WSEAS TRANSACTIONS on MATHEMATICS Yashar T. Mehraliyev, Afag Huseynova,
DOI: 10.37394/23206.2026.25.27 Anar Mammedov

On the Solvability of One Inverse Boundary Value Problem of Recovering
Unknown coefficients and the Right-Hand Side in a Fourth-Order
Pseudohyperbolic Equation

YASHAR T. MEHRALIYEV!, AFAG HUSEYNOVA'!, ANAR MAMMEDOV?
"Department of Differential Equations and Control Systems Theory,
Baku State University,
Baku, AZ1148,
AZERBAIJAN

’Department of Information Communication Technologies,
Baku Slavic University, 33, S.Rustam str.,
Baku, AZ1014,
AZERBAIJAN

Abstract: - We study the classical solution of the nonlinear inverse boundary value problem for a pseudo-
hyperbolic equation of the fourth order. The essence of the problem is that it is required, together with the
solution, to determine the unknown coefficient. The problem is considered in a rectangular area. To solve the
considered problem, the transition from the original inverse problem to an auxiliary inverse problem is carried
out. The existence and uniqueness of a solution to the auxiliary problem are proved with the help of contracted
mappings. Then the transition to the original inverse problem is made, and as a result, a conclusion is made about
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1 Introduction uniqueness of the solution to an inverse boundary
value problem for a pseudo-hyperbolic equation of

There are many cases where the needs of the practice
the fourth order.

bring about the problems of determining coefficients
or the right-hand side of differential equations from
some knowledge of their solutions. Such problems

are called inverse boundary value problems of 2 Formulation of the Problem and Its
mathematical physics. Inverse boundary value Equiva|ent Form

problems arise in various areas of human activity, Suppose that (x,y,t), g(x,v,t), o(x,v), Y(x ),
such as seismology, mineral exploration, biology, w;(6y) (i =123), hi(t) (i =1,23) are known
medicine, quality control in industry, etc., which functions and Dy = Qyy X [0,T], Quy{(x,¥): 0 <

makes them an active field of contemporary
mathematics. Inverse problems for various types of
PDEs have been studied in many papers. Among,
them we should mention the papers of [1], [2], [3],
[4] and their followers. For a comprehensive - 2 _
overview, the reader should see the monograph by utt_(x’ Y, ) Au“(x'bt) +4%u(x ) =

[5]. Various inverse problems for certain types of = a(®u(x,y, ) + b(Ou(x,y,£) + |
partial differential equations have been studied in te(®Ogy. )+ f(xy.0) (1
many works, [6], [7], [8]. In this paper, following, ot e

[91, [10], [11], [12], [13] we prove the existence and with initial

x <1, 0<y<1}. Consider the following inverse
problem: Now we study the problem: to determine
four {u(x,t),a(t),b(t),c(t)} of the functions
u(x,y,t), a(t), b(t), c(t) satisfying the equation:
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U(X, Y, 0) = §0(x: J’)' ut(x' Y 0) = IIJ(X, }’)
0<x<10<y<1, 2)
and boundary conditions

u(O,y, t) = ux(lly' t) = uxx(Oryv t) =
Uy (Ly,t) =0 (0<5y<10<t<T), (3

u(x,0,t) =uy(x,1,t) = uy,(x,0,t) =
Uyyy(Lt) =0 0<y<10<t<T (4

and with additional conditions
Ui (u) (t) = u(xi' Yi, t) +

1
1
+jfa)i(x,y)u(x,y, t)dx dy = hy(¢)
0
0

(i=123,0<t<T), (5)

where
92 92
d=— + —,
dx? dy?
2 _ 908 0% 98 9%
4% = dx* +2 dx2 9y2 ay*’
Introduce the designation
C**2(Dr) = {u(x, y, t):u(x,y,t) € C*(Dy),
Uppoe (X, 1), Uty (6, 1), Uy (3, £), Unrnn (%, £,

Usexexx (x, t) uyyyy (x, te C(DT)}‘

Definition. By the classical solution of the inverse
boundary value problem (1)-(5), we mean the four
{fu(x,y,t),a(t),b(t),c(t)} of the functions
u(x,y,t), a(t),b(t),c(t) where u(x,yt)E€
C**2(Dy), a(t) € C[0,T], b(t) € C[0,T], c(t) €
C[0,T], and they satisfy the (1)—(5) in the ordinary
sense.

We prove the following:
Theorem 1. Let f(x,y,t),g(x,y,t) € C(Dy),

wi(x,y) € C(Qxy) (i =123),

P(x,y) € C(Qxy), ¥(x,y) € C(Qxy),

h;(t) € C%[0,T] (i = 1,2,3),

and the matching conditions
Ui(¢) = hi(0), U;() =h";(0) (i =1,2,3)

are satisfied. Then the problem of finding a classical
solution to problem (1)-(4) is equivalent to the
problem of determining the functions (x,y,t) €
C**2(Dy), a(t) € C[0,T], b(t) € C[0,T], and
c(t) € C[0,T], from (1)-(3) and
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h' () — Ui (Auge) + Ui (4%0) =
= a((O)h; () + bR (D) + c(OU;(g) (@) +

U(F)(t) ((=123,0<t<T), (6

hi(6) h'1(8) Ui (@)(®)
h(t) = |ha(t) h'2(8) U(@)(@®)]|#0
hs(6) h'3(t)  Us(g)(®)
O<t<T).

Proof. Suppose that {u(x,t),a(t),b(t),c(t)} is a
classical solution to problem (1)-(5). From relation
(5), we have:

U, u)® =N (). U,u)®=ht) (=1230<t<T). (7)

From (1) we easily obtain:
U (U )(0) = U; (U )() + U (U )(D) =

= a(®U; (W (@) + b(OU;(u)(t) + c(O)Ui(g) (1) +
Ui(H® (=1230<t<T). (8)

From this considering (8) and (7) we arrive at (6).
Now let’s suppose that {u(x,y,t), a(t),
b(t), c(t)} is a solution of problem (1)-(4), (6).

Then from (6) and (8) we get:

L WO — h(®) = b 2 U (©) -

hi(©)) — a(@ Ui (1)(t) — hy(t)) =0
(i=1230<t<T)

Considering (2) and )
Ui(@) =h(0),U;(y) =h(0) (i=123)
we have
U (W)(0) -1 (0) =U;(9) -, (0) =0
U; (U)(0)—h(0) =U;(y) - hi(0) =0(i =1,2.3) (10)

From (9), taking into account (10), it is clear that
condition (5) is also satisfied. The theorem is proved.

3 Solvability of the Inverse Boundary

Value Problem
We seek the component u(x,y,t) in the form:

u(x,y,t) = E Z Uy (t)sindxsiny, x
k=1
n=1

(e =3@k-1Dm=3@n-D). @1
where
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Upn(t) = 4ffu(x, y, t)sinA, xsiny, xdxdy
0

0
(k=12,...,n=12...).

Then applying the formal Fourier scheme, from (1)
and (2) we obtain

(1 + #I%,n)u" kn (t) + .uz,nuk,n(t) =

Fen(Guwabc) 0<t<T; k=12,..) (12
uk,n(o) = Pkn» u’k,n(o) = lpk,n
(k=12,...,n-12,...), (13)

where
.ulzc,n = Ai + ]/7%, Fk,n(t; u,a,b,c) =
= a(®)upn(t) + b(Ou', (8) +
+c(1t)gk,n (&) + fien(©

Grn(t) = 4jfg(x,y, t)sind, xsiny, xdxdy,
0

Ppn =4 J f @ (x)sinA, xsiny, xdxdy,
0
1
fren(t) =4 f J f(x,y, t)sind, xsiny,xdxdy,
0
1

Yrn =4 f J Y (x)sinA,xsiny, xdxdy,
0

0
(k=12,...,n=12,..).

Solving problem (12),(13) we find

1
uk,n(t) = (pk,ncosﬁknt + Be wknsmﬁknt +
n

mf Fkn(‘ruabc)x

X sinf,(t — ©)dt (k = 1,2,...), (14)
where
Kk n
BEn —1+"2 (k=12,...n=12,...).
After  substitution of the  expression

U p(t) (k=12,...,n=12,...) into (11) for the
determination of u(x, t) we get:

E-ISSN: 2224-2880 276

Yashar T. Mehraliyev, Afag Huseynova,
Anar Mammedov

u(x,t) = E Z P nCOSPynt +

lpk nSln,Bk n +
ﬁk,n

+—ka' (t;u,a,b,c) X
ﬁk,n(l + .ulzc,n) o "
X sinfy ,(t — r)dr}sin/lkxsinynx.
Now, from (6), taking into account (11), we have:
WO+ T ) +
n=

Hiente (D) Ui(y) = a(©hy(6) + b(OR';(0) +
cOU(@)®O) ++U(H®)(E =123;0 < t < T)

(15)

Let's assume that

hi(®) R (©)  Ui(g)(®)
h(t) = |ho(t) h'2() Ux(@)(@®|#0
hs(t) h's(t)  Us(g)(®)
O0O<t<T).

Then from the last relations we have:

a(t) = [h(®)] {fh © +
Zn= . D o (U " (D) +

+ Wt (D) qurn(®) } (16)
b® = h®] 7 {a(0 +
D Tr () +
+ Ui () 2rn () (17)

c(t) =
= h®) " {as@ + ) N Ghans(O) +

g W (0) Gz (1) 1. (18)

where
Vin = Yin(%,¥) = sindxsiny,y,

6,0 = (D) -U, (1O RO UL (@)D ~ DU, (9)0) -
~(h®)-U, (0 () U,(@)®) ~ i) U, (g)(®) +
H(hO-U,(H)XR®) UL(0)0 - 0 U@)D)).
Uen () =U, (¥, )OMLOU, ()0 ~ DU, (9)(D) -
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—U, (i, XN, (DU, (9)(®) = h'y (U, (9)(D)) +
+U, (v, X0, UL (9)(1) —h', (DU, (9)(D)
qz(t) =

=—(h", (t) - U,(FHO)h, (DU, (g)(t) - h, U, (9)(1)) +

HhI(®)-U,(H()(h () Uy(g)() — hy(t) U, (9)(1) -
—(hy() U, (£ () U,(9)(1) — hy(t) U, (g)D)),
Oen () = U, (Ve ) (0, (D) U (9)(0) — hy (1) U, () (1) +
+U, (Y, ) (D) Uy (9)(®) = hy (1) U, (g)(1) -
U, (¥, (M (D) UL (9)(D) — hy(1) U (9)(D)),
a,(t) = () -U, (F)®) () R, 1) — hyDhy (1) —
— (hy) - U, (H)hh' (1) —hy(®h', ©)+
+ (hi(t) — U5 (F ) Xh (Hh, () — hy (DN, (1))
Oy (0 =U, (¥ ) (L (D15, 1) =y (D} (1) -
+U, (e X DR () =y (O, (1) +
+U,(yi o XD (DR, (0 = hy (DR (1),

Further, from (11) and (13) we obtain:
lulin (uI’(',n (t) + /ulf nuk,n (t)) = Fk”n (t’ U, aa ba C) - uIZ,n (t) =

.ukn 1
= — S Un)+|1- X
1+ kn kn() < 1+nu12c,n>

4

Hin
_I_—quk )+

X Fyn(t;u,a,b,c) = 1

M

n

——F. .. (t;u,a,b,c) =
1+M12c,n k,n( )

4
Uk n

1
=— cos +— sin t+
1+ Mlzc,n [(pk,n Bk,n ﬁ ll)k,n Bk,n

kn

1
+—ij’ (t;u,a,b,c) X
.Bk,n(l + .ulzc,n) 0 "
X sinﬂkn(t - T)dt] +
Hi n
+1+’;2 Fen(t;u,a,b,c). (19)

Now from (19) and (16), (17) and (18) respectively,
we find:

a(t) = [h(®)] 7 {q.(t) +

+ E E Q1kn( ) [1_'_# [q)k,ncosﬁk,n +
n=1

1
+ sin t +— X
l/}kn .Bkn Br o (1+”k'n)
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t

f Fk,Tl(T; ul a' by C) Slnﬁk'n(t - T)dT] +
0

1+4f

4 Mn Fen(t;u,a,b, c)] (20)

b(®) = [h(®)] 7 {g2(0) +

E § Mk
Qan(t) [1 + nkn [‘pkncosﬁkn

l/)k nsmﬂk,n t+
ﬁk,n
t

Fen(t;u,a,b,c) X

e

.Bk,n(l + nulzc,n) 0
X sinﬁkn(t — T)d‘[] +

+ i Fen(t;u,a,b, c)]} 21

1+uf

c(®) = [h@®] ~* {gz(O) +

E zqw{n() [1+ kn [¢kncosﬁkn

lpk nSln.Bk nt +
.Bkn

—Bkn(1+uk )f Fen(t;u,a,b,c) x

X smﬁkn(t - T)dT] +

+1‘+"‘;‘ Fin(t;u,a,b, c)]} (22)

This means that to study problem (1)-(4),(6) we
need to study systems (15), (20), (21).

We will prove the following lemma about the
uniqueness of the solution to problem (1)-(4), (6).
Lemma. If {u(x,t),a(t),b(t),c(t)} is arbitrary
classical solution of problem (1)-(4), (6), then the
function

Upn(t) = 4f j u(x, y, t)sinAgxsiny, xdxdy

0
(k=12,...,n=1.2,...)
satisfies system (14) in [0, T].

Proof. Let {u(x,t),a(t), b(t), c(t)} be any solution
to problem (1)-(4), (6). Then multiplying both sides
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of equation (1) by the function

4sinAixsiny,y (k = 1,2,...,n=1,2,...),
integrating the obtained equality over X and y from 0
to 1 we obtain that equation (12) is satisfied.
Similarly, the fulfilment of (13) is obtained from (2).

Thus, U, ,(t) (k=1,2,..;n=12,...) is a solution

to problems (12) and (13). Solving problem (12),(13)
we obtain (14). Lemma is proved.

This lemma implies the validity of the following
Consequence. Problem (1)-(4), (6) cannot have
more than one solution if system (15), (20), (21), (22)
has a unique solution.

Now, to study problems (1)-(4), (6), we consider the
following spaces.
1. To study problems (1)-(4), (6), we introduce the

spaces. Denote by B7 the set of all functions

u(x,y,t) of the form

o)
[o¢]

u(x,y,t) = U (t)SinAy xsiny,x

k=1
n=1

(=5 @k= Dy =5 @n-1)

defined on D, where each of the functions uy ,(t) €
C'[0,T](k=1.2,..;n=12,...) and

1

Jr(w) = (Z (.ulg,n”uk,n(t)”C[O,T])z)z +

k=1
1

® 2
+ (Z(u?;,nIIu'k,n(t)IIC[O,T]V) < +o,
k=1

The norm in this space is defined as:
llu(x,y,t) ||B;'.; =J(w).

2. By E75~’3 we denotes the space of the vector
functions {u(x,t),a(t), b(t),c(t)} such
thatu(x,y,t) € Byy , a(t) € C[0,T], b(t) €
C[0,T], c(t) € C[0,T] and equip this space
according to the norm

lzll s = luCx,y, Ollgsa + la@® llcgor) +

+HIb®)llcory + lc®llcpor-

53 53
Clearly, B, rand E;”are Banach spaces.
. . 5,3
Now we consider in E;”” the operator
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®(u,a,b,c) =
={d,(u,a,b,c), ®,(u,a,b,c),®3(u,ab,c)},
where

®,(u,a,b,c) =0(x,t) = > 0, ()sin 4 X,
k=1

@, (u,a,b,c) = &(t),D,(u,a,b,c) =b(t),
i (t) (k=12,...),a(t) and b(t) are the right-

hand sides of (14) and (20), (21), (22)
correspondingly.
Obviously

Ui | < (1+ oy Mllie,y)) <

< max (1 + llox Mo,y ) =P
(i =123)
lg1x O llcor <
< pllh'2(®) Us(g)(&) — h'5(t) U2(@) Ollcror +

+p[H () Us(9)®) = hi(®) U, (O,

+pllh'1(0) Uz(g)(®) = h'2 () Ur(@)()llcpor) ==

p:1 (1),
g2k (Ollcro,r < pllh2(8) Us(g)(©)
— h3(t) U2(@)Ollcpo,r +

+pR() Uy (@O — hy(®) Uy (@)D, +
+p 1ha (1) U2(g)(@) — ha(8) Ur(g)Olicor =

=p(T),
gz Ollcrory <
< pllh2(®) k'3, t) — hs (DR 2 (Ollcpor +
+ pllhe () h'5(t) — hs(t) K1 Ollcor +
pllhe(t) h'2(t) — ha(t) h'1(0) llcror = ps(T),
Hin < (A +73) Qi+ vn) =
=23+ AjVn + Viake + Vi
Hin < 2(M +vi) Qi +7v0) =
=2(A% + Ak Vn + Vi di + V).

Then we have:
1
2

(o) 2
Z Z (Mg,n”ﬁk'n(t)”C[O»T]) 8
k=1
n=1
1
© o 2
< 2v10 ZZ(A,E [oal)” | +
k=1
n=1
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1
2

) ) +
|<pk,n|)2> +

(%% [icnl) )

+2v10 (Z;Z;(Ai Y |‘Pk,n|)2); + <4V3 (Z
2@(200 Zm_ (At |§0k,n|)2>5+ +4\/_<z
»

TTMs TTM8

(Y 3 (ynkoknn)
+4m(znzlz;(n |¢,m|)2>5+ +2\F<

wl‘ﬂ(Z > |¢k.n|)2)+ +2 3(Zz(ﬂmlwknl> +

T

+v10T ZZ()@ |fk’n(r)|)2dr) + +2\/3_TKJZZ(/1,c fk,n(‘[)l)zd‘[) +
n=1 k=1 n=1 fe=1

o

T

T % 2
+ 10T( 25(% |fin(@])2dz +2V3T k ZZ(Ynlfk(r))zdr) +
k=1
n=1

"0 Tlla(®)llcgor X +243 3 Tlla®llcror *

1

1
© ) , 2 ® . » 2
X(Z z("?n“”k(”“cw'ﬂ)) x E Z(ui,nlluk,n(t)llqoT]>2> +
n=1 k=1 ,

n

k=1
V10 TIB®)llfor] X -
[0,T] +2/3 TIIb()lcrory X

1
o 2 -
3wl (Ol cpor)? C
zkzl " o] x Z(ui,nllu'k,na)llcm)z +
n=1

k=1
n=1
] +\/10_T||C(t)||c[o.T] X . +2\/3_T||C(t)||c[0T
<.[ Z =1 z::l(li |gk,n(T)|)2dT> + /

<f z Zk NG |gkn(‘f)|)2dr ) (23) \k Zz(lklgkn(f)b dr)
Zi llkn”u kn(t)“c[oﬂ)z < <_f Z Zk 1(Vn|gk(r)|) d—[ )

k=1 - _
la®llcror < A )] 1||c[0,T]{||CI1(t) lcror) +

(24)
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11 EZME.%
pror K=1
1
(00 . 2
D> Ginloeal)’) +
— k=1
[ee] . E
D> @k lowly
k=1

n=1

(o]

1
o) 2
3 2
H ) D 0 leeal” | +
pryr k=1
T \

roo (00}
+ﬁ/ ZZ(Ailfk,nml)Zdr +
| &=
0

1
2

1

g
+ﬁ( Z Z(y,% fin@D?dr | +
) & )

+Tla(®llcfo,r z Z (#k allu (Ol cpo, T])

+ TIIb®lcror <z Z(.ukn”u k®llcror)?

Z(Ak |G @))?dr

n=1
0

+VT|lc(t) llcrom k

T L
. \
+( ZZ(V,% |gk,n(r>|)2dr) E
k=1 /
0
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N

22 (Bl fin®ll o) | +
zZ(yzllfk,n(t)llc[m)z +
k=1

n=1

Hla(®llcior EZ(uknnukmnc[oﬂ)
+ Ib(®)ll o, Z Z(.ukn”u kOllcro, T])

+||C(t)||C[O,T

<zn=1zk=1(ﬂi”g""'"(t)llqo.T])Z) ’
(Z P o Ol |1 @9

1B o7y = NAOT Hlcrorfllas (®) leror) +
1

© F [ z
| > | ZZ@z (onl)’
K=1 k=1
n=1 n=1
; ZZ(zkynkoknD

o]

; ZZ(AM 0xal)
ZZ(Vn [onl)” | +

1

+2 ZE(A,% W) | +
pryt k=1

N

1
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+2 Zi(yz enl)” | + (Z Z (#l91n Ol go1,)
pront k=1
/ : i ©o \2 (Z z Vn |gkn(t)” 0T)>
+ﬁk D> Gl ) ;
k=1
n=1
0

z lE@llcory < A1 1||C[0T]{|Iq3(t) llcro,

T o :
ad (f Z Z:’:l(yg |fk,n(T)|)2dT> + o 1
0 &=in=1
© . % +p3(T) ZZM 2(13 |‘Pkn|)

5 -
+Tla®)llcfor E z(ﬂk'n”uk(t)”qo,r]) E

ii(ﬂknl >> Zz(ﬂm |oknl)’

L
2

(26)

+ Tlb@®llcror [u' (Ol cpory)?

o]

( ) \ ZZ(AkVn |(pkn|)
+VTlc(®)l¢por \ ZZ(% |gk,n(r)|)2dr/ n=;
=1
1

T ;w n=1 .
" j ZZ% |gen(@D2dr | |+ +2<ZZ(Ai Weal)” | +
— =1 pryun k=1
| 2. ] 1 |
2 (22(Vn |lpkn|) +
zz (#fn®ll o) | +
T

1

ZZ(y,%||fk,n(t)||C[0T])2 + T jEZ(Ai [fun@D?de | +
k=1 ' e k=1
0

n=1

had o) T 2
+Hla(®llcpo,m Z (#15c,n||uk(t)||c[0,T])2 ( - \’
= ’Zl T ZZ(VT% [fin@D2dr | +
© . 5 % \ n=1 k=1 /
+Ib(®)llcor (Z Zk_l(#isc,n”u'k(t)||c[0,T]) > + 0
n=1 -

llc@llcpor % X
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N

2
(i nllue Ol o)

NgE

+Tlla(®llcfo,

=
Il

1

N|R

+ TIIb®lcfor Wi oIt kO llcpor?

M D

NgE

&
Il

1

( ZZ(AZlgkn@D dr)
+( S w(y{‘{ Gien (D) )Zdril
o)

s

+\/T”C(t)||C[O,T]

o
‘.ﬂw

—

[

N

zz (#fn®ll o) | +
ZZ(yﬁllfkm(wllC[O,ﬂV +
pryr k=1

+Hla(®llcpo,m ZZ(#kn”uk(t)”C[OT])

+ 1b(Ollcfo,m z Z(#kn”u kOl cro, T])
+”C(t)”C[O,T] X

1
2

<Z Z /1||g"”(t)||6[0T])2> *
(Z Z;(y,%||gk,nct>||cm)2) @)
n=1

where
U(t) = = BrnPrnSinBint + Yy psinfy,t +

1 t
+mfo Fk,n(T; u,a,b,c) X
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X cosPynp(t — dt (k = 1,2,...;n=12,...).

Assume that the data of problem (1)-(4), (6) satisfy
the following conditions:
L o(x,y) € C**(Qxy), Prxray (),
Pryyyy (6 Y) Prxex (%, Y),
(pyyyyy(xr y) € LZ(Qxy)r »(0,y) = px(1,y)
= 0xx(0,¥) = Prx (1, y)
= Prxxx(0,y) =0

O=<y=<1,
»(x,0) = @y(x' 1= @yy(x' 0) = @yyy(xr 1=
Dyyyy(,0) =0 (0<x<1),
2. P(x,y) € C3'3(Qxy)rlpxxxx(xr y), lpyyyy(x! y) €
LZ(Qxy)r ll)(O,y) = wx(l'Y) = lpxx(owy) =
Yrx(Ly) =0 (0 <y < 1),
ll)(x, 0) = ll}y(xv D= l,byy(X, 0) = ll]yyy(xr D=0
0<sx<1),
3. /(3 0, (6 y. 1), (X, 3, ) €
C(DT)' fxx(x'y' t) 'fyy(x'y' t) € LZ(DT)r

£0,y,6) =f(Ly,)=0 0<y<10<t<
T),f(x,0,t) = f,(x,1,6)=0 (0<x<10<t<

T,
4. g(x'y' t)rgx(x,}’; t);gy(xry; t) € C(DT);
gxx(xﬂy't)'gyy(xﬂy't) € LZ(DT):

90,y,t) = gx(L,y,t) =0
0<y<10<t<TD,
g(x,0,t) =g,(x,1,6) =0
0<x<10<t<T),
5. h;(t) € C?[0,T] (i =1,23),
hi(©) R4 (8)  Ui(g)(©)
h(t) = |ha(©) h'2(0)  Ux(@)@®)[#0
hs(t) R'3(t)  Us(g)(®)
o0<t<sT).
Then following [13] we have
120e, Ol 552 < Ay (T) +

+B,(T) (lla(t)llc[o,r]‘i'llb(t)||c[o,T]) lu(x, t)llesr,;
+D 1(T) llc®)ll¢cfo,ry» (23)
lallcrory < A2(T) +
+B,(T) (la®llcro;r 1B O llcror) X
X Nlulx, Ollgsa +D 2(T) lle@llcror,  (24)

1O gy < A3(T) +
+B,(T) (la®llcro.r 1B O llcror) X
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xluCx, Ollgsz + D 5T lle@)lleror

1€l cror) < As(T) +
+B4(T) (la@®llcgor1+I1b®llcro) X
X G, Ollgss +D 4T le®llcpory

where
A1 (T) = A1 (T) + Ap(T), A1 (T) =
= Zm”(pxxxxx(x' y)”Lz(Qxy) +
2V10 )
+ ‘/_”(pxxxxy(x y)”Lz(Qxy) +
+2\/E||(nyyyy(x' y)”Lz(Qxy) +
+2\/E”(/)xxxxx(xl y)lle(Qxy) +
+4‘\/1_0||¢xxxx(xJ y)”Lz(Qxy) +
+4\/ﬁ”¢yyyy(xl y)”Lz(Qxy) +
+V10T || fyx (x, v, t)”Lz(DT) +
VI0T|| £y e, Ol o0
Aq, (T) = 4‘\/§”(pxxxx(x’ y)”Lz(Qxy) +
43 )
+4V3||@yyyy (x y)“Lz(Qxy) *
+2‘/§”¢xxx(x: y)”Lz(Qxy) +
2V3 )
+ \/_||¢xxy(x Y)”Lz(Qxy) +
2V3 )
+ \/_”l/)xyy(x y)”Lz(Qxy) *
+2V3||9yyy (x, y)”Lz(Qxy) +
+2V3T £ (6, 7, OllL,0p) +
2V3T||fy(nyJ t)”Lz(DT)’
B,(T)=(10 +2/3)T

DI(T) = VlOT”gxx(x:y' t)”LZ(DT) +
+V10T||gyy (x, . )| L,(Dr) +

+2V3Tlgx (6, y, Oll L, ) +
+2v3T|| gy (x, ¥, 1) ||L2(DT),

Ay(T) = ||[h(t)]_l||C[0,T]{||1Q1(t)||c[0,T] +

oo . E
+py(T) E D ks | 190y,
K=1
n=1

+||‘pxyy(x' Y)”Lz(Qxy) + ”‘nyy(x' y)||
+||(pyyy(x: y)”Lz(Qxy) + [t (x, Y)lle(Qxy) +
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(25) +{[byy Cx, y)”Lz(Qxy) +
+(VT + 1) (Il fix (6, Dl o)
ey, Ollcomll, ) +
(26) +(GWT +1) x

<”fyy(x’y' t)”Lz(DT) * ””fyy(x'y' t)”C[OvT]“L (0.1)>]},
By(T) = ||[h(t)]_1||c[0,T] X
1

(Z:;l % e #Efl)i p1(T)(T +1) ,D5(T) =

MA@ Neor (Y T, ) mu (T +

D) (Ilg & Oll, o) + 92 Ollcromll, o 1)
A3(T) = ”[h(t)]_lllc[O,T]{”qZ(t)”C[O,T] +
1

[o0]

+p2(T) z

o)

K=1
[t D) + [0y D)+
+||‘nyy(x' y)”LZ(Qxy) + ”‘Pyyy(x' y)lle(Qxy)+
Hxx (x, y)”LZ(Qxy) + ||1/Jyy(xr }’)”
+(VT + 1) (I fex 63, Ol o)
ey, Olleomll, o)) +
+(WT +1) x

(W50l + 5530l
B3(T) = I[R(®O] I ¢for) X

[oe] . E
x E Dk | BT+,
K=1
n=1

D3(T) = A lcpor] X

[oe]

+
L2(Qxy)

2

x zZuEi p2(T)(VT + 1) x
K=1

n=1

X (192Gt Olly o) + g Ce Dlcpomll,_ .-
Ay(T) = ”[h(t)]_l”C[O,T]{”CIB(t)”C[O,T] +
1

oo . 2
(T E D ks | 190y, +
K=1
n=1
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+||(nyy(x; y)”Lz(Qxy) + ”(nyy(x; Y)||L2(Qxy)+
+||(pyyy(x: y)”Lz(Qxy) + [ xx (x, Y)”Lz(Qxy) +
+||wyy(x' y)”Lz(Qxy) +
+(VT + 1) (Ifux (3, Ol o)
ey Ollconll, o) +
+(WT+1) x
(W50, gy + Wi 0ol )|
B,(T) = ||[h(t)]_1||c[o,T] X
1

% (Z:=1 Z10{0=1 ”1:-31)5 p3(TY(T+1) ,
Dy(T) = RO llcpor) X

X Z Z uis | ps(MGT +1) x
K=1
n=1

X (192t Olly o) + Mgt Ollctomll, g.):
From inequalities (23)-(26) we conclude
12Cx, 3, O3 + @O Ncrory + 1Bl o7 <
< A(T) + B(D)(lla®llcfo;ry
+ 1B o) 1uCx, v, Oll 553 +

+ D(T) llc(®)lcrory> (27)
where
AM) =AM+ A M)+ A(),
B(T)=B,(T)+B,(T)+By(T)
D(T)=D,(T)+D,(T)+Dy(T)
So, we can prove the following theorem:
Theorem 2. Let conditions 1-5 be satisfied and
(B(TY(A(T) +2)+ D(M)Y(A(T) +2) <1. (28)

The problem (1)-(4),(6) has a unique solution in the
ball K = Kr(llzllgss < R = A(T) + 2) of the
space E>”.

Proof. In the space E>* consider the equation

z =z (29)

wherez = {u,a, b, c}, the components @(u,a,b,c)

(i=14) of the operator ®(u, a, b, ¢) are defined by
the right-hand sides of equations (15), (20), (21), (22)
Consider the operator @ (u, a, b, ¢) in the ball

K =Kg from ETS’B. Similarly to (27) we obtain that
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the estimations
1®zllgss < AT) + B (lla(®llcpor +
IO legor) e, y, 0l gsa +
+D(Dllc@®llcjor < AT) +
+(B(T)(A(T) + 2) +

+D(T))(A(T) + 2), (30)

Pz, — ¢Zz||E;,3 < +D(Mllcy () — c2(Ollcfor) +
+B()R (llax(®) = &l cro;ry + 11 (6)
~by(®)lleon + I (6,3, 8) = w2(%,7,Ollp5) G

for the arbitrary Z,Z1,Z; € KR . Then, from
estimates (30), (31), taking into account (28), it
follows that the operator @ acts in the ball and is

K :KR the

operator @ has a single fixed point {U, a,b, C}
which is a unique solution to equation (29) in the ball

contractive. Therefore, in the ball

K=Kg, ie. {U,a, b,C} is a unique solution to
system (1)-(4),(6) in the ball K =Kg

The function U(X1) as an element of the space
B25’ 3 has continuous derivatives

u(x’ t)’ ux (x’ t)’ uxx (x’ t)’ uxxx (x' t)’ uxxxx (x' t) )
U (%, 1), U (%, 1), Upyre (x, t) in Dp.

As one can easily see from:
1

(Z (ARl (8) ”C[O,T])2> <
k=1

1
0 -

<2 (Z (A3 g () ||c[0,T])2> +
=1

V|l t) + al®ux( ) + b(Ougx, 6)

+ ()92 (x, Ollco,m ||L2(o,1)'

It implies thatu (x, ), Usere (X, £) , Upprr (X, ) are
continuous in Dy.

It is easy to check that equation (1) and
conditions (2)-(4) and (6) are satisfied in the usual
sense. Therefore, {u(x,t),a(t),b(t),c(t)}is a
solution to problem (1)-(4), (6), and, by virtue of the
corollary of Lemma 1, it is unique in the ball
K=Kg.

The theorem is proved.
Using Theorem 1, we prove the following
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Theorem 3. Let all conditions of Theorem 2 be
satisfied and

Ui(¢) = hi(0), U;(p) =h'y(0) (i=123).
The problem (1)-(5) has unique classical solution in
the ball K = KR(||Z||E7§,3 < R = A(T) + 2) from

53
E; ‘
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