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1 Introduction

As mentioned in the literature on testing for the ade-
quacy of a regression function in linear regression with
spatial observations using the partial sums method, the
limiting distribution of the sequence of the partial sums
processes of the residuals when the model is far from
adequate has been given by a shifted centered Gaussian
random field [1]. The power of the test has been repre-
sented by some boundary-crossing probabilities whose
behavior can be conveniently studied by investigating
the R-N derivative of the limit process. This means the
formula of the derivative plays an important role in this
context, [2]. To understand the problem, let

Zp:={Z(t): te D c RY}

be a centered Gaussian random fiel with sample paths
in the set of continuous functions on D, denoted by
C(D). Let us consider a shifted version of the Gaussian
random fiel Zp along h denoted by

(Z4+h)p :={Z(t) +h(t): t € D},

where h is a real-valued function in C(D). As it
has been documented in the literatures, the condi-
tions under which the concrete formula of a deriva-

tive dlzl(si;};m exists, [3], [4], and [5], where PP and

P(E+MD denote the probability distributions of Zp
and (Z 4 h)p, respectively.
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In case the random fiel is given by the standard
Brownian sheet, which is also frequently called the
Wiener-Censtov process, the Cameron-Martin formula
of the derivative is well known. Let

Wy = {W(t) Cteld =0, 1]d}

be the d-variate standard Brownian sheets indexed by
the points in the unit closed rectangle I¢ with sample
paths in C(I?). It has been shown that POV g
absolutely continuous with respect to PV, if and only
if h is an admissible shift in the sense h becomes an
element of the kernel of Wy, [3]. Additionally, the
Cameron-Martin formula of the density is given by

dPW+h)1a

_ 1 2 /
o = o] <, + [ @],

for P"ri — almost all 2 € C(I¢), where || - |7, , isthe
I
norm in the kernel Hyy,, of Wya and /' is a function of
bounded variation on I¢, such that
/ B (u)du = h(t), ¥Vt := (t,...,tq) € 1%
(0,t]

with [0,t] := T1%,[0,¢;]. This Cameron-Martin for-
mula can be used, for example, in calculating the rate
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of decay of the power of an unbiased test in linear re-
gression to its pre signed size, [4], [5], and [2], and for
estimating the boundary-crossing probabilities, [6].

By considering the reason described above, it is of
great interest to investigate the Cameron-Martin for-
mula for other centered Gaussian random field that
have frequently appeared in test problems. To this end,
Theorem 5.1 of [3], can be used as a framework, see
also [4], and [5]. The abstract Cameron-Martin theo-
rem is as follows. Let Hz, C C(D) be the kernel of
Zp furnished with the norm | - [|3¢,_. Then P(Z+h)p

is absolutely continuous with respect to PZP, if and
only if h € Hz,. Furthermore, if h € Hz,, then for
PZD — almost all z € C(D),

dP(Z+h)D

oz (0 = e {51, + A} )

where A is a linear functional define in Hz, x C(D)
satisfying the property

E(Z(t)A(h,z)) = h(t), ¥t € D.

Equation 1 suggests that to be able to obtain the for-
mula of the R-N derivative of P(2+")b with respect
to P2D, the structure of H zp and the definitio of the
associated norm || - [|3(,_ together with the formula of
the linear functional A (h,x) must be concretely deter-
mined.

We notice that for the case of the d-variate standard
Brownian sheets Wia, the kernel of P14 is a linear
subspace Hyy, ,, given by

Hw,y = {h|§|h’ € L% h(t) :/ h’(u)du}. )
[0.¢]

The associated norm in HWI ., 1s define as

Al = )Pt = 1

where £? is the space of square integrable functions
with respect to the Lebesque measure on I¢. Corre-
spondingly, the linear functional A (h, x) is define by

A(h,z) = /Id B (u)dx(u),

for h € Hyy and for P14 — almost all z € C(I%). We
notice that the last integral is define in term of Wiener
integral, so that we get the following result

E(W(t)A(h,W)) = E(W(t) h’(u)dW(u))

Id

= / B (w)du = h(t). (3)
(0,t]
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The organization of the paper is as follows. In Sec-
tion 2 we discuss multi-parameter Slepian random fiel
and its relation to other well-known centered Gaus-
sian fields such as the standard Brownian sheets. The
formula for the density of the shifted two-parameter
Slepian random field will be proved in Section 3

2 The d-Parameter Slepian Field

A centered Gaussian random fiel
S = {S(t), t=(t1,....ta)" € Rd}

is called d-parameter Slepian random field if it has a
covariance function define by

Cs(t,t') =L, (1 — [t; — 7)) ™,

fort = (t1,...,tq)" and t' = (¢;,...,t))7 in RY,
where ™ := max{0, u}, for u € R. The d-parameter
Slepian random fiel is a generalization of the one-
parameter Slepian process define on R, which has
been introduced and studied in many literatures, [7],
[8]1, [9], [10], and [11]. In particular, [12] established
the upper bound for a boundary-crossing probability
involving the one-parameter Slepian process. After-
ward, [13] investigated small ball probability for two-
parameter Slepian random field

One convenient method of definin the d-
parameter Slepian random fiel is by means of a dif-
ference operator. For every vector of positive constants
a=(ay,...,ay)| € R and every real-valued func-
tion F on RY, let A, F be define by

Ay F =

F(tl,...,ti,...,td)—F(tl,...,ti—ai,...,td).

For a fi ed i, the quantity A, I’ measures the dif-
ference of F' in the ¢-th component of t in amount
of a;. Then by referring to [14], the composition
A, o---0 A, when it is applied to a function F'
on R% will defin the increment of F on the closed
rectangle [t — a, t] := Hglzl[tl- — a;, t;], given by

(Ay, (F))...).

As an example, let us consider the case of d = 2. Then
the increment of F" on the closed rectangle [t1 —aq, 1] %
[to — ag, to] is given by

Aal(Aa2(F(t1>t2)))

= Ay, (F(ty,te) — F(t1,t2 — a2))

= F(tl,tz) — F(tl,tz — a2)

—F(tl — al,tg) + F(tl — al,tg — CLQ).

(Aq, O'”OAad)(F) =Ag (-
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Let Wg 1) be the d-parameter standard Brownian sheet
with continuous paths in the d-dimensional closed rect-
angle [0,b], where 0 < b;, fori = 1,...,d. The
process Wi p) is also called multi-parameters Wiener
process, [15] and [16]). Next by using the difference
operator we defin the following stochastic process

(Alll ©---0 Aad)(W)[a,b]
= {(Aa; (- (Ag,(W(t))...)) :

where [a,b] = Hle[ai, bi], with a; < b;, for i =
1,...,d. Itis clear that for every t € [a, b], the process
(Ag, (- (Ag, (W(t))...)) is exactly the increment
of the process Wj, p] on the closed rectangle [t — a, t].
Hence, (Ag, 0 -0A,)(W)(ap) is a Gaussian random
fiel with the property

t € [a,b]},

E((Ag 0---0A,,)(W(t)) =0

and the covariance

C((Agy 00 A,,)(W(t))
» (Bay 00020 84,)(W(s)))
= )\d([t —a,tj]N[s—a,s|)
=TI (a; — [t — sil) ™, 4)

for every t = (t1,...,tq)" ands = (s1,...,84)" in
[a, b], where \? is the Lebesque measure on [a, b]. Ob-

viously, the d-parameters Slepian random fiel
Spp) = {5(t) : t € [1,b]}
coincides in distribution with the process
(Ajo---o Al)(W)[l,b}7

since the last also constitutes a centered Gaussian ran-
dom fiel owning the same covariance function as that
of 8(1 pj. In particular, for s; = t; + u;, with 0 < w;,
fori =1,...,d, we have

C((Aro---0A)(W(t)),(Aro-0A1)(W(s)))
= Hgl:1(1 —u;) "

The application of the one-parameter Slepian pro-
cess, particularly in statistical inference was pioneered
by [17]. He showed that the one-parameter Slepian pro-
cess, given by

@B { @) te ),

have appeared as the limit process of the scan statis-
tic, where {B(t) : ¢ € [0,b]} is the standard Brown-
ian motion with continuous sample paths in the closed
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interval [0, b]. Another application of the Slepian pro-
cess in statistics, especially in the problem of parame-
ter change detection in linear regression models can be
found in the literature of parameter change detection,
[18]. They define a test based on the moving sum
processes of the recursive residuals. When the num-
ber of the residuals goes to infinit , they showed that
the limit of the moving sum processes was obtained as
the Slepian process. In this paper, we consider the d-
parameter Slepian random field define by

(Apy o0 Ay ) (W)m

\V H?:lhi

(Apy 00 Apy)(W(t))

= tehl],,
\/ H?:lhi
with the covariance function given by
a 1 +
C(t,t+u) = 1II; (hz—ul)

'L:lﬁ
7

+
W
= md, (1--2) .

It is worth mentioning that by applying a suitable
scaling in the coordinate pointt = (¢y,...,tq) ", the d-
parameter Slepian random fiel (Ajo---0A1)(W)1p)
can be transferred to the d-parameter Slepian random

fiel
(Apy o0 Ay )(W)m

\ szzlhi

by setting h; = b%-’ fori =1,...,d. More precisely, it
is true that (Aq o+ -0 A1)(W)(y 1) coincides in distri-
bution with the following d-parameter random field

1
0
(Ar o0 A )(W(t,. .. ta))
_ d
= I ,
H?:1bi

1 1
1| =114, | =1
o) =i

The covariance function of this process is given by

d d 1 -
(Hizlbi)ﬂizl (b - Uz)

+

w

= ¢ (1=
“< hz‘)
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which is equal with that of
1

\Y; H?:1hi

By referring to Equation 1, to be able to ob-
tain_the Cameron-Martin formula for the derivative
de(;;G) (x), we have to defin the kernel of the
d-parameter random fiel S, the norm furnishing
the kernel, and the functional A(G,S) that satisfie
E (S(t)A(G,S)) = G(t), for every admissible shift
function GG, where the expectation is computed based
on the probability distribution of the random fiel S,
[19].

(Ahl ©:+0 Ahd)(W)[h,l]-

3 Main Results

In this section we restrict the consideration to the case
of 2-parameter Slepian random fiel Sy}, given by

{ (Ap, 0 Ap,) (W (t1,t2))
v hihs

by the reason it is the most frequently encountered sit-
uation in the practice and also by technical reasons,
where W is the standard 2-parameter Brownian sheet
with sample paths in C(I?). The real constants k1 and
ho are fi ed, where 0 < hy, ho < 1. By Proposition 4.1
of [3], the kernel of Sp,p, can be derived by consid-
ering the linearity and the continuity of the difference
operator Ay, o Ay, on C(I?). Hence, the kernel of
Sh,h, 18 given by

’(tl,tQ) S [hl,l] X [hg,l]}

1
Honn = Ui,
Since Hyw,, = {es : I — R}, where

(Ahl (Ahz (HW12 )))

to 11
ef(ti,ta) = / f(u,v)dudv,
0 0

for some f € L£2(I?), then we have

Hsin, = {\/ﬁ(Ahl(Ahg(ef)))lf € 52(12)}‘

Clearly, every element of HSM ho is a real function on
[h1,1] x [he,1] — R. By some calculations, we get
the following results

Ay (Anyep)(ti; t2)

= 6f(t1,t2) — ef(t1 — hl,tg) — ef(tl,tQ — hg)
+ep(t — hi,ta — ho)

= ef(hi, ha) +ea, (f1,) (1) +ea,, (1) (2)

+€Ah1 (A}LQf) (t17 t2)7 (5)
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for (t1,t2) € [h1,1] X [ha, 1], where

h ha
fln = f(u,v)du and f |p,:= ; f(u,v)dv.
Clearly, both f |1, and f |;,, are integrable functions of
one variable on the unit interval [0, 1], so that the dif-
ference functions Ay, (f |n,), as well as Ap, (f |ny)
are in £L2([h1,1]) and £2([h2, 1]), respectively, imply-
ing the following results

1

, Ahl(f |h2)(u)d8h17h2(u7v) =0

and
1

\ Ay (f ) (0)dShy 1y (0) = 0

By this reason we defin the kernel of Sy, 1, by

(& (hl,hg)
H‘Shlhz - { !

\/m +6Ah1(Ah2f)|f € ['2(12)}7

Vhihy
where for some f € £2(1?),
Ay (Ap, f) 2

— =l ¢ £%(]he, 1] X [ho, 1
s ([h1,1] x [ha,1])

and (hi.h
ef(ni, he

—— = cR.
Vhiha

The linear operator Ay, o Ay, is not injective on
H,\a, causing the calculation of the norm in Hg, .
becomes much more difficul than the calculation of the
norm in Hyy_,. However, Remark 4.1 of [3] and Equa-
tion 2 above can be applied as an auxiliary result. We
then get the following equation:

2
| An (Any(erDllrg,

= inf

2
llegll
qli'H
eq€HW o ARy (Any (ef))=Any (Any(eq)) Wiz

(6)

= inf q 2 :
@A (Any(ef))=An; (Any(eq)) H HLZZ(IQ)

for some function ey € Hyy,, .

The following result will be shown crucial in deter-
mining the inherent norm in thlhz. In fact by Equa-
tion 5, for any two functions ey and eq in H ) ;¢ C

C(I%) and arbitrary fi ed 0 < hy,hy < 1, with f,q €
L£2(1?), it holds A2-almost everywhere

Ah1(Ah2 (ef)) = Ah1 (Ahz (eQ)) —

€f(h1, hg) = eq<h1, hg),

Ap, (f |no) = Any(q |ny),

Apy (f |n) = Any(q |ny), and

Ap, (Apy (f(u,0))) = Apy (Ang(g(u; )))(7)
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for every (u,v) € [h1,1] X [ho, 1],

In the following we present the Cameron-Martin
theorem for 2-parameter Slepian random field For that
we need to derive the concrete formula for the norm
in s, ,, as well as the formula for the operator A
mentioned in (1). By referring to [20], we can state that
every function f € £2(I?) has a A\?-almost everywhere
representation as follows

3

f(ti,t2) = Z f(t1,t2)11, <3, (t1, t2),

4,j=1

where 15 is the indicator of ¥ C I2. The symbols
I, and J; in (8) denote intervals on [0, 1], define by
Il = [0, 1-— hl), 12 = [1 - hl,hl), 13 = [hl, 1],
J1 = [O, 1— hg), J2 = [1 - hg, hg) and J3 = [hg, 1]
However, this representation equivalent to the follow-
ing orthogonal form

3
f(t1,t2) = Z (Vij 1 xa, (t1, t2) + bij(t1, t2)) . (8)
ij=1

where ;; 1s a real constant define as below

Sf(l — hl, 1-— hg)

Y11 = J
Ly
sp(hi, 1 —ho) — sp(1— hi, 1 — ho)
Y21 = ’
Loy
sp(1,1 = ho) — sp(h1, 1 — ho)
Y31 = L ’
31
~ 55(1 = ha,hg) = sp(1 = hi,1 = hy)
Y12 = ’
Lo
1
22 = T [s(h1, ha) = (1 = ha, ha)
22

—Sf(hl, 1-— hg) + Sf(l — hl, 1-— hg)] ,

1
V32 = T [Sf(]-a ha) — Sf(h1’h2)
32

—Sf(l, 1— hg) + Sf(hl, 1-— hz)] ,
Sf(l — hl, 1) — Sf(l — hl, hg)
Ly ’

Y13 =
1
Yo3 = = [s7(h1,1) — s5(1 — hy,1)
Lo
_Sf(hla h2) + Sf(l — ha, h2)] )
1
Y33 = = [s7(1,1) — s¢(h1,1)
L33
—sf(1, h2) + sy(h1, ho)],
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bij is a real function in £2(1?) define by

bii(ti, t2) = (f(t1,t2) — v11) 1 xa, (1, t2),
bo1(t1,t2) = (f(t1,t2) — vo1) 11, %3, (t1,12),
b31(t1,t2) = (f(t1,t2) — ¥31)115%3, (t1, t2),
bia(t1,t2) = (f(t1,t2) — v12) 11, %3, (t1, t2),
baa(t1,t2) = (f(t1,t2) — v22)L1yx 3, (1, t2),
b3a(t1,t2) = (f(t1,t2) — ¥32) 115%3, (t1, t2),
big(ti,t2) = (f(t1,t2) — 73) 11, %3, (t1,t2),
bas(t1,t2) = (f(t1,t2) — 723) 11, %35,

bas(t1,t2) = (f(t1,t2) — v33) L1z x3s

and fors,5 = 1,2, 3,

Li; :—/ 11, %3, (u, v)dudv, i, j € {1,2,3},
12

so that

L1y := (1= hy)(1 = ha),
Loy := (2h1 — 1)(1 — hg),
L3y := (1 = h1)(1 — hg),
Lig := (1= hy)(2he — 1),
Lo = (2h1 — 1)(2hg — 1),
L3y := (1 —hy1)(2hy — 1),
Lz := (1= hy)(1 — ha),
Loz := (2h1 — 1)(1 — ho),
L i= (1 — hn)(1 — ho)

Readably, the function b;; satisfie the property

/ bij(u,v)dudv =0, 4,5 € {1,2,3}.
12
It is understood that the set

{vijlxa, + bij = 0,5 =1,2,3}

in (8) builds a set of orthogonal functions in £2(I1?). By
means of this orthogonal representation we will derive
the norm

|8 (A (e B, |+ s € Hoa
By some calculations, we get

ef(h1,h2) = y11L11 + Yo1L21 + vi2Li2 + v22 L2,
and
Apy (An,y (f(t1,t2)))

= (33 — 713 — 731 + 711) + b33 (t1, t2)
—bi3(t1,t2) — b31(t1, t2) + bii(t1, t2), (9)

for (¢1,t2) € [h1, 1] X [ha, 1]. Both results will be con-
sidered in establishing the proof of the following two
lemmas.
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Lemma 1 Let% < hi,hy < 1. Then Vf € L2(I?), it
holds true

|8, (A e

1
+—sq(h1, h

o [54(h1, h2)
+(7f, — &) Ls1 + vi3 L1z + v35 Loz + i3 L1s

* * 1
+(vis + o) Lag + 5 1A, (B (A) 1 221,03,)

Ap, (Ahz (f (u,

*2
=71Ln

* * * 2
— M1l —vieLli2 — W22L22]

+2a** L33 — 2a*/ v))dudv

13 X Jg
where

_ Lieg(h1, ho) + alizy (Lag 4 La1 + Li2)
711 = B

elI<h’17 h2)

— 1L — o Lae — v3aLo2

7;1 = LQI
«  Lueg(h1,ha) —alii1L3y + Laieq(hy, ho)
Y12 = B

 Liieg(hy, ha) — aLi1L31 + L3ieq(h1, ho)
722 = B

« . —alss .

_ _ il —islss
(Li3 + La3)

L3; + L33

and

B := Lyy (L11 + Lo1 + Li2 + La2)
+L31 (Lot + L1z + Lag) .

Proof: In the firs step we consider a family of step
functions in £2(I?) having the following representation

q(t1,t2) = vl %3, (t1, t2) + Y2111, %3, (L1, t2)
+(711 — @)1y, (L1, t2) + Y1211, %3, (t1, t2)
+y2211, %3, (t1, t2) + y32115%d, (f1, 2)

+y1311, %35 (1, t2) + v2311, %35 (L1, t2)

(713 + @) 11;x35(t1, t2),

for real constants 11, 21, Y12, V22, V32, 713, Y23 and a.
Let hy and ho be arbitrary with 1/2 < hy < 1 and

1/2 < hy < 1. Then by some algebraic computations,
we obtain the following equation

eq(h1, ha) = y11L11 4+ y21L21 + y12L12 + Y22L22 (10)
and
Ahl (Ahz (Q(th tQ)))

=3 +a) —v13— (M1 — ) +711
= 2a.

(11)

Equation 10 gives the following solution for 791 :

€Q(h1a h2)

—y11L11 — v12L12 — Y22 L2

21 =
K Loy
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The definitio of Mg, , . together with Equation 10
and Equation 11 leads us to the following equation

Ay, (A, (eq(ts,t2)))
= eq(hl, h?) + /h 2 1 Ah1 (AhQ (Q(u’

2 Jhy
= eq(hl, hQ) + 2a(t1 — hl)(tz — hg).

v)))dudv

Let us defin a function qo in £2(I2), given by

qo(t1,t2)
= 79111 x3, (1, t2) + 75?)112 xJ: (t1,t2)
+(’Y§2) — a0) i, (1, t2) + 919 11 <3, (11, 12)
+“Y22 11, %3, (t1, t2) + 7?(,(2])113ng (t1,t2)
Jr’Y13 11, <35 (t1, t2) + 753,)112 xJs(t1,2)

)

(713 + @) L13xJ5 (t1, t2),

such that for h; <t; <1land hy <ty <1,

Ahl(Ah2 (GQ<tlvt2))) = Ay, (AhQ (e% (tlth)))
= eqo(h1, h2) + 200 (t1 — h1)(t2 — ha),

Then by considering (7), we get
eq(h1, h2) = eqy(h1, ha); a = ay,
so that after the substitution of o1, we have

q(t1,t2)

= y1111, %3, (t1, t2) + (713 + @0) L1y x5 (t1, t2)

n (ego(h1,h2) — 11 L1 — m12Li12 — v22L22)
Loy

><112><J1 (t )
+(711 — a0) 11y x3, (t1, t2) + Y1211, %3, (t1, t2)
+72211, %3, (1, t2) + V321153, (t1, t2)
+y1311, %35 (1, t2) + Y2311, %35 (t1, £2).

Hence, the square norm of ¢ in £2(I2) is given by

lgl|Z222) = 7f1 L1 + (11 — a0)*La1 + 73z Lo

(eqo(hlv h2) —y11L11 — y12L12 — ’722L22)2
_|_
Loy
+29 Loy + Y35 L3 + y33L13 4 v23 Lo3

+(713 + ap)?Las.

The minimum condition of the norm ||qH%2(12) can be

obtained by applying differential method. It can be
shown by a computation using a computer program that
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the minimum value will be attained at the constants 77},
V12> Va1> V20 V32> Vi3s Vo3, Which are define as follows

«  Luieg(h1, ho) 4+ gLy (Lo + La1 + Li12)

Y11 = B )

* eqo(hlv h2) —vi1L11 — ViaLi2 — V39 Lo

Vo1 = L21 ’

« _ Luieg(h1, h2) — agLli1L31 + Laieq, (hi, ho)
Y12 = B )

« _ Luieg(h1,h2) — agLli1La1 + Laieq,(hi, ho)
Yo2 = B )

—apLss
* — 0’ * — , * — O
V32 Y13 7(L13 ¥ L) Y23

Hence by recalling Equation 6, the following equation
is obtained

2

|Ap, (Ahz(e(Jo>)HHShlh2
= inf

qeL2(12):Ap, (Apy(egg))=An, (Apy(eq))
_ (eqo(husho) =1 Luy — vy Liz — 35 L)

Loy
+vi1L11 + (7f) — @0)?Ls1 + i3 L1z
+7535 Loz + 113 L13 + (Vi3 + 20)* Lss.

2
lallz2re)

Next, we expand the study to a general f € L2(I2),
which is define by

f(t1,t2) = y1111, <3, (t1, t2) + b11(t1, t2)
+y2111,x3, (t1, t2) + ba1(t1, t2)
+(711 — @) 113, (t1, t2) + b31(t1, t2)
71211, %3, (1, t2) + b12(t1, t2)
+y2211, %3, (1, t2) + bao(t1, t2)
+y3211;x 3, (t1, t2) + b32(t1, t2)
+y1311, %35 (1, t2) + b13(t1, 2)
+72311,x 35 (t1, t2) + bas(t1, t2)
+(713 + @) 11yx35(t1, t2) + b33 (t1,t2)
= q(t1,t2) + b11(t1,t2) + bo1(t1,12)
+031(t1,t2) + bia(t1, t2) + baa(t1, t2)
+b3a(t1,t2) + bi3(t1,t2) + baz(t1,t2)
+b33(t1,t2), (t1,t2) € I°.

By considering the linearity of the operator Ay, 0 Ay,
we obtain

Ap, (Apy(ef)) = Ap, (Ah2(6q+2§?:1 Y bz‘j))'

So by recalling Equation 6 and by the preceding con-
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sideration, we get:

Ay (A 2
H hl( hz(ef))HHShlhz

3 3
= min [|g||Z2(g2) + min § > > [1bijll72 12
i=1 j=1
 (eq(h, ha) = ¥ a1 — v Liz — ¥3pLoo)”
B Loy
7L+ (v — o) La
+915 Lia + 755 Laa + 713 Las + (vi3 + o) Ly

3 3
+min{ Y3 bl Ze e ¢ - (12)

i=1 j=1

where ~;; in (12) is obtained by replacing go and g
with ¢ and o, respectively, where

o = (v1Ls1 — visLlss)/(Ls1 + La3).
The minimum in (12) is chosen among all
bz‘j I x Jj —-R

that satisfy the following properties
/ bij(u,v)dudv =0
Ii X Jj

and

Ap, (Ap,y (f(t1,t2))) — 20" =
b33(t1a t2) - blg(tl,tg) — b31(t17t2) + bll(tl,tQ).

The last property follows by Equation 9 and the equa-
tion

Y33 — 713 — Y31 + Y11 = 20"
Since for fi ed (t1,t2) € I3 x J3, it holds

bia(t1,t2) = baa(t1,t2) = b3a(t1,t2) =0,

then
3 3
min ZZ ||bini2(12)
i=1 j=1
. 2 2
= min { [bsal Zagr2y + orsages
s 22y + a2y }

= min {Hb33(', ')||%2(13XJ3)

+ Hb13( - hla .)H%Q(IgXJS)
+ b3 (s - — h2)”%2(13><J3)
+ [|b11 (- — 1, — h2)||i2(13><.]3)} :
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One more simplificatio gives
3 3
. 2
min ¢ > 0 bl 222
i=1 j=1
:/ min{|b33(t1,t2)\2+|bl3(t1 _h17t2)|2
IsxJs

+|bs1(t1, t2 — ho)|?
+ b1 (tr — ha,to — hQ)P} dtydts.

We get for (t1,t2) € I3 x J3,
min {|b33(t1,t2)]2 + |bis(ts — ha, to)[?
+ |bai(t1, ta — ho)[> + [br1(ts — ha,ta — h2)|2}
= ’;(533(t1,t2) —bi3(t1 — hy,t2)
—b31(t1,ta — ho) + bi1(t1 — ha,ta — ho))|?

hlatZ)

1
+ 5(—533(t1,t2) + biz(t1 —
+ b3y (t1, b2 — ha) — by (ty — By, bty — h))[?
1
=5 b3z (t1,t2) — bi3(t1 — hi,t2)
—bs1(t1, 2 — ha) + bi1(t1 — h1,ta — ho)|?
1 *
=5 | AR (A, (f(t1,t2) — 2 ’2~
Hence,
3 3
min ¢ S 0 bl 22z
=1 j—1
1 * 12
=5 [ AR (Any (f)) = 2072215534

1 *
D) | An, (Ap, (f))”iZ(ISXJS) + 20 L33

—2a*/ Ap, (Ap, (f(u,v))dudv.  (13)
13><J3
Finally, by (12) and (13, we get
2
|’Ah1(Ah2(€f))H’}—[Shlh2

_ (eg(h1, ho)

— 1L — o L1z — 7521122)2

Lo
Y7L + (v — o) La1 +vi5 Las
+755 Laz + vi3L1s + (13 + ) Las

1 *
"‘5 HAhl (AhQ(f))H%Q(IgXJg) + 2« 2L33

—2@*/ Ap, (Ap, (f(u,v))dudv
13 ><J3

establishing the proof of Lemma 1.
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Lemma 2 For % < h1, hy < 1, the functional

A H5h1h2 X C([hl, 1] X [hg, 1]) — R

that satisfie the condition

E <8h1,h2 (t1,t2)A (Ahl(AhQ(ef)), Shl,h2>>
(

Vhiho
_ Ahl (AhQ(ef t17t2))
vV hihs

is given by

A ( J;*hAm(Ahg(ef))?shl,hz)
ef(h1,ho)W(1,1)

= hihs
1 pl—ho
+/h1/0 Ap, (Ap, (f(u,v)))dW (u,v)

1—hq
. / Ay (A (f(u,0))dW (u,v)
0 ha
1—h1 1—h2
_ /0 /0 An, (A, (F(u,0)))dW (u, v)
1 1
+\/@/h /h Ap, (Apy (f(u,v)))dShy hy (u,v)

where

1 1
/h A (Ao (F (1, 0)))dShy gy (1 0)

1 Jho
) /1 LA (A, (f(u,v
\/hth

/h1 /hQ A’“ A"z )))dW(u—hl,v)
_/ Ah1(Ah2(f( u, v

/ / Ah] Ahz
h] hg h1h2

Proof: By considering the linearity of the expectation

)))dW(u,v)

)))dW(u,v — ha)

) g a

— hl,v — hg)
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and by recalling Equation 4, we get

E (Shl,hg(tl,tQ)A (Ahl(AhQ(ef))’

S
hihs hm?))

—E (Ahl(Ah2(W(t17t2))) ef(hy, ho)W(1, 1))
Vhiha hihs
Ay, (Ap, (W(t1,t2)))
o (St

<[ / o Ay (B (0 0))aW (a.0))

Ay, (Ap, (W (t1,t2)))
e < Vi

1—-h1 1
« | i Am(Ahz(f(u,v»)dW(u,v))

_E <Ah1 (Ahz (W(th t2)))
v hiho

« /0 o /O T AL (A f(u,v)))dW(u,v))

Ay, (Apy (W (t1,t2)))
+E < N v/ hihsy

< / Ay (B 0 0)) S 1 (00) )

_ ef(hi, ha)
hihav/hiho

/t1 /1 ho Ah1
h

/1 h1 /tz Ahl

t1 ho

/1 h1/1 "2 Ay (A, (f(u,
t t Vhihs
/tl /t2 Ahl Ah2 ( D) gy
h

(t1 = (t1 — h))(t2 — (t2 — h2))

Ahz (f(
hlh

Ap,(f
h1h2

)))dvdu

)))dvdu

v))) dvdu

I=hi rt Ap (A, (f(u,v
_/ —h1 Jha ( \/% )))dvdu
/tl /1 " Ahl Ahz(f( )))dvdu
ha Vhihy
/1 & /1 " Ah1 AhQ (f( )))dvdu
t t Vhihy

_ ef(hl,hg) 1

t1,1
Vihs | Vi A a1
_ ef(ha, o)

+ea, a0 (t1,t2),

hiiha Vo

finishin the proof of the lemma.
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By combining Lemma 1 and Lemma 2, we obtain
the following Cameron-Martin formula for the Radon-
Nikodym derivative of the probability measure

ef(hhy)
Shihat =g TeA (A, ()
P h1,ha

with respect to P12, for f € £2(T?).
Theorem 3 The Radon-Nikodym derivative of

ef(hy,hg)

NET

Sh1,h2+
P

Ten, (an, ()
h1,ha

with respect to P1:k2 exists, if and only if

ef(h’la hZ)

W * e\/iAhl(A’m( ) € H‘Shhhz’
for 3 < hy, hy < 1. Moreover, if the condition

ef(h1, ho)

i G An @ny () € TShiny

is fulfilled then

ep(h,ha)
+ J:/T Ten, (A, ()
Vhi,ho {

Shy,ho

dp

Ap, (Ahz (W)) }

dPShi.ho N

1 2
= - * L -
eXp{ 2hihs <’Y11 11+ 7
i1 L1t = ¥iaLi2 — 13, L2o)?

+(7i1 — &*)?Ls1 + vi3 L1z + v35 Loz
+713L1s + (5 + a*)?Lag

1 *
By (B (D) r ) + 207 L
—2a” / Ap, (Ap, (f(u, v))dudv) }
13><J3

X exp {WW(L 1)

[sq(h1, h2)

1 1—ho
L /h 1 /0 Ay (A (f (1, 0)))dW (u, v)
1—h1
. / A, (A, (f (1, 0)))dW (u, v)
0 ho

1—h 1—ho
_ /O /0 Ay (A (f (u,0)))dW (u, v)
hihs

+
1 1
<.
h1 Jhe

Ay (B (F (1 0))) S, o v)} |
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Proof: The result follows by the substitution of the
norm

2
[ Any (A, (€))7
hihg

and the functional

Ap, (Ahz (ef))
A ( Vhiha ’Shl’]m)

define in Equation 1, by the formulas obtained in
Lemma 1 and Lemma 2, respectively. Hence, finish
ing the proof of the theorem.

4 Concluding Remrks

In this paper the Cameron-Martin formula of the
Radon-Nikodym derivative of the shifted two param-
eters Slepian random fiel has been established for an
infinit dimensional class of shift functions. The for-
mula for the norm of the shift function has been derived
by applying an optimization principle in infinit dimen-
sional space. The linear functional characterizing the
Cameron-Martin formula has been obtained by making
use of the property that the Slepian fiel is equivalent
in distribution with the increment of the Wiener field
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