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Abstract: - The current research examines the reliability of the P(T<X<Z) system for two stress -strength 
models which have Dagum distribution, a (1+1) cascade model, an active component and a backup 
component, and a (2+1) cascade model, consisting of three elements, two active components and a backup 
component. The mathematical formula for the reliability was reached of the cascade system (1+1) and (2+1), 
is expressed by a component of the strength X that be between of two stresses T and Z. It is shown that the 
reliability of the system increases as the reliability of the components connected increased, and sometimes 
reliability reached to certain limits. Through the use of the probability P(T<X<Z), stress and strength 
variables follow the Dagum distribution with unknown shape parameters and known scale parameters. In the 
current study, the maximum likelihood estimation (MLE) and the Method of Moments were used to estimate 
the unknown shape parameters of the system reliabilities R11 and R21 for the stress-strength model. The 
maximum likelihood and moment methods were evaluated through a comparative study of experimental 
simulations using the mean square error criterion. Besides, this investigation showed through simulation 
results that the maximum likelihood estimation is the best in the studied experiments at different sample 
sizes n except some very simple cases. The reliability of the systems that were derived and formulated in the 
research was compared. 
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1  Introduction  
There are many practical applications in the field 
of mechanical engineering, including factories and 
devices used in machinery and equipment that 
require the replacement of damaged units and the 
use of high-level backup systems to compensate 
when failures occur. These modern systems use 
additional technologies to further improve devices 
performance, making them more complex, [1]. In 
many studies, the reliability of a life model of a 
component with a strength X subjected to a certain 
stress Y has been studied. It is shown that the 
reliability of the system increases as the reliability 
of the components connected to each other 
increases, and sometimes reliability achieved 
certain limits. The reliability of the P(T<X<Z) 
system was studied for two stress-strength models 
having Dagum distribution, a (1+1) cascade 
model, an active component and a backup 

component, and a (2+1) cascade model, consisting 
of three components, two active components and a 
backup component, many studies and researches 
have been conducted on the cascade model and it 
has been studied in the literature such as [2], 
studied of the reliability of the system P(X<Y<Z) 
for the stress-strength cascade model in the cases 
(1+1) and (2+1) when the random variables stress-
strength are based on the Exponential distribution 
and Weibull distribution. Furthermore, [3], derived 
mathematical formulas for the reliability of the 
cascade model (2+1), and reached formulas for the 
reliability of the model when generalizing the 
force and stress variables to the inverse random 
Rayleigh distribution. [4], used the (2+1) cascade 
model to estimate of the reliability of a system 
following the inverse Weibull distribution. 
Additionally, [5], derived of the mathematical 
formula for the (3+1) cascade model and obtain 
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the reliability of the stress strength as random 
variables following an Exponential distribution. 
[6], used statistical inference for a (1+1) cascade 
system, and the extent to which the joint 
attenuation factors between of stress-strength for 
the Exponential distribution. The Dagum 
distribution was introduced first by [7], and it was 
vastly used in different of life domains in income 
and wealth data, climate data, survival and 
reliability analysis. Moreover, the Dagum 
distribution is known as the inverse Bohr XII, and 
it is one of the important features of the 
distribution. Its special hazard function such that 
the function is monotonically decreasing, or an 
inverted bathtub. Depending on the probability of 
the strength component yielding between two 
random stresses 𝑅 = 𝑃(𝑇 < 𝑋 < 𝑍) within a given 
time interval [0, t] can be interpreted as the stress 
T. Z stress is independent random variables and 
the strength X being a random variable 
independent of T and Z according to [8]. The 
expression for a cumulative density function (cdf) 
of the Dagum distribution with an independent 
random strength variable X is [9]: 
 

𝐹(𝑥) = (1 + 𝜆𝑥−𝛾)−𝛽   𝜆, 𝛾, 𝛽 > 0; 𝑥 > 0                                                                                      
(1)   

          
According to the probability density function (pdf) 
for the Dagum distribution by: 

𝑓(𝑥) = 𝛽𝜆𝛾𝑥−𝛾−1 (1 +
𝜆

𝑥𝛾)
−𝛽−1

 𝜆, 𝛾, 𝛽 > 0; 𝑥 >

0                                                                      
(2)     

We can rewrite equation (2) as: 

Then     ∫ 𝜆𝛾𝑥−𝛾−1 (1 +
𝜆

𝑥𝛾)
−𝛽−1

=  
1

𝛽

∞

0
                    

                                                            (3)      
 
where the shape parameter is 𝛽 and the common 
known scale parameters are 𝜆, 𝛾.  
 

This research aims to extract a mathematical 
form of the reliability for successive stress and 
strength models (1+1) and (2+1) according to the 
Dagum distribution and to study the results of the 
estimators between two methods (maximum 
likelihood and moment). The different sample 
sizes n = 15, 30, 90 and different parameter values 
as shown in Table 1 (Appendix), a comparison was 
made between the estimators using the MSE that 
will be obtained from the simulation. 

 

2  Reliability Formulation 
To formula reliability system of the (1+1)  cascade 
model with two components (one activated and 
other reserve)  be working under the impact of 
strength 𝑥𝑖~𝐷𝑎𝐷 (𝛽𝑖, 𝜆, 𝛾), 𝑖 = 1,2; where are 
independently and identically distributed. Let 
𝑇~ 𝐷𝑎𝐷 (𝛼, 𝜆, 𝛾) and 𝑍  ~𝐷𝑎𝐷 (𝜃, 𝜆, 𝛾) where 
𝛼 , 𝜃 > 0; are an unknown shape parameters of the 
lower and upper stress, respectively and the 
expression of the cumulative density function 
(cdf), as: 

𝐺𝑇(𝑡) = (1 +
𝜆

𝑡𝛾)
−𝛼

  and 𝐻𝑍 (𝑧) = (1 +
𝜆

𝑧𝛾)
−𝜃

  

𝑅11 = 𝑅1 + 𝑅2                                                                                                                                       
(4) 

 
𝑅1 = 𝑃(𝑇 < 𝑥1 < 𝑍)  

𝑅1 = ∫ 𝐺𝑇(𝑥1)(1 − 𝐻𝑧(𝑥1))𝑓(𝑥1𝑥1
)𝑑𝑥1  =

∫ 𝐺𝑇(𝑥1)𝐻𝑧(𝑥1)𝑓(𝑥1𝑥1
)𝑑𝑥1  

      = ∫ (1 +
𝜆

𝑥1
𝛾)

−𝛼
∞

0
(1 − (1 +

𝜆

𝑥1
𝛾)

−𝜃

) 𝛽1𝜆𝛾𝑥1
−𝛾−1

(1 +
𝜆

𝑥1
𝛾)

−𝛽1−1

𝑑𝑥1 

     =         𝛽1𝜆𝛾 ∫ 𝑥1
−𝛾−1

(1 +
𝜆

𝑥1
𝛾)

−𝛼−𝛽1−1
∞

0
𝑑𝑥1 −

𝛽1𝜆𝛾 ∫ 𝑥1
−𝛾−1

(1 +  
𝜆

𝑥1
𝛾)

−𝛼−𝜃−𝛽1−1
∞

0
𝑑𝑥1 

 
Then using equation (3) and substitution it 
becomes as follows: 

𝑅1 = 𝛽1
1

𝛼+𝛽1
− 𝛽1

1

𝛼+𝜃+𝛽1
                     (5)  

 
Therefore, after each failure in the cascade 

system, the strength is updated by a factor k [11], 
so that 𝑋𝑖 = 𝑘𝑖−1𝑥1; for the modified a factor k=1 
then  𝑥2 = 𝑘𝑥1 𝑎𝑛𝑑 𝑥3 = 𝑘𝑥2 = 𝑘(𝑘𝑥1) = 𝑘2𝑥1 . 
By this, once distribution 𝑥1 is selected, 
distribution 𝑥2 is automatically selected. 

By this, once the distribution 𝑥1 is determined, 
the distribution of 𝑥2 , 𝑥3 , … , 𝑥𝑛 are automatically 
determined, as follows: 
𝑅2 = (1 − 𝑅1)𝑃(𝑇 < 𝑘𝑥1 < 𝑍) ⟹ 𝑅2 =

(1 − 𝑅1) (
𝛽2

𝛼+𝛽2
−

𝛽2

𝛼+𝜃+𝛽2
)                                   (6) 

                 
where 𝑥2 = 𝑘𝑥1 since 𝑘 = 1 then 𝑥2 = 𝑥1 
 

Now, it is given that the reliability expression 
for the (2 + 1) cascade model with three 
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components (two active and one reserve) such that 
the strength 𝑥𝑖 ;  𝑖 =  1,2 ,3 are independently and 
identically distributed, so the reliability formula 
can be obtained by [10]. 

𝑅21 = 𝑅1 + 𝑅2+ 𝑅3                                  (7)  
 

The reliability estimate 𝑅1 will be given by the 
probability of the first component and the second 
component working, as follows: 
 𝑅1 = 𝑃(𝑇 < 𝑥1 < 𝑍)𝑃(𝑇 < 𝑥2 < 𝑍) = 𝑐1𝑐2   

𝑅1 = (
𝛽1

𝛼+𝛽1
−

𝛽1

𝛼+𝜃+𝛽1
) (

𝛽2

𝛼+𝛽2
−

𝛽2

𝛼+𝜃+𝛽2
)                                                    

                            (8) 
 

As for the estimate of R2, it is the probability 
the first component will fail and be replaced by the 
third component while the second component 
continues to operate, since  𝑥3 = 𝑘𝑥1 and 𝑘 = 1; 
as follows: 
𝑅2 = (𝑃(𝑇 < 𝑥1 < 𝑍))

𝑐
𝑃(𝑇 < 𝑥3 < 𝑍)𝑃(𝑇 <

𝑥2 < 𝑍)   
𝑅2 = (1 − 𝑐1)𝑃(𝑇 < 𝑥1 < 𝑍)𝑐2 = (1 −

𝑐1)𝑐1𝑐2   = (1 − 𝑐1)𝑅1                                          
(9)                           

 
Finally, we estimate the reliability 𝑅3 when the 

second component fails there is a possibility of 
replacing with the third component while the first 
component continues to work, where  𝑥3 = 𝑘𝑥2 
and 𝑘 = 1 ;as follows: 
𝑅3 = 𝑃(𝑇 < 𝑥1 < 𝑍)(𝑃(𝑇 < 𝑥2 < 𝑍))

𝑐
𝑃(𝑇 <

𝑥3 < 𝑍)  
𝑅3 = 𝑐1(1 − 𝑐2)𝑃(𝑇 < 𝑥2 < 𝑍) = 𝑐1(1 −

𝑐2)𝑐2 = (1 − 𝑐2)𝑅1                                               (10)  
 
                                                                                                                           

3 Estimation of Reliability for 

 Cascade (1+1) and (2+1) Dagum 
In this section, it used maximum likelihood 
estimation (MLE) and the Method of Moment to 
estimate the unknown shape parameters of the 
system reliabilities 𝑅11and 𝑅21 for stress-strength 
model. 
 
3.1  The Maximum Likelihood Estimation 

 (MLE)   
Let the random sample 𝑥1, 𝑥2, … , 𝑥𝑛 is 
representing the strength from size n of the pdf in 
eq.(2) the  𝐷𝑎𝑔(𝛽, 𝜆, 𝛾) distribution, a parameter 𝛽 

is an unknown and the parameters  𝜆, 𝛾 are known, 
and the general function L is as shown, [12]:  

L(𝑥1, 𝑥2, … , 𝑥𝑛; 𝛽, 𝜆, 𝛾) =

(𝛽𝜆𝛾)𝑛 ∏ 𝑥𝑖
−𝛾−1

(1 +
𝜆

𝑥𝑖
𝛾)

−𝛽−1
𝑛
𝑖=1                                                    

(11)    
 
Use the natural logarithm function for equation 
(11) as;  
𝑙𝑛𝐿 = 𝑛𝑙𝑛(𝛽𝜆𝛾) − (𝛾 + 1) ∑ 𝑙𝑛(𝑥𝑖)𝑛

𝑖=1 − (𝛽 +

1) ∑ 𝑙𝑛(1 + 𝜆𝑥𝑖
−𝛾

)𝑛
𝑖=1   

      = 𝑛𝑙𝑛𝛽 + 𝑛𝑙𝑛𝜆 + 𝑛𝑙𝑛𝛾 − 𝛾 ∑ 𝑙𝑛(𝑥𝑖)𝑛
𝑖=1 −

∑ ln(𝑥𝑖)𝑛
𝑖=1 − 𝛽 ∑ 𝑙𝑛(1 +  𝜆𝑥𝑖

−𝛾
)𝑛

𝑖=1 −

            ∑ 𝑙𝑛(1 + 𝜆𝑥𝑖
−𝛾

)𝑛
𝑖=1                                                                                                         

(12)                                                                                                               
 

By taking the partial derivative with respect to 
an unknown parameter 𝛽 in equation (12) and then 
setting the result equal to zero, we get;  
𝜕𝑙𝑛

𝜕𝛽
=

𝑛

𝛽
− ∑ 𝑙𝑛(1 + 𝜆𝑥𝑖

−𝛾
)𝑛

𝑖=1   
So, 𝑛

𝛽
= ∑ 𝑙𝑛(1 + 𝜆𝑥𝑖

−𝛾
)𝑛

𝑖=1   

 

Then 𝛽 =
𝑛

∑ 𝑙𝑛(1+𝜆𝑥𝑖
−𝛾

)𝑛
𝑖=1

                                                                                                                      

 
The ML estimator for the first system (1+1) 

cascade which 𝑥𝜔𝑖
; 𝑖 = 1,2, … , 𝑛 be strength 

random samples from  𝛽𝜔𝑖
 with the sample size 

𝑛 ; 𝜔 = 1,2 the ML estimator for 𝛽𝜔𝑖
, as follows: 

 𝛽̂𝜔𝑖𝑀𝐿𝐸
=

𝑛

∑ 𝑙𝑛(1+𝜆𝑥𝜔𝑖
−𝛾

)𝑛
𝜔𝑖=1

                 (13)                                                                                               

 
let 𝑡1, 𝑡2, … , 𝑡𝑚 and 𝑧1, 𝑧2, … , 𝑧𝑚  be random 
samples of stress components from size m for 𝑇~ 
𝐷𝑎𝑔(𝛼, 𝜆, 𝛾) and 𝑍~ 𝐷𝑎𝑔(𝜃, 𝜆, 𝛾), respectively. As 
for  ML estimators with unknown parameters  𝛼, 𝜃. 
They will be; 

𝛼̂𝑀𝐿𝐸 =
𝑚

∑ 𝑙𝑛(1+𝜆𝑡𝑗
−𝛾

)𝑚
𝑗=1

                  (14)              

and  

𝜃𝑀𝐿𝐸 =
𝑚

∑ 𝑙𝑛(1+𝜆𝑧𝑗
−𝛾

)𝑚
𝑗=1

                                    (15) 

 

by substitution (13) , (14) and (15)  in the 
equations (5) and (6), can be the ML estimator for 
𝑅11  obtained as; 

𝑅̂1𝑀𝐿𝐸 =
𝛽̂1𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝛽̂1𝑀𝐿𝐸

−
𝛽̂1𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝜃̂𝑀𝐿𝐸+𝛽̂1𝑀𝐿𝐸

                                                        

and,  
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𝑅̂2𝑀𝐿𝐸 = (1 − 𝑅̂1𝑀𝐿𝐸) (
𝛽̂2𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝛽̂2𝑀𝐿𝐸

−

𝛽̂2𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝜃̂𝑀𝐿𝐸+𝛽̂2𝑀𝐿𝐸

)                                 

 
We can get the reliability expression for cascade (1 
+ 1) system obtained as; 
𝑅̂11𝑀𝐿𝐸

= 𝑅̂1𝑀𝐿𝐸
+ 𝑅̂2𝑀𝐿𝐸

  

 
In the second system (2+1) cascade can be 

obtained the ML estimator for 𝑅21 by substitution 
(13) , (14) and (15) in the equations (8), (9) and 
(10), let 𝑥𝜔𝑖

; 𝑖 = 1,2, … , 𝑛 be strength random 
samples taken from 𝐷𝑎𝑔(𝛽, 𝜆, 𝛾) distribution of 
the sample size 𝑛 ; 𝜔 = 1,2,3  obtained as; 
 

  𝑅̂1𝑀𝐿𝐸 = (
𝛽̂1𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝛽̂1𝑀𝐿𝐸

−

𝛽̂1𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝜃̂𝑀𝐿𝐸+𝛽̂1𝑀𝐿𝐸

) (
𝛽̂2𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝛽̂2𝑀𝐿𝐸

−

𝛽̂2𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝜃̂𝑀𝐿𝐸+𝛽̂2𝑀𝐿𝐸

) 

 𝑅̂2𝑀𝐿𝐸 = (1 − 𝑐1) (
𝛽̂1𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝛽̂1𝑀𝐿𝐸

−

𝛽̂1𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝜃̂𝑀𝐿𝐸+𝛽̂1𝑀𝐿𝐸

) (
𝛽̂2𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝛽̂2𝑀𝐿𝐸

−

𝛽̂2𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝜃̂𝑀𝐿𝐸+𝛽̂2𝑀𝐿𝐸

)                                                                                    

𝑅̂3𝑀𝐿𝐸 = (1 − 𝑐2) (
𝛽̂1𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝛽̂1𝑀𝐿𝐸

−

𝛽̂1𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝜃̂𝑀𝐿𝐸+𝛽̂1𝑀𝐿𝐸

) (
𝛽̂2𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝛽̂2𝑀𝐿𝐸

−

𝛽̂2𝑀𝐿𝐸

𝛼̂𝑀𝐿𝐸+𝜃̂𝑀𝐿𝐸+𝛽̂2𝑀𝐿𝐸

)   

 
Finally, the reliability expression for cascade (2 + 
1) system obtained as; 
𝑅̂21𝑀𝐿𝐸 = 𝑅̂1𝑀𝐿𝐸 + 𝑅̂2𝑀𝐿𝐸 + 𝑅̂3𝑀𝐿𝐸   
 
3.2  The Method of Moment (MOM) 
Suppose that the random sample 𝑥1, 𝑥2, … , 𝑥𝑛 is 
the strength from size n taken 𝐷𝑎𝑔(𝛽, 𝜆, 𝛾)  and 
the random samples 𝑡1, 𝑡2, … , 𝑡𝑚 and 𝑧1, 𝑧2, … , 𝑧𝑚  
are the stress from size m taken to each  
𝐷𝑎𝑔(𝛼, 𝜆, 𝛾) and 𝐷𝑎𝑔(𝜃, 𝜆, 𝛾), respectively. Thus, 
the mean population number corresponding to the 
sample when 𝛾 >  1 is given by [9], [10]; 

𝑥̅ = 𝛽𝜆
1

𝛾𝐵 (1 −
1

𝛾
, 𝛽 +

1

𝛾
) ,

𝑡̅ = 𝛼𝜆
1

𝛾𝐵 (1 −
1

𝛾
, 𝛼 +

1

𝛾
) 

𝑎𝑛𝑑     𝑧̅ =  𝜃𝜆
1

𝛾𝐵 (1 −
1

𝛾
, 𝜃 +

1

𝛾
)  

 

 
The MOM estimator for the first system (1+1) 

cascade where 𝑥𝜔𝑖
; 𝑖 = 1,2, … , 𝑛 be a strength 

random samples from  𝛽𝜔𝑖
 with the sample size 

𝑛 ; 𝜔 = 1,2.  
𝛽̂𝜔𝑖𝑀𝑂𝑀 =

𝑥̅ 

𝜆
1
𝛾𝐵(1−

1

𝛾
 ,𝛽𝜔𝑖

+
1

𝛾
)

                (16) 

 
In addition to, a stress random samples from 

size m  taken to each 𝑇~ 𝐷𝑎𝑔(𝛼, 𝜆, 𝛾) and 𝑍~ 
𝐷𝑎𝑔(𝜃, 𝜆, 𝛾) respectively, and the MOM 
estimators with unknown parameters 𝛼, 𝜃 will be 
as follows: 

𝛼̂𝑀𝑂𝑀 =
𝑡̅ 

𝜆
1
𝛾𝐵(1−

1

𝛾
 ,𝛼+

1

𝛾
)

                  (17)    

and,  
𝜃𝑀𝑂𝑀 =

𝑡̅ 

𝜆
1
𝛾𝐵(1−

1

𝛾
 ,𝜃+

1

𝛾
)

                     (18)                                                                                             

by substitution (16) , (17) and (18)  in the 
equations (5) and (6), can be the MOM estimator 
for 𝑅11  obtained as; 

𝑅̂1𝑀𝑂𝑀 =
𝛽̂1𝑀𝑂𝑀

𝛼̂𝑀𝑂𝑀+𝛽̂1𝑀𝑂𝑀

−
𝛽̂1𝑀𝑂𝑀

𝛼̂𝑀𝑂𝑀+𝜃̂𝑀𝑂𝑀+𝛽̂1𝑀𝑂𝑀

                                                         

And,  

𝑅̂2𝑀𝑂𝑀 = (1 − 𝑅̂1𝑀𝑂𝑀) (
𝛽̂2𝑀𝑂𝑀

𝛼̂𝑀𝑂𝑀+𝛽̂2𝑀𝑂𝑀

−

𝛽̂2𝑀𝑂𝑀

𝛼̂𝑀0𝑀+𝜃̂𝑀𝑂𝑀+𝛽̂2𝑀𝑂𝑀

)                       

 
We can get the reliability expression for 

cascade (1 + 1) system obtained as: 
𝑅̂11𝑀𝑂𝑀

= 𝑅̂1𝑀𝑂𝑀
+ 𝑅̂2𝑀𝑂𝑀

  
 

In the second system (2+1) cascade can be 
obtained the MOM estimator for 𝑅21 by 
substitution (16), (17) and (18) in the equations 
(8), (9) and (10), as follow: 

𝑅̂1𝑀𝑂𝑀 = (
𝛽̂1𝑀𝑂𝑀

𝛼̂𝑀𝑂𝑀+𝛽̂1𝑀𝑂𝑀

−

𝛽̂1𝑀𝑂𝑀

𝛼̂𝑀𝑂𝑀+𝜃̂𝑀𝑂𝑀+𝛽̂1𝑀𝑂𝑀

) (
𝛽̂2𝑀𝑂𝑀

𝛼̂𝑀𝑂𝑀+𝛽̂2𝑀𝑂𝑀

−

𝛽̂2𝑀𝑂𝑀

𝛼̂𝑀𝑂𝑀+𝜃̂𝑀𝑂𝑀+𝛽̂2𝑀𝑂𝑀

)  

 𝑅̂2𝑀𝑂𝑀 = (1 − 𝑐1)𝑅̂1𝑀𝑂𝑀        𝑎𝑛𝑑      𝑅̂3𝑀𝑂𝑀 =
(1 − 𝑐2)𝑅̂1𝑀𝑂𝑀                                                                                     
 
Finally, the reliability expression for cascade (2 + 
1) system obtained as; 
𝑅̂21𝑀𝑂𝑀 = 𝑅̂1𝑀𝑂𝑀 + 𝑅̂2𝑀𝑂𝑀 + 𝑅̂3𝑀𝑂𝑀  
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4 Experimental Study of the 

 Estimators Comparison 
In this section, it used a simulation study for 
achieve the best performance to the reliability 
cascade system (1+1) and (2+1) with unknown 
parameters following the Dagum distribution of 
two different estimators from the  maximum 
likelihood methods and method of moment, we 
compared the results using the mean square error 
(MSE), so that a simulation study by replicate 
(1000) times to get of independent samples for 
different sizes (n= 15,30,90), also parameters and 
reliability values for five different experiments.  

In the Table 1 (Appendix), the parameter 
values for the five experiments were chosen to be 
appropriate for the data based on subject 
information, the researchers’ experience and vision 
for choosing these values, as well as calculating 
reliability values, are listed as shown. 

The performance of the two systems reliability 
estimators was compared, and then simulations 
were performed using MATLAB 2020 through the 
following: 

- To generate the random value, we use 
according to the inverse function formula 
as following: 

𝑥 = 𝜆
1

𝛾 ((𝐹(𝑥))
−1

𝛽 − 1)

−1

𝛾

   
- Mean is calculated using the equation: =

∑ 𝑅̂𝑖
𝑁
𝑖=

𝑁
  

 
Although there are many criteria for 

determining the best estimation between estimators 
different, the best and most widely used is the 
mean square error (MSE) criterion to comparison 

of estimation methods by𝑀𝑆𝐸(𝑅̂) =
∑ ( 𝑅̂𝑖−𝑅)2𝑁

𝑖=1 

𝑁
 ; 

so N  the number of repetitions for each 
experiment equal to 1000. 
 

Table 2 shows that the MSE values for all five 
experiments decreases as the sample size n is 
increased for both MLE and MOM. We observed 
the best performance for MSE for 𝑅11 reliability 
values is the MLE estimate compared to MOM. 
 

Table 2. The results of simulation R11 
Exp. n ML MO Best Mean MSE Mean MSE 

1 15 0.3349     0.0070     0.3320     0.0137 ML 

30 0.3305     0.0037     0.3312     0.0086 ML 
90 0.3314     0.0013     0.3286     0.0037 ML 

2 
15 0.4730     0.0067     0.4641     0.0155 ML 
30 0.4721     0.0033     0.4659     0.0083 ML 
90 0.4792     0.0011     0.4771     0.0036 ML 

3 
15 0.1789     0.0040     0.1778     0.0081 ML 
30 0.1788     0.0022     0.1764     0.0048 ML 
90 0.1760     0.0007     0.1789     0.0022 ML 

4 
15 0.3336     0.0073     0.3295     0.0203 ML 
30 0.3295     0.0037     0.3192     0.0149 ML 
90 0.3308     0.0013     0.3289     0.0083 ML 

5 
15 0.4714     0.0069     0.4556     0.0265 ML 
30 0.4758     0.0033     0.4578     0.0194 ML 
90 0.4762     0.0012     0.4632     0.0111 ML 

Source: created by the authors 

 
Table 3. The results of simulation R21 

Exp. n 
ML MO 

Best 
Mean MSE Mean MSE 

1 
15 0.0677     0.0001     0.0508     0.0006 ML 

30 0.0531     0.0005     0.0414     0.0012 ML 

90 0.0683     0.0001     0.0630     0.0002 ML 

2 
15 0.2665     0.0065     0.2346     0.0024 MO 

30 0.1540     0.0010     0.1579     0.0008 MO 

90 0.1589     0.0007     0.1330     0.0028 ML 

3 
15 0.0181     0.0001     0.0006     0.0007 ML 

30 0.0162     0.0001     0.0123     0.0002 ML 

90 0.0401     0.0002     0.0551     0.0007 ML 

4 
15 0.0616     0.0002     0.0625     0.0002 ML=MO 

30 0.0571     0.0004     0.1029     0.0007 ML 

90 0.0598     0.0003     0.0656     0.0001 MO 

5 
15 0.2215     0.0013     0.2119     0.0007 MO 

30 0.1665     0.0004     0.2062     0.0004 ML=MO 

90 0.1935     0.0001     0.2443     0.0034 ML 
Source: created by the authors 

 
Table 3 shows that the MSE values for all five 

experiments vary as the sample size n is increased 
for both MLE and MOM and observed the best 
performance of the MSE for 𝑅21 reliability values  
is the MLE estimate compared to MOM. However, 
there are some experiments where MOM is better 
than ML in sample 15 and 30 for experiment 2 and 
in sample 15 for experiment 5 also in sample 90 
for experiment 4. There are two cases where MLE 
and MOM values are equal for both experiments 4 
and 5 in sample 15 and 30, respectively. 
 
 
5  Conclusions 
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Through experimental and simulation results, the 
study demonstrated that a performance for the 
maximum likelihood estimator (ML) outperforms 
the moment method estimator (MO) in most 
experiments at different sample sizes (n). The 
mean and mean squared error (MSE) results for 
both methods were recorded for estimating the 
reliability of the (1+1) and (2+1) systems of the 
P(T<X<Z) model, where the variables T, Z, and X 
follow a Dagum distribution with different 
coefficients. Table 2 and Table 3 compare the 
reliability of the two derived and formulated 
systems. The results showed that the ML 
estimator's reliability estimation performance 
surpasses that of the moment method estimator 
(MO), except in a few very minor cases, as in 
Table 3, for experiment (2) at (n=15,30) and 
experiment (4) (n=90). 
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Table 1. the values of parameters and Reliability 
 

Experiment 𝛽1 𝛽2 𝛼 𝜃 𝜆 𝛾 𝑅11 R21 

1 0.8 0.6 1.4 2.2 1.5 2 0.3306 0.0760 

2 1.3 0.9 0.7 1.5 1.5 2 0.4795 0.1857 

3 0.3 0.4 0.9 0.7 1.5 2 0.1757 0.0278 

4 0.8 0.6 1.4 2.2 2 1.5 0.3306 0.0760 

5 1.3 0.9 0.7 1.5 2 1.5 0.4795 0.1857 
Source: created by the authors 
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