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Abstract: - In this study, an algorithm for integrating the Regularized Long Wave Equation (RLWE) is developed
by combining a predictor—corrector scheme with the quartic B-spline Galerkin method. The algorithm is first
formulated using the four-step implicit Adams—Bashforth method as the predictor and the four-step implicit
Adams—Moulton method as the corrector for time integration of the RLWE. Subsequently, the quartic B-spline
Galerkin method is applied to the semi-discrete form of the RLWE. The implementation of the algorithm yields a
system of algebraic equations whose solutions are used to obtain both discrete and functional approximations of
the RLWE. Highly accurate results are achieved through the application of higher-order schemes to test problems

involving solitary wave propagation and undulation.
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1 Introduction

Since the introduction of the Reqularised Long Wave
Equation(RLWE) to model both behaviour of the
undulation bore and small-amplitude long waves on
surface water in the channel, many studies have
appeared on finding solutions of the RLWE. The
existence and uniqueness of the solution of the
RLWE are studied in the paper [[I]]. The phenomena
of the weak nonlinearity and dispersion waves are
defined as solution of the RLWE[R2]. Thus nonlinear
transverse waves in shallow water, ion-acoustic
and magneto hydrodynamic waves in plasma and
phonon packets in nonlinear crystals are modelled
through studying the RLWE. The general solution of
The RLWE including nonlineer term does not exist
for wide range of boundary and initial conditions.
Therefore many wave phenomena are studied through
numerical solution of the RLWE.

A large number of computational methods
have been developed to obtain numerical solutions
of the RLWE. The RLWE is mostly integrated
by separating the time and space variables and
handling them sequentially either by performing
time integration first followed by space integration,
or vice versa. One-step time integration methods
are commonly employed to advance the solution in
time. At each discrete time level, spatial integration
of the semi-discrete RLWE provides the solution
over the problem domain. B-spline-based finite
element methods, in particular, yield smooth
solutions, although their accuracy is sometimes
limited. Recently, high-order time integration
methods have been designed to achieve more
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accurate solutions. The method of lines provides
improved accuracy for solving the RLWE. In these
methods, after performing space integration of
the RLWE using finite element, meshless finite
element, or differential quadrature methods, the
resulting time-discrete system is typically solved
using high-order Runge—Kutta methods. A method
of lines approach to the numerical solution of the
regularized long wave (RLW) is presented. To
do that a higher order compact finite difference
method in the space is applied and solution of the
resulting system was obtained by applying fourth
Runge-Kutta method in time discretization[3]. The
meshless kernel based method of lines approach
is implemented to integrate RLWE together
with a variable order Adams-Bashforth-Moulton
PECE solver[d]. The distributed approximating
functional(DAF) method realized wusing the
regularized Hermite local spectral kernel along
along with the classical fourth-orderRunge-Kutta
method, is one of the succesful method of lines
approaches for obtainning small errors in the solution
of the RLWE [5]. High-order multistep methods
combined with B-spline finite element techniques
have been applied for the time integration of the
RLWE. Consequently, high accuracy has been
achieved in the numerical solutions of the RLWE.
An algorithm based on the two- and three-step
Adams—Moulton methods for time integration and
a quadratic trigonometric B-spline Galerkin finite
element method for spatial discretization has been
developed to achieve minimal numerical error
in the RLWE solutions[]. Similar approach to
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solving the RLWE was presented using a quartic
trigonometric B-spline Galerkin method for space
integration together with the one-step and two-step
methods for time integration[[7]. In another study,
fast and accurate discrete Fourier transform with
the explicit fourth-order time stepping methods are
employed to integrate the RLWE [8]. Further studies
have been carried out using predictor—corrector
multistep methods for the time integration of the
RLWE, which have proven to be very effective for
solving this equation. Very recently, a numerical
algorithm for solving the RLWE has been developed
using a predictor—corrector method in which the
fourth-order Adams—Moulton scheme is used as the
predictor and the fourth-order Adams—Bashforth
scheme as the corrector for time integration,
combined with the quintic B-spline collocation
finite element procedure in space[9]. A similar study
is conducted in which a new numerical algorithm
for solving the RLWE is proposed using high-order
multistep Adams—Moulton and Adams—Bashforth
schemes together with a quartic B-spline collocation
method[]10]. Consider RLWE:

Ut + Uy + EUUL — PUgze = 0,

v€fab], te(0T] M
subject to the initial condition (IC):
u(z,0) = f(x), 2
and subject to the boundarys conditions (BCs):
u(a,t) =01, u(b,t) =09 (3)

where u is the wave amplitude, € and p are positive
dimensionless parameters.

2 Numerical Method

Consider the spatial domain [a,b] and and time
interval [0, 7"]. The space-time domain on which the
RLWE is posed is [a, b]x[0, TL, partioned at time grid
points 0 = Y < t1'< - < ..o <t =T
with At = T'/n and t* = iAt, and at space grid
points a = g < 21 < 22 < ... < Ty, = b
with h = (b — a)/m and x; = x¢ + jh as well as
fictitious points x_4, T_3, T_2, T_1, Tm+1, Tm+2,
Tm+3, Tm+4 outside the space domain [a,b]. The
quartic B-splines QQ;,7 = —2,...,m + 1 are

(SU - Ii72)47 S [fcz‘7271‘i71]
(.T — 331'_2)4 — 5($ — .Z‘i_1)4, S [mi_hmi}
1 (z — mi,2)4 —5(z — m¢,1)4
+10(x — z’i)4, T € [xs, Tit1]
(its — ) = (@iy2 — )", @ € [Tit1, Tito]
(ivs — x)*, T € [Tir2, Tita)
0, otherwise

4)
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A global approximation U(z,t) is constructed
with help of the quartic B-splines:

m+1

U(zx,t) = Z 3 (1)Qi(x),

i=—2

®)

where 0; (t) are time dependent unknown parameters
determined through B-spline Galerkin finite element
procedure.

The aproximation U (x, t) (B) and its derivatives of
up to three degree can be found by using the quartic
B-splines at the space grid points:

U;j = 8j—o+118;_1 + 116; + 641,
hU; = 4(811 4 30; — 36,1 — 6-2),
WU} = 12(8j-1 — 6; — 841 + 0j42),
WU = 24(6j41 — 36, + 36,1 + 6,-2).

(6)

where / denotes differentiation with respect to the
spatial variable x.

To integrate the Eq. ([I]) in time, the time derivative
termsms are seperated from the space derivative term:

(U — pUgy)t = —Uy — EUU. 7
The multistep method
"t = 010" + Ooul!
+ Ozul L+ O u 2 ®)

+ O5up ™ + Ogup !

where 0; = p; and 6; = ¢;, 1 < ¢ < 6 turns into the
prediction equation by choosing the parameters:

_, _ 55AL
pl - 9 p2 - 24 9
59At 37TAt
= S — 9
b3 24 y P4 24 ) ( )
Y 0
p5 - 24 9 pﬁ - Y

which correspond to the Adams-Bashforth four-step
explicit method of order four. The corrector equation
is obtained by choosing the parameters in the Eq. (§):

. 646 At
q = 1, q2 = 720 )
264 At 106 At
_ _ 10
q3 g 0 50 (10)
O 19At 1At
G= "0 BT "9

which correspond to Adams-Moulton four-step
implicit method of order five.

Volume 25, 2026



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2026.25.47

We applied the Adams-Bashforth four-step
explicit method and the Adams-Moulton four-step
implicit method to the RLWE ([7) in order to obtain
the predictor and corrector equations given below:

(") = plug

= (u" = prugy,)

— p2 (uly + eu"ul)

n

(11)

1 —1, n—1
—ps (uf ™ +eu"tul )

(uz
— s (uZ—Q n—2 —2)
(ul

) (12)
)

For the application of the Galerkin finite element
method, parts of the quartic B-splines falling within
the sample interval [z;, x;41] are expressed over the
interval [0, h] by employing the mapping: { = x —z;.
This leads to the quartic B-spline shape functions:

B ¢ £\? e\* e\
ara=t-1i+(5) —1(5) +(3)
Q; —11—125—6<£>2+12(€>3—4<g

1= h h h h

Qi=11+125 —6

Qi+1:1+4§+6

A% &\’ re\!

h <h) +4<h) ‘(h> ’
f 4
Qi+2:<h> -

(13)

Approximate solution (§) over the sample interval
[0, h] is defined by the combination of the B-spline
shape function as:

m—+2
Us=UEt) = > 6(t)Qi&)  (14)
1=m—2
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where §; are unknown which should be determined
from the time-space discrete global equation of the
RLW.

The mapping, x = £ + z;,0 < & < h is applied
to the predictor—corrector equations ([[1,[12) and then
they are multiplied by the B-spline shape functions
(113) and integrated from 0 to / to obtain the integral
equation.

h
/ [(un—i-l)* _ 81<u'2£+1)* _plun
0

+ souge + szug + eszu”uy

n—1, n—1 15
ur (1s)

+ 54u2_1 + es4u
+ 85u?_2 + 635u"*2u7g
n
3

+ 86u273 + esgu Ul 3|\ W de = 0.

and

h
/ |:un+1 o glugg-l o Q1Un
0
+ Souge + S3ug + eszu”uy
n—1,n—1

+ §4u?_1 +eSqu" g

+ §5u?72 + 5§5u”_2u?72
+ §6u2_3 + €§6u"_3u?_3

+ 57(un+1)* +€§7(un+1)*(un+1)* de —0.

¢ 3

(16)
S1 =M, S2=DP1l, 83 = P2,
S4 = P3, S5 = P4, S6 = P5,
51 =u, B8 =qu B53=q, (17)
S4=q3, S5=4q4, S6= (5,
S7 = g6-

The unknown wu™ and its derivatives in the
integrands of the integral equation (13-1€) and the
weight function W are replaced by the quartic
B-spline approximation ([14), its derivatives and the
quartic B-spline shape functions ([L3) to yield a system
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of local discrete equations:

m—+2

Z / Qj 5n+1 _ s Q//(5n+1)

j=m—2
—p1Qj 6] + 52Q7 0]
+ Sng 4 683Qj ”(5j"
+54Q50 1 +ess QB o
+55Q0 % + es;QB™ 261 ?
+ SGQ]yL ’
+ ESGQ].B"—%]."*?’] Q; de = 0.

(18)

m+2

E / Q] 6n+1 _3 QII(STH-I

j=m—2
—1Q;6]' +5Q7 6]
+ 33Qj ) —1—653@]-3"5]”
+5Q5 6 +e50Q B0
+55Q5 6% +e5:Q; B0
+56Q5 6% +€56Q) B" 26
+ §7Q; (5jn+1)*
+e57Q) (B ”+1)*(5jn+1)*] Q; d¢ = 0.
(19)

where

m+2

B"= % Qx(&dy,
k=m—2
m-+2

2. Qr(9) ()

k=m—2

indices ¢, j and k take values m—2, m—1, m, m+1,
m-+2,andm = 0,1,..., N — 1. A matrix form of
the system of Eqs. ([L§) is written below:

(A° — 5,C°) <(5e)n+1)*
= (p1A® — 590° — 53B° — £53D1°) (6)"
— (4B + £54D2°) (6)" "
— (s5B° + es5D3°) (6°)" 2
(

— (s6B® + £s6D4°) (6°)" .
(20)
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(A° — 5,0°) (8°)" !
Q1 A° — 520° — 53B° — £53D1°) (6°)"
B¢ + £5,D2°) (6°)"*

= (
— (54
(85 B° + £85D3°) (6°)" 2 @D
— (86 B° + e5¢D4°) (56)”_3
— (57B° + £5;D5°) ((56)”“)*
where 8¢ = (6m—2,0m—1,0m,0ms1,0mr2)’. The

matrices A¢, B¢ and C*° have dimension 5 x 5, and
Dp®, p=1,---,5have dimension 5 X 5 x 5:

h
A, = /0 Q.Q; de,
h
B, = /0 Qi) de,

h
ct, = /0 Q:Q! de,

h
IS, = ( [ e dg) (65",

)

D2, = </ Q:QQu d

)
D3¢, = < / QQ\Q1 ds) ,
) e

DS, = (/ QiQQu de

7

D5t = ( /0 Q:Q\Qn d&) (6™

So the matrix Dp®, p = 1,---,5 are expressed
on depending on the element parameter 6°. The
element matrix equations obtained from the Galerkin
procedure is combined to to have the global matrix
system including all unknowns of the approximate
solution in Eq. (§):

(A — 5:C) (671"
= (p1A — 52C — s3B —es3D1) 6"
— (s4B +e54D2) 6" 1 (22)
— (5B +es5D3) 6" 2
— (s6B + e56D4) 673,
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(A —5C)s"H!
= (qlA — 5C — 53B — E§3D1) o"

— (54B +54D2) 5"}
, (23)
— (§5B + 555])3) o
— (56B + £56D4) 63
— (57B + £57D5) (6" 1)*,
where global element parameter:
§=(0-2,0-1,...,0n41)" (24)
and A, B,C,Dp, p = 1,---,5 are derived from
the corresponding element matrices A€, B¢, C*¢, Dp®,
p=1,--- 5 respectively. The approximate solution

at the time grid points can be computed using solution
of the iterative system of equations. To begin the start
of the recursive system, initial conditions §°, &', §2
and 0% must be calculated.

Step 1 Computation of §°: Initial parameters of &°
can be obtained by interpolating with the
initial conditions u(z,0) = f(x) at the
time grid points along with its derivatives
uz(a,t) = 0, uzy(b,t) = 0 at the end
boundaries.

Step 2 Computation of 6': The Euler method as the

the predictor equation and the modified Euler

method as the corrector method are employed
to work out the second initial vector §'. The

parameters:
0, =1, 6y =At,
03 =0, 6,=0,
05 =0, 65 =0.
are selected for the Euler method and the
parameters:
At
01 - 1, 92 = 7,
03 =0, 04,=0,
At
05 =0, O5=—-.

are used for the modified Euler method, in the
general multistep method.

Step 3 Computation of §2: The two-step
Adams—Bashforth method for prediction
equation and the two-step Adams—Moulton

method for correction equation are engaged to
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determine the third initial condition 6. The
corresponding parameters in the multistep

method
3At
th = L, o = 77
At
93 = _?7 04 =Y
05 =0, 0 = 0.

are choosen for the predictor equation and

8AL
f 1 = —_—
61 ) 02 12 )
At
9 = —— 0 =
3 12’ 4 07
5At
05 =0, O = ST

for the corrector equation.

Step 4 Computation of §%: Finally the fourth initial
parameters 6° are found using a three-step
Adams predictor method with the parameters

in the multistep method:

23At
= 1 = —
91 ) 92 12 3
16A At
oy = —2020 g, =280
12 12
05 = 0, 0 = 0

and a three-step Adams corrector method with
the parameters in the multistep method:

19A¢

=1 = —

91 ) 02 24
g SO, A
3 24’ 4_24>
9At

Once the parameters 6°,6%,0% and 82 are found,
the iterative equations are started to run so that
time-discrete solutions can be determined recursively
at the space grid points.

3 Numerical Results

The proposed algorithm is tested on two problems
to demonstrate its performance. First, an analytical
solution describing solitary wave propagation is
studied in order to compute the Lo and L
norms, enabling comparison with numerical solutions
to assess accuracy. Second, the RLWE with
an hyperbolic tangent type boundary condition is
investigated to simulate wave undulation. For these
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two classical problems, numerical invariants such as
mass, momentum, and energy [|L1] are computed to
illustrate that they remain constant throughout the
execution of the algorithm:

o0

]1:f

—0o0

b
udx ~ f Udz,

I, = T (u? + &(uq)?) do ~

—00

(U2 +&(Uy)?) da,

f—

70 (u3 + 3u2)

—0o0

I3

b
dx =~ f (U3 + 3U2) dx.

(25)
These invariants can be computed approximately
using the trapezoidal integration formula.

3.1 Visualizations and results for Single

Solitary Wave Modeling
Let3c,v =1+ccand k = 3, /(ﬁ) reperesent
magnitude, velocity and width respectively. Solitary
wave solution have the form for RLWE [[12]:

U(x,t) = 3esech?(k(z — zg — vt)). (26)
Using the initial conditions wu(a,t) =
0, wu(b,t) = 0, the algorithm was run with

parameters € = 1, u = 1, 9 = 0 and the amplitude
¢ = 0.1, using space increments h = 0.2 and 0.1 and
time increments At = 0.02,0.01 and 0.001 up to
the time ¢ = 20, over the domain —80 < z < 120.
Visual solutions are graphed at some times in
Fig 1 and absolute maximum error distribution
at time ¢ 20 is depicted in Fig 2. To reduce
boundary effects, the space domain was extended
to —160 < z < 160. Whenever the maximum
error happens at the boundaries, the computational
domain was further enlarged until the maximum
error was located within the interior of the domain,
thereby eliminating boundary-induced errors. Error
norms are documented in Table 1-3 from which
highly accurate result are obtained. The errors
obtained by the proposed method can be compared
with those reported for the Predictor-Corrector
Quintic B-Spline Collocation method, the Hermite
Distributed Functional method and the Sinc method.
Furthermore, the numerical invariants remain
constant for all space and time step sizes considered
and can be compared with the approximate analytical
values given belor, referenced in Eq. (7). If
analytical solution exits, the conserved invariants can
be derived by putting analytical solution of amplitude
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Figure 1: Evolution of the single solitary wave

3 )10

Figure 2: Maximum error norm at ¢ = 20

0.3 att = 0 in the Egs. 25 as.

6
I = -5 —397995,
k
12¢  48kc?
I = TC SR _ 81006, (27)
36¢2 4c
; 5 < + 5> 5790

3.2 Visualizations and results for Wave
Undulation Modeling

When an initially steep disturbance propagates
in a shallow-water medium, it evolves into a
train of smooth oscillatory waves consisting of
a leading solitary wave followed by a sequence
of decreasing-amplitude waves. Thus the second
test problem concerns undular bore produced by a
hyperbolic tangent—type boundary forcing profile to
obtain the undular bore solution of the RLWE:

U(z,0) = 0.5 <1 — tanh <x _dx)> Us, (28)
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Table 1: Error comparison and conserved quantities for At = 0.02

h Loo Loo[P] 120 120 120
0.2 6.15 x 1079 6.47 x 109 3.97994975 0.81046249  2.57900744
0.1 6.16 x 10~° 5.78 x 10~° 3.97994975 0.81046249 2.57900744

Table 2: Error comparison and conserved quantities for At = 0.01

h Loo Loo[O] 170 120 120

0.2 7.65 x 10~ 10 7.72 x 1079 3.97994975 0.81046249  2.57900743
0.1 7.70 x 10~10 6.11 x 10~10 3.97994975 0.81046249 2.57900744
0.7825 (HDAF)[H] 2.3382 x 10~ 12 3.979949 0.810462 2.579007
0.7825 (Sin-Met)[§] 2.7039 x 10~12 3.979949 0.810462 2.579007

Table 3: Error comparison and conserved quantities for A = 0.1 and At = 0.001 on —160 < x < 160.

Idris Dag, Biilent Saka, Ozlem Ersoy Hepson

Loo 20 120 120
2.85 x 10711 3.97994975 0.81046249 2.57900744
o018 tequals 150
o1 =Ul(a,t) = Uy, . |
oy = U(b,t) =0, (29) |
012 "‘
Um(a, t) =0. 01 MMM’V‘\)\J”‘M‘U”\“H“‘

Uy is the forcing magnitude and the parameter d
represents the steepness of the transition and x. is
center point of the transition. The right boundary,
U(b,t) = 0, is imposed sufficiently far from the
left boundary to minimize boundary effect. Since the
boundary forcing is applied in time, RLWE generates
asequence of wave. The number of generated waves
depends not only on the magnitude of the forcing at
the left boundary but also on the duration for which
the forcing is applied. Wave production continues as
long as the forcing persists, and the waves propagate
to the right with certain amplitudes. The experiment
is conducted up to time ¢ = 300 in the space interval
—36 < x < 300. The algorithm is implemented using
parameters & 1.5, p = 1/6, Uy = 0.1, z. = 0,
to = 0 and space increment h = 0.24. Two different
slope values, d = 2 (steeper slope) and d = 5, are
considered in the simulations. Conserved invariants
are reported at selected time levels, along with results
of the study for the parametes d = 2 and d = 5 in
Table H. Undular bore behavior is depicted for d = 2
at times t = 150 and ¢t = 250 in Figs. 3-4, where
more oscillatory waves are observed. Similar profiles
are shown for a slightly steeper parameter, d = 5, in
Fig.s 5 and 6.

4 Conclusion

A numerical algorithm is constructed by integrating
the multistep methods with the quartic B-spline
Galerkin finite element method to obtain approximate
solutions of the RLWE. The effectiveness
and robustness of the proposed algorithm are
demonstrated through two test problems. Higher
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Figure 3: Undulation profiles corresponding to d = 2
and ¢t = 150

t equals 250

Figure 4: Undulation profiles corresponding to d = 2
and t = 250

t equals 150

014 “

012 ,“‘“‘H
]

o
MH‘
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Figure 5: Undulation profiles corresponding to d = 5
and t = 150
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Table 4: Conservation invariants for wave undulation casesd = 2 and d = 5

Cased = 2

T T 7 T

0  3.61200000  0.35147778  1.08822000

50 898700000  0.90147795  2.79324665

100 1436200000  1.45147854  4.49803222

150 19.73700000  2.00147956  6.20270511

200 2511200000  2.55148103  7.90733727

250  30.48699991  3.10148296  9.61195450

Cased =5

1 1 T

0  3.61200013  0.33631114  1.04097008

50 898700014  0.88631114 274645725

100 1436200014 143631125  4.45166072

150 19.73700014  1.98631163  6.15653826

200 2511200014  2.53631241  7.86124330

250 30.48700013  3.08631364  9.56588695
{equals 250 | long wave equation. Communications in
,“ Numerical Methods in Engineering, 23(2),
- | 135-156. Doi.org/10.1002/cnm. 892

il
01 i . . .
ey ‘mm‘ [4] Y. Dereli,(2012). Numerical solutions

‘Mh of the MRLW Equation using meshless
‘H‘ kernel based method of lines. International
| Journal of Nonlinear Science,13(1),28-38.

Figure 6: Undulation profiles correspondingtod = 5
and t = 250

accuracy is achieved when compared with existing
well-established numerical schemes, such as the
fourth-order central difference scheme, the quartic
and quintic B-spline collocation methods combined
with a predictor—corrector scheme [|L0, 9, [13], the
quartic B-spline Galerkin method with a fourth-order
multistep method, and the distributed approximating
functional method [5].
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