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Abstract: This investigation presents the exact solution to a nonlinear Caputo multi-fractional differential equation
with variable coefficients via the General Adomian decomposition method. The proposed approach integrates the
Adomian decomposition technique with a general integral transformation, enabling its application to nonlinear
problems characterized by a wide range of nonlinear terms. Notably, the method yields exact solutions within
a few iterations, highlighting both the precision and computational efficiency of the approach. These findings
underscore the potential of the process for addressing complex nonlinear multi-fractional differential equations.
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1 Introduction

The fractional derivative has been recognized as
one of the most developed mathematical disciplines,
according to several research studies published in
the last few decades. Some researchers have been
interested in this field of study because of its potential
to describe natural phenomena in depth and contribute
to mathematical models that can predict events
more accurately. The use of fractional derivatives
enabled a new and powerful method of modeling
complex physical phenomena from the past, such as
non locality or memory effects. Some outstanding
applications of fractional derivatives in science and
engineering have been shown, emphasizing the
interest in studying this field of study, [|1f].

The fractional differential equation is an emerging
technique that evolved from the fractional derivative.
This non-integer ordered differential equation arises
frequently in a variety of mathematical and scientific
models such as viscoelastic materials, control theory,
signal processing, damping methods, and so on.
Even though the equation is crucial in understanding
real-world phenomena, solving it is a challenging
endeavor. Scholars have tried to propose methods
to overcome this equation, both analytically and
numerically, including homotopy analysis transform,
[2], wvariational iteration method, [3], integral
transform method, and fractional residual power
series method, [4].

Integral transform is a productive instrument
for dealing with issues in science and engineering.
Due to its direct application to problems and
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ability to convert differential equations into algebraic
equations, this instrument has gained much attention
in the academic community. Numerous integral
transforms are proposed, and some of the dominant
transforms are the Laplace transform, the Fourier
transform, the Elzaki transform, the Mellin transform,
and the Sumudu transform.

Recently, the general integral transform, or Jafari
transform, was initially introduced in 2021 by [5],
for resolving integral equations. By providing
a parameter, one can simplify this transform
generalization to others, such as the Laplace
transform, the Elzaki transform, the Sumudu
transform, and the Mellin transform. Mathematicians
attempt to utilize the transformation to figure out
the scientific problem. In 2021, [6], investigated
some valuable properties and theories related to
the transform and applied them to solve the model
describing the cell population dynamics in the
colonic crypt and colorectal cancer. The studies,
[7], [8], applied the general integral transform of
error function for computing improper integrals and
answering Abel’s integral equation. The application
of this kind of transformation to models in health
sciences is presented, [9]. Moreover, the fascinating
application of the general integral transform can
be found in [10], [[L1]. Beside the integer-order
differential equation, this kind of transform is
applied to fractional calculus. The study, [[12],
employed the general transform to solve the Caputo
fractional differential equations. The authors in
[13], examined the applicability of this transform on
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Atangana-Baleau derivatives. The authors in [[14],
used the Jafari transform and ADM to nonlinear
fractional-order partial differential equations arising
in plasma.

One of the most substantial types of fractional
differential equations is the multi-order one, which
finds application in numerous fields. Many scientists

have started researching their characteristics
and solutions, both exact and numerical. The
following are some notable advancements. An

eigenfunction method combined with Legendre
wavelets was used to solve boundary value problems
for multi-order fractional differential equations,
[15]. A numerical method based on the conjunction
of Paraskevopoulos’s algorithm and operational
matrices was improved to solve multi-order linear
and nonlinear fractional differential equations,
[16]. Nonlinear systems of multi-order fractional
differential equations were comprehensively studied
from both theoretical and numerical approximation
perspectives, [|L7].

The aforementioned research has inspired the
search for an exact solution to a multi-order nonlinear
differential equation with variable coefficients. The
significant contribution of this task is implementing a
straightforward procedure for handling the nonlinear
multi-order fractional differential equation with
variable coefficients. A variety of nonlinear problems
are impressively overcome by utilizing the shifting
property. The study has encompassed an approach
that incorporates techniques integrating various
integral transforms and the Adomian decomposition
method.  This approach not only provides the
closed-form solution to the problem but also reduces
the cost of computation. Linearization or perturbation
is unnecessary.

The main objective of the current investigation is
to implement the General Adomian decomposition
strategy to tackle the initial value problem for a
nonlinear multi-fractional order differential equation
of the form

k
Dy(¢) + Z a;i(§)D™y(&) + b()y(E)

1 HON(E) = 9(6)
yID0)=x5, 5=0,1,...,n—1

(1)
2)

n—1< a < n 0< a < a Here D% is the
Caputo fractional derivative of order o with respect
to &, a;(§),b(§), c(§) are continuous functions, N (y)
is the general nonlinear term, and g(&) is the source
term. This system is highly significant in the fields of
science and technology.

The rest of the article is organized as follows.
In Section 2, the basic notions of fractional calculus
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and the general integral transform were reviewed.
This section also presented the important properties
of the integral transform and Caputo fractional
derivative. How to carry out the suggested
strategy for problems was addressed in Section 3.
Several nonlinear fractional differential equations
with variable coefficients are considered.  The
last section contained the study’s discussion and
conclusion.

2 Preliminary

This section introduces the fundamental concepts
and essential properties of fractional calculus.
Furthermore, the general integral transform and its
related results are provided.

2.1 Fractional Calculus

Definition 1 The fractional integral operator of

order v(v = 0) of ¢(t) of Riemann-Liouville type is
———=—dr,v>0, t >0,

defined as
t
1
F(v)/0 (t — 7)1
o(t), v=0.

Definition 2 The Caputo fractional derivative
operator DV of order v, (n —1 <y < n,n € N)is
defined in the following form,

o(r
1) =

1 ! —y+n—1 ;(n)
F(n—’y)/o (t — )7t (r)dr,
3)

v >0, t > 0, where the function ¢(t) has absolutely
continuous derivatives up to order n—1. In particular,
if 0 < v <1, we have

D7o(t) =

1 ¢ Iy
F(l_’}’)/o(t_T) @' (T)dr.

Furthermore, the following basic features can be
demonstrated.

Dg(t) =

1.) D7C = 0, where C' is a constant.

2) Forp € Ny = {0,1,2,...} and the ceiling
function [~y]| refers to the smallest integer greater
than or equal to ~y

0, forp < [+]

Fp+1)
——— P77 forp > |v].
I'p+1—7) i

3) D) = ().

D7aP =

4) I'D7¢(t) = o(t) —
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2.2 General Integral transform

Definition 3 /5] Let f(t) be a integrable function
defined for t > 0, p(s) # 0 and q(s) are positive
real functions. The general integral transform F(s)

of f(t) is defined by
/ f(t)e —a(s)t gy

provide the improper integral exists for some q(s).

Jr)} = F(s

The general integral transform of some basic
functions are presented in the Table [l].

Table 1: Show the general integral transform of some
basic functions.
Functions General integral transform
f(t) F(s) = I{f(1)}
) p(s)
18
(s
t
. q2(i9)
P (a+ 1p(s)
qa—i-l(s)
at p(S)
e f q(s)>a
Q(?))_ a (®)
. ap\s
sin at if
a ) q(s) > [Sal
cos at a(s)p(s)
a? + ¢*(s)
Source: [5].

Theorem 4 /5] Let f(t) is differentiable and p(s)
and q(s) are positive real functions, then

n—1

=" ()I{FO}—p(s) Y_a" ' FFP(0).

k=0

I ()}

Theorem 5 [I2] If n € Z" wheren —1 < a <
n and F(s) be the general integral transform of the
function f(t), then the general integral transform of
the Caputo fractional derivative of order o > 0, is

n—1

HD ()}

k=0

Theorem 6 (Shifting Property) /7] If J{f(t)} =
F(p(s),q(s)), then

J{eatf(t)} = f(p(S), Q(S)_a) = J{f(t)}q(s)—ﬂ](s)—a
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Theorem 7 /7] The general transform of the error

function,
2 z ‘
erﬂx):/ e
VT Jo

is given by J{er f(v/1)} =
q

3 Main Results

This section suggests employing the General
Adomian decomposition method for nonlinear
multi-fractional differential equations. Furthermore,
several nonlinear problems are examined to support
the proposed concept.

3.1 Application of Proposed Method to

Multi-Fractional Differential Equations
Consider the nonlinear multi-fractional differential
equation ([Il)

+Zaz §) +b(§)y(§)
+0(€)N(y(§)) =g(¢)

with initial conditions 37) (0) = X;jj=0,...,n—1
Applying the General integral transform and utilizing
the transformation of fractional derivative yields

£} + ZJ{al

I{Dy( y(©)} + J{b(&)y(6)}

+J{C( IN(y(€))} = I{g(E)}
q*(s)V(s) =p(s) Y a* ' (s)y"(0)
7=0
+ZJ{az y(©)) + J{b(E)y(6)}
+J{C( EN(y(€))} = G(s),

where V(s) = J{y(£)},G(s) = J{g(§)}. Imposing
the initial condition and rearranging the eqution, one
obtains

ZJ{az y(&)}
(&)} +6(s),

qu"‘ =iy

—J{b( )y (€ )}—J{C( )
@—i_ . n—1 X;

p(s) ) =9
o J+1
q =

—f{ZJ{aZ
+ J{c(€ ) (y(€)}}-

Y(s) =

y(€)} +I{b(E)y()}
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Hence, taking the inverse transform leads to

- zwl}

k
(A s o))
-1 {qfa{ﬂ{b@y(s)} +IHONWI - @
Suppose the solution is represented in the form

&)= u(9), (5)
k=0

and the nonlinear term N(y) is expressed in the
infinite series

y(§) = {

N(y) =Y Ax, (6)
k=0

where Ay, refers to Adomian polynomials. This sort
of polynomial can be found by

R —

A= % [d/\kN(Z) /\ny")} A=0"

n=

Substituting equations (f) and () into equation (4)
leads to

[oe] n—1

GESE { (2)

k=0 =

k‘ o
—Jl{qla{zﬂ{az Zyk }}

i=1 k=0
_ J—l{;{J{b<g><z ()}

k=0
£3(0 Y A}
k=0

-1

w© =11 {213 )~ uge),
=0

e
e (€) —Jl{qﬂ{iﬂ{axsw (we(€)}} |
- { e mien )

- {seanen)
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In order to expedite the calculation, we break down
the function H(§) = Ho(§) + H1(§). The mentioned
procedure is therefore enhanced

yo(&§) = Ho(8),
y1(§) = Ha(8)

{

Lo}, )
{
{

One of the keys to reducing computation costs is
iteration (). The convergence of the solution may
be impacted by the initial function selection. In this
case, it is advised to use the initial function, H, which
fulfilled the initial condition.

Criterior convergence for general Adomian
decomposition method

The convergence criterion for the general Adomian
decomposition approach is described in [[18]. The
results are reviewed below.

Theorem 8 /8] Let the Banach space B = C|a, b
is defined on [a,b]. Then Eq. B as yn(¢) =
S r—oUk(§) is convergent series, if yo € B is
bounded and Yy, € B,|yp+1ll < ollykll, where
0 <o <1land |yl = supeepp [¥(E)]-

Theorem 9 [I8] The maximum absolute error for ()
is determined by

o5« i

3.2 Applications

In this part, various nonlinear multi-fractional
differential equations have been solved by the
suggested strategies.  Additionally, the shifting
property is required to overcome some challenging
issues.
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Example 10 Consider the nonlinear multi-fractional
differential equation

DLy (&) + Dy(€) + (1 + E)32(€)

. g 4 3 2
— gy TE R

1, with initial conditions y(0) =
y(0) =1, y'(0) = L.
The exact solution to the problem is y(§) = 1+ &.

Note that a1 (€) = 1,b(€) = 0,¢(€) = 1+ £2,
N(y) = y*.x0 = 1,x1 = land g(¢) = 55—

0<a< y'(0) = 1.

rmw +

142634262426 +1. Hence, function H (&) = 1+¢
dp | 12p | 4p | 2

17 e (e R+ 2+ 2+ 342

By choosing the initial approximation Ho(§) = 14,

the recurrence relation for this problem is

yo =1+¢,

S )
qa+1 q2—a q5 q4 q3
ar 1 2p p
1
i [qa“ <q2+Q>}

-7 [qa{rlJ{DO‘yO} qaﬂlqﬂ{u +€) 40},

s {pow)]
—7 [qalﬂjl{(l +e)a] iz

Here, the Adomian polynomials for the nonlinear
term N (y) = y? are defined as follows: Ay = 13,
Al = 2yoy1, As = 2y0y2 + y%, ... . As it can be
observed

_ 1 P 4'p  12p  4dp

_ 1

yi(§) =17 [qa+1<2a++4+ }
+

Yi+t1 =

@ ¢ ¢
o) [ ra o)
(1+&?}].

+t—+ g+ 5+t +
e @ ¢ @ ¢

(2—-a)

e P @ q

¢!
tetEt At s
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It can be seen after a few iterations that y; = 0, ¢ > 1.
Therefore, the solution of the problem is y(£) = yo +
y14+ye+...=14+E&.

Example 11 Let solve the nonlinear multi-fractional
differential equation

45% 6¢s
V()
subject to the initial conditions y(0) = 0, y'(0) = 0.
The exact solution to this problem is y(f) £2.

It can be observed that a1 (§) = &,b(§) = 0,¢(§) =
62§7N(y) :yQaXO :07X1 _Oandg(g) ﬁég

54 2¢

Dsy(€)+EDzy(€)+e*y*(€) =

€5 4 ¢4 By using shifting property, H(£) =

6
r(s)
€+ 17| + (g |- Let Ho(6) = €2 the
iterative relation ([?]) is defined as follows

Yo 2527
3 41
1 :J_l[ g +§7p]
qgs g3 (qg—2)°
1
17 [ o{eDt 4+
q3

—3{e ],
. [qlzJ{ngyi} v qZJ{e%AZ-H i1

Note that by applying the shifting and the Gamma
properties,

Yi+1 =

g, 4 ]

LT g5(g—2)°
_Jt qaj{fD 52} qSJ{62£§4H’
:J_1_3—£+ : 4p ]

"o 4615(61 —2)°
rl 3 1
v Sl R (M

_ 7! [ 3p 4lp ]
g qi(qg—2)°

Following the previously mentioned repetition, the
outcome results are y(£) = 0,k > 2. Therefore, the
solutionis y(¢) = yo +y1 +y2 + ... = £2.
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Example 12 Consider the nonlinear multi-fractional The direct calculation using Theorem [ yields
differential equation

e e n= S ]
D?y(&) + D2y(§) =5 (§)+1ny(€) 4! (e —1)va
n 1 5
(1 \/) J [q (q—(ln5—|—1))] J [q3°]]{ © H
with the initial conditions a1
+I7 539550 | =T 509 Inef ],
o L))~ o)
y(0) =1, 4(0) =1, y"(0) =1 _E 5 [ P P }
=2 + —
1 3(g — 3(g —
The exact solution to this problem is y(£) = et. - la=va q (q (In5+1))
1
~1
Here, a1(€) = 1,b(¢) = —5,¢(¢) = L,N(y) = - Gl - pZW "]

) =
Iny xo = 1,x1 = 1,x2 = land g(§) = £+ (1 + 4
erf\/g“)eﬁ — en5+DE Hence, G(s) = q% + Ll e |:iq]]{e(ln5+1)£}:| B i,
and q 4l
) :J—l[

w

p _ p
+(q—1)\/§ q—(In5+1

=

(g — 1)\/6} - [q3(q - (fn5 + 1))]

H(f):J‘l{ﬂJr Py :

¢ rany SIS [EE —plat k)|
_q3(q—(ln5+1))+p(§+q7+?)} +J [ p }
_ P p p ¢*(qg — (In5+1))
B {q5 TR Pfla-va —J! {#}
P D ¢*(q — 1)a
- 5 + S+ g+ 1)} s
¢*(g — (In5+1)) 11 qz2p 3 1 _1
:J—1{£+ P p - [;[q_l—p(qﬂrq”rq )H
@ Pla-1) Ala-1)vaq _ —1[ p }
B p p(q® — 1)} ¢*(¢ —1)/q
?g—(In5+1))  ¢3g—1) _1[ 1 [qu plg® — )H
iy P P P - — y :
=J 1{(]5Jr(q_l)Jrqg(q_l)\/a 1{ q q i quf }
D =J" J
—qg(q_(1n5+1))} . q3(q_1 q3q_1
_E ey ‘[ - P ] . o
4! (q — 1)\/6 ¢3(qg— (In5 + 1)) Then by repeating the iterations give yr, = 0,k >

2. Therefore the solution for this initial problem is
4 — © — ot
Choose function Ho(¢) = e and Hi(¢) = % + Y(&) =20 (&) =€

-1 . . . . . .
J [q3(q_p1)ﬁ — qa(q_(ﬁl5+1))] , the iteration for this g.xample.b }3 Let .solve the singular multi-fractional
problem is ifferential equation

3 1 y(& .
yo = &, DEy() + 66D y(9) + L) —siny @
¢t p p 8
=" I - BT BPS I
=t v s ms ) IR
1 5 1 1
-1 = 5 _ 3 =
- [q J{D yo} J{5 yo} + q3J{A0H’ with the initial conditions
1
Yiy1 = —J { J{Dwz}— fe]]{5 yz} +q—3J{A¢H, y(0) =0, y'(0) = 1.
for i > 1. The exact solution to this problem is y(§) = &.
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Note that a; (£) = 6£,b(¢) = %,c(ﬁ) = -1,

N(y()) = siny(€),xo = 0,x1 = 1and g(§) =
+ %f 1 —sin €. The initial conditions and source

term yield L
H(E) = §+r§(2)+% r(1T7 - [%}
By letting H( (&) = £, we define the iteration
Yo =&,
g 21 %
"z T )
-5l
_Jl[_qlg {2} qu{Ao}],
== aafisnin + 2of2)
+J7! {EJ{AZ‘H’ i=1, 2,

where the Adomian polynomials for nonlinear term
N(y) = siny are Ay = sinyp, A1 = y1 €08y, ..
From the proposed relation, one finds that

£ 21 €%
VEY R L) - [qz(qfﬂL 1)}
qr1 1 1€
—J 1{(]23{651) §}+Q§J{§H

B 21 13 p
T3 2 T q3<q2+1>}
_ 1 7 f%

g1 . Ji6cs _
L

-1 i p

+J {qz(qQ—l—l)}

_2 € g :

2 ! [qir(Z)J{Gf }]

IO S S )

2 () 2 rd)

=0.

The later iterations are delivered the solutions 3o =
0,y3 = 0,.... Therefore the solution for this problem

isy(§) =2 oy =¢&.
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Example 14 Consider the nonlinear multi-fractional
differential equation

D3y(€) + EDy(€) + Diy(€) + E2y(€) + e¥©
4./ 8

T+V5 + &8+ 26k + e

with the initial conditions

The exact solution to this problem is y(&) = £2.

It is observed that a1 (&) = €%, as(€) = 1,b(¢) = &2,
c(€) =1,N(y) = €Y, xo = 0, x1 = 0 and the source

term s g(¢) = L% 4 5-eF 4 ¢t 4 2¢et + €€
The transform of initial conditions and source term
provided that

—21 8 714 + L Jfef?
HE) =@+ 5 +I7 |+ 2+ LI,

Choose Ho(£) = &2. The iterative relation for the
problem is defined as

Yo = 527
53
3

4! 2 1 2
. % + < I{e }}
qc  q*(¢g—1)% ¢

1 1
<o} s La{o)

q2

Y1 +J[

—J! [%J

One can find that

53
3

4! 2 1 )
DL L)
gz  qz2(¢—1)? ¢

Y1 +J[
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Sl e
- ) st
1{q; )T :;J{g}w_l}

Proceed the rest iteration, the results are y,, = 0,n >
2. Hence, the solution for this problem is obtained

y(&) = > nioyn = &

4 Conclusion

In this challenge, we are able to handle nonlinear
multi-fractional differential equations with variable
coefficients by employing the general Adomain
decomposition approach. In a few repetitions, the
suggested method yielded an exact solution to the
nonlinear problem with a variety of nonlinear terms.
The key to success is to define iterative relations.
Choosing an initial approximation is also important;
a simple one with a satisfied initial condition is
recommended. The Adomian polynomial may appear
costly to compute, but it is not required in subsequent
iterations if a suitable initial approximation is
selected. Additionally, as seen in Example [13, the
singular fractional differential equation is tested, and
the result is established.

The general Adomian decomposition method is
a beneficial approach for resolving multi-fractional
differential equations with variable coefficients,
as demonstrated by the discussion previously.
This straightforward and fewer costly algorithm
dominates the solution of several nonlinear problems
and actively proposes further fractional calculus
problems.
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