©E9).
(2.37)
Thus, M (f(v), f(£), f(S)) < FM(v,§,Q) for
all v, £, € X,
O

Example 2.4. Let (X, M) be as in Example 2.2.
Define f : X — Xand g : X — X as follows:

0 ifv=1, 1 ifve{0,1},
fw) = {ﬁ otherwise () = {l otheerse :
R ) 3R :

(2.38)

W)
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1t can be verified that

forallv, £, € X.

For any v € X\ {0,1}, the sequences {f™(v)}
and {g"(v)} are equivalent and have limit points at
0 and 1 exclusively. In this context, 0 represents the
fixed point of f, while 1 serves as the fixed point of g
within X.

In the following definition, Shatanawi /source key
5 pending] defined a (c¢)—comparison function with
base s.

Definition 2.1. [source key 100 pending] Let s €
[1,00). Amap ¥ : [0,+00) = [0,+00) is called a
(¢) — comparison function with base s if 'V satisfies
the following:

(1) U is monotone increasing,

(17) > s™W"(st) converges for all t > 0.
n=0

If v is a_(c)-comparison function, then for allt > 0
we have (t) < t and 1)(0) = 0.

Theorem 2.1. Let (X, M) be a space equipped with
an M R-metric. Consider v as a mapping from X to
itself, and let ¢ : RT™ — R be a (c)—comparison
function. Assume that

Mo, 06 ¥9) < £o(M(1,69)) (240

For all v,§,S € X, assume there exists an element
vy € X such that the set {M (vo, " (vo), ¥’ (vg)) -
i,j € {0} U N} is bounded. In this case, the
sequence {Y"(vg) } forms an M-Cauchy sequence. If
{Y™(vo)} converges and has a finite number of limit
points, then 1 admits a unique fixed point in X, which
is the limit of {¢"(vo) }.

Proof. Define v,, = ¢"(vp) for every n € N.

For any nonnegative integers r and 7', and for
n € N, utilizing (2.40) and the fact that ¢ is a
non-decreasing function, it follows that

M(U’m Un+r, Un+s) = M(wnUO: ¢n+TUT7 ¢n+svs)

1 (1
< so(EM(w"‘lvo,w"‘l”vm

“R
1,[)7L_1+SU3))
1 )

< 5@ (¢ (M (™ 2vg, "2y,
wn72+svs)))

< "™ (M (vo,vr,vs)) (2.41)
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Since the set {M (vg, ¥ (vo), ¥ (vo)) : i,j €
{0} U N} is bounded, there exists a constant L >
0 such that M (vg, ' (vo), ¥’ (vo)) < L for all
i,j € {0} U N. Using inequality (2.41) along
with the non-decreasing property of ¢, we find that
M (U, UngryUngs) < @™(L). Since (L) — 0
as n — oo, it follows that the sequence {v,} is
M-Cauchy.

Now, assume that {i™(vg)} converges and
possesses only finitely many limit points. Denote
by T the set of all such limits. Then 7' is a
finite, non-empty subset of X. Given that ¢ is a
(c)-comparison function.

Let & € T'. Then, it follows that

ME™ g, g™+, §3) < }lzeo(M(w"vo,wvo,s»

< M(3"vo, ™o, ) — 0

as m,n — oo.

3)
(2.42)

Thus, {¢)"v} also converges to ¢S
Therefore, ) € T. This shows that ¢(T")
T. For any positive integer m, we have "™ (7))
Y™~ Y(T), where ¥)° = I, the identity map on X.
Suppose that mg is a positive integer such that
1™ ~1(T) contains at least two distinct elements. Let
9 denote the infimum of the set

-
-

{M(v,6,9) : 0,6, €™ ~1(S) and at least two of v, £, S are distinct}.

Since ¢™~L(T) is a finite set with at least two
elements, the set {M(v,&, ) 0,63 €
Y™ ~1(T) and at least two of v, £, & are distinct} is
a nonempty finite subset of (0, c0). Therefore, there
exist k,v,3 € ™ ~Y(T) such that at least two of
them are distinct and

M(k,v,J) = 1.

Now, we have the following inequality:

M, g0, 68) < £ o(M (.0, 9))

< p(M(k,v,))

= ()
< 1,

Since ¥ is a positive real number and () < ¢ for
all t > 0, the inequality holds.

Given that x,v, S € ™~ YT), it follows that
Ve, Y, S € Ymo(T) C ™~ (T). By the
definition of 1, this implies ¥k = v = 3. Since
y™0~1(T) is a finite set, and at least two of x, v, 3 are
distinct while satisfying ¥x = v = ¢S, it follows
that ¢ (T)) is a strict subset of ™~ 1(T). As T
is finite, this leads to the conclusion that )™ ~1(T)
becomes a singleton for some ng € N.

Let "~ 1(T) = {w}. Since y"(T") C "~ H(T)
for all n > ng, we conclude that yw = w.

O
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Remark 2.1. Example 2.3 and Example 2.4 illustrate
Theorem 2.1.

Theorem 2.2. Let (X, M) be a bounded, complete
M R-metric space, and let 1 and T be self-maps
defined on X. Suppose that ¢ : RT — RT isa
(c)-comparison function. Furthermore, assume that
Y and T partially commute, meaning (X)) C T(X),
and that for any v, £, € X, the following inequality
holds:

1
M(bv, €, 09) < e(M(Tv, Ty, T2)) 2.43)
Furthermore, assume that every M-Cauchy sequence
within 1 (X) converges in T'(X) and has a unique limit
in T'(X). Under these conditions, 1 and T possess a
unique shared fixed point in X.

Proof. Let vy € X. Given that ¢(X) C T'(X), there
exists a sequence {v,} in X such that for each n =
0,1,2,..., the relationship ¢v,, = T'vy41 holds.

Define &, = tuv,. Since ¢ : RT — Rt isa
non-decreasing function on R, and {¢"(¢)} — 0 as
n — oo for every t € (0, 00), it follows that p(t) < ¢
forall ¢ € (0,00). Therefore, p(01) = 0.

For positive integers m, n, p, applying inequality
(2.43) yields

M(gna €m7 gp) = M(i/mnv 1/}Um7 va)
SO(M(TUTH Tvm7 TUP))

(M (Tvp, Top, Tvp))
(M (&n—1,&m—1,&p—1)) (2.44)

which simplifies to

M (&ns Em, fp) < (M (&n—1,&m—1, gp—l))'

Thus, for n € N and nonnegative integers ¢ and j, by
the monotonicity of ¢, we get

M(fn, £n+ia gnJrj) < @n(M@—O, gi) gj))

Let L = sup{M (&o,&,&;) : 4,7 € NU{0}}. Since
(X, M) is bounded, we have L < co. From inequality
(2.45), it follows that

M(f’ru fn-l-i? £n+j) < 90” (L)

foralln € Nandi,j € NU{0}.

Since ¢"(L) — 0 as n — oo, the previous
inequality implies that {,} forms an A/-Cauchy
sequence. Given that {¢,} = {vv,} C ¥(X),
and knowing that every M -Cauchy sequence in ¢ (X)
converges with a unique limit in 7'(X), there exists a
unique element v € T'(X) such that {{,,} converges
to v. Moreover, since v € T'(X), there exists k € X
such that Tk = v.

(2.45)

(2.46)
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For positive integers n, m, we have

M(ém gmv 1/”@) = M(ibvn, 1/1Um, 1/1%)

(2.47)

Given that {&,} converges to v and ¢(01) = 0, the
previous inequality implies that {&,} also converges
to 1. Since v is the sole limit of {£,} in T'(X),
and Yx € P(X) C T'(X), it must be that yx = wv.
Therefore, ¥x = Tk. Given that ) and T partially
commute and Yk = Tk, it follows that ¢ (¢Yk) =
T (X9K).

By setting v = £ = x and & = 1k in inequality
(2.43), we obtain

M (Pr, Pk, 2K) < = (M (pr, ¥k, ¥7k)) < o(M (Pr, Pk, *K)).

==

Since p(t) < t forall t € (0,00), it follows that
M (Y, Pk, ?k) = 0. Consequently, ¥’k = 1k,
which leads to T'(¢k) = k. Hence, ¥k serves as a
common fixed point for both ¢ and T'.

From inequality (2.43), it is evident that 1) and T'
cannot have more than one common fixed point.
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