Pichapop Paewpolsong, Dusita Ritthison,
WSEAS TRANSACTIONS on MATHEMATICS Felix R. Saucedo-Zendejo,
DOI: 10.37394/23206.2026.25.28 Sayan Kaennakham, Krittidej Chanthawara

Comparative Analysis of Parameter Influence on the Performance of
Two Local Meshless Methods for Convection-Diffusion Equations

PICHAPOP PAEWPOLSONG!, DUSITA RITTHISON?, FELIX R. SAUCEDO-ZENDEJO?,
SAYAN KAENNAKHAM?, KRITTIDE] CHANTHAWARA®*"
"Department of Interdisciplinary Science and Internationalization,
Institute of Science, Suranaree University of Technology,
Nakhon Ratchasima, 30000
THAILAND

2School of Mathematics and Geoinformatics, Institute of Science,
Suranaree University of Technology,
Nakhon Ratchasima, 30000
THAILAND

3Centro de Investigacion en Matematicas Aplicadas,
Universidad Autéonoma de Coahuila,
Coahuila, 25280
MEXICO

“Department of Mathematics, Faculty of Science,
Ubon Ratchathani Rajabhat University,
Ubon Ratchathani, 34000
THAILAND

*Corresponding Author

Abstract: - In this study, two local meshless methods: the Local Direct Meshless Method (LDR) and the Local
Indirect Meshless Method (LiDR), are comprehensively compared for numerically approximating convection-
diffusion partial differential types of equations (PDEs). Unlike other conventional collocation-related meshless
methods, where the typical choice of radial basis function (RBF) is the famous Gaussian one, this work focuses
on an alternative called the multiquadric RBF. The investigation tests, monitors, and records several parameters
and their influences on the methods’ performances using 4 benchmarking test cases. It has been revealed that
the LDR is capable of providing more consistent, better accuracy, especially over a wide range of durations and
varying node configurations. The LiDR, on the other hand, is found to yield reasonable but less accurate
solutions, particularly in the convection-dominated scenarios. Other than this, the work also provides useful
insights regarding the effects of the shape parameter and the size of the subdomain, where the LDR’s improved
performance makes it more promising for practical applications, which may include those related to
engineering processes and environmental challenges. These findings contribute to the understanding of local
meshless methods for solving convection-diffusion PDEs and offer valuable guidance for method optimization
and future research.
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1 Introduction of understanding (i.e., dealing with) a wide range of
Over the past decades, it has been widely problems encountered by humanity, ranging from
recognized that partial differential equations (PDEs) sc1ent}ﬁc to engineering disciplines. They hgye
are indispensable mathematical tools in the process effectively equipped researchers with the capability

E-ISSN: 2224-2880 287 Volume 25, 2026



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2026.25.28

to model and search for solutions to several of the
most challenging natural phenomena with
meaningful and quantitative insights, [1], [2]. With
the variations in categories of Mother Nature, these
equations appear in several forms and conditions,
with the ultimate aim being to most correctly mimic
the true nature being investigated at hand. This
includes the convection—diffusion equation, the
wave equation, the Navier—Stokes equations
describing fluid flows, and reaction—diffusion
systems that explain the spread and evolution of
chemical substances, among many others, [3].

Known as one of the most impactful types of
PDEs, the convection—diffusion type appears
challenging both in terms of its wide range of utility
in modeling various physical and engineering
phenomena and applications, and in terms of the
process of reaching reliable solutions when
analytical solutions are not attainable, making the
attempt to numerically approximate them more
hopeful. Within its structure, two main mechanisms
have crucial roles to play, as the name indicates,
which are convection and diffusion. Convection
describes the movement of substances due to fluid
flow, whereas diffusion depicts the movement of
such substances from higher concentration to lower
concentration areas. The integration of these two
mechanisms makes solving for the solution not
straightforward, bringing huge interest to
researchers, [4], [5], [6]. Its diverse challenges
investigated include food processing [7],
atmospheric pollutant dispersion modeling [8],
thermal and energy management systems [9],
financial quantitative modeling [10], and broader
investigations into transport, transfer, and dispersion
phenomena where patterns and dynamic interactions
significantly influence the overall behavior of the
system [11], see more in their references.

As previously mentioned, reaching the
analytical solution to such types of PDEs is not so
hopeful (and even impossible in many cases), so
numerical methods and strategies have become a
promising alternative for obtaining such solutions.
Within this scope, several approaches are already
well known, including the Finite Difference Method
(FDM) [12], [13], Finite Element Method (FEM)
[14], [15], and Finite Volume Method (FVM) [16],
which have traditionally dominated the field of PDE
discretization. They, nevertheless, do not come in
that handy for several applications, such as those
involving numerical instabilities and spurious
oscillations, particularly in problems dominated by
convective behavior. To alleviate these undesirable
situations, a few other choices of methods have also
been proposed and tested, such as the Streamline
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Upwind/Petrov—Galerkin (SUPG) method [17],
Local Projection techniques [18], and stencil-based
schemes [19]. Additionally, Adaptive Mesh
Refinement (AMR) strategies have emerged as
essential tools to enhance the resolution of solutions
near regions exhibiting steep gradients, albeit with
the trade-off of increased computational complexity,
[20].

Apart from those just referred to in the previous
paragraph, there are two families of numerical
methods: those where nodes and grids are
constructed only on the domain boundary, and those
where only nodes are needed. The first one includes
methods such as the Boundary Element Method
(BEM) [21], [22], and the other grid-independent
approaches have demonstrated notable advantages,
including flexibility in implementation and reduced
geometric constraints [23], [24], and this family is
what this work focuses on. With the absence of a
mesh, these methods are known as “meshless” or
“meshfree” methods and have been receiving a huge
amount of interest from researchers in the area.
Specifically, the pioneering work in [25]
demonstrated the promising potential of Radial
Basis Functions (RBFs), showing improved
numerical results in several types of problems
described by PDEs, [26]. Some recent investigations
to be recommended are the compactly supported
RBFs, local and global collocation strategies, and
Modified Kansa methods, which have considerably
enhanced stability, accuracy, and computational
efficiency, [27], [28], [29].

Under the challenges of dealing with
convection—diffusion =~ phenomena, = RBF-based
methods have shown several desirable aspects as
they avoid the intricacies and computational
overhead associated with mesh generation.
Nevertheless, those primary RBF-based works were
designed to take into account all the nodes from the

entire domain, leading to unavoidable poor
scalability = and  computational inefficiency,
particularly  when  dealing with  real-time

applications. To mitigate this not-so-impressive
aspect, there have been a few alternatives, such as
those focusing on the localized version and those
attempting to automatically adapt the concentration
of the nodes involved. This includes H-adaptive
RBF finite difference schemes [30], Shishkin-type
node clustering [31], optimal shape parameter
tuning [32], automatic node redistribution strategies
[33], and non-interior node treatments [34]. These
localized methods promise enhanced computational
efficiency, accuracy, and scalability.

Inspired by the potential and positive aspects of
these local-based RBF strategies, this work pays
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special attention to two fashions of localizing and
mathematical manipulating, which are the Local
Direct Meshless Method (LDR) introduced in [35],
and the Local Indirect Meshless Method (LiDR)
formulated in [36] and extended in [37]. The main
contributions of this work are as follows:

(i) We perform a systematic comparison of the
LDR and LiDR methods for transient
convection—diffusion problems using MQ-
RBFs, covering four benchmark test cases
(from pure diffusion to strongly convection-
dominated regimes) [38], [39], [40], [41],
[42].

(i) We study in detail the influence of the shape
parameter ¢ and the local subdomain size n_s
on the accuracy and stability of both methods.

(iii) Based on the numerical results, we provide
practical guidelines for choosing ¢ and n_s,
and show that LDR is generally more accurate
and robust than LiDR, especially in
convection-dominated problems. effectively.

The layout of the work is that we provide the
mathematical construction of the two chosen local
meshless methods in Section 2, followed by their
theoretical implementations to the target PDEs,
which are detailed in Section 3. Section 4 then
describes the main algorithm, the process of
calculation, and the main results obtained for the
four benchmarking test cases. We then draw some
crucial and useful conclusions and findings in
Section 5.

2 Local (RBF) Collocation Methods

2.1 The Local Direct RBF Collocation
(LDR) Method

The formulation of this type of local RBF

quadrature starts with assuming that for each

subdomain Q; containing n, elements, the function

u(pi) is represented by a linear combination of a

chosen RBF ¢, (p;) and the coefficient vector, ol

as defined as follows.
u(pi)ZZ(Dj (pi)a[ji]’ P, €42, (D
j=1

where j=1,2,...,n,. In this work, a popular choice

of RBFs known as ‘multiquadric (MQ)’ is under
investigation, and its formula is expressed as
follows

25 (p) =)+ )
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The positive constant C is known as the shape
parameter, known to play a critical role in
determining solution quality, and r!" denotes the
distance between vector points p;, and p'’ in the

local subdomain €, generally taken to be the
Euclidean format, i.e.,

rj[i] _‘pi _p[ji]H 3)
It follows from Eq. (1) that.
ng a(”) (n. )
Uc(fn)(pi): Z waﬂ”, p; €€, “4)
0
and
u(pl) = o, (P, 5)
j=1

pil e, k=1,2,..,n. Itis possible to write Eq. (5)
as follows.

(6)

The coefficients a!" are calculated by inverting the

matrix @, ., , as shown in

o =[ofl,, | u. ™
From Eq. (1), it follows that.
u(pi):|:¢l(pi)¢2 (pi)---(ons(pi)]a[i] )

P €.

By substituting @ from Eq. (7) into Eq. (8), the
following is obtained for p, € Q),,

u (pi ) = [(01 (pi )C"z (pi ) D, (pi )] |:(p[nis]><n5 ]_1 uEwiS]' &)
Consequently,
ugn) (pi)=
0", () 2", (p;) 0", (Py)
agt(") aé:(”) aet(“) (10)
XI:(PEL]an :'71 uElis]‘
Which can be rewritten as follows
(n) = o
) (p,) = 2P q’(pi)[mﬂjxns] ul. (1)

65(")

This completes the derivation of the local direct
meshless method or LDR formulation.
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2.2 The Local Indirect RBF Collocation
(LiDR) Method

In contrast with the local direct method described

above, the indirect local RBF collocation (Local

Indirect, LiDR) method starts with the

approximation of the highest order of derivative

occurring in the governing equation. This means

that for a second-order derivative u”"(p), its
approximation can be defined under this concept as

Zco,

)al, peq.

From this point, an integration procedure with
respect to Xcan be performed as expressed below.

v (p. = J‘uiz) Pi )dX
- IZ(DJ

= (p, o

=Zla5-”Hj(p C,(y)-

a[']dx

(12)

The same procedure is repeated to yield the
following.

=Ju(p
(Seminvcnf

no (13)
=Z}ag']J'Hj(pi)dx+C2(y)x+C1(y)
=
= a"H;(p;)+C, (y)x+C,(y),
=l
where H J(OJ dX and al! are their

coefﬁcients. Note that the integration with respect to
y can be done similarly. The additional polynomial

term in both Eq. (12) and Eq. (13) can be achieved
by minimizing the sum of squared errors, as nicely
done in [36]. Despite this, the work provided in [41]
has shown that the method still performs well
without the polynomial term. We have verified in
preliminary tests (not shown) that including
polynomials does not significantly improve the error
in our benchmark problems, but can worsen the
conditioning of the local matrices, so it is not
included in this study.
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As previously stated, only the multiquadric MQ-
RBF is considered and according to [41], the
expressions for the integrated MQ-RBF forms can
be expressed as follows:

:I% (p;)d¢
) (gi _‘fpgﬂ) (rj[i])Z e
2
RGN
2

As a result, the original u(pi) can be given by the
following equation

}:H
Eq. () 1ndlcates that
IO SLACHE

for pil eQ., k=1,2,.
a n,xn, linear system as

a['], P, eq. (14)

.,n,. This can be expressed as

0 = R
Inverting the matrix HJ! = yields the coefficients
al’in the following form.
. _ 1.
o =[H, ]l (15)

From Eq. (14), it is possible to expand the matrix as
follows.

u(p)=[ A (P A ) Y (p)]u”

P e (16)
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Then Eq.(16) can now be updated using
Eq.(15), resulting in the following statement,
defined for p, € Q),,

U(pi ) :LH_I(Z;) (pi) H_gé) (pi ) |__|r(1:) (pi )J
AT

Which can be rewritten in a clearer format as below

1| R () RS () ATHE (p)
4 p| - ag(n) 55(”) aé:(n)

—_ -1 .
[i] [i]
X[Hnsxns] up, -

It is then possible to write it as follows.
aAMF© (p. )[

|:|[i]
85(”)

—1 )
(i
NgxnNg i| unS :

(17)

This completes the derivation of the local
indirect meshless method or LiDR formulation.

In the next section, these two local meshless
methods are implemented for the target form of
PDEs with are described as ‘transient convection-
diffusion equation’ in two dimensions.

3 Local (RBF) Collocation Methods
for Transient Convection-Diffusion

Problems
In this work, the two-dimensional convection-
diffusion problems defined on a domain Q with a
boundary I that are modeled and governed by the
following partial differential equation are to be
numerically solved. The governing equation can be
expressed as follows:

6_u+v 6—U+V a_u:

ot “ox Yoy

o’u o’u
&, Pl +é&, W

(18)
- pu+g(xy.t),

where ¢, and &, are diffusion coefficients and V,
and Vy are convection coefficients. The final two

terms S and the source term g(x, y,t) are optional

and only required in certain cases. The following
initial condition is given.

u(p.ty) =1 (p).peQUT,
and the boundary condition is expressed as follows.

u(p,t)=w,(p,0), t>t, ,pel.
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In this work, the main attention is paid to
problems in two dimensions only, hence for
peQul,

p=(xY).

The two local collocation meshfree methods,
LDR and LiDR, are now implemented to solve

Eq.(18). For the transient term, the time
discretization for t e (t,,t, +At] is approximated as
follows:

ou U -U_, ou _du_y

o At x ox

ou ou_, Ou ou,_,

oy oy

o’u Uy

oy

By substituting back into Eq.(18), the following
statement can be further proceeded.
u(p,t)=u(x,y,t)

~
~ ut—At

o’u o’u
+At{gx a):;“ +g, LAt

y ayZ

ALy autfm
X Yooy

_ﬂut—m +0i_at (p)}

(19)

v ou

Substituting Eq. (11) into the above equation
provides the following equation for the local direct
method (LDR)

u(p;.t)~u

0
L at]e S0P
ox!

8(2)(ﬁ P; i T
o, P g, T
2 (20)
aqb.(pi) i LT
—VXT[(P[nS]an] uEg]
op P; i -1
v, 20 7w

—,BUHt (pi ) + gt—At (pi )}

However, with the local indirect method
(LiDR), by substituting Eq.(17) into Eq.(19), it
yields the following equation.

Volume 25, 2026



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2026.25.28

u(pi’t) AUy Epi)

21

_ﬂut—Al (pi ) + gl—At (pi )}
for i=12,...,N.

With the implementation of the methods to the
convection-diffusion problem described, the next
step is to numerically study and analyse the

effectiveness of these methods with some
benchmark examples.
4 Computational  Approach  and

Numerical Results
4.1 Step-by-Step Implementation of Meshless
Algorithms
Step 1. Generate the set of points {pi}:\i | in the

domain QuT and divide it into two non-
intersecting sets: the set of interior points on Q (

{pi}i’il >

boundary points on I’ ({pi}

containing N, elements), and the set of

N; +N, ..
i+ > contamning N,

elements), where N, + N, =N.

Step 2. For each p, =(x,y,)eQuT i=12,.,N.
2.1. Create a local influence domain, €, ={pE]}:;,
which includes the nearest n,—1 points to p, and
itself.

2.2. Caleulate u’ (p,), ul’ (p;), u!”(p,)and

u'? (p, ) for the LDR method, using Eq. (11).
However, if the LiDR is taken into account, they will
take the form of Eq.(17).

Step 3. The following operations are carried out
during each iteration.

3.1. Apply the initial condition at t =t, by specifying

u(pi)zt//l(pi), for i=1,2,...,N.
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3.2. Apply the boundary conditions
u(p;)=w, (P, t), for i=N, +LN; +2,..,N; +N, ,
and t>t,.

3.3. Approximate the value of u(p;,t), for

i=1,2,..,N, use Eq.(20) for the LDR method or
Eq.(21) for the LiDR method.

3.4. For the next time step, setting

u(p;,t—At) «<—u(p;,t)for i=12,..,N, and

t—At «t.

Step 4. The calculation comes to an end at t =t

end >

the approximate values of u(p;.t,q) is now

obtained.
Step 5. Validate the approximate solution using the
criteria provided in the next section.

4.2 Validation Criteria and Error Analysis
Regarding the quality of the solutions obtained from
the two proposed meshless methods, the first criterion
is on the accuracy and two error measurements
(defined for a location p, at a time t ) are employed.

1. The relative error norm, defined as:

Z(uexact (p| ,t) _ unum (p| ,t))z
z(uexact (p| ,t))z

i=1

2. The root mean square error, defined as

N
> (U™ (P, ) ~u™ (p,,1))
RMSE = {[= N

Rel.Err =

Here u®**(p,,t) 1is the exact solution and

u®*®(p,,t) it is the numerical one, both measured at
the node p, and at a target/final time t. Additionally,
for comparative analysis, the sensitivity to multi-
quadratic shape parameters, the size of the
subdomain, and convection coefficients are observed
and compared.

Benchmarks and

Evaluation

4.3 Numerical
Performance

4.3.1 Test Case 1: Diffusion Equation Validation
Let's first examine a dimensionless diffusion
equation, as explored in [43], to evaluate the two
meshless methods

ou du o
5257+W'
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The assumption is that the problem domain is
square P €[-0.5,0.5]x[-0.5,0.5], the

condition is u(p,to)zl and the Dirichlet jump

initial
boundary condition is u(p,t)=0. . The exact
solution is given in [44], expressed as follows
6

u (p’t) = Fuexact (X’t)uexact ( y:t)a
with £ =X or y. The following is obtained.
)i e[i( ]cos[(2i +1)7r§:|

2i+1 ’

2i+1)* 7%t

= (-1
Ueyact (gwt) = Z(

Our investigation starts with paying attention to
the influence of the multiquadric shape parameter
(c) on the numerical performance of the two local
methods under study. To receive sufficient
information from such inquiries, the parameter
values in the range (c€(0,10]) were taken into
consideration, where the overall performance was
measured carefully using the Root Mean Square
Error (RMSE). The final target time was set to (t =
0.01) for all simulations with time increment (At =
0.0001), executing on two subdomain sizesn, =5

andn, =9. Figure 1 in the Appendix depicts the

numerical results, which reveal that promising
results are found to have been produced within the
specific range of such parameter (¢ =~ [0.5,3.0]).
Outside this optimal range, the numerical results
noticeably suffered in terms of precision. It really
stresses the parameter's delicate character and the
need to choose it very wisely.

With the discovery of optimal shape parameters,
we went on to examine the accuracy and stability of
the methods. This was done by comparing their
approximate solutions to the analytical ones
documented in [44]. It is found, as illustrated in
Figure 2 (Appendix), that the numerical solutions
provided by the two local methods are in reasonably
good agreement with the exact ones, with only small
discrepancies detected in some areas.

Obtained from this first investigation, the slight
performance advantages of the LDR were detected,
especially when it comes to numerical accuracy and
solution consistency across the domain. The key
finding of this test emphasized the important impact
of the shape parameter on the overall performance
of both local methods, highlighting how a poorly
chosen value can significantly degrade the quality of
the solution. These informative insights provide
useful guidance for further studies, which might
involve more challenging scenarios, higher Peclet
numbers, and increased complexity of the problems
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at hand, as well as more refined parameter tuning
strategies.

4.3.2 Test Case 2: Convection-Diffusion Scenario
with Constant Parameters
In this numerical experiment, we examine the
performance of the LDR and LiDR methods in
solving a convection—diffusion problem
characterized by constant convection and diffusion
coefficients, as previously studied in [34], [45].
Specifically, constant values of convection
coefficients VX =Vy =0.8 and diffusion coefficients

&=6,=001 and with g(x)=8=0 were

employed. The exact analytical solution, clearly
defined over a square computational domain,
(X,¥) €[0.5,2]%[0.5,2], served as the reference for
accuracy assessment and was also used to set both
initial and boundary conditions.

u(p,t)=

X

4t +1

exp{_{(x-o.f;t-o.s)z+(y-o.8t-0.5)2ﬂ (22)

0.01(4t+1) 0.01(4t+1)

Following the insights gained from Test Case 1
regarding the critical role of the MQ shape
parameter (c), this scenario extended the
investigation into additional parameters crucial for
meshless methods: the local subdomain size n, and

time step size At. A series of systematic numerical
experiments was conducted with three distinct
subdomain sizes (n, =5,9,13), a discretization grid
of 15x15, and a sufficiently small time increment (

At=0.0001) to ensure temporal accuracy.

Figure 3 in the Appendix clearly depicts the
progression of relative errors (Rel.Err) over
simulation time (t€(0,1]). From this figure, it is
observed that accuracy generally deteriorates
gradually as simulation time increases for both
methods. However, a notable contrast between the
two methods emerges, with LDR consistently
outperforming LiDR across all evaluated times.
Remarkably, LDR not only maintained but
improved its accuracy over longer simulation
periods, achieving its lowest relative error (7.89E-
02) at the final simulation time (t=1.0 with optimal
parametersn, =9 and c=0.33). In contrast, LiDR

exhibited the highest relative error (5.18 at t=1.0,
with  n,=5andC=0.93), that the
accuracy of LiDR is more sensitive to subdomain

size and shape parameter selection, particularly for
extended simulations.

indicating
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Further visual insights into the numerical
performance of both methods are presented in
Figure 4 (Appendix), showing solution profiles at
representative simulation times (t=0.1, 0.5, 1.0).
These profiles clearly illustrate that LDR
consistently provides more accurate approximations
to the analytical solution, particularly in capturing
the spatial-temporal dynamics of the convection—
diffusion process. LiDR, while still adequately
representing the general solution behavior, shows
less precision, particularly evident at later
simulation stages and larger subdomain sizes.

Summarizing these results, several critical
conclusions and practical recommendations emerge
from this scenario. First, the results underscore the
superiority of the LDR method in capturing the
complex dynamics of convection-diffusion
processes, especially over longer simulation
durations. Secondly, they highlight the paramount
importance of appropriate parameter selection (both
the shape parameter cc and local subdomain sizen, ).
While smaller subdomain sizes generally offer
better computational efficiency, an optimal balance
is required since excessively small or large values
may negatively impact accuracy and stability.
Lastly, these findings reaffirm that adaptive or
dynamic parameter adjustment strategies could be
highly  beneficial in  practical, real-world
implementations of these local meshless methods.

4.3.3 Test Case 3: Convection-Dominant Cases
The governing equation in this example is the same
as that investigated in Test Case 2, except that f=0

with the following source term, [46].
g(p.t)= cos(exx + e;“yy)(gXVX + 5yVy)

x exp(—t[{gx}3 + {8y}3 })

All boundary conditions are taken from the
analytical solution, which is given as follows,

u(p.t)=sin(&,x+z,y)

x exp(—t[{gx}3 + {gy}ﬂ).

The problem is defined on the computational
domain QUT =[0,2]%[0,2].

(23)

With one of the ultimate goals of this work is to
evaluate how well the local methods can handle
situations where the convection force is dominating,
known as convection-dominated phenomena. This
kind of mechanism is well known to be challenging
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for many traditional numerical methods, including
those mentioned in Section 1. In particular, in this
third case, the problem is set up similarly to that of
Test Case 2 but now includes a carefully designed
source term to reinforce the convection-dominated
behavior and to better assess the robustness of the
two local methods under such demanding
conditions.

To achieve such discovery, the numerical
experiments were set up at four values of the
convection coefficients: (V =100, 200, 300, 400),
while the diffusion coefficients were fixed at
&, =¢&,=1. Three subdomain sizes were taken into

consideration for this test, (n, =5,9,13), where all

the approximate solutions were measured using the
Relative Error (Rel.Err) and the computation time
(CTm). As can be seen in Table 1 and Table 2 in the
Appendix, the two local methods were found to be
able to maintain reasonable accuracy for most tested
conditions, with only slight decreases in accuracy as
the convection force strengthened. With this said, it
has to be noticed that LDR is observed to have
produced more consistency in accuracy over LiDR.
Furthermore, it was observed that the computational
time increased slightly with rising convection
coefficients, as expected, and was also influenced
by the size of the local subdomain.

To elaborate this further from a theoretical point
of view, the LDR method involves slightly larger
local systems than LiDR, because the unknowns are
determined directly from the differential operator
discretization. This suggests that the per-subdomain
computational cost of LDR may be higher.
However, in our implementation, the total CPU time
is often lower for LDR (see Table 2 in the
Appendix), because LDR is more stable and
requires fewer time steps/iterations to achieve the
same error level. In contrast, LiDR may need
smaller time steps or more iterations due to its
higher sensitivity to the choice of ¢ and n;.

For both LDR and LiDR, the dominant cost is
solving local linear systems of size. ng; X ngon each
subdomain. If a direct dense solver is used, the cost
per subdomain is O(nd). The number of
subdomains is approximately equal to the number of
nodes, so the total complexity scales as O(Nn3) for
both methods. The main difference is that in LDR,
the system is assembled directly from the
differential operator, whereas in LiDR, an additional
reconstruction step is needed, which can increase
the constant factors in the total cost

To further investigate the robustness of the
methods under even more difficult conditions, the
work also considered two additional values of the

Volume 25, 2026


https://doi.org/10.1007/BF00364252

WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2026.25.28

convection coefficients: V =500, 600. As shown in
Figure 5 and Figure 6 (Appendix), both of these
methods were still capable of capturing the crucial
phenomena, provided that the optimal parameters
were chosen, which include the multiquadric shape
parameter, the subdomain size, and the time step
size.

Test Case 3 finished our study, giving us
valuable insights into how the LDR and LiDR
meshless methods perform when conditions are
difficult and convection is very strong. Both
methods proved to be stable and gave reasonable
accuracy. However, LDR consistently showed better
accuracy and overall robustness, no matter how
strong the convection was or how the subdomains
were configured. For this reason, in practical
situations where convection is dominant, we
recommend using the LDR method, provided you
carefully choose or adaptively adjust the parameters.
These findings also confirm once more that using
adaptive strategies to pick parameters is very
important for making meshless methods more
reliable and practical for use in engineering
calculations.

4.3.4 Test Case 4: Advection-Diffusion Example
with Analytical Solution

To conclude, let us consider the linear advection-

diffusion equation in its specific form, [47]. The

equation is expressed as follows.

ou ou du ., ou ., au
—:gx—2+8y—2+VX—+Vy—, (24)
ot OX oy oX oy

where each of V, =V, =V, ¢ =¢ =¢ is a constant.
The problem domain is assumed to be a square
domain pe [0,1] X [0,1]. The initial condition is
u(p,t, ) =exp(—C,x) +exp(—C,y) and the Dirichlet
boundary conditions are defined as follows:

u(p,t)= exp(t)(exp(—CXX) + exp(—ny)),

C, =(vx Jm/(vx ) +4e, )/2gx

2
C, =(vy+ (v,) +4gy)/2gy.

where and

For the last experiment, we investigated the
problem where the related values were set to

Vx=Vy=1 and¢ =¢,=0.8 and in this case the

analytical solutions were published by [47], against
which we compared the obtained results. Table 3
and Table 4 in the Appendix show the main results,
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where it can be seen that both of the local methods
manage to produce reliable accuracy when
compared to both the analytical solutions and those
documented by other works in the literature, such as
the Dual Reciprocity Boundary Element Method
(DRBEM), the Inverse Multiquadric (IMQ) method,
and Thin Plate Splines (TPS).

A detailed study of how the shape parameter(C)
affects the numerical accuracy of both meshless
methods was performed, as shown in Figure 7
(Appendix). This figure clearly indicates that the
accuracy of LDR and LiDR stays stable only within
a certain optimal interval for this shape parameter.
This result strongly supports our previous
conclusion that the shape parameter must be chosen
with great care to ensure both accuracy and stability
in the numbers. Furthermore, the robustness of the
methods was demonstrated in even more
challenging scenarios with stronger convection
forces, presented clearly in Figure 8 and Figure 9
(Appendix) through detailed solution surface plots
and contour profiles. These plots confirm that both
methods can manage complex advection—diffusion
problems, provided that all parameters, the shape
parameter, subdomain size, and time increment, are
selected optimally and correctly.

In summary, Test Case 4 successfully confirms
that both the LDR and LiDR methods are effective
and highly accurate for solving advection—diffusion
problems that have analytical solutions for
comparison. The detailed numerical experiments
highlighted important insights about parameter
sensitivity, reinforced the recommendation to use
adaptive parameter selection strategies, and showed
the robust potential of these methods. This confirms
they are reliable numerical tools for practical

applications, especially in engineering and
environmental modeling.
Further tests regarding convergence and

stability were done by changing the density of the
nodes and varying the Peclet number. These
experiments confirmed that both the LDR and LiDR
methods show consistent convergence patterns.
However, LDR demonstrated greater robustness
when the conditions were dominated by convection.
For the sake of brevity, we have not included the
complete numerical results in this section, but they
are available to be provided as supplementary
material if requested.

5 Conclusion

This research conducted a comprehensive numerical
evaluation and comparative analysis of the Local
Direct Radial Basis Function (LDR) and the Local
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Indirect Radial Basis Function (LiDR) meshless
methods for solving various convection—diffusion
problems. Across 4 benchmark tests ranging from
pure diffusion to conditions dominated by strong
convection, both methods proved to possess robust
and reliable numerical capabilities. However, the
LDR method consistently provided superior
accuracy and stability, which was most clear in
cases with strong convection, longer simulation
times, and varying node arrangements. The LiDR
method also offered generally satisfactory numerical
approximations and remained stable across the tests,
but it typically showed lower accuracy compared to
LDR, particularly when convection was very high.
Crucially, the study emphasized a significant
sensitivity to key numerical parameters, especially
the multiquadric shape parameter, ¢, and the local

subdomain size n,. The best

performance was tightly linked to a careful tuning of
parameters, making clear the necessity for well-
informed or adaptive strategies for selection. Given
the slightly higher computational resources for
LDR, its better accuracy and robustness make this
exchange worthwhile, especially in tasks where high
precision is critical, such as environmental modeling
or engineering design. Therefore, LDR emerges as
the recommended method for practical high-
precision applications, while LiDR is still useful for
less demanding or quick approximation work.
Future efforts should be directed to developing
intelligent adaptive algorithms for automatic
parameter selection, and also extending these
frameworks to three-dimensional problems and
integrating them with advanced computational
methods like parallel or GPU-based structures.

numerical
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Fig. 1: Root mean square error (RMSE) measured at different shape values (C) produced by the two local

meshless methods for n, =5 and 9 at t=0.01 with At=0.0001.

u-Exact

)

Fig. 2: Solution profiles using At=0.0001, N =21x21 and n, =5:

1-Cumputed

Source: created by the authors

First row at t =0.001; (a) the exact, (b)

LDR with ¢=9.901 and (c) LiDR with C=0.201. Second row at t =0.01 (d) the exact, (e) LDR with
€=9.901 and () LiDR with C=0.551.
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0.6 —-LiDR(c=0.93, n s:5) —-LiDR(c=3.2, n 5':9) «.o.LIDR(c=0.24, n ¥:13) i

Time
Fig. 3: Relative error progression measured at different target times for the two local meshless methods at three

levels of the nearest points, n_ =5, 9 and 13 with N =15x15
Source: created by the authors

Exactat = 0.1 af s’ LDR at 7= 0.1

LiDR at7=0.1
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LiDR atr= 1.0

o5 (hy

Fig. 4. Approximation of the moving pulse with the two local meshless methods at t = {0.1, 0.5, 1.0} using

At=0.0001, N =15x15 and n, =13; (a-d-g) Exact (b-e-h) LDR with € =0.33 and (c-f-i) LiDR with ¢=0.24
Source: created by the authors

E-ISSN: 2224-2880 300 Volume 25, 2026



Pichapop Paewpolsong, Dusita Ritthison,
WSEAS TRANSACTIONS on MATHEMATICS Felix R. Saucedo-Zendejo,
DOI: 10.37394/23206.2026.25.28 Sayan Kaennakham, Krittidej Chanthawara

Table 1. Relative error (Rel.Err) revealed from each RBF at different values V, =V, =V, ¢, =& =1 and
nearest points refinement (n,) at t=0.01, At=0.0001, and N =10x10

n =5 n,=9 n, =13
Rel.Err LDR LiDR LDR LiDR LDR LiDR
(c=1.69) (c=10.09)  (c=297)  (c=3.21) (c=9.83) (c=6.54)
V =100 1.74E-04 7.71E-03 5.25E-05 2.00E-03 1.06E-04 1.65E-04
V =200 1.16E-04 8.25E-03 3.43E-05 1.50E-03 1.22E-04 1.91E-04
V =300 8.05E-05 8.60E-03 2.02E-05 1.53E-03 1.51E-04 2.63E-04
V =400 5.05E-05 8.69E-03 2.48E-05 1.54E-03 1.36E-03 4.36E-03

Source: created by the authors

Table 2. Computational time (CTm.) (in seconds) revealed from each RBF at different values V, =V, =V,
&, =&, =1 and nearest points refinement (n,) at t =0.01, At=0.0001 and N =10x10

n,=5 n, =9 n, =13
CTm. LDR LiDR LDR LiDR LDR LiDR
(c:1.69) (0:10.09) (0:2.97) (0:3.21) (0:9.83) (0:6.54)
V =100 6.00E-01 1.11E+00 1.49E+00 2.63E+00 3.07E+00 5.89E+00
V =200 6.82E-01 1.11E+00 1.47E+00 2.65E+00 3.07E+00 5.96E+00
V =300 6.72E-01 1.11E+00 1.45E+00 2.64E+00 3.01E+00 5.89E+00
V =400 6.95E-01 1.28E+00 1.73E+00 3.23E+00 3.05E+00 7.36E+00

Source: created by the authors
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Fig. 5: Solution comparison computed on the x =Yy straight line using V, =V, =500, &, =&, =1 recorded at

t=0.01 using At=0.0001 and N =10x10 with three levels of nearest point densities
Source: created by the authors
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u-Computed

u-Computed

Fig. 6: Solution surface plots computed using V, =V, =600, ¢, =&, =1 at t =0.01 and At=0.0001 with

N =10x10 and n, =5 (top) exact, (middle) LDR, and (bottom) LiDR
Source: created by the authors

Table 3. Numerical solutions produced by each method (this work and together with some from literature)
compared to the exacts using At=0.001 for V, =V, =1, ¢, =¢, =0.8 and t=0.05 using n, =13 and

N=11x11
This work From literature
. M
I‘I‘\tliréljl LDR LiDR DRBEM c=0 ?0 A TPS Exact
(€=5.00)  (c=426) [34] ( i ) [47]
(0.1,0.1) 1737772 1.737767 - 1.732981 1737215 1.737696
(0.5,0.1) 1.27429 1.274270 1.26601 1.265541 1.273859 1.274227
(0.9,0.1) 1.058041 1.058042 1.04109 1.053769 1.058015 1.057985
(0.3,0.3) 1.186976 1.186965 - 1.169126 1.186137 1.186949
(0.7,0.3) 0.870388 0.870375 0.89901 0.859154 0.870916 0.870372
(0.1,0.5) 1.274286 1.274275 1.27012 1.265541 1.273859 1.274227
(0.5,0.5) 0.810755 0.810749 - 0.799093 0.811537 0.810757

Source: created by the authors
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Fig. 7: Root mean square error (RMSE) measured at different shape values for the two local meshless methods

at three levels of nearest-point densities: 5, 9 and 13
Source: created by the authors

Table 4. Error measurements recorded at two target times (t =1.00, 1.50) using two time step sizes
(At =1.00E - 04, 5.00E — 05) for different levels of convection effect (V =V, =Vy € {2, 4,6, 8}) and

&, =¢&,=1.4 simulations produced by a fixed node size of 13x13 and n, =13 using the same shape value

c=1.00
y e At t=100 t=1.50 |
LDR LiDR LDR LiDR

0.0001 5.52E-05 1.83E-05 5.52E-05 1.83E-05
Rel.Err 000005 5.56E-05 1.83E-05 5.56E-05 1 83E-05
2 AMSE 0.0001 151604 5.03E-05 2.50E-04 8.29E-05
000005 153E-04  5.02E-05 2.52E-04 8.28E-05
0.0001 2.00E-04  135E-04 2.92E-04 1 35E-04
Rel.Err 000005 2.02E-04  1.35E-04 2.92E-04 1 35E-04
4 0.0001 6.12E-04  2.83E-04 1.01E-03 4.675-04
RMSE 000005 6.13E-04  2.83E-04 1.01E-03 4.67E-04
0.0001 8.71E-04  5.29E-04 8.71E-04 5.29E-04
Rel.Err 000005 8.72E-04  529E-04 8.72E-04 5.29E-04
6 RVSE 0.0001 153E-03  9.27E-04 2.52E-03 153E-03
0.00005 1.53E-03 9.27E-04 2.52E-03 1.53E-03
0.0001 188E-03  133E-03 1.88E-03 133E-03
Rel.Err 000005 1 88E-03 1 33E-03 1 88E-03 1 33E-03
8 0.0001 2.00E-03 _ 2.06E-03 4.82E-03 3.40E-03
RMSE 000005 292E-03  2.06E-03 4.82E-03 3.40E-03

Source: created by the authors
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Fig. 8: Solution surface plot comf)uted using V, =V, =10, éx =g, =14 att=0.1,t=05,t=1,1t=15 and

At=0.0001 with n, =13 and N =13x13 . (LDR with €=3.06 and LiDR with C=0.34).
Source: created by the authors
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Fig. 9: Solution contours obtained for V, =V, =10, &, =¢, =1.4 at t=2.0 using At=0.0001, n, =13 and

N =15%15; (a) exact, (b) LDR with C=3.06 and (c) LiDR with C=0.34
Source: created by the authors
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