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1 Introduction
In recent years, the study of metric spaces has
witnessed significant advancements, particularly
in the development of generalized metric spaces
and their applications in fixed point theory. The
introduction of MR-metric spaces by Malkawi et
al. [1] has opened new avenues for research in
this field, extending the classical notions of metric
spaces and D-metric spaces. This generalization has
proven particularly useful in establishing fixed point
theorems under various contraction conditions. The
foundational work onMR-metric spaces builds upon
earlier developments in b-metric spaces [2], where
researchers investigated weak contraction mappings
and their fixed point properties. Recent studies
have demonstrated the versatility of these spaces,
with applications ranging from fractional calculus
to graph theory and deep learning. Significant
contributions have been made in the study of
fixed point theorems in these generalized metric
spaces. Qawasmeh [3], [4] explored interpolative
contractions and simulation functions, while Bataihah
et al. [5],[6],[7] investigated new types of distance
spaces and fixed point results using Ω-distance
mappings. The work of Shatanawi and collaborators

[8],[9],[10],[11] has further enriched the theory
through various contraction mappings in extended
quasi b-metric spaces. Recent developments
by Malkawi and colleagues [1],[2],[12] have
established comprehensive results on the existence,
uniqueness, and convergence of fixed points in
MR-metric spaces. These include applications
neutrosophic theory [12], measure theory and
fractional calculus. The current paper continues this
line of research by investigating the convergence
of Cauchy sequences and the existence of unique
fixed points in MR-metric spaces. The structure of
this paper is as follows: Section 2 presents our main
results, including several illustrative examples and
theorems establishing the convergence properties
of sequences in MR-metric spaces. We prove
the existence of unique fixed points under various
conditions and demonstrate applications of these
results. For more information, see [13], [14], [15],
[16], [17], [18], [19], [20], [21], [22], [23], [24], [25],
[26], [27], [28], [29].

Definition 1.1. [1] LetX
̸
= ∅ be a non-empty set and

R > 1 be a real number. A functionM : X×X×X →
[0,∞) is referred to as anMR-metric if it satisfies the
following conditions for all υ, ξ,ℑ ∈ X:
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• (M1) :M(υ, ξ,ℑ) ≥ 0.

• (M2) :M(υ, ξ,ℑ) = 0 if and only if υ = ξ = ℑ.
• (M3) : M(υ, ξ,ℑ) = M(p(υ, ξ,ℑ)), for any
permutation p(υ, ξ,ℑ) of υ, ξ,ℑ.

• (M4) : M(υ, ξ,ℑ) ≤
R [M(υ, ξ, ℓ1) +M(υ, ℓ1,ℑ) +M(ℓ1, ξ,ℑ)] .

A pair (X,M) that satisfies these properties is called
anMR-metric space.

Definition 1.2. Let {υin} be a sequence within an
MR-metric space (Y,M). This sequence is called
MR-convergent if there exists an element υi1 ∈ Y
such that for every ϵ > 0, there exists a positive
integer N where M(υin , υim , υi1) < ϵ for all
m,n ≥ N . In this case, we say the sequence {υin}
MR-converges to υi1 , and υi1 is the limit of the
sequence.

Definition 1.3. A sequence {υin} in an MR-metric
space (Y,M) is called MR-Cauchy if for every
ϵ > 0, there exists a positive integer N such that
M(υin, υim , υip) < ϵ for allm,n, p ≥ N .

Definition 1.4. An MR-metric space (X,M) is
considered bounded if there exists a real number L >
0 such that M(υ, ξ,ℑ) ≤ L for all υ, ξ,ℑ ∈ X. In
this case, M is referred to as an MR-bound for the
metric.

Definition 1.5. The subsetE of anMR-metric space
(X,M) is said to beM -bounded if there exists L > 0
such thatM(υ, ξ,ℑ) ≤ L for all υ, ξ,ℑ ∈ E.

This paper builds upon the foundational work
of Al-Malkawi and colleagues in the realm of
MR-metric spaces. It investigates the properties
of self-maps defined within this framework, with
particular attention to convergence and M -Cauchy
sequences as established by Malkawi et al. Through
illustrative examples, we explore the behavior
of these maps under conditions involving the
MR-metric M and parameter R. The results
demonstrate that iterated distances of self-maps
converge, leading to unique fixed points. Moreover,
we prove that iterated maps form M -Cauchy
sequences, provided

2 Main Results
We start has section by presents Examples.

Example 2.1. Let X = {0, 1, 12 ,
1
3 , . . . } and R > 1.

Define a functionM : X× X× X → R+ as follows:

M(υ, ξ,ℑ) =



1
R

[ |υ − ξ|+
|ξ −ℑ|+
|ℑ − υ|

]
,

υ, ξ,ℑ ∈
X \ {1},

0,
υ = ξ

= ℑ = 1,

1
R ,

if 0 and 1
appear among
υ, ξ,ℑ,
or if 1 appears
exactly twice
among υ,
ξ,ℑ,

1
R min

{
max{υ, ξ},

max{ξ,ℑ},
max{ℑ, υ}

}
,

if 1 appears
exactly once
and 0 does
not appear
among υ,
ξ,ℑ.

(2.1)

Then, the pair (X,M) constitutes a complete
MR-metric space. Moreover, the sequence

{
1
n

}
demonstrates convergence to both 0 and 1. For any
sequence {υn} within X that converges to a point
υ0 ∈ X \ {0, 1}, the limit υ0 is uniquely defined.
Therefore, every convergent sequence in X can have
no more than two distinct limits.
Proof. It is clear that M is symmetric in all three
variables υ, ξ, and ℑ, and thatM(υ, ξ,ℑ) = 0 ⇐⇒
υ = ξ = ℑ. Let υ, ξ, ℑ, and κ be elements of X.

Case 1. Suppose υ, ξ, ℑ ∈ X \ {1}.
• If κ ∈ X \ {1}, then

M(υ, ξ,ℑ) =
1

R
[|υ − ξ|+ |ξ −ℑ|+ |ℑ − υ|]

≤
1

R
[|κ− ξ|+ |ξ −ℑ|+ |ℑ − κ|

+ |υ − κ|+ |κ−ℑ|+ |ℑ − υ|
+ |υ − ξ|+ |ξ − κ|+ |κ− υ|]
≤ R (1)
[M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] (2.2)

• If κ = 1, then

M(υ, ξ,ℑ) =
1

R
[|υ − ξ|+ |ξ −ℑ|+ |ℑ − υ|]

≤
1

R
[max{ξ,ℑ}+max{ℑ, υ}+max{υ, ξ}]

≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] ,

(2.3)
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since M(κ, ξ,ℑ) = M(1, ξ,ℑ) = 1
R or 1

R
max{ξ,ℑ}, and so on.

Case 2. If 1 appears among υ, ξ, and ℑ.

• Subcase 1. If υ = ξ = ℑ = 1, then

M(υ, ξ,ℑ) = 0 ≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ)
+M(υ, ξ, κ)] .

(2.4)

Subcase 2. If the value 1 appears exactly twice
among υ, ξ, and ℑ, To simplify the analysis, let us
consider the case where υ = ξ = 1. Under this
assumption, it follows that ℑ ∈ X \ {1}.
• In the case where κ = 1, we have

M(υ, ξ,ℑ) =M(1, 1,ℑ) =M(1, ξ,ℑ)

≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] .

(2.5)

• If κ ̸= 1, then

M(υ, ξ,ℑ) =M(1, 1,ℑ) =
1

R
(2)

=M(1, 1, κ) =M(υ, ξ, κ)

≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] .

(2.6)

Subcase 3. If the value 1 appears exactly once among
υ, ξ, and ℑ, assume without loss of generality that
υ = 1, with ξ,ℑ ∈ X \ {1}. Further, assume that
ℑ ≤ ξ. If κ = 1, then

M(υ, ξ,ℑ) =M(1, ξ,ℑ) =M(κ, ξ,ℑ)

≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] . (2.7)

If ℑ = 0, then

M(υ, ξ,ℑ) =M(1, ξ, 0) =
1

R
=M(1, κ, 0) =M(υ, κ,ℑ),

(2.8)

and consequently,

M(υ, ξ,ℑ) ≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] .

(2.9)
If κ ̸= 1 and ℑ ̸= 0, then

M(υ, ξ,ℑ) =M(1, ξ,ℑ) =
1

R
max{ξ,ℑ} =

ξ

R

≤ max{κ, ξ}

=
1

R
min {max {κ, ξ} ,max {1, κ} ,max {1, ξ}}

≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] . (2.10)

Thus, for all υ, ξ,ℑ, κ ∈ X, we have

M(υ, ξ,ℑ) ≤M(κ, ξ,ℑ)+M(υ, κ,ℑ)+M(υ, ξ, κ).
(2.11)

Therefore,M is anMR-metric on X.

Our objective is to demonstrate that (X,M) is a
complete space. Consider a Cauchy sequence {υn}
in X.

Case 1. There exists someN ∈ N such that for all
n ≥ N , we have υn = υN .

In this situation, it is clear that the sequence {υn}
converges to υN .

Case 2. For all N ∈ N, there exists at least one
pair of indices i, j ∈ N with i > j > N such that
υi ̸= υj .

Within this case, we analyze the following
subcase:

Subcase 1. There exists some γ ∈ X such that
υn = γ for infinitely many values of n. In this
scenario, for any N ∈ N, there exist indices i, j, k ∈
N with k > j > i > N , satisfying υi = υj = γ
and υk ̸= γ. If γ = 1, then M(υi, υj , υk) = 1

R .
However, since {υn} is a Cauchy sequence, it follows
that γ ̸= 1. Therefore, there exists N0 ∈ N such that
υn ∈ X \ {1} for all n ≥ N0. Consequently, for all
i, j, k ≥ N0, we have

M(υi, υj , υk) =
1

R
[|υi − υj |+ |υj − υk|+ |υk − υi|] .

SinceM(vi, vj , vk) ≤ ξ
R ⇒ |vi − vj | < ε ⇒ {vi} is

cauchy in R, ∃ξ ∈ R such that vi → ξ. But ξ = γ,
since {γ} is a subsequence of {vi} , so vi → γ.

Subcase 2. For every γ ∈ X, the equality υn = γ
holds for only finitely many indices n.

Consider ϵ > 0 and choose a positive integer L
such that 1

L < ϵ. Define

N1 = sup{n ∈ N : υn ∈ {1, 1
2
,
1

3
, . . . ,

1

L
}},

where the supremum of the empty set is
conventionally defined as zero. Since for any
k ∈ N, 1/k ∈ X and υn = 1/k for only finitely many
n, it follows that N1 is a nonnegative integer. Let
N = N1 + 1. Then, for all n ≥ N , we have

0 ≤ υn <
1

L
< ϵ,

because X = {0} ∪
{
1
k : k ∈ N

}
. Consequently, the

sequence {υn} converges to 0 in the usual sense.
For n,m ≥ N , it follows that

M(0, υn, υm) =
1

R
[|0− υn|+ |υn − υm|+ |υm − 0|]

≤
2

R
|υn|+

2

R
|υm| → 0 as n,m→ ∞. (2.12)

Thus, the sequence {υn} converges to 0 with
respect to M . Consequently, in all cases, {υn} is a
convergent sequence in X with respect to M . This
establishes that (X,M) is a complete space.

It is evident that the sequence {1/n} converges to
both 0 and 1.

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2026.25.51

Ali Jaradat, Abed Al-Rahman M. Malkawi, 
Ayat M. Rabaiah, Mohammed M. M. Jaradat, 

 Abdullah Al-Jawarneh

E-ISSN: 2224-2880 555 Volume 25, 2026



Now, consider a sequence {υn} in X such that it
converges to an element υ0 ∈ X \ {0, 1}. Since
M(1, 1, υ0) =

1
R andM(υn, υm, υ0) → 0 as n,m→

∞, it follows that there exists N0 ∈ N such that
υn ∈ X \ {1} for all n ≥ N0. For all m,n ≥ N0,
we have

M(υn, υm, υ0) =
1

R
[|υn − υm|+ |υm − υ0|+ |υ0 − υn|] .

(2.13)
As n,m→ ∞, the conditionM(υn, υm, υ0) → 0

implies that |υn − υ0| → 0 as n → ∞. Since υ0
is strictly positive, there exists an integer N1 ∈ N
such that υn > 0 for all n ≥ N1. For n,m ≥
max{N0, N1}, the following holds:

M(1, υn, υm) =
1

R
min {max{1, υn},max{υn, υm},max{υm, 1}}

=
1

R
max{υn, υm} →

υ0

R
as n,m→ ∞.

(2.14)

Hence, the sequence {υn} does not approach 1 as
its limit. Consider ξ ∈ X \ {1}. For all m,n ≥ N0,
the following holds:

M(ξ, υn, υm) =
1

R
[|ξ − υn|+ |υn − υm|+ |υm − ξ|]

→ 2|ξ − υ0| as n,m→ ∞. (2.15)

2

R
|ξ − υ0| = 0 if and only if ξ = υ0.

Thus, {υn} does not converge to ξ for any ξ ∈
X \ {1, υ0}. Therefore, υ0 is the only limit of {υn}.

Example 2.2. Let the set X be defined as X =
{0, 1, 12 ,

1
3 , . . . }. Consider the functionM : X×X×

X → R+ defined by the following rule:

M(υ, ξ,ℑ) =



1
R

[
|υ − ξ|+
|ξ −ℑ|+
|ℑ − υ|

]
,

υ, ξ,ℑ ∈
X \ {1},

0, υ = ξ

= ℑ = 1,
1
R , both 0 and 1

appear among
υ, ξ,ℑ,

2
R min

{
max{υ, ξ},

max{ξ,ℑ},
max{ℑ, υ}

}
,

1 appears
exactly once
and 0 does not
appear among
υ, ξ,ℑ,

2
R min {υ, ξ,ℑ},

1 appears
exactly twice
among υ,
ξ,ℑ and
0 does not appear.

(2.16)
It follows that (X,M) forms a complete

MR-metric space. Additionally, the sequence
{1/n} is observed to converge to both 0 and 1.

If a sequence {υn} inX converges to some element
υ0 ∈ X \ {0, 1}, then υ0 serves as the unique limit of
the sequence {υn}. Consequently, any sequence in X
that converges can possess no more than two distinct
limits.
Proof. It is evident that M is symmetric in all three
variables υ, ξ,ℑ, and M(υ, ξ,ℑ) = 0 if and only if
υ = ξ = ℑ. Let υ, ξ,ℑ, κ ∈ X.

Case 1. Suppose υ, ξ,ℑ ∈ X \ {1}.
Subcase 1. κ ∈ X \ {1}, then we have

M(υ, ξ,ℑ) =
1

R
[|υ − ξ|+ |ξ −ℑ|+ |ℑ − υ|]

≤ R [|κ− ξ|+ |ξ −ℑ|+ |ℑ − κ|]
+R [|υ − κ|+ |κ−ℑ|+ |ℑ − υ|
+|υ − ξ|+ |ξ − κ|+ |κ− υ|]

= R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] . (2.17)

Subcase 2. κ = 1, then

M(υ, ξ,ℑ) =
1

R
[|υ − ξ|+ |ξ −ℑ|+ |ℑ − υ|]

≤
1

R
[max{ξ,ℑ}+max{ℑ, υ}+max{υ, ξ}]

≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] , (2.18)
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since M(κ, ξ,ℑ) = M(1, ξ,ℑ) = 1
R or

2
R max{ξ,ℑ}, and so on.

Case 2. Suppose that 1 appears among υ, ξ,ℑ.
Subcase 1. Assume υ = ξ = ℑ = 1. Then

M(υ, ξ,ℑ) = 0 ≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ)
+M(υ, ξ, κ)] . (2.19)

Subcase 2. Suppose that the value 1 appears
exactly twice among the elements υ, ξ,ℑ. To simplify
the analysis, assume without loss of generality that
υ = ξ = 1. This implies that ℑ ∈ X \ {1}.

If κ = 1, then

M(υ, ξ,ℑ) =M(1, ξ,ℑ) =M(κ, ξ,ℑ)
≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ)

+M(υ, ξ, κ)] .

(2.20)

If ℑ = 0, then

M(υ, ξ,ℑ) =M(1, 1, 0) = 1 =M(κ, 1, 0) =M(κ, ξ,ℑ)

≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] (2.21)

If ℑ ̸= 0 and κ ̸= 1, then

M(υ, ξ,ℑ) =M(1, 1,ℑ) =
2

R
ℑ

≤
2

R
max{κ,ℑ}

≤M(1, κ,ℑ) =M(κ, ξ,ℑ)

≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] . (2.22)

Subcase 3. Assume that the value 1 appears only
once among the elements υ, ξ,ℑ. Without loss of
generality, let us take υ = 1. As a result, we have
ξ,ℑ ∈ X \ {1}. Additionally, we assume that ℑ ≤ ξ.

If κ = 1, then

M(υ, ξ,ℑ) =M(1, ξ,ℑ) =M(κ, ξ,ℑ)

≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] . (2.23)

If ℑ = 0, then

M(υ, ξ,ℑ) =M(1, ξ, 0) = 1 =M(1, κ, 0) =M(υ, κ,ℑ),
(2.24)

and consequently

M(υ, ξ,ℑ) ≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] .

(2.25)
If κ ̸= 1 and ℑ ̸= 0, then

M(υ, ξ,ℑ) =M(1, ξ,ℑ) =
2

R
max{ξ,ℑ} =

2

R
ξ

≤
2

R
max{κ, ξ}

≤M(1, κ, ξ) =M(κ, ξ,ℑ)

≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] (2.26)

Thus, for all υ, ξ,ℑ, κ ∈ X, we obtain

M(υ, ξ,ℑ) ≤ R [M(κ, ξ,ℑ) +M(υ, κ,ℑ) +M(υ, ξ, κ)] .

(2.27)

Hence, M satisfies the conditions of an
MR-metric on X.

Our goal is to prove that theMR−metric space
(X,M) is complete. Let {υn} be a Cauchy sequence
in X.

Case 1. Assume that υn = 1 for infinitely many
terms of the sequence. For any i ∈ N, there exist
indices j, k ∈ N such that k > j > i and υk = υj =
1. In this case, the MR − metric M satisfies the
following equation:

M(υi, υj , υk) =M(υi, 1, 1) =


0 if υi = 1,
1
R if υi = 0,
2
Rυi if υi ∈ X \ {0, 1}.

(2.28)
Since {υn} is a Cauchy sequence, it follows that

M(υp, υq, υr) → 0 as p, q, r → ∞. Consequently,
M(υi, 1, 1) → 0 as i→ ∞. This implies that υn = 0
for only finitely many values of n. Therefore, there
exists an integer N ∈ N such that υn ̸= 0 for all
n ≥ N .

If υn ̸= 1 for infinitely many n, thus vn → 0 in
the usual sense.

For m,n ≥ N , we have the following expression
forM(1, υm, υn):

M(1, υm, υn) =


0 if υm = υn = 1,
2
Rυm if υm = 1, υn ̸= 1,
2
Rυn if υm ̸= 1, υn = 1,
2
R max{υm, υn} if υm, υn ̸= 1.

(2.29)
Thus, M(1, υm, υn) → 0 as m,n → ∞.

Therefore, {υn} converges to 1 with respect to the
metricM .

Case 2. Suppose that υn = 1 occurs for only finite
number of terms of the sequence, and let there exist
an element γ ∈ X\{1} such that υn = γ for infinitely
many terms.

Since υn = 1 happens finitely many times, there
exists an integer N0 ∈ N such that υn ∈ X \ {1}
for all n ≥ N0. Consequently, for i, j, k ≥ N0, the
following condition is satisfied:

M(υi, υj , υk) =
1

R
[|υi − υj |+ |υj − υk|+ |υk − υi|] .

Given that υn = γ for infinitely many terms in the
sequence, for any i ∈ N, there exist integers j, k ∈ N
such that k > j > i and υj = υk = γ.

Therefore, for any integer i ≥ N0, we can find
j, k ∈ N such that k > j > i, and the following
equation is satisfied:

2

R
|υi − γ| =M(υi, υj , υk). (2.30)

Given that {υn} forms a Cauchy sequence, we
have M(υi, υj , υk) → 0 as i, j, k → ∞.
Consequently, |υi − γ| → 0 as i→ ∞.
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Thus, for n,m ≥ N0, we have:

M(υn, υm, γ) =
1

R
[|υn − υm|+ |υm − γ|+ |γ − υn|]

≤ 2

R
|υn − γ|+ 2

R
|υm − γ| → 0 as n,m→ ∞.

(2.31)
Therefore, the sequence {υn} converges to γ.
Case 3. Suppose γ ∈ X. Assume that υn = γ

occurs for only a finite number of indices n.
Let ε > 0 be given. Choose a positive integer L

such that 1
L < ε.

Define N1 = max{n ∈ N : υn ∈
{1, 12 ,

1
3 , . . . ,

1
L}}, where the supremum of an empty

set is taken to be zero. Since 1
k ∈ X for any k ∈ N,

and υn = 1
k only for finitely many n, the value N1 is

well-defined as a nonnegative integer.
Let N = N1 + 1. Since the set X is

{0, 1, 12 ,
1
3 , . . . }, it follows that 0 ≤ υn < 1

L < ε
for all n ≥ N .

Hence, the sequence {υn} converges to 0 under
the standard topology.

For n,m ≥ N , we have:

M(0, υn, υm) =
1

R
[|0− υn|+ |υn − υm|+ |υm − 0|]

≤ 2

R
|υn|+

2

R
|υm| → 0 as n,m→ ∞.

Thus, the sequence {υn} converges to 0 under the
MR − metric M . Therefore, in all scenarios, the
sequence {υn} is convergent in X with respect toM ,
establishing that (X,M) is a complete metric space.

Moreover, the sequence
{

1
n

}
clearly converges to

both 0 and 1 underM .
For any sequence {υn} in X that converges to a

point υ0 ∈ X \ {0, 1}, it can be shown, following the
argument in Example 2.1, that υ0 is the unique limit
of {υn}.

Example 2.3. Let (X,M) be as in Example 2.2.
Define the function f : X → X as

f(υ) =

{
0 if υ = 1,
υ
3R otherwise.

(2.32)

Then, for all υ, ξ,ℑ ∈ X, we have
M(f(υ), f(ξ), f(ℑ)) ≤ 2

3RM(υ, ξ,ℑ). Clearly, 0 is
the unique fixed point of f .
Proof. Let υ, ξ,ℑ ∈ X. Due to the symmetry ofM ,
it is sufficient to consider the following five cases.

Case 1. υ = ξ = ℑ = 1.
Then,

M(f(υ), f(y), f(ℑ)) =M(f(1), f(1), f(1))

=M(0, 0, 0) = 0

≤ 2

3R
M(υ, ξ,ℑ). (2.33)

Case 2. υ = ξ = 1 and ℑ ̸= 1.
Then,

M(f(υ), f(ξ), f(ℑ)) =M(f(1), f(1), f(ℑ))

=M

(
0, 0,

ℑ
3R

)
≤ 2

R

2ℑ
3R

=
2

3R

2

R
min {1, 1,ℑ}

≤ 2

3R

2

R
min {υ, ξ,ℑ}

≤ 2

3R
(
2

R
) =

2

3R
M(υ, ξ,ℑ).

(2.34)

Case 3. υ = 1, ξ = 0 and ℑ ̸= 1.
Then,

M(f(υ), f(ξ), f(ℑ)) =M(f(1), f(0), f(ℑ))

=M

(
0, 0,

ℑ
3R

)
=

1

R

2ℑ
3R

≤ 2

3R
(
1

R
) =

2

3R
M(υ, ξ,ℑ).

(2.35)

Case 4. υ = 1 and 0 < ℑ ≤ ξ < 1.
Then,
M(f(υ), f(ξ), f(ℑ)) =M(f(1), f(ξ), f(ℑ))

=M

(
0,

ξ

3R
,
ℑ
3R

)
=

1

R

∣∣∣∣ ξ3R
∣∣∣∣+ 1

R

∣∣∣∣ ξR −
ℑ
R

∣∣∣∣+ 1

R

∣∣∣∣ ℑ
3R

∣∣∣∣
=

1

3R

[
1

R
[|ξ|+ |ξ −ℑ|+ |ℑ|]

]
=

1

3R
M(υ, ξ,ℑ)

≤
2

3R
M(υ, ξ,ℑ). (2.36)

Case 5. ℑ ≤ ξ ≤ υ < 1.

M(f(υ), f(ξ), f(ℑ)) =M

(
υ

3R
,
ξ

3R
,
ℑ
3R

)
=

1

R

[∣∣∣∣ υ3R − ξ

3R

∣∣∣∣+ ∣∣∣∣ ξ3R − ℑ
3R

∣∣∣∣
+

∣∣∣∣ ℑ3R − υ

3R

∣∣∣∣]
=

2

3R
(υ −ℑ) ≤ 2

3R
M(υ, ξ,ℑ).

(2.37)
Thus, M(f(υ), f(ξ), f(ℑ)) ≤ 2

3RM(υ, ξ,ℑ) for
all υ, ξ,ℑ ∈ X.

Example 2.4. Let (X,M) be as in Example 2.2.
Define f : X → X and g : X → X as follows:

f(υ) =

{
0 if υ = 1,
υ
3R otherwise,

g(υ) =

{
1 if υ ∈ {0, 1},
υ
3R otherwise.

(2.38)
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It can be verified that

M(f(υ), f(ξ), f(ℑ)) ≤ 1

3R
M(υ, ξ,ℑ),

M(g(υ), g(ξ), g(ℑ)) ≤ 1

3R
M(υ, ξ,ℑ)

(3.39)

for all υ, ξ,ℑ ∈ X.
For any υ ∈ X \ {0, 1}, the sequences {fn(υ)}

and {gn(υ)} are equivalent and have limit points at
0 and 1 exclusively. In this context, 0 represents the
fixed point of f , while 1 serves as the fixed point of g
within X.

In the following definition, Shatanawi [source key
5 pending] defined a (c)−comparison function with
base s.

Definition 2.1. [source key 100 pending] Let s ∈
[1,∞). A map Ψ : [0,+∞) → [0,+∞) is called a
(c)− comparison function with base s if Ψ satisfies
the following:

(i) Ψ is monotone increasing,

(ii)
∞∑
n=0

snΨn(st) converges for all t ≥ 0.

If ψ is a (c)-comparison function, then for all t > 0
we have ψ(t) < t and ψ(0) = 0.

Theorem 2.1. Let (X,M) be a space equipped with
anMR-metric. Consider ψ as a mapping from X to
itself, and let φ : R+ → R+ be a (c)−comparison
function. Assume that

M(ψυ, ψξ, ψℑ) ≤ 1

R
φ(M(υ, ξ,ℑ)) (2.40)

For all υ, ξ,ℑ ∈ X, assume there exists an element
υ0 ∈ X such that the set {M(υ0, ψ

i(υ0), ψ
j(υ0)) :

i, j ∈ {0} ∪ N} is bounded. In this case, the
sequence {ψn(υ0)} forms anM -Cauchy sequence. If
{ψn(υ0)} converges and has a finite number of limit
points, then ψ admits a unique fixed point inX, which
is the limit of {ψn(υ0)}.

Proof. Define υn = ψn(υ0) for every n ∈ N.
For any nonnegative integers r and T , and for

n ∈ N, utilizing (2.40) and the fact that φ is a
non-decreasing function, it follows that

M(υn, υn+r, υn+s) =M(ψnυ0, ψ
n+rυr, ψ

n+sυs)

≤
1

R
φ

(
1

R
M(ψn−1υ0, ψ

n−1+rυr,

ψn−1+sυs)
)

≤
1

R
φ
(
φ
(
M(ψn−2υ0, ψ

n−2+rυr,

ψn−2+sυs)
))

...
≤ φn (M(υ0, υr, υs)) (2.41)

Since the set {M(υ0, ψ
i(υ0), ψ

j(υ0)) : i, j ∈
{0} ∪ N} is bounded, there exists a constant L >
0 such that M(υ0, ψ

i(υ0), ψ
j(υ0)) ≤ L for all

i, j ∈ {0} ∪ N. Using inequality (2.41) along
with the non-decreasing property of φ, we find that
M(υn, υn+r, υn+s) ≤ φn(L). Since φn(L) → 0
as n → ∞, it follows that the sequence {υn} is
M -Cauchy.

Now, assume that {ψn(υ0)} converges and
possesses only finitely many limit points. Denote
by T the set of all such limits. Then T is a
finite, non-empty subset of X. Given that φ is a
(c)-comparison function.

Let ℑ ∈ T . Then, it follows that

M(ψm+1υ0, ψ
m+1υ0, ψℑ) ≤

1

R
φ(M(ψnυ0, ψ

mυ0,ℑ))

≤M(ψnυ0, ψ
mυ0,ℑ) → 0 (3)

as m,n→ ∞. (2.42)

Thus, {ψnυ0} also converges to ψℑ.
Therefore, ψℑ ∈ T . This shows that ψ(T ) ⊆

T . For any positive integer m, we have ψm(T ) ⊆
ψm−1(T ), where ψ0 = I , the identity map on X.

Suppose that m0 is a positive integer such that
ψm0−1(T ) contains at least two distinct elements. Let
ϑ denote the infimum of the set

{M(υ, ξ,ℑ) : υ, ξ,ℑ ∈ ψm0−1(S) and at least two of υ, ξ,ℑ are distinct}.

Since ψm0−1(T ) is a finite set with at least two
elements, the set {M(υ, ξ,ℑ) : υ, ξ,ℑ ∈
ψm0−1(T ) and at least two of υ, ξ,ℑ are distinct} is
a nonempty finite subset of (0,∞). Therefore, there
exist κ, v,ℑ ∈ ψm0−1(T ) such that at least two of
them are distinct and

M(κ, v,ℑ) = ϑ.

Now, we have the following inequality:

M(ψκ, ψv, ψℑ) ≤ 1

R
φ(M(κ, v,ℑ))

≤ φ(M(κ, v,ℑ))
= φ(ϑ)

< ϑ,

Since ϑ is a positive real number and φ(t) < t for
all t > 0, the inequality holds.

Given that κ, v,ℑ ∈ ψm0−1(T ), it follows that
ψκ, ψv, ψℑ ∈ ψm0(T ) ⊆ ψm0−1(T ). By the
definition of ϑ, this implies ψκ = ψv = ψℑ. Since
ψm0−1(T ) is a finite set, and at least two of κ, v,ℑ are
distinct while satisfying ψκ = ψv = ψℑ, it follows
that ψm0(T ) is a strict subset of ψm0−1(T ). As T
is finite, this leads to the conclusion that ψn0−1(T )
becomes a singleton for some n0 ∈ N.

Let ψn0−1(T ) = {w}. Since ψn(T ) ⊆ ψn0−1(T )
for all n ≥ n0, we conclude that ψw = w.
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Remark 2.1. Example 2.3 and Example 2.4 illustrate
Theorem 2.1.

Theorem 2.2. Let (X,M) be a bounded, complete
MR-metric space, and let ψ and T be self-maps
defined on X. Suppose that φ : R+ → R+ is a
(c)-comparison function. Furthermore, assume that
ψ and T partially commute, meaning ψ(X) ⊆ T (X),
and that for any υ, ξ,ℑ ∈ X, the following inequality
holds:

M(ψυ, ψξ, ψℑ) ≤ 1

R
φ(M(Tυ, Ty, Tz)) (2.43)

Furthermore, assume that everyM -Cauchy sequence
withinψ(X) converges in T (X) and has a unique limit
in T (X). Under these conditions, ψ and T possess a
unique shared fixed point in X.

Proof. Let υ0 ∈ X. Given that ψ(X) ⊆ T (X), there
exists a sequence {υn} in X such that for each n =
0, 1, 2, . . ., the relationship ψυn = Tυn+1 holds.

Define ξn = ψυn. Since φ : R+ → R+ is a
non-decreasing function on R+, and {φn(t)} → 0 as
n→ ∞ for every t ∈ (0,∞), it follows that φ(t) < t
for all t ∈ (0,∞). Therefore, φ(0+) = 0.

For positive integers m,n, p, applying inequality
(2.43) yields

M(ξn, ξm, ξp) =M(ψυn, ψυm, ψυp)

≤ 1

R
φ(M(Tυn, Tυm, Tυp))

≤ φ(M(Tυn, Tυm, Tυp))

= φ(M(ξn−1, ξm−1, ξp−1)) (2.44)

which simplifies to

M(ξn, ξm, ξp) ≤ φ(M(ξn−1, ξm−1, ξp−1)).

Thus, for n ∈ N and nonnegative integers i and j, by
the monotonicity of φ, we get

M(ξn, ξn+i, ξn+j) ≤ φn(M(ξ0, ξi, ξj)). (2.45)

Let L = sup{M(ξ0, ξi, ξj) : i, j ∈ N ∪ {0}}. Since
(X,M) is bounded, we haveL <∞. From inequality
(2.45), it follows that

M(ξn, ξn+i, ξn+j) ≤ φn(L) (2.46)

for all n ∈ N and i, j ∈ N ∪ {0}.
Since φn(L) → 0 as n → ∞, the previous

inequality implies that {ξn} forms an M -Cauchy
sequence. Given that {ξn} = {ψυn} ⊆ ψ(X),
and knowing that everyM -Cauchy sequence in ψ(X)
converges with a unique limit in T (X), there exists a
unique element v ∈ T (X) such that {ξn} converges
to v. Moreover, since v ∈ T (X), there exists κ ∈ X
such that Tκ = v.

For positive integers n,m, we have

M(ξn, ξm, ψκ) =M(ψυn, ψυm, ψκ)

≤ 1

R
φ(M(Tυn, Tυm, Tκ))

≤ φ(M(Tυn, Tυm, Tκ))

= φ(M(ξn−1, ξm−1, v)) (2.47)

Given that {ξn} converges to v and φ(0+) = 0, the
previous inequality implies that {ξn} also converges
to ψκ. Since v is the sole limit of {ξn} in T (X),
and ψκ ∈ ψ(X) ⊆ T (X), it must be that ψκ = v.
Therefore, ψκ = Tκ. Given that ψ and T partially
commute and ψκ = Tκ, it follows that ψ(ψκ) =
T (Xψκ).

By setting υ = ξ = κ and ℑ = ψκ in inequality
(2.43), we obtain

M(ψκ, ψκ, ψ2κ) ≤ 1

R
φ(M(ψκ, ψκ, ψ2κ)) ≤ φ(M(ψκ, ψκ, ψ2κ)).

Since φ(t) < t for all t ∈ (0,∞), it follows that
M(ψκ, ψκ, ψ2κ) = 0. Consequently, ψ2κ = ψκ,
which leads to T (ψκ) = ψκ. Hence, ψκ serves as a
common fixed point for both ψ and T .

From inequality (2.43), it is evident that ψ and T
cannot have more than one common fixed point.
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