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Abstract: - In this paper, we introduce a class of generalized nonlinear norm-like functionals obtained by adding
an increasing nonlinear perturbation to a norm. The principal example is N(x) = ||x|| + [|x||?, which is positive,
definite, continuous, but non-homogeneous and hence is not a norm. We establish a distorted triangle inequality
and a nonlinear Maligranda-type reverse-triangle estimate with explicit magnitude-dependent coefficients. The
sharpness of the principal coefficient is demonstrated, and the exact modulus of continuity of N on bounded balls
is determined. We further obtain perturbation estimates for the general form N, (x) = [[x|| + @ (||x||), together
with bounded-set Lipschitz and stability results. A nonlinear Dunkl-Williams-type inequality is also derived.
Finally, the construction is extended to subadditive modular functionals, yielding corresponding modular-type
inequalities.
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1 Introduction Maligranda and subsequent authors studied simple
Norm inequalities are central tools in functional but sharp refinements of classical norm inequalities,
analysis, approximation theory, optimization including estimates related to the Dunkl-Williams

inequality and angular distance and stability under
perturbations [2], [3], [4].

In parallel, generalized systems of calculus such
as multiplicative calculus and Non-Newtonian
calculus have been used to reformulate metric and
norm-like structures through alternative operations.
However, many of these approaches are obtained
from logarithmic or exponential generators and
Hxll =yl < llx =yl () therefore retain a strong connection with classical
structures [5], [6], [7], [8], [9], [10], [11].

The present work adopts a different but more
modest direction. Instead of claiming an entirely new
calculus, we construct a nonlinear norm-like

nonlinear analysis, and operator theory. One of the
most fundamental inequalities in every normed
linear space is the triangle inequality

llx +yll < {lxll + [yl (1)

and its reverse form

One of the classical inequalities in normed linear
spaces is the Dunkl-Williams inequality, introduced
by [1]. For nonzero vectors x,y € X, the classical

form is functional that preserves positivity and definiteness
while losing homogeneity. This allows classical
” xy | < Aix=yl 3) norm inequalities to be converted into nonlinear
el Nyl = N+ iyl analogs of Maligranda-type inequalities with
variable distortion coefficients.

These inequalities provide elementary but The term non-isomorphic is used here in a precise
powerful estimates for continuity, convergence, and limited sense: the functional is not a norm under
perturbation analysis, and stability. They also form the usual linear homogeneity axiom, and it is not
the basis of many refined norm inequalities in Banach linearly equivalent to a classical norm. It is not used
space theory. in the stronger sense that no scalar representation
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N(x) = g(|lx|]) exists, since the present example is
generated by g(t) =t + t2.

Motivated by these observations, we construct
generalized nonlinear functionals and establish
corresponding nonlinear Maligranda-type and
Dunkl-Williams-type inequalities both in normed
and modular settings.

The purpose of this paper is to construct a non-
generator-based generalized norm-like
functional, and derive a nonlinear Maligranda-type
inequality that is not reducible to classical forms.

2 Main Results

In this section, we introduce the nonlinear
functional N, and establish generalized
nonlinear analogs of several classical norm

inequalities.

Definition 1 (Generalized nonlinear functionals).
Let X be a normed vector space. A mapping N: X —
[0, o) is called a generalized norm-like functional if
1.N(x) >0 forall x € X,
2.N(x) =0iffx =0,
3. N is continuous with respect to the norm
topology of X.
No homogeneity or triangle inequality is assumed.

Definition 2 Let (X, ||. ||) be a normed space, and let
@:[0,00) - [0,) be increasing. Since ||x]|| is a
nonnegative real number, the function ¢ acts on
the scalar quantity ||x||, rather than on the vector
x. We define the associated nonlinear functional

by

Ny (x) = x|l + (lxID, x€X. (4
Thus, N, is obtained by adding a nonlinear
perturbation ¢@(||x||) to the original norm. The
function ¢ controls the magnitude of this
perturbation, while the underlying geometry of the
space is still determined by the norm ||. ||. Different
choices of ¢ produce different nonlinear functionals.
Throughout this paper, the principal example is
@(t) = t2, for which
Ny (o) = llxl + llx|I?. )
Proposition 1 Let
N(x) = llxll + lIxlI?, x € X
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Then N 1is positive, definite, and continuous.
However, N is not homogeneous and therefore is not
a norm.
Proof. Since |[x|| =0, N(x)=|x] + |x]|*? = 0.
Moreover, N(x) = 0 holds if and only if [|x|| = 0,
which is equivalent to x = 0. Since both £t — t and
t — t2 are continuous on [0, %), the mapping N is
continuous with respect to the norm topology on X.
Now let 4 € R. Then

N@x) = [Alllx]l + 21|12, (6)
whereas  |AIN(x) = |A]llx]| + [A]llx]|?>.  These
expressions are generally different whenever 4| # 1
and |A| # 0. For example, if 1 = 2, then

N(2x) = 2[lx|l + 4lix]1?,

while 2N (x) = 2||x|| + 2||x||?>. Hence
N(Ax) # [A|N(x),

Therefore N fails the homogeneity axiom and hence
is not a norm.
Remark 1 Although N
representation

N(@) = g(llxID, g(®) =t + ¢2,

admits the scalar

the resulting functional is not a norm because it fails
the homogeneity axiom. Consequently, the induced
inequalities contain nonlinear magnitude-dependent
coefficients that do not occur in the classical theory.
The following theorem provides a generalized
nonlinear version of the triangle inequality (1).

Theorem 1 (Triangle Inequality with
Nonlinear Distortion). For all x,y in X, the
following distorted triangle inequality holds:

N(x+y) < N@) +N() + 2lxllllyll - (7)

Proof. Using the usual triangle inequality,

N(x+y) = llx+ ¥l +llx + ylI?
< (lxll + 1yl + Ll + Ny ID?
= [lll + Iyl + Nl + Nyl + 2]y
= N(x) + N(y) + 2|lx[lllyll.

The inequality is sharp since equality holds whenever
x and y are positively collinear. Thus, the coefficient
2 cannot be reduced.

The additional term 2||x||||y|| measures the
nonlinear distortion caused by the second-order
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perturbation. Without this perturbation, the estimate
reduces to the ordinary triangle inequality.
We now establish the principal result of this paper.

Theorem 2 (Main Nonlinear Maligranda-
Type Inequality). For all x,y € X,

ING) =N < (X + lx]l + [lyIDllx = wIl.(8)

Proof. By the definition of N, we have
IN(x) = N()|
= |(llxll = llyID + Alxll® = Ny lI»)]
< lxll =yl + Hixl1? = [lyll?]
= [llxll = My II1Cx + [[x]l + [y ID.
Applying the reverse triangle inequality
IN(x) =N < @+ x|l + lylIDllx = yll
yields.

Proposition 2 (Sharpness of the

coefficient). The coefficient 1 + ||x|| + ||yl in
inequality (8) is sharp.
Proof. The inequality (8) becomes an equality for x =
ae, y = be, where e is a unit vector and a,b = 0.
Indeed,
llx = yll = la = bl,
while
ING) = NI = I(a + a®) = (b + b?)
=1 +a+b)|a-b|
Therefore, the coefficient is sharp.
Corollary 1: On every bounded subset

B, = {(x € X:|lx|| <7},

the functional N 1is Lipschitz continuous with
constant 1 + 2r.
Proof. If x,y € B,, then

1+ [[x]| +lyll <1+ 2r.
Applying inequality (8) yields
IN(x) =N()| < (1 +2r)]lx = yll.

Hence the result follows.

To obtain a quantitative description of the
continuity of the nonlinear functional N, we now
determine its exact modulus of continuity on
bounded subsets. This provides a sharper result than
the bounded-set Lipschitz estimate established in
Corollary 1 and answers the natural question of the
optimal continuity behavior of N.

Definition 3. Exact modulus of continuity on B, of
N is defined by
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wy(r, 6) = sup{IN(x) = N()|:x,y
€ By, |lx —yll < 6}
for0<é§<r.
Proposition 3. For every r > 0,
wyN(T8) =0+2r—6)50<6<r.
Proof. Leta = ||x|| and b = ||y||. Then
0<abc<r.
Moreover, by the reverse triangle inequality,
la = blllxll = llylll < llx —yll < 6.
Now define
d =|a—b]|.
We can write
IN(x) —N(y)| =d(1 + a+b).
Now we maximize d(1+ a + b) subject to 0 <
a,b <r,d =|a—b|. Fora fixed d, suppose a = b
(the other case is symmetric). Then a = b + d. Since
a<r,
b<r-—d.
Therefore,
a+b=2b+d<2(r—d)+d=2r—d.
Hence
IN(x) - N()| =d(1+a+b)
<d(+2r-—d).
Finally, for
fd)=d(1+a+b), 0<d<d<r,
We have
f'd)=1+a+b=1>0,
thus f is increasing on [0, §]. Consequently,
IN(x) = N(y)| <6(1 + 2r = 9).

Hence
wy(T,6) < (1+2r-206)34.
To prove equality, let x = re,y = (r — §)e, where e
is a unit vector. Then ||x — y|| = §, and
ING) =N =7 +712=(r—8) — (r — §)?
=((1+2r—-96)6.
Hence equality holds.
Remark 2. Since the functional
[l + 1lx]1?
is obtained by composing the norm with the scalar
map
g =t +t?
it does not change intrinsic geometric properties such
as uniform convexity or uniform smoothness. Rather,
it modifies quantitative estimates by introducing
nonlinear magnitude-dependent coefficients. Thus,
the nonlinear functional does not itself define a new
linear norm geometry. In particular, geometric
properties such as uniform convexity should be
attributed to the underlying normed space rather than
to N. The classical theory of uniformly convex spaces
is represented, for example, by Clarkson's
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foundational work [12]. Consequently, the
inequalities established here should be interpreted as
nonlinear quantitative perturbations of classical norm
inequalities rather than as new characterizations of
Banach-space geometry.

Consequently, the inequalities established above
should be viewed as nonlinear perturbations of
classical geometric inequalities rather than as new
characterizations of Banach space geometry.

The previous estimates can be extended to
perturbations of the form N, (x) = ||x[| + ¢ ([[xI]).
Theorem 3 Let ¢ be locally Lipschitz on
bounded subintervals of [0, ). For x,y € X, let
L, (x,y) denote any Lipschitz constant of ¢ on

the interval with endpoints ||x|| and ||y]||. Then

[Ny () = Np ()] < (1 + Ly (6, )) llx =
yll. 9)

Proof. We can write

[N, (6) = N, ()| < Hllxll = Iyl
+oUxID) = edlyIDI.

By local Lipschitz continuity of ¢, the second term is
at most L, (x, Y)|lIx|| — llylll. Applying the reverse
triangle inequality (2) yields the desired result.

Theorem 4 Assume that ¢ is differentiable and
increasing on bounded subintervals of [0, ). Then

[N, (x) = Ny ()| < (1 + sup,e;0'(1))

Al =y,
where I = [min{||x|], [y [}, max{|lx]], llylI}].
Proof. By the mean value theorem,

(10)

lpdllxD) = @lyIDI < sup,,@" @lllx]l = Iyl

Combining this estimate with the reverse triangle
inequality gives the desired result.

Corollary 2 If ¢ is differentiable and

Supost<r|@' ()| < My,

Then N, is Lipschitz continuous on B, with constant
1+ M,.

The generalized nonlinear functional satisfies

stability properties analogous to classical norm
structures.
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Corollary 3 (i) If x,, = x in norm, then N(x,) —
N(x).
(i1) If x,, = x and y,, = y in norm, then

IN(xn) = N(y)| = [N(x) = N(y)

asn — o,

Proof. Since x,, = x in norm, the sequence (x;,) is
norm-bounded. Hence there exists r > 0 such that
Xn, X € B, for all sufficiently large n. Applying
Corollary 1 gives

INCq) = NI < (1 +2r)|lx, — x|

Since ||x, —x|| = 0, we conclude that N(x,) —
N (x), and thus (i) holds.
Assertion (ii) follows immediately from part (i)
and the continuity of the absolute value function.
The classical Dunkl-Williams inequality indicates
that for nonzero vectors x, y in a normed space,

llx—=yll
llxll+lyll -

L_L” <4
el il =

(11)
This inequality estimates angular distance and is a

fundamental tool in the geometry of normed spaces

[1], [3]. We now define the generalized angular

functional associated with N.

Definition 4 For nonzero vectors x,y € X, define the

N-normalized difference by

S |
Av(ny) = ||N(x) N(y)”' (12)
Theorem 5 For all nonzero x,y € X,
NQEO+1+]x(I+]yl
A y) < (PSR -yl (13)

Proof. Since

X ¥y _xXNO)-yNX)
Nx) N©O) NEON()
We obtain
_ lxNG)=yN)
Now write
xN(y) —yN(x) = x(N(y) — N(x))
+N()(x —y).

Applying the triangle inequality,
IXN(y) = yN(ll < lIx[[IN(y) = N(x)
+N () lx — yll.

By Theorem 2,

ING) = NG < (1 + [lxll + llyIDIlx = wlI.
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Hence

IxN(y) = yN ()l
S [INGOHIx I A+ x T+ y DI x =y .

Dividing by N(x)N(y) yields the inequality (13).
We now derive several consequences.

Corollary 4 (i) By continuity of the angular
functional, if x,, = x and x is nonzero, then

AN (xn; x) -0

for all sufficiently large n.
(i1) (Generalized stability estimate) For nonzero
vectors X, y;

Ay, y) = 0(llx — yID.

(iii) (Classical limit case) Consider the family of
functionals

Ne(x) = llxll + elix|I?, & = 0.
As € - 0, No(x) = ||x]|| for every x € X, and the
corresponding nonlinear  estimate  converges
continuously to the classical normalization

Tl
llxll Iyl

and inequality (13) reduces to the classical Dunkl—
Williams estimate.

Proof. Since
N(x,) - N(x) asn — oo,
Theorem 5 implies
Ay (xp,x) < Cllx, — x| = 0.

This nonlinear Dunkl-Williams type estimation
differs from the classical angular inequality because
the normalization denominator contains nonlinear
perturbation terms. As a result, the coefficient
depends not only on the relative direction but also on
the vector magnitudes.

Example 1 (i) (One-dimensional example): Let X =
R with the usual norm. Then

N(x) = |x| + |x|%.

For x =1, y = 2; we have N(1) =2, N(2) = 6.
Hence [IN(1) — N(2)| = 4, which shows the equality
in Theorem 2.

(i) (Euclidean example) Let X = R? with the
Euclidean norm, and take x = (1,0), y = (0,1).

E-ISSN: 2224-2880

313

Birsen Sagir

Then ||x|]l = |lyll =1 and |lx — y|| = V2. In this
case, Theorem 2 gives

IN(x) = N(y)| < 3V2.

Since N(x) = N(y) = 2, the left-hand side equals
zero and the inequality is strict.

Definition 4 (Modular space extensions) Let X, be
a modular space generated by a modular functional

0:X — [0, ).

Define the nonlinear modular perturbation on X, by

2
M(x) = o(x) + (e(x))".
Throughout this section we assume that the modular
o is subadditive, that is,

o(x+y)<o(x)+o() xy€X,.
Theorem 6 For all x,y € X,,
M(x +y) < M(x) + M(y) + 2o(x)e(y).
Proof. Using modular subadditivity
e(x +y) <eo(x) +e(y),

we obtain

M(x +y) = o(x +y) + (o(x + )
< (0(0) +0()) + (e(x) + e’

Expanding the square terms gives
M(x+y) < M(x) + M(y) + 2e(x)e(y).

Theorem 7 Forall x,y € X,,

IM(x) - M| < (1+0(x) + o))
Joe(x) —o)I.

Proof. Observe that

M) -M©y) = (e(x) — o))
(1+0(x) + o).

Taking absolute values, the desired result is achieved.

Theorem 8 (Generalized Modular Dunkl-
Williams Inequality) For all nonzero x,y € X,
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(2+e()+eM)lx—yll

AM(x'y) S M(X)+M(y) bl
where
| A
Aw(x,y) = ”M(x) M(y)”'

Proof. The proof follows similarly to the generalized
Dunkl-Williams inequality by using the modular
perturbation estimate obtained in Theorem 7 together
with the triangle inequality.

The estimates developed above can be used in
nonlinear stability analysis, perturbation theory,
generalized approximation problems, nonlinear
metric geometry, and functional inequalities with
growth-dependent coefficients. Bounded-set
Lipschitz estimates are particularly useful when
nonlinear functionals are applied to convergent
sequences or iterative schemes.

The nonlinear functional

llxll + l1x]1?
naturally combines linear and quadratic growth.
Functionals of this form arise naturally in
simplified models of nonlinear regularization,
trust-region methods, and composite optimization.
The explicit continuity estimates established in this
paper provide quantitative perturbation bounds for
iterative optimization algorithms.

In machine learning, nonlinear regularization
terms combining ¥,- and quadratic-type penalties are
frequently employed to improve numerical stability
and robustness. The bounded-set Lipschitz estimates
obtained here guarantee controlled sensitivity of the
functional to data perturbations. Consequently, the
nonlinear inequalities developed in this paper may be
useful in the stability analysis of optimization
algorithms involving non-homogeneous objective
functions.

3 Conclusion

We introduced a nonlinear perturbation of the norm,
established sharp Maligranda-type inequalities,
obtained the exact modulus of continuity, proved
Lipschitz continuity on bounded sets, derived
nonlinear Dunkl-Williams-type estimates, and
extended the framework to modular spaces. These
results provide a systematic nonlinear extension of
several classical norm inequalities while preserving
explicit quantitative estimates.
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