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Abstract: - The cumulative sum (CUSUM) control chart is widely recognized for its superior ability to detect small 

to moderate upward shifts in the process mean. This study focuses on accurately approximating the average run 

length (ARL) of a CUSUM chart applied to a long-memory SARFIMAX(p, d, q, x)(P, D, Q)s model with 

exponential white noise. The model accommodates both seasonality and fractional differencing, providing flexibility 

for complex time-series structures. ARL values are approximated through numerical integral equations (NIEs) using 

Gaussian quadrature, midpoint, trapezoidal, and Simpson’s rules. Comparative results indicate that all four 

approaches yield highly consistent ARL estimates, confirming the robustness of the NIE framework. Among them, 

the midpoint rule demonstrates the lowest computational time while maintaining high accuracy, as reflected by its 

minimal percentage relative deviation (%Dev). These findings highlight the computational efficiency and sensitivity 

of the proposed method, supporting its practical applicability in real-world process monitoring scenarios. 
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1 Introduction 
The primary purpose of a control chart is to promptly 

trigger an out-of-control signal when the process 

exhibits instability. The change may affect the process 

mean and/or dispersion, which are often regulated 

process parameters. In the field of statistical process 

control, the most commonly applied control charts for 

monitoring process parameters are the Shewhart, 

cumulative sum (CUSUM), and exponentially 

weighted moving-average (EWMA) control charts, 

[1]. Control charts are classified as either memoryless 

or memory-type depending on whether historical data 

are involved. The Shewhart control chart is 

memoryless as it solely depends on current data. It is 

adept at identifying significant shifts in a process 

parameter but exhibits reduced sensitivity to minor or 

moderate variations. In contrast, the CUSUM and 

EWMA control charts are the memory-type, [2], [3], 

employing both current and historic data to rapidly 

detect small and moderate shifts. They are extensively 

used in the processing and service industries due to 

their ability to detect minor or moderate changes. 

The CUSUM control chart has been employed in 

various fields, including manufacturing (e.g., 

precision machining, electronics), healthcare (e.g., 

monitoring surgical outcomes), pharmaceuticals (e.g., 

ensuring drug quality), and finance (e.g., identifying 

shifts in time-series data), [4]. Consequently, we 

adopted the CUSUM control chart to evaluate process 

parameter shifts and monitor performance. 

One of the key metrics used to assess the 

performance of a control chart is the average run 

length (ARL). It represents the expected number of 

observations taken before a control chart signals a 

change in a process parameter. There are two primary 

components of the ARL. The in-control ARL (ARL0) 

represents when the process is operating stably, with 

the value set sufficiently high to avoid false alarms. 

For the CUSUM control chart, this is configured by 

modifying the threshold parameter. Conversely, the 

out-of-control ARL (ARL1) represents when the 

process parameter deviates from the standard value. In 

conclusion, a highly sensitive chart is configured 

using a sufficiently large ARL0 to reduce false alarms  

(e.g., 370) and the smallest ARL1 possible to detect 
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changes in the process parameter signaling that the 

process is out of control.  

To determine the ARL for a process on the 

CUSUM control chart, it is usually assumed that the 

observations are independent and identically 

distributed (i.i.d.) and follow a normal distribution. 

However, in practice, process data may display 

autocorrelation or conform to time-series models, such 

as autoregressive (AR), moving-average (MA), 

ARMA, AR integrated MA (ARIMA), or AR 

fractionally integrated MA (ARFIMA). 

The establishment of stochastic analysis of a time 

series is credited to the pioneering work of [5], [6], 

who developed AR and MA models. In the study, [7], 

provided a systematic inferential analysis of stationary 

ARMA models, which became essential for applied 

time-series research. The introduction of long-

memory processes by [8], [9], marked the beginning 

of a promising research trajectory for time-series 

analysts and econometricians. ARFIMA processes, in 

which a fractional amount of differencing is 

employed, are now used in many areas such as energy 

pricing and demand, telecommunications, 

environmental time series, and financial volatility, 

[10], [11], [12]. 

Using the ARL for CUSUM control chart 

performance evaluation is relevant in these cases, 

although the formula to calculate it is more complex. 

Researchers have examined the performance of the 

CUSUM control chart with autocorrelated data and 

developed ARL formulas for various time-series models, 

such as AR(1), [13], ARIMA(p, d, q), [14], and 

ARFIMA(p, d, q), [15], among others. In the present 

study, we examined seasonal ARFIMA (SARFIMA) 

models useful for analyzing seasonal time series where the 

mean and other statistical measures are not stationary over 

time. The SARFIMA model is a straightforward extension 

of the ARFIMA model previously discussed. Recently, 

SARFIMA models have been applied to analyze various 

real-world cyclical phenomena that display long-range 

dependence. For instance, river flows, [16], money 

supply, [17], income trends over time, [18], inflation rates, 

[19], quarterly gross national product, and shipping data, 

[20]. 

Exogenous variables can be incorporated into 

ARFIMA models (i.e., ARFIMAX) to enhance their 

performance. The study, [21], was the first to present the 

ARFIMAX model and applied it to estimate the realized 

volatilities within a Dow Jones Industrial Average 

portfolio. Conversely, in 2008, [22], focused on 

estimating and forecasting daily price changes using both 

ARFIMAX and ARFIMAX-threshold autoregressive 

conditional heteroskedasticity (TARCH) models. 

For modeling seasonal time series, white noise is 

typically characterized by a Gaussian distribution. 

However, in various applications, the noise can be 

exponentially distributed, which has been utilized in 

numerous research studies, [23], [24], [25], [26]. 

Many numerical integration equations (NIE) 

methods based on the Gaussian quadrature, midpoint, 

trapezoidal, and Simpson’s rules have been proposed 

to compute or approximate the ARL for processes on 

a CUSUM control chart. These methods offer 

practical solutions for approximating the ARL, 

particularly when analytical expressions are 

intractable, and have been widely used in studies 

involving both short- and long-memory processes, as 

well as non-Gaussian white noise. In the study, [27], 

presented explicit expressions for the ARL on a lower-

sided negative CUSUM control chart while assuming 

that the observations follow an exponential 

distribution. The authors compared the accuracy and 

efficiency of these expressions against ARL 

approximations obtained through the midpoint rule-

based NIE approach. Building on this, [28], 

approximated the ARL for the CUSUM control chart 

with an SARX(P,1)S process with exponential white 

noise. They employed four NIE based on the 

midpoint, trapezoidal, Simpson’s, and Gauss-

Legendre quadrature rules and evaluated each in terms 

of computational efficiency and accuracy. Further 

expanding the scope, [29], applied the Gauss-

Legendre quadrature rule-based NIE approach to 

approximate the ARL for a fractionally integrated 

ARX model. This work marked a significant extension 

of the NIE approach to more complex time series 

structures.  

Herein, we propose NIE approaches based on the 

Gaussian quadrature, midpoint, trapezoidal, and 

Simpson’s rules to approximate the ARL of a 

SAFIMAX(p, d, q)(P, D, Q)s  model characterized 

by exponential white noise and long-memory behavior 

on a CUSUM control chart. Furthermore, a numerical 

comparison of the ARL results from each method was 

conducted, with a particular focus on their 

computational efficiency. 
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2 Methodology 

2.1 Description of one-sided CUSUM control 

chart 

The focus of this study is on the upper-sided CUSUM 

control chart using a single CUSUM statistic 

( , 1,2,..., )tC t   to detect small-to-moderate upward 

shifts in the mean of a SARFIMAX  process defined as 

 1max 0, ,t t tC C Y K     (1) 

where K  represents the reference parameter, 
tY  is a 

generalization of a long-memory SAFIMAX(p, d, q, x) 

(P, D, Q)s process. Here, the initial value of the 

CUSUM control chart statistic is 
0C  , where 

0 .b   

The stopping time ( )b  for the alarm signal of the 

upper-sided CUSUM control chart is defined as 

   inf 0; ,b tt C b     (2) 

where b  is the upper control limit (UCL) of the 

CUSUM control chart.  

In this work, the value of K can be 2.5, 2.75, or 3.0 

based on the decision interval for ,b  to achieve a 

target ARL0 value of 100, 370, or 500, respectively. 

 

2.2 Description of  SARFIMAX Time Series 
The SARFIMA model is defined by the notation 

SAFIMAX(p, d, q, x)(P, D, Q)s, where p  and P  

represent the orders of the non-seasonal AR and 

seasonal AR (SAR) terms, and q  and Q  denote the 

orders of the non-seasonal MA and seasonal MA 

(SMA)  terms, and d  and D  represent the degrees of 

non-seasonal and seasonal differencing, respectively. 

For long-memory time series, the SARFIMA  model's 

performance can be significantly enhanced through 

the inclusion of exogenous variables to provide the 

SARFIMAX  model, [22].  
 

Definition 1: Let , 1,2,...,tY t   be the sequence of a 

SAFIMAX(p, d, q, x)(P, D, Q)s process with 

underlying white noise defined as follows: 

1

( ) ( ) ( ) ( ) ( ),
n

S d D S

S t t i it

i

B B Y B B X   


       (3) 

where , 1,2,...,itX i    the exogenous variables 

, 1,2,...,i i   are unknown parameters, and 

, 1,2,...,t t   is a sequence of continuous i.i.d. random 

variables from an exponential distribution with mean 

,  that are mean-centered (i.e., ( ) 1tE   , so the in-

control mean is 0 ). In addition, ( ),B  ( ),SB ( ),B

and ( )SB  are finite AR, SAR, MA, SMA 

polynomials of order ,  ,  ,p q P and ,Q  respectively, 

defined as 

 2

1 2( ) 1 ... ,p

p pB B B B         

2

1 2

2

1 2

2

1 2

( ) 1 ... ,

( ) 1 ... , and

( ) 1 ... ,

q

q q

S s s PS

P P

S S S QS

Q Q

B B B B

B B B B

B B B B

       

     

     

 

where S represents the seasonal period (12 in the case 

of monthly data) and B  is a backward-shift operator 

used to define lagged observations (
1,t tBY Y   and 

.s

t t sB Y Y  ). 
 

Definition 2: The non-seasonal : (1 )d dB   and 

seasonal : (1 )D S D

S B   fractional differencing 

operators allow differencing a time series to non-

integer degrees d and ,D respectively. These 

operators are respectively denoted as 

 
0

(1 ) ( ) .S D S k

k

D
B B

k





 
   

 
   (4)  

where
( 1)

,
( 1) ( 1)

D D

k k D k

   
 
     

 (.) is a gamma 

function, and 1S   and D d  (i.e., .D d

S  ). 
 

Definition 3: The inverse fractional differencing 

operators for non-seasonal and seasonal fractional 

differencing operators are defined as 

 
0

1
(1 ) ( ) .S D S k

k

D k
B B

k






  
   

 
   (5)  

where
1 ( )

,
( ) ( 1)

kS

t t kS

D k D k
B Y Y

k D k


    
  
   

and non-

seasonal fractional differencing operators 1S   and 

D d . 

A SAFIMAX(p, d, q, x)(P, D, Q)s time series is 

said to be stationary if ( ) 0.5d D   and 0.5,D   and 

exhibits long-memory when 0 ( ) 0.5d D    and 

0 0.5.D   Conversely, it displays intermediate 

memory if 0.5 ( ) 0d D     , and 0.5 0.D   The 

series becomes nonstationary when 0.5.D   Finally, 

if 0d   and 0,D   the model simplifies to a seasonal 

ARMA model. 

Based on Definitions 1 and 3, the long-memory 

SAFIMAX(p, d, q, x)(P, D, Q)s process with 

exponential white noise on the CUSUM control chart 

can be written as 
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1 1

1 1

1 1

1

(1 ... ) (1 ... ) (1 )

(1 ) (1 ... )(1 ... ) ( ).

p s PS d

t p P

n
S D q S QS

q Q i it

i

Y B B B B B

B B B B B X

 

  

  





       

      

or 

1 1

1 1

(1 ) (1 ) (1 ) (1 )
p P

i ks d S D

t i k

i k

Y B B B B    

 

        

1 1 1

(1 )(1 ) ( ).
q Q n

j ls

j l t i it

j l i

B B X  
  

       (6) 

The SAFIMAX(p, d, q, x)(P, D, Q)s model 

specifications used in the simulation study are as 

follows: 

1) Long-memory SAFIMAX(1, 0.1, 1, 1)(1, 0.2, 1)12 

model is 
12 0.1 12 0.2

12

1

(1 0.1 )(1 0.1 )(1 ) (1 )

(1 0.1 )(1 0.1 ) 0.3

t

t t

B B B B Y

B B X

   

   
 

2) Long-memory SAFIMAX(1, 0.1, 1, 1)(1, 0.2, 2)12 

model is 
12 0.1 12 0.2

12 24

1

(1 0.1 )(1 0.1 )(1 ) (1 )

(1 0.1 )(1 0.1 0.2 ) 0.3

t

t t

B B B B Y

B B B X

   

    
 

 

3 Approximating the ARL of a 

SARFIMAX model on a CUSUM control 

chart via the NIE-based approaches 
The ARL of SAFIMAX(p, d, q, x)(P, D, Q)s time-

series models on a CUSUM control chart can be 

approximated using four NIE approaches based on the 

Gaussian quadrature, midpoint, trapezoidal, and 

Simpson’s rules. 

Let  ( ) bE   L represent the ARL of the 

upper-sided CUSUM control chart corresponding to 

the initial value ( )  for a SAFIMAX(p, d, q, x)(P, 

D, Q)s model with exponential white noise. The lower 

control limit (LCL) and upper control limit (UCL) are 

denoted as 0 and b, respectively. 

For a process that is in control, the CUSUM 

statistic satisfies the condition 0 .tC b  , with a value 

of 
tC  exceeding b  indicating the out-of-control 

condition. Function ( )L  derived using the Fredholm 

integral equation of the second kind, [30], can be 

expressed as 

1 1

0
1 1

( ) 1 ( ) (1 ) (1 )
p Pb

i ks

i k

i k

z f z K B B    

 


       


 L L

 

1 1 1

1 1

1 1

.(1 ) (1 ) (1 )(1 ) ( )

+ (0) (1 ) (1 ) (1 ) (1 )

q Q n
d S D j ls

j l t i it

j l i

p P
i ks d S D

i k

i k

B B B B X dz

F K B B B B

  

 

 

  

   

 


      




      



  

 L

 

1 1 1

.(1 )(1 ) ( ) .
q Q n

j ls

j l t i it

j l i

B B X dz  
  


    


                      (7) 

where ( ) 1 , ( ) .F e f e         

Consequently, the ARL  result derived by using the 

NIE method with an initial value 
0C   can be 

reformulated as 

1 1

1 1

1 1 1

(1 ) (1 ) (1 ) (1 )

(1 )(1 ) ( )

( ) 1

p P
i ks d S D

i k

i k
q Q n

j ls
j l t i it

j l i

K B B B B

B B X

e

 



  

 

   

 

  

 
       
 
 
    
 
 

 

  
 L  

1 1

1 1

1 1 1

(1 ) (1 ) (1 )

(1 ) (1 )(1 ) ( )

0
( ) + (0) ( .  1 )

p P
i ks d

i k

i k
q Q n

S D j ls
j l t i it

j l i

K B B B

B B B X
b

zz e dz e

 



  


  

 



  

 
      
 

  
     
 

  

 

  
 L L (8) 

This demonstrates that the quadrature rule can be 

applied to approximate the integral via a finite 

summation. The approximation of an integral across 

the interval [0 , b] is divided into partitions; i.e., 

1 20 .... .m b        Thus, the approximation for 

the integral equation becomes 

0
1

( ) ( ) ( ), 1,2,..., ,
mb

W z f z dz w f j m 





   (9) 

where " "  represents the nodes and ( )W z  as a weight 

function. For ( ) 1,W z   nodes, set  , 1,2,..., ,m  

and set of constant weights  , 1,2,...,w m    are 

determined by specific criteria. Function ( )W z is initially 

selected to ensure that a set of polynomials effectively 

approximates the function ( )f   that needs to be 

integrated. The points and weights are chosen to 

guarantee that the quadrature rule is exact for the highest 

possible degree of polynomials for ( )f   based on those 

points. 

Let ˆ( )L  represent the NIE method for function 

( ).L  Equation (8) can be obtained by employing the 

method used for solving systems of linear algebraic 

equations, [30]: 

1 1

1 1 1

1 1 1

ˆ ˆ( ) 1 ( ) (1 ) (1 )

.(1 ) (1 ) (1 )(1 ) ( )

pm P
i ks

j i i k

i k

q Q n
d s D j ls

j l t i it

j l i

w f K B B

B B B B X

  


    

  

 

  

 

  


       




      



  

  

L L

 

1 1

1

1 1

ˆ( ) (1 ) (1 ) 1 ) (1 )
p P

i ks d s D

i i k

i k

F K B B B B      

 


       


 L  
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1 1 1

.(1 )(1 ) ( ) .
q Q n

j ls

j l t i it

j l i

B B X  
  


    


                (10) 

Therefore,  

1 1

1 1

2 1 1

1 1 1

1 1

1 1

1 1

ˆ ˆ( ) 1 ( ) (1 ) (1 )

.(1 ) (1 ) (1 )(1 ) ( )

ˆ( ) (1 ) (1 )

.(1 ) (1 ) (1

pm P
i ks

i k

i k

q Q n
d s D j ls

j l t i it

j l i

p P
i ks

i k

i k

d s D j

j

j

w f K B B

B B B B X

F K B B

B B B

  


    

  

  



 

  

 

  

 

 

 


       




      



 
      



  

  

  

 

L L

L

1 1 1

1 1

1

1 1

1 1 1

1 1

2 2

1 1

)(1 ) ( )

(1 ) (1 )

.(1 ) (1 ) (1 )(1 ) ( )

ˆ ˆ( ) 1 ( ) (1 ) (1 )
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The Equation (11) can be rewritten in matrix form as 
1
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where   1 1,1,...,11m
  is a vector of ones,  

11 2
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given by 
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By substituting    into Equation (10), we 
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We can approximate the ARL by applying Equation 

(13) and substituting specific nodes and weights 

obtained through the NIE approach by utilizing the 

Gaussian quadrature, midpoint, trapezoidal, and 

Simpson's rules. 

 

3.1 Gaussian (Gauss-Legendre) quadrature rule 

Let ˆ ( )G L  denote the ARL approximation 

obtained via the NIE approach using the Gauss-

Legendre quadrature rule computed as follows: 
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where w b m  and  1 2 ; 1,2,..., .b m m      

 

3.2 Midpoint Rule 

Let ( )f z  be a function defined on an interval  0, ,b  

which is divided into ,m    1[ , ], 1, 2, ...,z z m     

subintervals of equal width ( ).U b m  The 

subintervals are spaced equally,

 0 , 0,1,2,..., ,z z U m      such that 
0 0z    and 

.mz b The midpoint rule can be expressed in the 

following form: 
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The integral of ( )f z  from 0 to b  can be 

approximated in the form of 
0

( ) ( , ).
b

f z dz M f U  

Therefore, the NIE approximation of the ARL  via the 

midpoint rule can be written as 
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where  1 2 , and ; 1,2,..., .w w b m m         

 

3.3 Trapezoidal Rule 

The trapezoidal rule is defined as a function ( )f z  on 

an interval [0, ].b  It is divided into m  subintervals, 

 1[ , ], 1,2,..., ,z z m     with a width U b m  and 

spaced equally,  0 , 0,1,2,..., .z z U m      

Therefore, given that 
0 0z   and ,mz b  the 

composite trapezoidal rule can be written as 
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The integral of ( )f z  from 0 to b  can be 

approximately in the form of 
0

( ) ( , ).
b

f z dz T f U

Therefore, the NIE approximation of the ARL  via the 

trapezoidal rule ˆ( ( ))T L  can be written in the form 
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where and ; 1,2,..., 1,w w b m m         

in other cases, 2 .w b m   

 

3.4 Simpson's Rule 

Let [0, ]b  be partitioned into 2m  equal subintervals 

 1[ , ], 1,2,...,2z z m     with width 2U b m  and 

spaced equally  0 ,z z U    0,1,2,...,2 .m   

Therefore, given 
0 0z   and 

2 ,mz b , the composite 

Simpson’s functional can be written as 
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The integral of ( )f z  from 0 to b  is approximately 

in the form 
0

( ) ( , ).
b

f z dz S f U  Therefore, the NIE 

approximation of the ARL via Simpson's rule ˆ( ( ))s L  

can be written in the form 
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where 
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4 Results and discussion 
We proposed four NIE approaches for the structural 

design of the CUSUM control chart applied to the 

SAFIMAX(p, d, q, x)(P, D, Q)s model with 

exponential white noise. The optimal CUSUM control 

chart design parameters are (K, b), where K is 2.5, 2.75, 

or 3.00 and b  is the decision interval (calculated using 

Equation (13) to yield ARL0 values of 100, 370, and 

500, respectively. Table 1 (Appendix) and Table 2 

(Appendix) report the optimal calculated (K, b) 

configurations to achieve these target ARL0 values. 

Since the ARL satisfies a Fredholm integral equation 

of the second kind, the numerical approximations 

produced by the NIE methods converge to the true 

ARL solution as the number of discretization nodes 

increases, with convergence rates governed by the 

underlying quadrature schemes. In the 

implementation, all four NIE approaches were 

evaluated using 500m   nodes on the interval [0, b], 

which was found to be sufficient for accurately 

approximating the target ARL0 values. 

To complement the theoretical convergence 

properties, an empirical convergence study was also 

conducted by computing ARL values for increasing 

numbers of nodes m. The results, reported in Table 1 

(Appendix) and Table 2 (Appendix), exhibit monotone 

stabilization of the ARL approximations as m 

increases, indicating numerical convergence and 

supporting the theoretical accuracy of the proposed 

NIE methods. 

In addition, the in-control process using the 

exponent parameter 0( )   was set to 1, with 

0( 1).t Exp   the out-of-control parameter 

1( )   was set to 1 0 (1 ),    with 1 0.   The 

shift sizes ( ) were in the set {0.75, 1.50, 2.25,    

3.00, 3.75, 4.50}.   

Percentage relative deviation (%Dev) can be used 

to evaluate detection sensitivity for mean shifts of 

varying magnitudes, using the following formula: 

1 0

0

ˆ ˆ( ) ( )
100%,

)
%

ˆ (
Dev

 




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L L

L
                 (21) 

where 1
ˆ ( )L  and 0

ˆ ( )L  are NIE-based ARL 

approximations forARL1 and ARL0, respectively. 

Interpretation: The lowest %Dev  value signifies the 

shift size that can be detected with the highest 

sensitivity. 

Across all process mean change levels, the ARL1 

results for the four NIE-based approaches reveal that 

Simpson's rule yielded the lowest values, followed by 

the midpoint, trapezoidal, and Gaussian quadrature 

rules, respectively, in all of the scenarios studied 

(Table 1 (Appendix) and Table 2 (Appendix)).  

However, the midpoint rule had the shortest 

computation processing time (450–560 s), followed 

closely by the Gaussian quadrature and trapezoid 

rules. In contrast, Simpson's Rule required a much 

longer computation time (3,990–4,240 s). With 

acceptable ARL results and a fast computation time, 

the midpoint rule-based NIE method is ideal for 

applications that require a quick response, followed by 

the trapezoidal and Gauss-Legendre quadrature rule-

based NIE methods.  Furthermore, the midpoint rule 

also showed the lowest percentage deviation (%Dev) 

at a change of magnitude of 0.75. This indicates that 

the process mean shift size could be detected with the 

highest sensitivity and is appropriate for setting 

control limits. 

Overall, these methods vary in terms of accuracy 

and computational efficiency, and the choice of an 

appropriate method depends on the specific 

requirements of the analysis. In conclusion, the 

midpoint rule is the most appropriate choice for 

approximating the ARL of a SARFIMAX process on 

a CUSUM control chart in this simulation context. 

 

 

5 Real-Data application  
We used 65 monthly observations of Gold Fabricated 

Futures – 1 (XAU-F-TH), [31], with the XAU/THB 

exchange rate, [32], as an exogenous variable over the 

monthly period from May 2019 to September 2024. 

SARFIMAX model fitting was performed using the 

statistical software package Eviews. The estimated 

parameters, along with their standard errors and 

corresponding p-values for the best-fitted SAFIMAX(p, 

d, q)(P, D, Q)s  

model, are provided in Table 1.  
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The SAFIMAX (p, d, q)(P, D, Q)s model was a 

good fit for the data, as evidenced by the estimated 

parameters having p-values less than 0.05. The process 

being long memory was confirmed by the fact that the 

conditions 0 ( ) 0.5d D    and 0 0.5D   were 

satisfied. To assess the accuracy of the model, the 

fitted values were plotted together with the actual data 

(Figure 1). Thereby, the process monitored by the 

CUSUM control chart fitted a SAFIMAX(1, 0.0389, 1) 

(1, 0.4612, 1)12 model, with coefficient parameters 

1 1 11 0.9999, 0.4111, 0.0284 0.99 9,, 9       

1 1.8552.   

 

Table 1 Parameter estimates for the long-memory 

SARFIMAX model.  
Parameters Estimate Std.Error t-Statistic p-Value 

D  0.4612 0.0341 13.5088 0.0000 

itX  1.8552 0.8267  2.2441 0.0287 

d  0.0389 0.0006 70.4258 0.0000 

AR(1) 0.9999 0.4221  2.3694 0.0212 

SAR(12) 0.4111 0.0045 90.8779 0.0000 

MA(1) -0.0284 0.0004 -78.2626 0.0000 

SMA(12) 0.9999 0.0253 39.4932 0.0000 

Log likelihood -514.392 

AIC 16.0428 

Source: Calculations conducted by the authors using 

Wolfram Mathematica 8. 

 
 

Fig. 1: Graphical representation of real and fitted data, 

along with a plot of the residuals for the real data. 

Source: Calculations conducted by the authors using 

Wolfram Mathematica 8. 

Table 2. One-sample Kolmogorov-Smirnov testing of 

the assumption that the white noise follows an 

exponential distribution. 

Statistic Value 

Observations 65c 

Exponential Parameter (Mean)a,b 337.8129 

Kolmogorov-Smirnov  0.5876 

Asymp. Sig. (2-tailed) 0.8802 

a. Test Distribution is Exponential. 

b. Calculated from data. 

c. There are 28 observations outside the specified 

distribution range. These values are skipped. 

Source: Authors’ calculations using IBM SPSS 

Statistics. 

 

Table 2 reports the Kolmogorov-Smirnov testing 

results (observations = 65) to assess whether the 

residuals (white noise) follow an exponential 

distribution ( 
0  = 337.8129). The Kolmogorov-

Smirnov statistic value was 0.5876, with an 

asymptotic two-tailed significance of 0.8802. Since 

the p-value exceeds 0.05, the null hypothesis is not 

rejected. Therefore, the white noise can be assumed to 

follow an exponential distribution. 

Thus, the fitted model can be expressed as  
12 120.0389 0.4

12

612

1

(

,

0.4111

0

1 0.9999 )(1 )(1 )

8 ).02 04

1

1

( )

(1 )(1 .999 85 29 . 5

t

t t

B B B B Y

B B X

   

  

  (22) 
where (337.8129).t Exp  

The results for the simulation study indicate that the 

CUSUM control chart with K = 2.5 and decision interval 

values b = 396.544, 498.917 (calculated using Equation 

(13)) provides the optimal configuration, corresponding 

to ARL0 values of 370 and 500, respectively (Table 3 

(Appendix)). These findings are consistent with the 

numerical results in Table 1 (Appendix) and Table 2 

(Appendix). 

The ARL₁  results obtained from the four NIE-

based methods evaluated at various levels of process 

mean shifts were similar and consistent with the 

simulation study results. Regarding computational 

efficiency, the midpoint rule required the least amount 

of processing time, followed by the Gaussian 

quadrature, trapezoidal, and Simpson’s rules, in that 

order. Furthermore, the midpoint rule exhibited the 

smallest percentage deviation (%Dev) at a change 

magnitude of 0.75. As previously noted, the midpoint 

rule demonstrates excellent performance in detecting 
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shifts in real-data applications and is suitable for 

establishing control limits. 

The CUSUM control limits were calibrated to 

achieve in-control ARL values of 370 (UCL = 396.544, 

CL = 337.8129, LCL = 0) and 500 (UCL = 498.917, CL 

= 337.8129, LCL = 0). As illustrated in Figure 1 

(Appendix), the first out-of-control signal occurred at 

observation 7 when ARL0 = 370 and at observation 11 

when ARL0 = 500. This highlights the substantial impact 

of setting ARL0 on the CUSUM control chart sensitivity, 

underscoring the importance of selecting appropriate 

parameter values to optimize detection performance. 

 

 

6 Conclusions 
We proposed performance evaluation measures for the 

CUSUM control chart designed to detect small-to-

moderate upward shifts in the mean of a SARFIMAX 

time series. To this end, we employed the NIE 

approach based on the Gauss-Legendre quadrature, 

trapezoidal, Simpson’s, or midpoint rule. The 

performance of methods for a SARFIMAX process on 

a CUSUM control chart was assessed via the ARL, 

percentage relative deviation (%Dev), and 

computational efficiency. The ARL1 results obtained 

from the four proposed NIE-based methods 

demonstrated their comparable effectiveness in 

detecting changes across a wide range of processes. 

However, in terms of computational efficiency, the 

midpoint rule yielded the best overall performance 

while the Simpson’s rule method exhibited the worst. 

Furthermore, the %Dev obtained using the midpoint 

rule demonstrated high sensitivity in detecting small-

to-moderate upward shifts in the SARFIMAX process 

mean, with setting K = 2.5 for the control chart being 

the most efficient across all ARL0 values. 

The focus of this study was solely on the upper-

side CUSUM control chart for a SAFIMAX(p, d, q) 

(P, D, Q)s time series. However, the midpoint rule can 

be applied to other time series and memory-type 

control charts (e.g., EWMA). In addition, we 

exclusively concentrated on detecting upward shifts in 

the process mean. However, investigating shifts in the 

process mean on a two-sided CUSUM or mixed 

EWMA-CUSUM control chart for some applications 

warrants further study. 

In conclusion, we recommend using the proposed 

midpoint rule to assess the CUSUM control chart 

performance in terms of the ARL of a SARFIMAX 

process with exponential white noise. 
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APPENDIX 

 
Table 1. The ARL₁  results for the four NIE-based approaches for the long-memory 

12SARFIMAX(1,0.1,1) 1,0.2,1)(

model on a CUSUM control chart. 

 ARL0  =  100 

δ 
(K = 2.5, b = 2.9185125) 

%Dev 
(K = 2.75, b = 2.547573) 

%Dev 
(K = 3.0, b = 2.22648) 

%Dev ˆ ( )
G
L  ˆ ( )

M
L  ˆ ( )

T
L  ˆ ( )

S
L  ˆ ( )

G
L  ˆ ( )

M
L  ˆ ( )

T
L  ˆ ( )

S
L  ˆ ( )

G
L  ˆ ( )

M
L  ˆ ( )

T
L  ˆ ( )

S
L  

0.75 11.550 11.399 11.467 11.349 88.60% 11.956 11.867 11.909 11.826 88.13% 12.283 12.228 12.257 12.196 87.77% 
 (499) (453) (536) (4,114)  (505) (460) (538) (4,109)  (495) (458) (540) (4,016)  

1.50 5.179 5.150 5.163 5.141 94.85% 5.315 5.296 5.305 5.289 94.70% 5.436 5.423 5.430 5.418 94.58% 
 (511) (455) (535) (4,240)  (505) (459) (542) (4,174)  (493) (460) (537) (3,993)  

2.25 3.457 3.446 3.451 3.443 96.55% 3.510 3.502 3.506 3.500 96.50% 3.564 3.559 3.561 3.557 96.44% 
 (505) (455) (535) (4,111)  (494) (463) (536) (4205)  (494) (459) (536) (4,004)  

3.00 2.711 2.705 2.708 2.704 97.30% 2.732 2.729 2.731 2.727 97.27% 2.760 2.757 2.759 2.756 97.24% 
 (495) (455) (536) (4128)  (492) (463) (536) (4,139)  (495) (459) (539) (3,996)  

3.75 2.304 2.301 2.302 2.300 97.70% 2.312 2.310 2.311 2.309 97.69% 2.327 2.325 2.326 2.325 97.68% 
 (499) (452) (536) (4,142)  (499) (462) (537) (4,145)  (507) (459) (537) (3,988)  

4.50 2.051 2.049 2.049 2.048 97.95% 2.052 2.050 2.051 2.050 97.95% 2.060 2.059 2.059 2.058 97.94% 
 (493) (500) (536) (4,201)  (495) (459) (534) (4,280)  (496) (459) (534) (3,986)  

δ 
ARL0  =  370 

(K = 2.5, b = 4.5574738) %Dev (K = 2.75, b = 4.042056) %Dev (K = 3.0, b = 3.65309) %Dev 

0.75 20.721 19.176 19.788 18.946 94.82% 22.531 21.662 22.025 21.430 94.15% 23.816 23.280 23.515 23.069 93.71% 
 (494) (496) (538) (4,143)  (495) (461) (551) (4,324)  (496) (461) (536) (3,982)  

1.50 7.427 7.246 7.320 7.219 98.04% 7.953 7.838 7.887 7.811 97.88% 8.361 8.282 8.318 8.258 97.76% 
 (494) (457) (535) (4,113)  (494) (458) (536) (4,205)  (498) (458) (537) (3,986)  

2.25 4.602 4.549 4.571 4.540 98.77% 4.782 4.746 4.762 4.738 98.72% 4.944 4.918 4.930 4.911 98.67% 
 (495) (456) (540) (4,138)  (493) (459) (535) (4,149)  (506) (460) (536) (3,987)  

3.00 3.468 3.446 3.455 3.441 99.07% 3.536 3.520 3.527 3.516 99.05% 3.611 3.600 3.605 3.597 99.03% 
 (494) (455) (537) (4,130)  (493) (460) (533) (4,126)  (495) (458) (539) (4,167)  

3.75 2.869 2.857 2.862 2.854 99.23% 2.892 2.883 2.887 2.881 99.22% 2.930 2.924 2.927 2.922 99.21% 
 (494) (456) (536) (4,126)  (494) (459) (537) (4,151)  (497) (457) (536) (4,662)  

4.50 2.501 2.494 2.497 2.492 99.33% 2.504 2.498 2.501 2.497 99.32% 2.524 2.519 2.521 2.518 99.32% 
 (492) (452) (537) (4,121)  (493) (461) (546) (4,143)  (496) (459) (537) (3,979)  

δ 
     ARL0  =  500     

(K = 2.5, b = 4.9674795) %Dev (K = 2.75, b = 4.397021) %Dev (K = 3.0, b = 3.987543)  %Dev 

0.75 23.294 20.710 21.700 20.415 95.86% 25.858 24.431 25.013 24.108 95.11% 27.567 26.690 27.065 26.383 94.66% 
 (494) (455) (535) (4,144)  (504) (459) (538) (4,161)  (496) (458) (536) (3,971)  

1.50 7.874 7.609 7.715 7.576 98.48% 8.604 8.437 8.507 8.404 98.31% 9.137 9.022 9.073 8.990 98.20% 
 (502) (456) (540) (4,170)  (496) (458) (535) (4,183)  (495) (459) (538) (3,958)  

2.25 4.837 4.762 4.792 4.752 99.05% 5.077 5.029 5.049 5.019 98.99% 5.283 5.248 5.264 5.239 98.95% 
 (496) (451) (537) (4,112)  (492) (461) (534) (4,136)  (492) (460) (536) (4,001)  

3.00 3.633 3.601 3.614 3.596 99.28% 3.721 3.700 3.709 3.695 99.26% 3.815 3.799 3.806 3.795 99.24% 
 (495) (456) (539) (4,127)  (495) (459) (536) (4,104)  (496) (460) (539) (3,958)  

3.75 2.997 2.980 2.987 2.977 99.40% 3.026 3.014 3.019 3.012 99.40% 3.073 3.064 3.068 3.062 99.39% 
 (494) (455) (536) (4,130)  (496) (459) (537) (3,985)  (493) (459) (535) (3,955)  

4.50 2.605 2.596 2.600 2.594 99.48% 2.608 2.601 2.604 2.600 99.48% 2.632 2.627 2.629 2.626 99.47% 
 (496) (454) (537) (4,105)  (495) (460) (536) (4,221)  (496) (459) (541) (3,955)  

Note that: The computational times in parentheses are in seconds. 

Source: created by the authors. 
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Table 2. The ARL₁  results for the four NIE-based approaches for the long-memory 
12SARFIMAX(1,0.1,1) 1,0.2,2)(

model on a CUSUM control chart. 
 ARL0  =  100 

δ 
(K = 2.5, b = 2.6448797) 

%Dev 
(K = 2.75, b = 2.3130120) 

%Dev 
(K = 3.0, b = 2.012720) 

%Dev 
ˆ ( )
G
L  ˆ ( )

M
L  ˆ ( )

T
L  ˆ ( )

S
L  ˆ ( )

G
L  ˆ ( )

M
L  ˆ ( )

T
L  ˆ ( )

S
L  ˆ ( )

G
L  ˆ ( )

M
L  ˆ ( )

T
L  ˆ ( )

S
L  

0.75 11.851 11.748 11.797 11.705 88.25% 12.198 12.136 12.168 12.101 87.86% 12.479 12.440 12.462 12.414 87.56% 
 (520) (487) (552) (4119)  (512) (478) (548) (3998)  (536) (479) (544) (4056)  

1.50 5.278 5.257 5.267 5.249 94.74% 5.404 5.389 5.397 5.383 94.61% 5.513 5.503 5.509 5.499 94.50% 
 (510) (499) (555) (4015)  (515) (471) (551) (3998)  (533) (486) (549) (3985)  

2.25 3.494 3.486 3.490 3.484 96.51% 3.549 3.543 3.546 3.541 96.46% 3.601 3.597 3.599 3.595 96.40% 
 (540) (500) (554) (4002)  (513) (467) (554) (4004)  (536) (475) (550) (3992)  

3.00 2.725 2.721 2.723 2.720 97.28% 2.752 2.749 2.751 2.748 97.25% 2.780 2.778 2.779 2.777 97.22% 
 (523) (511) (558) (4050)  (515) (472) (577) (4026)  (533) (470) (546) (3989)  

3.75 2.309 2.306 2.308 2.306 97.69% 2.322 2.321 2.321 2.320 97.68% 2.339 2.337 2.338 2.337 97.66% 
 (523) (495) (553) (4011)  (512) (468) (556) (4019)  (530) (469) (548) (4062)  

4.50 2.051 2.049 2.050 2.048 97.95% 2.057 2.056 2.057 2.056 97.94% 2.067 2.066 2.067 2.066 97.93% 
 (531) (501) (553) (4023)  (515) (471) (549) (4021)  (532) (470) (552) (4083)  

δ 
ARL0  =  370 

(K = 2.5, b = 4.1679079) %Dev (K = 2.75, b = 3.754802) %Dev (K = 3.0, b = 3.408819) %Dev 

0.75 22.099 21.090 21.506 20.857 94.30% 23.489 22.879 23.143 22.661 93.82% 24.568 24.179 24.357 23.988 93.47% 
 (526) (478) (551) (4020)  (513) (470) (575) (4018)  (534) (474) (547) (4050)  

1.50 7.821 7.692 7.747 7.666 97.92% 8.255 8.168 8.206 8.143 97.79% 8.612 8.550 8.579 8.528 97.69% 
 (519) (482) (555) (4002)  (514) (480) (577) (4008)  (540) (473) (546) (4047)  

2.25 4.733 4.694 4.711 4.686 98.73% 4.900 4.872 4.885 4.865 98.68% 5.050 5.030 5.040 5.023 98.64% 
 (516) (474) (561) (4066)  (496) (470) (590) (4003)  (561) (487) (557) (4043)  

3.00 3.515 3.498 3.505 3.494 99.05% 3.590 3.578 3.583 3.574 99.03% 3.665 3.656 3.660 3.653 99.01% 
 (513) (481) (556) (4165)  (489) (470) (583) (3993)  (555) (482) (550) (4035)  

3.75 2.883 2.874 2.878 2.871 99.22% 2.919 2.912 2.915 2.910 99.21% 2.960 2.955 2.958 2.953 99.20% 
 (518) (513) (555) (4069)  (487) (470) (572) (3994)  (536) (470) (546) (4037)  

4.50 2.500 2.494 2.497 2.493 99.33% 2.517 2.513 2.515 2.512 99.32% 2.541 2.538 2.540 2.537 99.31% 
 (516) (534) (552) (4044)  (485) (477) (576) (4032)  (546) (474) (548) (4033)  

δ 
     ARL0  =  500     

(K = 2.5, b = 4.5323420) %Dev (K = 2.75, b = 4.093624) %Dev (K = 3.0, b = 3.734823) %Dev 

0.75 25.269 23.611 24.278 23.289 95.28% 27.136 26.136 26.558 25.823 94.77% 28.554 27.918 28.199 27.633 94.42% 
 (520) (478) (557) (4027)  (489) (467) (576) (4051)  (536) (471) (545) (4019)  

1.50 8.428 8.241 8.319 8.208 98.35% 9.000 8.873 8.928 8.840 98.23% 9.458 9.368 9.409 9.338 98.13% 
 (515) (482) (551) (4075)  (517) (469) (575) (4027)  (506) (473) (558) (4027)  

2.25 5.014 4.960 4.983 4.950 99.01% 5.228 5.190 5.207 5.180 98.96% 5.416 5.388 5.401 5.379 98.92% 
 (516) (483) (552) (4019)  (507) (469) (580) (4028)  (516) (477) (551) (4038)  

3.00 3.695 3.671 3.681 3.667 99.27% 3.789 3.772 3.779 3.767 99.25% 3.881 3.868 3.874 3.864 99.23% 
 (514) (478) (560) (3991)  (508) (472) (568) (4029)  (511) (477) (556) (4028)  

3.75 3.014 3.002 3.007 2.999 99.40% 3.059 3.050 3.054 3.047 99.39% 3.109 3.102 3.105 3.100 99.38% 
 (514) (478) (551) (4024)  (504) (467) (571) (4060)  (507) (470) (548) (4051)  

4.50 2.604 2.597 2.600 2.595 99.48% 2.625 2.619 2.622 2.618 99.48% 2.654 2.649 2.651 2.648 99.47% 
 (515) (480) (552) (4002)  (508) (469) (576) (4028)  (507) (473) (545) (4030)  

Note that: The computational times in parentheses are in seconds. 

Source: created by the authors. 
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Table 3 The ARL results for the four NIE approaches on one-sided CUSUM with real data fitted to a SARFIMAX 

model. 
 

 ARL0 = 370  ARL0 = 500  

δ 
(K = 2.5, b = 396.544) 

(%Dev) 
(K = 2.5, b = 498.917) 

(%Dev) 
ˆ ( )
G
L  ˆ ( )

M
L  ˆ ( )

T
L  ˆ ( )

S
L  ˆ ( )

G
L  ˆ ( )

M
L  ˆ ( )

T
L  ˆ ( )

S
L  

0.75 29.063 29.041 29.060 29.023 92% 34.349 34.313 34.343 34.276 93% 

 (477) (442) (517) (4,029)  (481) (442) (524) (3,963)  

1.50 10.515 10.509 10.514 10.507 97% 11.781 11.773 11.780 11.767 98% 

 (480) (443) (515) (4,018)  (476) (445) (564) (3,957)  

2.25 6.093 6.091 6.093 6.090 98% 6.640 6.637 6.640 6.635 99% 

 (479) (444) (516) (4,051)  (482) (442) (515) (3,974)  

3.00 4.338 4.336 4.337 4.336 99% 4.648 4.647 4.648 4.646 99% 

 (477) (441) (514) (3,998)  (486) (448) (524) (3,970)  

3.75 3.439 3.439 3.439 3.438 99% 3.645 3.644 3.645 3.643 99% 

 (477) (446) (521) (4,030)  (480) (443) (517) (3,969)  

4.50 2.906 2.906 2.906 2.905 99% 3.055 3.055 3.055 3.054 99% 

 (479) (442) (515) (4,028)  (479) (443) (523) (4,068)  

Note that: The computational times in parentheses are in seconds. 
Source: created by the authors. 

 

 

 
 

Fig. 1: CUSUM control chart observations with K = 2.5 for the 
12S ,( )ARFIMAX 1,0.0389 1 ,(1 0.4612 1),  model fitted to 

the real dataset. 
Source: created by the authors. 
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