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1  Introduction 
There are many cases where the needs of the practice 
bring about the problems of determining coefficients 
or the right-hand side of differential equations from 
some knowledge of their solutions. Such problems 
are called inverse boundary value problems of 
mathematical physics. Inverse boundary value 
problems arise in various areas of human activity, 
such as seismology, mineral exploration, biology, 
medicine, quality control in industry, etc., which 
makes them an active field of contemporary 
mathematics. Inverse problems for various types of 
PDEs have been studied in many papers. Among, 
them we should mention the papers of [1], [2], [3], 
[4] and their followers. For a comprehensive 
overview, the reader should see the monograph by 
[5]. Various inverse problems for certain types of 
partial differential equations have been studied in 
many works, [6], [7], [8]. In this paper, following, 
[9], [10], [11], [12], [13] we prove the existence and 

uniqueness of the solution to an inverse boundary 
value problem for a pseudo-hyperbolic equation of 
the fourth order. 
 
 
2 Formulation of the Problem and Its 

 Equivalent Form  
Suppose that (𝑥, 𝑦, 𝑡), 𝑔(𝑥, 𝑦, 𝑡), 𝜑(𝑥, 𝑦), 𝜓(𝑥, 𝑦), 
𝜔𝑖(𝑥, 𝑦) (𝑖 = 1,2,3), ℎ𝑖(𝑡) (𝑖 = 1,2,3) are known 
functions and 𝐷𝑇 = 𝑄𝑥𝑦 × [0, 𝑇], 𝑄𝑥𝑦{(𝑥, 𝑦):   0 ≤

𝑥 ≤ 1,     0 ≤ 𝑦 ≤ 1}. Consider the following inverse 
problem: Now we study the problem: to determine 
four {𝑢(𝑥, 𝑡) , 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡)} of the functions 
 𝑢(𝑥, 𝑦, 𝑡), 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡) satisfying the equation: 

𝑢𝑡𝑡(𝑥, 𝑦, 𝑡) −  𝛥𝑢𝑡𝑡(𝑥, 𝑡) + 𝛥2𝑢(𝑥, 𝑡) =   
= 𝑎(𝑡)𝑢(𝑥, 𝑦, 𝑡) + 𝑏(𝑡)𝑢𝑡(𝑥, 𝑦, 𝑡) + 

+𝑐(𝑡)𝑔(𝑥, 𝑦, 𝑡) + 𝑓(𝑥, 𝑦, 𝑡)               (1) 
 
with initial  
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𝑢(𝑥, 𝑦, 0) = 𝜑(𝑥, 𝑦),    𝑢𝑡(𝑥, 𝑦, 0) = 𝜓(𝑥, 𝑦)    
  (0 ≤ 𝑥 ≤ 1,0 ≤ 𝑦 ≤ 1),                (2) 

 
and boundary conditions 

𝑢(0, 𝑦, 𝑡) = 𝑢𝑥(1, 𝑦, 𝑡) =   𝑢𝑥𝑥(0, 𝑦, 𝑡) = 

𝑢𝑥𝑥𝑥(1, 𝑦, 𝑡)   = 0     (0 ≤ 𝑦 ≤ 1,0 ≤ 𝑡 ≤ 𝑇),  (3) 
 

𝑢(𝑥, 0, 𝑡) = 𝑢𝑦(𝑥, 1, 𝑡) =   𝑢𝑦𝑦(𝑥, 0, 𝑡) = 
𝑢𝑦𝑦𝑦(1, 𝑡)   = 0     (0 ≤ 𝑦 ≤ 1,0 ≤ 𝑡 ≤ 𝑇     (4) 

 
and with additional conditions 

𝑈𝑖(𝑢)(𝑡) ≡ 𝑢(𝑥𝑖 , 𝑦𝑖 , 𝑡) + 

+∫∫𝜔𝑖(𝑥, 𝑦)𝑢(𝑥, 𝑦, 𝑡)𝑑𝑥

1

0

𝑑𝑦

1

0

= ℎ𝑖(𝑡)    

 (𝑖 = 1,2.3; 0 ≤ 𝑡 ≤ 𝑇),                    (5) 
 

where 

𝛥 =
𝜕2

𝜕𝑥2
  +   

𝜕2

𝜕𝑦2
 ,    

𝛥2 =
𝜕4

𝜕𝑥4   + 2
𝜕2

𝜕𝑥2     𝜕2

𝜕𝑦2 +    𝜕4

𝜕𝑦4. 
 
Introduce the designation  

𝐶̃4,4,2(𝐷𝑇) = {𝑢(𝑥, 𝑦, 𝑡): 𝑢(𝑥, 𝑦, 𝑡) ∈ 𝐶2(𝐷𝑇), 
𝑢𝑡𝑡𝑥𝑥(𝑥, 𝑡), 𝑢𝑡𝑡𝑦𝑦(𝑥, 𝑡 ), 𝑢𝑥𝑥𝑦𝑦(𝑥, 𝑡), 𝑢𝑥𝑥𝑥𝑥(𝑥, 𝑡),  

𝑢𝑥𝑥𝑥𝑥(𝑥, 𝑡) 𝑢𝑦𝑦𝑦𝑦(𝑥, 𝑡 ∈ 𝐶(𝐷𝑇)}. 

 

Definition. By the classical solution of the inverse 

boundary value problem (1)–(5), we mean the four 

{𝑢(𝑥, 𝑦, 𝑡) , 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡)} of the functions 

𝑢(𝑥, 𝑦, 𝑡), 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡) where 𝑢(𝑥, 𝑦, 𝑡) ∈
𝐶̃4,4,2(𝐷𝑇), 𝑎(𝑡) ∈ 𝐶[0, 𝑇], 𝑏(𝑡) ∈ 𝐶[0, 𝑇], 𝑐(𝑡) ∈
𝐶[0, 𝑇], and they satisfy the (1)–(5) in the ordinary 

sense. 

 
We prove the following:  
Тhеоrем 1. Let 𝑓(𝑥, 𝑦, 𝑡) , 𝑔(𝑥, 𝑦, 𝑡)  ∈ 𝐶(𝐷𝑇),  

 𝜔𝑖(𝑥, 𝑦) ∈ 𝐶(𝑄𝑥𝑦)  (𝑖 = 1,2,3), 

𝜑(𝑥, 𝑦) ∈ 𝐶(𝑄𝑥𝑦),  𝜓(𝑥, 𝑦)  ∈ 𝐶(𝑄𝑥𝑦), 

ℎ𝑖(𝑡) ∈ 𝐶2[0, 𝑇]  (𝑖 = 1,2,3),  
and the matching conditions  

𝑈𝑖(𝜙) = ℎ𝑖(0), 𝑈𝑖(𝜓)   = ℎ′
𝑖(0)  (𝑖 = 1,2,3)  

are satisfied. Then the problem of finding a classical 

solution to problem (1)-(4) is equivalent to the 

problem of determining the functions (𝑥, 𝑦, 𝑡) ∈
𝐶̃4,4,2(𝐷𝑇),  𝑎(𝑡) ∈ 𝐶[0, 𝑇], 𝑏(𝑡) ∈ 𝐶[0, 𝑇], and 

𝑐(𝑡) ∈ 𝐶[0, 𝑇], from (1)-(3) and  

ℎ″
𝑖(𝑡) − 𝑈𝑖(𝛥𝑢𝑡𝑡) + 𝑈𝑖(𝛥

2𝑢)  = 

  = 𝑎((𝑡)ℎ𝑖(𝑡) + 𝑏(𝑡)ℎ′
𝑖(𝑡) + 𝑐(𝑡)𝑈𝑖(𝑔)(𝑡) + 

𝑈𝑖(𝑓)(𝑡)   (𝑖 = 1,2,3; 0  ≤  𝑡  ≤  𝑇) ,     (6) 

 ℎ(𝑡) ≡ |

ℎ1(𝑡)   ℎ′
1(𝑡)       𝑈1(𝑔)(𝑡)

ℎ2(𝑡)   ℎ′
2(𝑡)      𝑈2(𝑔)(𝑡)

ℎ3(𝑡)   ℎ′
3(𝑡)      𝑈3(𝑔)(𝑡)

| ≠ 0   

(0 ≤ 𝑡 ≤ 𝑇). 
 

Proof. Suppose that {𝑢(𝑥, 𝑡) , 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡)} is a 

classical solution to problem (1)-(5). From relation 

(5), we have: 

).0;3,2,1()())((),())(( TtithtuUthtuU ittiiti   (7) 
 
From (1) we easily obtain: 

 ))(())(())(( tuUtuUtuU xxxxittxxitti  
= 𝑎(𝑡)𝑈𝑖(𝑢)(𝑡) + 𝑏(𝑡)𝑈𝑖(𝑢𝑡)(𝑡) + 𝑐(𝑡)𝑈𝑖(𝑔)(𝑡) +
𝑈𝑖(𝑓)(𝑡)    (𝑖 = 1,2,3; 0 ≤ 𝑡 ≤ 𝑇).                  (8) 
 
From this considering (8) and (7) we arrive at (6). 

Now let’s suppose that {𝑢(𝑥, 𝑦, 𝑡) ,  𝑎(𝑡),  
𝑏(𝑡), 𝑐(𝑡)} is a solution of problem (1)-(4), (6).  

 
Then from (6) and (8) we get: 

   𝑑
2

𝑑2 (𝑈𝑖(𝑡)(𝑡) − ℎ𝑖(𝑡)) − 𝑏(𝑡)
𝑑

𝑑
(𝑈𝑖(𝑡)(𝑡) −

ℎ𝑖(𝑡)) − 𝑎(𝑡)(𝑈𝑖(𝑡)(𝑡) − ℎ𝑖(𝑡)) = 0   
)0;3,2,1( Tti  .                   (9) 

Considering (2) and   
)3,2,1()0()(),0()(  ihUhU iiii 

 
we have  

0)0()()0()0)((  iiii hUhuU  ,   
)3,2,1(0)0()()0()0)((  ihUhuU iiiti        (10) 

 
From (9), taking into account (10), it is clear that 

condition (5) is also satisfied. The theorem is proved. 
 
 

3 Solvability of the Inverse Boundary 

 Value Problem 
We seek the component u(x,y,t) in the form: 

𝑢(𝑥, 𝑦, 𝑡) = ∑ ∑ 𝑢𝑘,𝑛(𝑡)sin𝜆𝑘𝑥sin𝛾𝑛𝑥        
∞

𝑘=1

∞

𝑛=1

 

(𝜆𝑘 =
𝜋

2
(2𝑘 − 1), 𝛾𝑛 =

𝜋

2
(2𝑛 − 1))  ,      (11) 

where 
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𝑢𝑘,𝑛(𝑡) = 4∫∫𝑢(𝑥, 𝑦, 𝑡)sin𝜆𝑘𝑥sin𝛾𝑛𝑥𝑑𝑥𝑑𝑦

1

0

1

0

 

(𝑘 = 1,2, . . . , 𝑛 = 1,2, . . . ). 
 
Then applying the formal Fourier scheme, from (1) 
and (2) we obtain 

(1 + 𝜇𝑘,𝑛
2 )𝑢″

𝑘,𝑛(𝑡) + 𝜇𝑘,𝑛
4 𝑢𝑘,𝑛(𝑡) = 

𝐹𝑘,𝑛(𝑡; 𝑢, 𝑎, 𝑏, 𝑐)   (0 ≤ 𝑡 ≤ 𝑇;  𝑘 = 1,2, . . . )       (12) 
 

𝑢𝑘,𝑛(0) = 𝜑𝑘,𝑛,   𝑢′
𝑘,𝑛(0) = 𝜓𝑘,𝑛     

(𝑘 = 1,2, . . . , 𝑛 − 1,2, . . . ),                (13) 
 

where 
𝜇𝑘,𝑛

2 = 𝜆𝑘
2 + 𝛾𝑛

2, 𝐹𝑘,𝑛(𝑡; 𝑢, 𝑎, 𝑏, 𝑐) = 
= 𝑎(𝑡)𝑢𝑘,𝑛(𝑡) + 𝑏(𝑡)𝑢′

𝑘,𝑛(𝑡) + 
+𝑐(𝑡)𝑔𝑘,𝑛(𝑡) + 𝑓𝑘,𝑛(𝑡)     ,  

𝑔𝑘,𝑛(𝑡) = 4∫∫𝑔(𝑥, 𝑦, 𝑡)sin𝜆𝑘𝑥sin𝛾𝑛𝑥𝑑𝑥𝑑𝑦

1

0

1

0

, 

𝜑𝑘,𝑛 = 4∫∫𝜑(𝑥)sin𝜆𝑘𝑥sin𝛾𝑛𝑥𝑑𝑥𝑑𝑦,

1

0

1

0

    

𝑓𝑘,𝑛(𝑡) = 4∫∫𝑓(𝑥, 𝑦, 𝑡)sin𝜆𝑘𝑥sin𝛾𝑛𝑥𝑑𝑥𝑑𝑦

1

0

1

0

, 

𝜓𝑘,𝑛 = 4∫∫𝜓(𝑥)sin𝜆𝑘𝑥sin𝛾𝑛𝑥𝑑𝑥𝑑𝑦,

1

0

1

0

   

(𝑘 = 1,2, . . . , 𝑛 = 1,2, . . . ). 
 
Solving problem (12),(13) we find 

𝑢𝑘,𝑛(𝑡)  =  𝜑𝑘,𝑛cos𝛽𝑘,𝑛𝑡  +  
1

𝛽𝑘,𝑛
𝜓𝑘,𝑛𝑠𝑖𝑛𝛽𝑘,𝑛𝑡  +   

         + 1

𝛽𝑘,𝑛(1+𝜇𝑘,𝑛
2 )

∫ 𝐹𝑘,𝑛(𝜏; 𝑢, 𝑎, 𝑏, 𝑐)
𝑡

0
× 

× sin𝛽𝑘,𝑛(𝑡  −  𝜏)𝑑𝜏  (𝑘  =  1,2, . . . ),         (14) 
 
where 

𝛽𝑘,𝑛
2   =

𝜇𝑘,𝑛
4

1+𝜇𝑘,𝑛
2 (𝑘 = 1,2, . . . , 𝑛 = 1,2, . . . ). 

 
After substitution of the expression 

𝑢𝑘,𝑛(𝑡)   (𝑘 = 1,2, . . . , 𝑛 = 1,2, . . . ) into (11) for the 
determination of 𝑢(𝑥, 𝑡) we get: 

𝑢(𝑥, 𝑡) = ∑∑   {𝜑𝑘,𝑛cos𝛽𝑘,𝑛𝑡 +  

∞

𝑘=1

∞

𝑛=1

+  
1

𝛽𝑘,𝑛
𝜓𝑘,𝑛𝑠𝑖𝑛𝛽𝑘,𝑛𝑡      + 

+
1

𝛽𝑘,𝑛(1 + 𝜇𝑘,𝑛
2 )

∫𝐹𝑘,𝑛(𝜏; 𝑢, 𝑎, 𝑏, 𝑐) ×

𝑡

0

 

× sin𝛽𝑘,𝑛(𝑡  −  𝜏)𝑑𝜏}sin𝜆𝑘𝑥sin𝛾𝑛𝑥.          (15) 
Now, from (6), taking into account (11), we have: 

ℎ″
𝑖(𝑡) + ∑ ∑ (𝜇𝑘,𝑛

2 𝑢″
𝑘(𝑡) +

∞

𝑘=1

∞

𝑛=1

𝜇𝑘,𝑛
4 𝑢𝑘(𝑡))  𝑈𝑖(𝑦𝑘)   =  𝑎(𝑡)ℎ𝑖(𝑡) + 𝑏(𝑡)ℎ′

𝑖(𝑡) +

𝑐(𝑡)𝑈𝑖(𝑔)(𝑡) + +𝑈𝑖(𝑓)(𝑡)(𝑖 = 1,2,3; 0  ≤  𝑡  ≤  𝑇)  
 
Let's assume that 

 ℎ(𝑡) ≡ |

ℎ1(𝑡)   ℎ′
1(𝑡)       𝑈1(𝑔)(𝑡)

ℎ2(𝑡)   ℎ′
2(𝑡)      𝑈2(𝑔)(𝑡)

ℎ3(𝑡)   ℎ′
3(𝑡)      𝑈3(𝑔)(𝑡)

| ≠ 0   

(0 ≤ 𝑡 ≤ 𝑇). 
 
Then from the last relations we have: 

𝑎(𝑡) = [ℎ(𝑡)]  −1   {𝑞1(𝑡) +

∑ ∑ (𝜇𝑘,𝑛
2 𝑢″

𝑘(𝑡) +
∞

𝑘=1

∞

𝑛=1

                   +   𝜇𝑘,𝑛
4 𝑢𝑘(𝑡))𝑞1𝑘,𝑛(𝑡)  }  ,                     (16)         

𝑏(𝑡) = [ℎ(𝑡)]  −1   {𝑞2(𝑡) +

∑ ∑ (𝜇𝑘,𝑛
2 𝑢″

𝑘(𝑡) +
∞

𝑘=1

∞

𝑛=1

                        +  𝜇𝑘,𝑛
4 𝑢𝑘(𝑡))𝑞2𝑘,𝑛(𝑡)  } ,                (17)   

  𝑐(𝑡) = 

= [ℎ(𝑡)]  −1  {𝑞3(𝑡) + ∑ ∑ (𝜇𝑘,𝑛
2 𝑢″

𝑘(𝑡) +
∞

𝑘=1

∞

𝑛=1

                          +𝜇𝑘,𝑛
4 𝑢𝑘(𝑡))𝑞3𝑘,𝑛(𝑡)  } ,                (18) 

where 
𝑦𝑘,𝑛 ≡ 𝑦𝑘,𝑛(𝑥, 𝑦) = sin𝜆𝑘𝑥sin𝛾𝑛𝑦, 

1 1 1 2 3 3 2( ) ( ( ) ( )( ) )( ( ) ( )( ) ( ) ( )( ))q t h t U f t h t U g t h t U g t       
2 2 1 3 3 1( ( ) ( )( ) )( ( ) ( )( ) ( ) ( )( ))h t U f t h t U g t h t U g t       
3 3 1 2 2 1( ( ) ( )( ) )( ( ) ( )( ) ( ) ( )( )))h t U f t h t U g t h t U g t     , 

1 , 1 , 2 3 3 2( ) ( )( )( ( ) ( )( ) ( ) ( )( ))k n k nq t U y t h t U g t h t U g t     
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  

  

  







))(()())(()())(()(''
)(

))(()('))(()('
))(()('))(()('

233211

2

1221,3

1331,2

tgUthtgUthtfUth

tq

tgUthtgUthyU

tgUthtgUthyU

nk

nk

2 2 1 3 3 1( ( ) ( )( ))( ( ) ( )( ) ( ) ( )( ))h t U f t h t U g t h t U g t     
3 3 1 2 2 1( ( ) ( )( ))( ( ) ( )( ) ( ) ( )( )),h t U f t h t U g t h t U g t    

2 , 1 , 2 3 3 2( ) ( )( ( ) ( )( ) ( ) ( )( ))k n k nq t U y h t U g t h t U g t     
2 , 1 3 3 1( )( ( ) ( )( ) ( ) ( )( ))k nU y h t U g t h t U g t    

3 , 1 2 2 1( )( ( ) ( )( ) ( ) ( )( )),k nU y h t U g t h t U g t   
3 1 1 2 3 3 2( ) ( ( ) ( )( ))( ( ) , ) ( ) ( ))q t h t U f t h t h t h t h t       
  

  )(')()(')())(()(
)(')()(')())(()(

122133

133122

ththththtfUth

ththththtfUth




 

3 , 1 , 2 3 3 2( ) ( )( ( ) , ) ( ) ( ))k n k nq t U y h t h t h t h t     
  

  ,)(')()(')(
)(')()(')(

1221,3

1331,2

ththththyU

ththththyU

nk

nk





 

 
Further, from (11) and (13) we obtain: 

2 2
, , , , , ,( ( ) ( )) ( ; , , , ) ( )k n k n k n k n k n k nu t u t F t u a b c u t       

  =
𝜇𝑘,𝑛

4

1 + 𝜇𝑘,𝑛
2 𝑢𝑘,𝑛(𝑡) + (1 −

1

1 + 𝜇𝑘,𝑛
2 ) × 

× 𝐹𝑘,𝑛(𝑡; 𝑢, 𝑎, 𝑏, 𝑐) =
𝜇𝑘,𝑛

4

1 + 𝜇𝑘,𝑛
2 𝑢𝑘,𝑛(𝑡) + 

+
𝜇𝑘,𝑛

2

1 + 𝜇𝑘,𝑛
2 𝐹𝑘,𝑛(𝑡; 𝑢, 𝑎, 𝑏, 𝑐) = 

=
𝜇𝑘,𝑛

4

1 + 𝜇𝑘,𝑛
2   [𝜑𝑘,𝑛cos𝛽𝑘,𝑛 +

1

𝛽𝑘,𝑛
𝜓𝑘,𝑛𝑠𝑖𝑛𝛽𝑘,𝑛𝑡 + 

+
1

𝛽𝑘,𝑛(1 + 𝜇𝑘,𝑛
2 )

∫𝐹𝑘,𝑛(𝜏; 𝑢, 𝑎, 𝑏, 𝑐)

𝑡

0

× 

× sin𝛽𝑘,𝑛(𝑡  −  𝜏)𝑑𝑡] +            

+
𝜇𝑘,𝑛

2

1+𝜇𝑘,𝑛
2 𝐹𝑘,𝑛(𝑡; 𝑢, 𝑎, 𝑏, 𝑐).             (19) 

 
Now from (19) and (16), (17) and (18) respectively, 
we find: 

𝑎(𝑡) = [ℎ(𝑡)]  −1  {𝑞1(𝑡) +                                       

+∑ ∑ 𝑞1𝑘,𝑛(𝑡)  [
𝜇𝑘,𝑛

4

1+𝜇𝑘,𝑛
2   [𝜑𝑘,𝑛cos𝛽𝑘,𝑛 +

∞

𝑘=1

∞

𝑛=1

+
1

𝛽𝑘,𝑛
𝜓𝑘,𝑛𝑠𝑖𝑛𝛽𝑘,𝑛𝑡 +

1

𝛽𝑘,𝑛(1+𝜇𝑘,𝑛
2 )

 × 

∫𝐹𝑘,𝑛(𝜏; 𝑢, 𝑎, 𝑏, 𝑐)

𝑡

0

sin𝛽𝑘,𝑛(𝑡  −  𝜏)𝑑𝜏] + 

+
𝜇𝑘,𝑛

2

1+𝜇𝑘,𝑛
2 𝐹𝑘,𝑛(𝑡; 𝑢, 𝑎, 𝑏, 𝑐)]                (20) 

 
𝑏(𝑡) = [ℎ(𝑡)]  −1  {𝑞2(𝑡) + 

+∑∑𝑞2𝑘,𝑛(𝑡)  [
𝜇𝑘,𝑛

4

1 + 𝜇𝑘,𝑛
2   [𝜑𝑘,𝑛cos𝛽𝑘,𝑛

∞

𝑘=1

∞

𝑛=1

+
1

𝛽𝑘,𝑛
𝜓𝑘,𝑛𝑠𝑖𝑛𝛽𝑘,𝑛𝑡 + 

+
1

𝛽𝑘,𝑛(1 + 𝜇𝑘,𝑛
2 )

∫𝐹𝑘,𝑛(𝜏; 𝑢, 𝑎, 𝑏, 𝑐)

𝑡

0

× 

× sin𝛽𝑘,𝑛(𝑡  −  𝜏)𝑑𝜏] + 

+
𝜇𝑘,𝑛

2

1+𝜇𝑘,𝑛
2 𝐹𝑘,𝑛(𝑡; 𝑢, 𝑎, 𝑏, 𝑐)]},              (21) 

𝑐(𝑡) = [ℎ(𝑡)]  −1  {𝑞3(𝑡) + 

+∑∑𝑞3𝑘,𝑛(𝑡)  [
𝜇𝑘,𝑛

4

1 + 𝜇𝑘,𝑛
2   [𝜑𝑘,𝑛cos𝛽𝑘,𝑛

∞

𝑘=1

∞

𝑛=1

+
1

𝛽𝑘,𝑛
𝜓𝑘,𝑛𝑠𝑖𝑛𝛽𝑘,𝑛𝑡 + 

+
1

𝛽𝑘,𝑛(1+𝜇𝑘,𝑛
2 )

∫ 𝐹𝑘,𝑛(𝜏; 𝑢, 𝑎, 𝑏, 𝑐)
𝑡

0
×         

× sin𝛽𝑘,𝑛(𝑡  −  𝜏)𝑑𝜏] + 

+
𝜇𝑘,𝑛

2

1+𝜇𝑘,𝑛
2 𝐹𝑘,𝑛(𝑡; 𝑢, 𝑎, 𝑏, 𝑐)]}.                (22) 

 
This means that to study problem (1)-(4),(6) we 

need to study systems (15), (20), (21).  
We will prove the following lemma about the 

uniqueness of the solution to problem (1)-(4), (6). 
Lemma. If {𝑢(𝑥, 𝑡) , 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡)} is arbitrary 

classical solution of problem (1)-(4), (6), then the 

function  

𝑢𝑘,𝑛(𝑡) = 4∫∫𝑢(𝑥, 𝑦, 𝑡)sin𝜆𝑘𝑥sin𝛾𝑛𝑥𝑑𝑥𝑑𝑦

1

0

1

0

 

(𝑘 = 1,2, . . . , 𝑛 = 1,2, . . . ) 

satisfies system (14) in [0, T].  
 

Proof. Let  {𝑢(𝑥, 𝑡) , 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡)} be any solution 
to problem (1)-(4), (6). Then multiplying both sides 
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of equation (1) by the function   
4sin𝜆𝑘𝑥sin𝛾𝑛𝑦 (𝑘 = 1,2, . . . , 𝑛 = 1,2, . . . ), 

integrating the obtained equality over x and y from 0 
to 1 we obtain that equation (12) is satisfied. 
Similarly, the fulfilment of (13) is obtained from (2). 

Thus, , ( ) ( 1,2,...; 1,2,...)k nu t k n 
 
is a solution 

to problems (12) and (13). Solving problem (12),(13) 
we obtain (14). Lemma is proved. 

This lemma implies the validity of the following 
Consequence. Problem (1)-(4), (6) cannot have 

more than one solution if system (15), (20), (21), (22) 

has a unique solution. 
 
Now, to study problems (1)-(4), (6), we consider the 
following spaces.  

1. To study problems (1)-(4), (6), we introduce the 
spaces. Denote by 3,5

,2 TB  the set of all functions 

 , ,u x y t  of the form 

𝑢(𝑥, 𝑦, 𝑡) = ∑∑
𝑢𝑘,𝑛(𝑡)sin𝜆𝑘𝑥sin𝛾𝑛𝑥        

∞

𝑘=1

∞

𝑛=1

  

(𝜆𝑘 =
𝜋

2
(2𝑘 − 1), 𝛾𝑛 =

𝜋

2
(2𝑛 − 1)) 

 
defined on 𝐷𝑇 , where each of the functions 𝑢𝑘,𝑛(𝑡)  ∈
𝐶1  [0, 𝑇](𝑘 = 1,2,… ; 𝑛 = 1,2, . . . )  and 

𝐽𝑇(𝑢) ≡ (∑ (𝜇𝑘,𝑛
5 ‖𝑢𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)
2

∞

𝑘=1

)

1

2

+ 

+(∑(𝜇𝑘,𝑛
3 ‖𝑢′

𝑘,𝑛(𝑡)‖
𝐶[0,𝑇]

)2

∞

𝑘=1

)

1

2

< +∞. 

 
The norm in this space is defined as:  

‖𝑢(𝑥, 𝑦, 𝑡)‖𝐵2,𝑇
5,3 = 𝐽(𝑢). 

2. By 𝐸𝑇
5,3 we denotes the space of the vector 

functions {𝑢(𝑥, 𝑡) , 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡)} such 
that𝑢(𝑥, 𝑦, 𝑡) ∈ 𝐵2,𝑇

5,3 , 𝑎(𝑡) ∈ 𝐶[0, 𝑇],  𝑏(𝑡) ∈

𝐶[0, 𝑇], 𝑐(𝑡) ∈ 𝐶[0, 𝑇] and equip this space 
according to the norm 

‖𝑧‖𝐸𝑇
5,3 = ‖𝑢(𝑥, 𝑦, 𝑡)‖𝐵2,𝑇

5,3 + ‖𝑎(𝑡)‖𝐶[0,𝑇]  +
+‖𝑏(𝑡)‖𝐶[0,𝑇]  + ‖𝑐(𝑡)‖𝐶[0,𝑇]. 

 
Clearly,  𝐵2,𝑇

5,3and  𝐸𝑇
5,3are Banach spaces. 

Now we consider in 𝐸𝑇
5,3 the operator  

𝛷(𝑢, 𝑎, 𝑏, 𝑐) =
= {𝛷1(𝑢, 𝑎, 𝑏, 𝑐), 𝛷2(𝑢, 𝑎, 𝑏, 𝑐), 𝛷3(𝑢, 𝑎, 𝑏, 𝑐)}, 

where 

1
1

( , , , ) ( , ) ( )sin ,k k

k

u a b c u x t u t x




  
    

2 3( , , , ) ( ), ( , , , ) ( ),u a b c a t u a b c b t   
 

  𝑢̃𝑘(𝑡)     (  𝑘 = 1,2, . . . ) , 𝑎̃(𝑡) and 𝑏̃(𝑡) are the right-
hand sides of (14) and (20), (21), (22) 
correspondingly. 
Obviously  

|𝑈𝑖𝑦𝑘(𝑥) | ≤ (1 + ‖𝜔𝑖(𝑥, 𝑦)‖[(𝑄𝑥𝑦)) ≤ 

≤ max (1 + ‖𝜔𝑖(𝑥, 𝑦)‖[(𝑄𝑥𝑦)) ≡ 𝑝,  
(𝑖 = 1,2,3)  

‖𝑞1𝑘(𝑡)‖𝐶[0,𝑇] ≤ 
≤ 𝑝‖ℎ′

2(𝑡) 𝑈3(𝑔)(𝑡) − ℎ′
3(𝑡) 𝑈2(𝑔)(𝑡)‖𝐶[0,𝑇] + 

1 3 3 1 [0, ]
( ) ( )( ) ( ) ( )( )

C T
p h t U g t h t U g t  

+ 𝑝‖ℎ′
1(𝑡)   𝑈2(𝑔)(𝑡) −   ℎ′

2(𝑡)  𝑈1(𝑔)(𝑡))‖𝐶[0,𝑇] ≡≡

𝑝1(𝑇), 
‖𝑞2𝑘(𝑡)‖𝐶[0,𝑇] ≤ 𝑝‖ℎ2(𝑡)  𝑈3(𝑔)(𝑡)

− ℎ3(𝑡)  𝑈2(𝑔)(𝑡)‖𝐶[0,𝑇] + 

1 3 3 1 [0, ]
( ) ( )( ) ( ) ( )( )

C T
p h t U g t h t U g t  

+𝑝 ‖ℎ1(𝑡)  𝑈2(𝑔)(𝑡) −   ℎ2(𝑡)   𝑈1(𝑔)(𝑡)‖𝐶[0,𝑇] ≡ 
≡ 𝑝2(𝑇) , 

‖𝑞3𝑘(𝑡)‖𝐶[0,𝑇] ≤ 
≤ 𝑝‖ℎ2(𝑡) ℎ′

3, 𝑡) − ℎ3(𝑡)ℎ
′
2(𝑡)‖𝐶[0,𝑇] + 

+ 𝑝‖ℎ1(𝑡)  ℎ′
3(𝑡) −   ℎ3(𝑡)  ℎ′

1(𝑡)‖𝐶[0,𝑇] +

 𝑝‖ℎ1(𝑡)  ℎ′
2(𝑡) −   ℎ2(𝑡)  ℎ′

1(𝑡) ‖𝐶[0,𝑇] ≡ 𝑝3(𝑇) , 
𝜇𝑘,𝑛

3 ≤ (𝜆𝑘
2 + 𝛾𝑛

2)  (𝜆𝑘 + 𝛾𝑛) = 
= 𝜆𝑘

3 + 𝜆𝑘
2𝛾𝑛 + 𝛾𝑛

2𝜆𝑘 + 𝛾𝑛
3, 

𝜇𝑘,𝑛
5 ≤  2(𝜆𝑘

4 + 𝛾𝑘
4)(𝜆𝑘 + 𝛾𝑛) = 

= 2(𝜆𝑘
5 + 𝜆𝑘

4  𝛾𝑛 + 𝛾𝑛
4𝜆𝑘 + 𝛾𝑛

5). 
 
Then we have: 

{∑ ∑ (𝜇𝑘,𝑛
5 ‖𝑢̃𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)
2

∞

𝑘=1

   

∞

𝑛=1

}

1

2

≤ 

≤ 2√10(∑ ∑(𝜆𝑘
5    |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 
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+ 2√10(∑ ∑ (𝜆𝑘
4  𝛾𝑛  |𝜑𝑘,𝑛|)

2∞

𝑘=1

∞

𝑛=1

)

1

2

+

 2√10(∑ ∑ (𝜆𝑘𝛾𝑛
4 |𝜑𝑘,𝑛|)

2∞

𝑘=1

∞

𝑛=1

)

1

2

+    

+ 2√10(∑ ∑ (𝛾𝑛
5 |𝜑𝑘,𝑛|)

2∞

𝑘=1

∞

𝑛=1

)

1

2

+

 +4√10(∑ ∑ (𝜆𝑘
4    |𝜓𝑘,𝑛|)

2∞

𝑘=1

∞

𝑛=1

)

1

2

+

 4√10(∑ ∑ (𝛾𝑛
4  |𝜓𝑘,𝑛|)

2∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+√10𝑇

(

 
 

∫∑ ∑(𝜆𝑘
2

∞

𝑘=1

|𝑓𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+ 

+√10𝑇

(

 
 

∫∑ ∑(𝛾𝑛
2

∞

𝑘=1

|𝑓𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+ 

+√10  𝑇‖𝑎(𝑡)‖𝐶[0,𝑇] × 

× (∑

∞

𝑛=1

∑(𝜇𝑘,𝑛
5 ‖𝑢𝑘(𝑡)‖𝐶[0,𝑇])

2
∞

𝑘=1

)

1

2

 

+√10  𝑇‖𝑏(𝑡)‖𝐶[0,𝑇] × 

× (∑ ∑(𝜇𝑘,𝑛
3 ‖𝑢′

𝑘(𝑡)‖𝐶[0,𝑇])
2

∞

𝑘=1

∞

𝑛=1

)

1

2

 

+√10𝑇‖𝑐(𝑡)‖𝐶[0,𝑇] × 

× ((∫ ∑ ∑ (𝜆𝑘
2∞

𝑘=1
|𝑔𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0

)

1

2

+

    + (∫ ∑ ∑ (𝛾𝑛
2∞

𝑘=1
|𝑔𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0

)

1

2

),   (23) 

(∑ ∑ (𝜇𝑘,𝑛
3 ‖𝑢̃′

𝑘,𝑛(𝑡)‖
𝐶[0,𝑇]

)
2

∞

𝑘=1

∞

𝑛=1

)

1

2

≤ 

≤ 4√3(∑ ∑(𝜆𝑘
4    |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+4√3(∑ ∑(𝛾𝑛
4  |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+2√3(∑ ∑(𝜆𝑘
3   |𝜓𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+2√3(∑ ∑(𝜆𝑘
2𝛾𝑛 |𝜓𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+2√3𝑇

(

 
 

∫∑ ∑(𝜆𝑘

∞

𝑘=1

|𝑓𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+ 

+2√3𝑇

(

 
 

∫∑ ∑(𝛾𝑛

∞

𝑘=1

|𝑓𝑘(𝜏)|)
2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+ 

+2√3  𝑇‖𝑎(𝑡)‖𝐶[0,𝑇] × 

× (∑ ∑(𝜇𝑘,𝑛
5 ‖𝑢𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)2

∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+2√3 𝑇‖𝑏(𝑡)‖𝐶[0,𝑇] × 

× (∑ ∑(𝜇𝑘,𝑛
3 ‖𝑢′

𝑘,𝑛(𝑡)‖
𝐶[0,𝑇]

)2

∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+2√3𝑇‖𝑐(𝑡)‖𝐶[0,𝑇] × 

×

(

 
 
 

(

 
 

∫∑ ∑(𝜆𝑘

∞

𝑘=1

|𝑔𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+ 

+(∫ ∑ ∑ (𝛾𝑛
∞

𝑘=1
|𝑔𝑘(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0

)

1

2

),       (24) 

‖𝑎̃(𝑡)‖𝐶[0,𝑇] ≤  ‖[ℎ(𝑡)]−1‖𝐶[0,𝑇]{‖𝑞1(𝑡) ‖𝐶[0,𝑇] + 
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+𝑝1(𝑇)(∑ ∑ 𝜇𝑘.𝑛
−2

∞

𝐾=1

∞

𝑛=1

)

1

2

 

[
 
 
 
 

(∑ ∑(𝜆𝑘
3   |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

 

+(∑ ∑(𝜆𝑘
2𝛾𝑛 |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+(∑ ∑(𝜆𝑘𝛾𝑛
2  |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+(∑ ∑(𝛾𝑛
3 |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+√𝑇

(

 
 

∫∑ ∑(𝜆𝑘
2

∞

𝑘=1

|𝑓𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+ 

+√𝑇

(

 
 

∫∑ ∑(𝛾𝑛
2

∞

𝑘=1

|𝑓𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+ 

+𝑇‖𝑎(𝑡)‖𝐶[0,𝑇] (∑ ∑(𝜇𝑘,𝑛
5 ‖𝑢𝑘(𝑡)‖𝐶[0,𝑇])

2
∞

𝑘=1

∞

𝑛=1

)

1

2

 

+  𝑇‖𝑏(𝑡)‖𝐶[0,𝑇] (∑ ∑(𝜇𝑘,𝑛
3 ‖𝑢′

𝑘(𝑡)‖𝐶[0,𝑇])
2

∞

𝑘=1

∞

𝑛=1

)

1

2

 

+√𝑇‖𝑐(𝑡)‖𝐶[0,𝑇]

(

 
 
 

(

 
 

∫∑ ∑(𝜆𝑘
2

∞

𝑘=1

|𝑔𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+

(

 
 

∫∑ ∑(𝛾𝑛
2

∞

𝑘=1

|𝑔𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

)

 
 
 

+ 

+(∑ ∑ (𝜆𝑘
2‖𝑓𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)
2

∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+(∑ ∑(𝛾𝑛
2‖𝑓𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)2

∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+‖𝑎(𝑡)‖𝐶[0,𝑇] (∑ ∑(𝜇𝑘,𝑛
5 ‖𝑢𝑘(𝑡)‖𝐶[0,𝑇])

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ ‖𝑏(𝑡)‖𝐶[0,𝑇] (∑ ∑(𝜇𝑘,𝑛
3 ‖𝑢′

𝑘(𝑡)‖𝐶[0,𝑇])
2

∞

𝑘=1

∞

𝑛=1

)

1

2

 

+‖𝑐(𝑡)‖𝐶[0,𝑇] × 

 × ((∑ ∑ (𝜆𝑘
2‖𝑔𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)2

∞

𝑘=1

∞

𝑛=1

)

1

2

+

(∑ ∑ (𝛾𝑛
2‖𝑔𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)2

∞

𝑘=1

∞

𝑛=1

)

1

2

)]},   (25)       

  
‖𝑏̃(𝑡)‖

𝐶[0,𝑇]
≤  ‖[ℎ(𝑡)]−1‖𝐶[0,𝑇]{‖𝑞1(𝑡) ‖𝐶[0,𝑇] + 

+𝑝2(𝑇)(∑ ∑ 𝜇𝑘.𝑛
−2

∞

𝐾=1

∞

𝑛=1

)

1

2

 

[
 
 
 
 

(∑ ∑(𝜆𝑘
3   |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

 

+(∑ ∑(𝜆𝑘
2𝛾𝑛 |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+(∑ ∑(𝜆𝑘𝛾𝑛
2  |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+(∑ ∑(𝛾𝑛
3 |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+2(∑ ∑(𝜆𝑘
2   |𝜓𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 
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+2(∑ ∑(𝛾𝑛
2  |𝜓𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+√𝑇

(

 
 

∫∑ ∑(𝜆𝑘
2

∞

𝑘=1

|𝑓𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+ 

+√𝑇 (∫ ∑ ∑ (𝛾𝑛
2∞

𝑘=1
|𝑓𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0

)

1

2

+ 

+𝑇‖𝑎(𝑡)‖𝐶[0,𝑇] (∑ ∑(𝜇𝑘,𝑛
5 ‖𝑢𝑘(𝑡)‖𝐶[0,𝑇])

2

∞

𝑘=1

∞

𝑛=1

)

1

2

+   𝑇‖𝑏(𝑡)‖𝐶[0,𝑇] (∑ ∑(𝜇𝑘,𝑛
3 ‖𝑢′

𝑘(𝑡)‖𝐶[0,𝑇])
2

∞

𝑘=1

∞

𝑛=1

)

1

2

 

+√𝑇‖𝑐(𝑡)‖𝐶[0,𝑇]

(

 
 
 

(

 
 

∫∑ ∑(𝜆𝑘
2

∞

𝑘=1

|𝑔𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+

(

 
 

∫∑ ∑(𝛾𝑛
2

∞

𝑘=1

|𝑔𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

)

 
 
 

+ 

+(∑ ∑ (𝜆𝑘
2‖𝑓𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)
2

∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+(∑ ∑(𝛾𝑛
2‖𝑓𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)2

∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+‖𝑎(𝑡)‖𝐶[0,𝑇] (∑ ∑(𝜇𝑘,𝑛
5 ‖𝑢𝑘(𝑡)‖𝐶[0,𝑇])

2
∞

𝑘=1

∞

𝑛=1

)

1

2

 

+‖𝑏(𝑡)‖𝐶[0,𝑇] (∑ ∑ (𝜇𝑘,𝑛
3 ‖𝑢′

𝑘(𝑡)‖𝐶[0,𝑇])
2∞

𝑘=1

∞

𝑛=1

)

1

2

+

‖𝑐(𝑡)‖𝐶[0,𝑇] ×          ×

((∑ ∑ (𝜆𝑘
2‖𝑔𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)
2∞

𝑘=1

∞

𝑛=1

)

1

2

+

+(∑ ∑ (𝛾𝑛
2‖𝑔𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)
2∞

𝑘=1

∞

𝑛=1

)

1

2

)]} 

(26)     
                  

‖𝑐̃(𝑡)‖𝐶[0,𝑇] ≤  ‖[ℎ(𝑡)]−1‖𝐶[0,𝑇]{‖𝑞3(𝑡) ‖𝐶[0,𝑇] + 

+𝑝3(𝑇)(∑ ∑ 𝜇𝑘.𝑛
−2

∞

𝐾=1

∞

𝑛=1

)

1

2

 

[
 
 
 
 

(∑ ∑(𝜆𝑘
3   |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

 

+(∑ ∑(𝜆𝑘
2𝛾𝑛 |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+(∑ ∑(𝜆𝑘𝛾𝑛
2  |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+(∑ ∑(𝛾𝑛
3 |𝜑𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+2(∑ ∑(𝜆𝑘
2   |𝜓𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+2(∑ ∑(𝛾𝑛
2  |𝜓𝑘,𝑛|)

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+√𝑇

(

 
 

∫∑ ∑(𝜆𝑘
2

∞

𝑘=1

|𝑓𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+ 

+√𝑇

(

 
 

∫∑ ∑(𝛾𝑛
2

∞

𝑘=1

|𝑓𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+ 
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+𝑇‖𝑎(𝑡)‖𝐶[0,𝑇] (∑ ∑(𝜇𝑘,𝑛
5 ‖𝑢𝑘(𝑡)‖𝐶[0,𝑇])

2
∞

𝑘=1

∞

𝑛=1

)

1

2

 

+  𝑇‖𝑏(𝑡)‖𝐶[0,𝑇] (∑ ∑(𝜇𝑘,𝑛
3 ‖𝑢′

𝑘(𝑡)‖𝐶[0,𝑇])
2

∞

𝑘=1

∞

𝑛=1

)

1

2

 

+√𝑇‖𝑐(𝑡)‖𝐶[0,𝑇]

(

 
 
 

(

 
 

∫∑ ∑(𝜆𝑘
2

∞

𝑘=1

|𝑔𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

+

(

 
 

∫∑ ∑(𝛾𝑛
2

∞

𝑘=1

|𝑔𝑘,𝑛(𝜏)|)2𝑑𝜏

∞

𝑛=1

𝑇

0 )

 
 

1

2

)

 
 
 

+ 

+(∑ ∑ (𝜆𝑘
2‖𝑓𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)
2

∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+(∑ ∑(𝛾𝑛
2‖𝑓𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)2

∞

𝑘=1

∞

𝑛=1

)

1

2

+ 

+‖𝑎(𝑡)‖𝐶[0,𝑇] (∑ ∑(𝜇𝑘,𝑛
5 ‖𝑢𝑘(𝑡)‖𝐶[0,𝑇])

2
∞

𝑘=1

∞

𝑛=1

)

1

2

+ ‖𝑏(𝑡)‖𝐶[0,𝑇] (∑ ∑(𝜇𝑘,𝑛
3 ‖𝑢′

𝑘(𝑡)‖𝐶[0,𝑇])
2

∞

𝑘=1

∞

𝑛=1

)

1

2

 

+‖𝑐(𝑡)‖𝐶[0,𝑇] × 
                              ×

((∑ ∑ (𝜆𝑘
2‖𝑔𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)
2∞

𝑘=1

∞

𝑛=1

)

1

2

+

(∑ ∑ (𝛾𝑛
2‖𝑔𝑘,𝑛(𝑡)‖

𝐶[0,𝑇]
)
2∞

𝑘=1

∞

𝑛=1

)

1

2

 )]} (27)       

where 
𝑢′̃

𝑘(𝑡)  =   − 𝛽𝑘,𝑛𝜑𝑘,𝑛sin𝛽𝑘,𝑛𝑡  +  𝜓𝑘,𝑛sin𝛽𝑘,𝑛𝑡  +   
         + 1

1+𝜇𝑘,𝑛
2 ∫ 𝐹𝑘,𝑛(𝜏; 𝑢, 𝑎, 𝑏, 𝑐) ×

𝑡

0
 

× cos𝛽𝑘,𝑛(𝑡  −  𝜏)𝑑𝜏  (𝑘  =  1,2, . . . ; 𝑛 = 1,2, . . . ).   
 

Assume that the data of problem (1)-(4), (6) satisfy 
the following conditions: 
1. 𝜑(𝑥, 𝑦) ∈ 𝐶4,4(𝑄𝑥𝑦),  𝜑𝑥𝑥𝑥𝑥𝑦(𝑥, 𝑦), 

𝜑𝑥𝑦𝑦𝑦𝑦(𝑥, 𝑦)𝜑𝑥𝑥𝑥𝑥𝑥(𝑥, 𝑦), 
𝜑𝑦𝑦𝑦𝑦𝑦(𝑥, 𝑦) ∈ 𝐿2(𝑄𝑥𝑦),  𝜑(0, 𝑦) = 𝜑𝑥(1, 𝑦)

= 𝜑𝑥𝑥(0, 𝑦) = 𝜑𝑥𝑥𝑥(1, 𝑦) 
= 𝜑𝑥𝑥𝑥𝑥(0, 𝑦) = 0   

(0 ≤ 𝑦 ≤ 1),  
𝜑(𝑥, 0) = 𝜑𝑦(𝑥, 1) = 𝜑𝑦𝑦(𝑥, 0) = 𝜑𝑦𝑦𝑦(𝑥, 1) =

𝜑𝑦𝑦𝑦𝑦(𝑥, 0) = 0  (0 ≤ 𝑥 ≤ 1) , 
2.  𝜓(𝑥, 𝑦) ∈ 𝐶3,3(𝑄𝑥𝑦), 𝜓𝑥𝑥𝑥𝑥(𝑥, 𝑦), 𝜓𝑦𝑦𝑦𝑦(𝑥, 𝑦) ∈

𝐿2(𝑄𝑥𝑦),  𝜓(0, 𝑦) = 𝜓𝑥(1, 𝑦) = 𝜓𝑥𝑥(0, 𝑦) =

𝜓𝑥𝑥𝑥(1, 𝑦) = 0  (0 ≤ 𝑦 ≤ 1), 
𝜓(𝑥, 0) = 𝜓𝑦(𝑥, 1) = 𝜓𝑦𝑦(𝑥, 0) = 𝜓𝑦𝑦𝑦(𝑥, 1) = 0   
(0 ≤ 𝑥 ≤ 1) , 
3. 𝑓(𝑥, 𝑦, 𝑡), 𝑓𝑥(𝑥, 𝑦, 𝑡), 𝑓𝑦(𝑥, 𝑦, 𝑡)   ∈
 𝐶(𝐷𝑇),  𝑓𝑥𝑥(𝑥, 𝑦, 𝑡) , 𝑓𝑦𝑦(𝑥, 𝑦, 𝑡)  ∈  𝐿2(𝐷𝑇), 
𝑓(0, 𝑦, 𝑡)  = 𝑓𝑥(1, 𝑦, 𝑡) = 0   (0 ≤ 𝑦 ≤ 1,0 ≤ 𝑡 ≤
𝑇), 𝑓(𝑥, 0, 𝑡)  = 𝑓𝑦(𝑥, 1, 𝑡) = 0   (0 ≤ 𝑥 ≤ 1,0 ≤ 𝑡 ≤

𝑇), 
4. 𝑔(𝑥, 𝑦, 𝑡), 𝑔𝑥(𝑥, 𝑦, 𝑡), 𝑔𝑦(𝑥, 𝑦, 𝑡)   ∈  𝐶(𝐷𝑇),  

 𝑔𝑥𝑥(𝑥, 𝑦, 𝑡) , 𝑔𝑦𝑦(𝑥, 𝑦, 𝑡)  ∈  𝐿2(𝐷𝑇), 
𝑔(0, 𝑦, 𝑡)  = 𝑔𝑥(1, 𝑦, 𝑡) = 0    

(0 ≤ 𝑦 ≤ 1,0 ≤ 𝑡 ≤ 𝑇), 
 𝑔(𝑥, 0, 𝑡)  = 𝑔𝑦(𝑥, 1, 𝑡) = 0    

(0 ≤ 𝑥 ≤ 1,0 ≤ 𝑡 ≤ 𝑇), 
5.  ℎ𝑖(𝑡) ∈ 𝐶2[0, 𝑇]   (𝑖 = 1,2,3),   

 ℎ(𝑡) ≡ |

ℎ1(𝑡)   ℎ′
1(𝑡)       𝑈1(𝑔)(𝑡)

ℎ2(𝑡)   ℎ′
2(𝑡)      𝑈2(𝑔)(𝑡)

ℎ3(𝑡)   ℎ′
3(𝑡)      𝑈3(𝑔)(𝑡)

| ≠ 0   

(0 ≤ 𝑡 ≤ 𝑇). 
Then following [13] we have 

‖𝑢̃(𝑥, 𝑡)‖𝐵2,𝑇
5,3 ≤ 𝐴1(𝑇) + 

+𝐵1(𝑇) (‖𝑎(𝑡)‖𝐶[0,𝑇]+‖𝑏(𝑡)‖𝐶[0,𝑇])  ‖𝑢(𝑥, 𝑡)‖𝐵2,𝑇
5,3   

+𝐷 (𝑇)1  ‖𝑐(𝑡 )‖𝐶[0,𝑇],                 (23) 
 

‖𝑎̃(𝑡)‖𝐶[0,𝑇] ≤ 𝐴2(𝑇) + 
+𝐵2(𝑇) (‖𝑎(𝑡)‖𝐶[0,𝑇]+‖𝑏(𝑡)‖𝐶[0,𝑇]) × 

× ‖𝑢(𝑥, 𝑡)‖𝐵2,𝑇
5,3   + 𝐷 (𝑇)2  ‖𝑐(𝑡 )‖𝐶[0,𝑇],       (24) 

 
‖𝑏̃(𝑡)‖

𝐶[0,𝑇]
≤ 𝐴3(𝑇) + 

+𝐵2(𝑇) (‖𝑎(𝑡)‖𝐶[0,𝑇]+‖𝑏(𝑡)‖𝐶[0,𝑇]) × 
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× ‖𝑢(𝑥, 𝑡)‖𝐵2,𝑇
5,3   + 𝐷 (𝑇)3  ‖𝑐(𝑡 )‖𝐶[0,𝑇],        (25) 

 
‖𝑐̃(𝑡)‖𝐶[0,𝑇] ≤ 𝐴4(𝑇) + 

+𝐵4(𝑇) (‖𝑎(𝑡)‖𝐶[0,𝑇]+‖𝑏(𝑡)‖𝐶[0,𝑇]) × 

× ‖𝑢(𝑥, 𝑡)‖𝐵2,𝑇
5,3    + 𝐷 (𝑇)4  ‖𝑐(𝑡 )‖𝐶[0,𝑇],      

(26) 
 

where 
𝐴1(𝑇) = 𝐴11(𝑇) + 𝐴12(𝑇), 𝐴11(𝑇) = 

= 2√10‖𝜑𝑥𝑥𝑥𝑥𝑥(𝑥, 𝑦)‖𝐿2(𝑄𝑥𝑦) + 

+2√10‖𝜑𝑥𝑥𝑥𝑥𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

+2√10‖𝜑𝑥𝑦𝑦𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

                 +2√10‖𝜑𝑥𝑥𝑥𝑥𝑥(𝑥, 𝑦)‖𝐿2(𝑄𝑥𝑦) + 
                  +4√10‖𝜓𝑥𝑥𝑥𝑥(𝑥, 𝑦)‖𝐿2(𝑄𝑥𝑦) + 

                +4√10‖𝜓𝑦𝑦𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

               +√10𝑇‖𝑓𝑥𝑥(𝑥, 𝑦, 𝑡)‖𝐿2(𝐷𝑇) + 
+√10𝑇‖𝑓𝑦𝑦(𝑥, 𝑦, 𝑡)‖

𝐿2(𝐷𝑇)
, 

      𝐴12(𝑇) = 4√3‖𝜑𝑥𝑥𝑥𝑥(𝑥, 𝑦)‖𝐿2(𝑄𝑥𝑦) + 

+4√3‖𝜑𝑦𝑦𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

+2√3‖𝜓𝑥𝑥𝑥(𝑥, 𝑦)‖𝐿2(𝑄𝑥𝑦) + 
+2√3‖𝜓𝑥𝑥𝑦(𝑥, 𝑦)‖

𝐿2(𝑄𝑥𝑦)
+ 

+2√3‖𝜓𝑥𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

+2√3‖𝜑𝑦𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

+2√3𝑇‖𝑓𝑥(𝑥, 𝑦, 𝑡)‖𝐿2(𝐷𝑇) +

2√3𝑇‖𝑓𝑦(𝑥, 𝑦, 𝑡)‖
𝐿2(𝐷𝑇)

, 

1( ) ( 10 2 3)B T T  , 
𝐷1(𝑇) = √10𝑇‖𝑔𝑥𝑥(𝑥, 𝑦, 𝑡)‖𝐿2(𝐷𝑇) + 

+√10𝑇‖𝑔𝑦𝑦(𝑥, 𝑦, 𝑡)‖
𝐿2(𝐷𝑇)

+ 

+2√3𝑇‖𝑔𝑥(𝑥, 𝑦, 𝑡)‖𝐿2(𝐷𝑇) +

+2√3𝑇‖𝑔𝑦(𝑥, 𝑦, 𝑡)‖
𝐿2(𝐷𝑇)

, 

𝐴2(𝑇) = ‖[ℎ(𝑡)]−1‖𝐶[0,𝑇]{‖𝑞1(𝑡)‖𝐶[0,𝑇] +  

+𝑝1(𝑇)(∑ ∑ 𝜇𝑘.𝑛
−2

∞

𝐾=1

∞

𝑛=1

)

1

2

[‖𝜑𝑥𝑥𝑥(𝑥, 𝑦)‖𝐿2(𝑄𝑥𝑦) + 

+‖𝜑𝑥𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ ‖𝜑𝑥𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

+‖𝜑𝑦𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ ‖𝜓𝑥𝑥(𝑥, 𝑦)‖𝐿2(𝑄𝑥𝑦) + 

+‖𝜓𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

+(√𝑇 + 1) (‖𝑓𝑥𝑥(𝑥, 𝑦, 𝑡)‖𝐿2(𝐷𝑇)

+ ‖‖𝑓𝑥𝑥(𝑥, 𝑦, 𝑡)‖𝐶[0,𝑇]‖𝐿2(0.1)
) + 

+(√𝑇 + 1) × 

      (‖𝑓𝑦𝑦(𝑥, 𝑦, 𝑡)‖
𝐿2(𝐷𝑇)

+ ‖‖𝑓𝑦𝑦(𝑥, 𝑦, 𝑡)‖
𝐶[0,𝑇]

‖
𝐿2(0.1)

)]}, 

        𝐵2(𝑇) = ‖[ℎ(𝑡)]−1‖𝐶[0,𝑇] × 

(∑ ∑ 𝜇𝑘.𝑛
−2∞

𝐾=1

∞

𝑛=1
)

1

2

𝑝1(𝑇)(𝑇 + 1)  , 𝐷2(𝑇) =

 ‖[ℎ(𝑡)]−1‖𝐶[0,𝑇] (∑ ∑ 𝜇𝑘.𝑛
−2∞

𝐾=1

∞

𝑛=1
)

1

2

𝑝1(𝑇)(√𝑇 +

1) (‖𝑔𝑥𝑥(𝑥, 𝑡)‖𝐿2(𝐷𝑇) + ‖‖𝑔𝑥𝑥(𝑥, 𝑡)‖𝐶[0,𝑇]‖𝐿2(0.1)
), 

𝐴3(𝑇) = ‖[ℎ(𝑡)]−1‖𝐶[0,𝑇]{‖𝑞2(𝑡)‖𝐶[0,𝑇] +  

+𝑝2(𝑇)(∑ ∑ 𝜇𝑘.𝑛
−2

∞

𝐾=1

∞

𝑛=1

)

1

2

× 

[‖𝜑𝑥𝑥𝑥(𝑥, 𝑦)‖𝐿2(𝑄𝑥𝑦) + ‖𝜑𝑥𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

+‖𝜑𝑥𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ ‖𝜑𝑦𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

+‖𝜓𝑥𝑥(𝑥, 𝑦)‖𝐿2(𝑄𝑥𝑦) + ‖𝜓𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

+(√𝑇 + 1) (‖𝑓𝑥𝑥(𝑥, 𝑦, 𝑡)‖𝐿2(𝐷𝑇)

+ ‖‖𝑓𝑥𝑥(𝑥, 𝑦, 𝑡)‖𝐶[0,𝑇]‖𝐿2(0.1)
) + 

+(√𝑇 + 1) × 

(‖𝑓𝑦𝑦(𝑥, 𝑦, 𝑡)‖
𝐿2(𝐷𝑇)

+ ‖‖𝑓𝑦𝑦(𝑥, 𝑦, 𝑡)‖
𝐶[0,𝑇]

‖
𝐿2(0.1)

)]}, 

        𝐵3(𝑇) = ‖[ℎ(𝑡)]−1‖𝐶[0,𝑇] × 

× (∑ ∑ 𝜇𝑘.𝑛
−2

∞

𝐾=1

∞

𝑛=1

)

1

2

𝑝2(𝑇)(𝑇 + 1)   ,  

𝐷3(𝑇) =  ‖[ℎ(𝑡)]−1‖𝐶[0,𝑇] × 

× (∑ ∑ 𝜇𝑘.𝑛
−2

∞

𝐾=1

∞

𝑛=1

)

1

2

𝑝2(𝑇)(√𝑇 + 1) × 

× (‖𝑔𝑥𝑥(𝑥, 𝑡)‖𝐿2(𝐷𝑇) + ‖‖𝑔𝑥𝑥(𝑥, 𝑡)‖𝐶[0,𝑇]‖𝐿2(0.1)
), 

𝐴4(𝑇) = ‖[ℎ(𝑡)]−1‖𝐶[0,𝑇]{‖𝑞3(𝑡)‖𝐶[0,𝑇] +  

+𝑝3(𝑇)(∑ ∑ 𝜇𝑘.𝑛
−2

∞

𝐾=1

∞

𝑛=1

)

1

2

[‖𝜑𝑥𝑥𝑥(𝑥, 𝑦)‖𝐿2(𝑄𝑥𝑦) + 
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+‖𝜑𝑥𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ ‖𝜑𝑥𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

+‖𝜑𝑦𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ ‖𝜓𝑥𝑥(𝑥, 𝑦)‖𝐿2(𝑄𝑥𝑦) + 

+‖𝜓𝑦𝑦(𝑥, 𝑦)‖
𝐿2(𝑄𝑥𝑦)

+ 

+(√𝑇 + 1) (‖𝑓𝑥𝑥(𝑥, 𝑦, 𝑡)‖𝐿2(𝐷𝑇)

+ ‖‖𝑓𝑥𝑥(𝑥, 𝑦, 𝑡)‖𝐶[0,𝑇]‖𝐿2(0.1)
) + 

+(√𝑇 + 1) × 

× (‖𝑓𝑦𝑦(𝑥, 𝑦, 𝑡)‖
𝐿2(𝐷𝑇)

+ ‖‖𝑓𝑦𝑦(𝑥, 𝑦, 𝑡)‖
𝐶[0,𝑇]

‖
𝐿2(0.1)

)]} 

𝐵4(𝑇) = ‖[ℎ(𝑡)]−1‖𝐶[0,𝑇] × 

× (∑ ∑ 𝜇𝑘.𝑛
−2∞

𝐾=1

∞

𝑛=1
)

1

2

𝑝3(𝑇)(𝑇 + 1)   ,     

𝐷4(𝑇) =  ‖[ℎ(𝑡)]−1‖𝐶[0,𝑇] × 

× (∑ ∑ 𝜇𝑘.𝑛
−2

∞

𝐾=1

∞

𝑛=1

)

1

2

𝑝3(𝑇)(√𝑇 + 1) × 

× (‖𝑔𝑥𝑥(𝑥, 𝑡)‖𝐿2(𝐷𝑇) + ‖‖𝑔𝑥𝑥(𝑥, 𝑡)‖𝐶[0,𝑇]‖𝐿2(0.1)
), 

From inequalities (23)-(26) we conclude 
‖𝑢̃(𝑥, 𝑦, 𝑡)‖𝐵2,𝑇

5,3 + ‖𝑎̃(𝑡)‖𝐶[0,𝑇] + ‖𝑏̃(𝑡)‖
𝐶[0,𝑇]

≤ 

≤ 𝐴(𝑇) + 𝐵(𝑇)(‖𝑎(𝑡)‖𝐶[0,𝑇]

+ ‖𝑏(𝑡)‖𝐶[0,𝑇])‖𝑢(𝑥, 𝑦, 𝑡)‖𝐵2,𝑇
5,3  + 

+ 𝐷(𝑇) ‖𝑐(𝑡 )‖𝐶[0,𝑇],                       (27) 
where 

),()()()( 321 TATATATA 

)()()()( 321 TBTBTBTB  , 
)()()()( 321 TDTDTDTD  . 

So, we can prove the following theorem: 
Theorem 2. Let conditions 1-5 be satisfied and 

(𝐵(𝑇)(𝐴(𝑇) + 2) + 𝐷(𝑇))(𝐴(𝑇) + 2) < 1.     (28) 
 

The problem (1)-(4),(6) has a unique solution in the 

ball 𝐾  =  𝐾𝑅(|| 𝑧 ||𝐸𝑇
5,3   ≤  𝑅  =  𝐴(𝑇)  +  2) of the 

space  𝐸𝑇
5,3

. 

Proof. In the space 𝐸𝑇
5,3 consider the equation  
𝑧 = 𝛷𝑧                               (29) 

 
where𝑧 = {𝑢, 𝑎, 𝑏, 𝑐}, the components 𝛷(𝑢, 𝑎, 𝑏, 𝑐)   

)4,1( i   of the operator 𝛷(𝑢, 𝑎, 𝑏, 𝑐) are defined by 
the right-hand sides of equations (15), (20), (21), (22)  

Consider the operator 𝛷(𝑢, 𝑎, 𝑏, 𝑐) in the ball 
RKK   from 3,5

TE . Similarly to (27) we obtain that 

the estimations  
  ‖Ф𝑧‖𝐸𝑇

5,3 ≤ 𝐴(𝑇) + 𝐵(𝑇)(‖𝑎(𝑡)‖𝐶[0,𝑇] +

+‖𝑏(𝑡)‖𝐶[0,𝑇])‖𝑢(𝑥, 𝑦, 𝑡)‖𝐵2,𝑇
5,3 +

+𝐷(𝑇)‖𝑐(𝑡)‖𝐶[0,𝑇] ≤ 𝐴(𝑇) + 
+(𝐵(𝑇)(𝐴(𝑇) + 2) + 

+𝐷(𝑇))(𝐴(𝑇) + 2),                  (30) 
 

‖𝛷𝑧1 − 𝛷𝑧2‖𝐸𝑇
5,3 ≤    + 𝐷(𝑇)‖𝑐1(𝑡) − 𝑐2(𝑡)‖𝐶[0,𝑇] + 

+𝐵(𝑇)𝑅 (‖𝑎1(𝑡) − 𝑎2(𝑡)‖𝐶[0,𝑇] + ‖𝑏1(𝑡) −

−𝑏2(𝑡)‖𝐶[0,𝑇] + ‖𝑢1(𝑥, 𝑦, 𝑡) − 𝑢2(𝑥, 𝑦, 𝑡)‖𝐵2,𝑇
5,3)   (31) 

for the arbitrary RKzzz 21,,  . Then, from 
estimates (30), (31), taking into account (28), it 
follows that the operator   acts in the ball and is 
contractive. Therefore, in the ball RKK   the 
operator   has a single fixed point  cbau ,,,  
which is a unique solution to equation (29) in the ball 

RKK  , i.e.  cbau ,,,  is a unique solution to 
system  (1)-(4),(6) in the ball RKK  . 

 
The function ),( txu  as an element of the space  

𝐵2,𝑇
5,3 has continuous derivatives  
𝑢(𝑥, 𝑡),  𝑢𝑥(𝑥, 𝑡),  𝑢𝑥𝑥(𝑥, 𝑡), 𝑢𝑥𝑥𝑥(𝑥, 𝑡), 𝑢𝑥𝑥𝑥𝑥(𝑥, 𝑡) , 

𝑢𝑡(𝑥, 𝑡),  𝑢𝑡𝑥(𝑥, 𝑡), 𝑢𝑡𝑥𝑥(𝑥, 𝑡) in 𝐷𝑇. 
 

As one can easily see from:  

(∑(𝜆𝑘
3‖𝑢″

𝑘(𝑡)‖𝐶[0,𝑇])
2

∞

𝑘=1

)

1

2

  ≤   

≤ √2(∑(𝜆𝑘
5‖𝑢𝑘(𝑡)‖𝐶[0,𝑇])

2

∞

𝑘=1

)

1

2

  +   

+√2‖‖𝑓𝑥(𝑥, 𝑡)  +  𝑎(𝑡)𝑢𝑥(𝑥, 𝑡) +  𝑏(𝑡)𝑢𝑡𝑥(𝑥, 𝑡)

+ 𝑐(𝑡)𝑔𝑥(𝑥, 𝑡)‖𝐶[0,𝑇]‖𝐿2(0,1)
.  

 
It implies that𝑢𝑡𝑡(𝑥, 𝑡),𝑢𝑡𝑡𝑥(𝑥, 𝑡) , 𝑢𝑡𝑡𝑥𝑥(𝑥, 𝑡) are 

continuous in 𝐷𝑇.  
It is easy to check that equation (1) and 

conditions (2)-(4) and (6) are satisfied in the usual 
sense. Therefore, {𝑢(𝑥, 𝑡) , 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡)}is a 
solution to problem (1)-(4), (6), and, by virtue of the 
corollary of Lemma 1, it is unique in the ball 

RKK  .  
The theorem is proved. 
Using Theorem 1, we prove the following 
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Theorem 3. Let all conditions of Theorem 2 be 
satisfied and 

𝑈𝑖(𝜙) = ℎ𝑖(0), 𝑈𝑖(𝜓)   = ℎ′
𝑖(0)  (𝑖 = 1,2,3) . 

The problem (1)-(5) has unique classical solution in 
the ball 𝐾  =  𝐾𝑅(|| 𝑧 ||𝐸𝑇

5,3   ≤  𝑅  =  𝐴(𝑇)  +  2) from 
3,5

TE . 
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