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Abstract: The problem of minimizing the expected time spent by one-dimensional stochastic processes in a given
interval is considered in the case of diffusion processes with random resettings. At random times that occur
according to a Poisson process, the controlled diffusion process jumps from its current position to a fixed value.
The differential equation satisfied by the value function is given and particular problems are solved explicitly.
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1 Introduction

We consider the one-dimensional continuous-time
stochastic process { X (¢),t > 0} defined by

X() = XO)+ [ Fx()ds (1)

¢ N(t)
" /0 (X)) 0B + 3%

where f(-) and v(-) > 0 arereal functions, { B(t),t >
0} is a standard Brownian motion, {N(¢),t > 0}
is a Poisson process with rate A, and Y7,Y5,...
are independent random variables that are identically
distributed as the random variable Y. Moreover, we
assume that {B(t),t > 0} and {N(¢),t > 0} are
independent and that f(-) and v(-) are such that if
A = 0, then is {X(¢),t > 0} a (pure) diffusion
process. Hence, {X (¢),t > 0} is a jump-diffusion
process if A > 0.

We suppose that X (0) = = € (a,b) and we define
the first-passage time

T(z) =inf{t > 0: X(¢t) & (a,b)}. ()

In this paper, we assume that the probability density
function of the random variable Y is given by

fy(y) =0ly — (z¢ — )], (3)

where §(-) is the Dirac delta function, z; is the current
value of X (t), and =, € (a,b) is a fixed constant.
That is, at random times that occur according to
a Poisson process, the process will jump from its
current position to x,. This type of stochastic process
is called a diffusion process with random resettings
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and has attracted considerable attention in recent
years; see, [[L], [2], [3] and, [4].

Next, we consider the controlled version of the
process { X (t),t > 0} defined as follows:

X(t) = X(0)+ / X()ulX(s)ds (@)

t S S t v S 1/2 S
T /O fIX(5)]d +/0{ (X (s)]}/2dB(s)
N()

+ >,
=1

where b(-) is a real function and w(-) is the control
variable, which is assumed to be a continuous
function. We look for the value u*(-) of the control
variable that minimizes the expected value of the cost
functional

J(x): 5

() (q

[ {faxoneixor+ofa o
0

where ¢(-) is a positive function and 6 is a positive
constant. Therefore, the aim is to minimize the
expected time spent by the controlled process in the
continuation region (a, b), while taking the quadratic
control costs into account. This type of problem is
known as a homing problem in stochastic control; see,
(8], [6] and, [7].

In the next section, we will give the differential
equation satisfied by the value function
F(x):

= inf
u[X (1)

| ElJ ()]
t€[0,7(x))

(6)
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in this problem. Then, we will show how it is possible
to obtain approximations to the function F'(z) that are
quite accurate near the point .

In Section 3, we will solve two particular homing
problems explicitly and exactly. Finally, we will
conclude this paper with a few remarks in Section A

2 Dynamic programming

In the general case of jump-diffusion processes,
making use of dynamic programming, we can prove
the following proposition (see, [8]).

Proposition 2.1. Assuming that the value
function F(x) defined in Eq. () is twice
differentiable, it satisfies the second-order, non-linear
integro-differential equation

. 1 b2( ) / 2 /
0 = 0oy FEP f@F @ )
+ Su@) ()
w M Fe - )
This equation is subject to the boundary condition
F(x)=0 forz ¢ (a,b). ®
Moreover, the optimal control is given by
u'(a) =~ pr(ay ©

In the case of the diffusion processes with
random resettings defined in the previous section, the
integro-differential equation reduces to an ordinary
differential equation (ODE):

1b2( ) ()2 '
. S BP@P + S0P @) (10
4+ L@ @) 4 AP @) - Fa)

The boundary condition in Eq. (8) is still valid.

Now, finding explicit and exact solutions to the
above second-order, non-linear ODE is a difficult
task. In the next section, we will solve two particular
problems exactly by considering the inverse problem:
we will fix the form of the function F'(x) and try to
find functions f(z) and v(x) for which this function
F(x) is indeed the solution to a specific homing
problem.

In what follows, we will show how we can at
least obtain approximate solutions near the point x,.
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Indeed, for = close to x,, making use of Taylor’s
theorem, we can write that

F(z) = F(z+ (2 —2)) ~ F(x) (11)
+ (@ — )P+ L),
so that Eq. ([L0) becomes
0 = -3t Dy (12)
+ [f(2) + Az, — x)]F'(2)
+ 5 [0(@) + Aler — 2P F(z).

Example 1. Suppose that f(z) = Az and v(z) = 1.
Moreover, we set [a,b] = [—1, 1] and x, = 0. With
b(x) =1, ¢q(z) = 1and § = X\ = 1, we must then
solve the ODE

1 1
P NEY
subject to the boundary conditions F'(—1) = F(1) =

0. Furthermore, by symmetry, we can state that
F'(0) =0.

We find that the function F'(x) can be expressed
as follows:

\[ 2\/§arctan(z)
/ 1+ 62\/§arctan(z) dz.

Next, we substitute this function into the exact ODE

0= 1—%[F’(m)]z—|—xF’(x)+%F”(x)+F(O)—F(x).
(15)
Let Error(x) denote the right-hand side of the above
equation. This function is displayed in Figure [I. We
observe that the approximate solution is quite precise
near the origin, as expected. Moreover, we also
present in Flgure l the right-hand side of Eq. ([13)
when A\ = 1/2 and when A = 1/10. As was
also expected, the smaller A is, the more precise the
approximation. For instance, for x = 1/2, the error
decreases from 0.1338 (A = 1) to —0.0228 (A = 1/2)
and to —0.0043 (A = 1/10).
If we set A = 0, so that there are no resettings to 0,
the function F'(z) satisfies the ODE

(14)

0=1- %[F’(:@]Q + %F”(x). (16)

The solution that satisfies the boundary conditions
F(£1)=0is

1 + ey/merf (1)
1+ ex2\/7rxerf(x)> (D

F(z) = —1+x2+1n<
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Figure 1: Error(x) for = in the interval [—1,1]
obtained with A = 1 (solid line), A = 1/2 (dashed
line) and A = 1/10 (dotted line). Source: created by
the author.

where erf is the error function:

erf(z) := 2 /I eVt
=7, :

In Figure P, we see the effect of the resettings on
the value function.

(18)

Figure 2: Value function F'(x) in Example 1 when
A = 0 (solid line), and approximate value function
when A = 1 (dashed line), A = 1/2 (dotted line)
and A = 1/10 (dash-dotted line), for  in the interval
[—1, 1]. Source: created by the author.

Finally, the optimal control when A = 0 and the
(approximate) optimal control when A = 1, A = 1/2
and A = 1/10 are presented in Figure f. The four
functions are almost equal around the origin.

Example 2. Suppose now that f(z) = x and v(z) =
x2, so that the continuous part of the jump-diffusion
process {X(t),t > 0} is a geometric Brownian

motion. Let us take [a,b] = [1/2,3/2] and z, = 1.
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Figure 3: Optimal control v*(z) in Example 1 when
A = 0 (solid line), and approximate optimal control
when A = 1 (dashed line), A = 1/2 (dotted line)
and A = 1/10 (dash-dotted line), for z in the interval
[—1, 1]. Source: created by the author.

Then, if § = A = 1, and if we assume that ¢(z) = 1
and b(z) = v22? — 2z + 1, we find that the function
G(z) := e~ ') satisfies the linear ODE

(—22% 22— 1)G"(z) — G'(x) + 2G(x) = 0. (19)
The boundary conditions are
G(1/2) =G(3/2) =1. (20)

The solution to this boundary value problem can be
expressed in terms of the generalized hypergeometric
function. It is shown in Figure i. From the function
G(x), we can compute approximations to the value
function F'(z) and the optimal control u*(z). These
approximations will be valid near x = 1.

1.00y
0.951
0.901
0.85]

0.801
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x

Figure 4: Solution of ([19), (20) for z in the interval
[1/2,3/2]. Source: created by the author.

We can also obtain an approximate solution to
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Eq. ([10) by writing

Tr—x 2
( 7") F//<I'r).

e2))

F(z) =~ F(z,)+(z—z, ) F'(z,)+

Then, the equation becomes

PR L aC))
R e

v(z)F"(x) — A [(:U — x)F'(2,)

[F' () + f(2)F'(2)

(22)

1
2

ezl pra,)|

2

which can be rewritten as follows:
1RG@)

2 q(z)

1
+ §v(z)F”(x) + co 4 c1z + oz,

[F'(x)]” + f(x)F'(z)  (23)

where ¢y, ¢; and co are constants (that depend on
F(x)).

3 Exact solutions
In this section, we will consider the inverse homing
problem: we will assume that the value function F'(z)
is of a certain form, and we will try to find homing
problems for which the function F'(x) is indeed the
value function we are looking for.
Problem 1. Suppose that§ = A = 1, b(z) = 1 and
q(z) = 1. Moreover, [a,b] = [0,00). We deduce
from ([L0) that we must solve the non-linear ODE

1

S P @ + (@) F'(2)

+ 50(@) P () + Flay) ~ Fz).

0 = 1- 24)

The equation is subject to the boundary condition
F(0) = 0. Furthermore, the function F'(x) must be
strictly increasing in x.

Let us assume that F'(x) is of the form F'(x) =
Fox, where Fj is a positive constant. Substituting this
function into the above ODE, we find that we must
have

1
0=1-— 5FO2 + Fof(x) + Fox, — Fox.  (25)

Hence, if we choose f(x) = z, the function F'(x) =
Fox is a solution to our homing problem if and only if
Fy = z++/22 + 2, where 2, > 0. It follows that the
optimal control would be v*(z) = —x, — /22 + 2.

Remark. Notice that the value function F'(x) and the
optimal control u*(z) do not depend on the function
v(z) in the above problem.
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Problem 2. Suppose now that [a,b] = [0,2] in
Problem 1. Moreover, we assume that f(x) = 0 and
v(x) = 2. It follows that Eq. (24)) reduces to

1
0=1- 5[F(g;)]2 + F"(x) + F(x,) — F(z). (26)
We look for a solution of the above ODE such that

F(0) = F(2) = 0. If z,, = 1, one can check that the
function

F(x)zx(1—g) for0<z<2 (27)

is a valid solution to our problem. The optimal control
is
u(x)=x—1 forO<az<2. (28)

4 Concluding remarks

In this paper, a stochastic optimal control problem
known as a homing problem has been studied for
one-dimensional diffusion processes with random
resettings. We saw in Section [J that to obtain the
value function F'(z), from which the optimal control
follows at once, we need to solve a non-linear ODE of
order 2. Moreover, this ODE involves the term F'(z,.),
where x, is the point to which the diffusion process is
reset at random times.

In Section P, we also explained how it is
sometimes possible to obtain approximate solutions
to the control problem that are accurate in the vicinity
of the point z,.. Then, in Section [, we presented two
problems that we were able to solve explicitly and
exactly by assuming that the value function was of
a given (simple) form.

Even in the simplest cases, such as when all the
functions that appear in Eq. ([L0) are constants, it is
not easy to find an exact analytical solution to this
non-linear ODE. We could however use numerical
methods to solve particular problems.

As a continuation of this work, in addition to
the random resettings, we could also have jumps
according to a second (independent) Poisson process.
Finally, we could consider the homing problem when
the diffusion process is replaced by a discrete-time
stochastic process, for instance a Markov chain; see,
[9] and, [[1O].
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