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Abstract: - The proposed approximation of a function of several variables is based on the direct product of local
splines of one variable. The approximation is built on each elementary parallelepiped separately and is reduced
to calculating the sum of the products of the function values and the basis splines. The use of non-polynomial
basis splines with different properties in different directions allows us to obtain a qualitatively better
approximation. Solving the Fredholm integral equation of the second kind of several variables is reduced to
calculating the integrals of the product of the kernel and the basis splines and solving a system of linear
algebraic equations. A comparison of the results of the numerical solution of integral equations by the proposed
method and the results of applying other methods is given.
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1 Introduction value problems of the differential equations are
When studying various physical processes, converted to integral equation.s, [14], [15]. For
mathematical linear or nonlinear models are exam.p.le, the Laplace equation of bqundary
constructed, based on linear or nonlinear differential COIldlj[lOIlS is reduced .to a Fredholm integral
equations, including partial differential equations. equation of the second kind by the direct boundgry
There is a need to develop new numerical methods clement method, [15]. Nowadays, when solving
for solving boundary value problems, the Cauchy linear Fredhqlm equations, calculation schemes are
problem (see, [1], [2], [3]). Particularly relevant in constmgted in_different ways, for .example, by
the development of numerical methods is the use of combining the meshless barycentric Lagrange
finite elements, [4], various types of wavelets, [5], interpolation functions and the Gauss-Legendre
[6], splines [6], [7], [8]- In many cases, solving quadrature formula, [16]. In paper, [17], an
boundary value problems and the Cauchy problem algorithm is developed for solving two-dimensional
is reduced to solving an integral equation. Fredholm linear Fredholm integral equations of the second
integral equations have applications in plasma kind by the integral mean value theorem. In the
physics, electrical engineering, [9], telegraph proposed numerical method, each element of the
equations, [10], and in many other directions of generated discrete matrix does not required to
applied physics and mathematics. Integral equations calculate integrals, and the approximate integral
can be solved using numerical quadrature and operator is convergent according to the collectively
cubature formulas. The numerical quadrature and compact theory. In paper, [18], numerical solution
cubature formulas are given, for example, in [11]. methods for two-dimensional Fredholm integral
Integral equations are a useful tool for a large equations of the second kind are considered.
number of modeling problems that arise in computer Suppose f(x,y) and K(x,y,s,t) are given
graphics, manipulations, aerodynamics, fracture continuous functions defined on D = [a,b] X
mechanics, and electromagnetic scattering, [12], [a,b]. In this paper, we consider the following
[13]. The historical development of integral linear integral equation.

equations is closely related to the solutions of
boundary value problems. Generally, the boundary
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b b
u(x,y) —f f K(x,y,s,t)u(s,t)dsdt = f(x,y),

where u(x, y) is an unknown function in D.

2 Spline interpolation method
2.1  Second-order splines
approximation with one variable
The construction of local spline approximations of
one variable has been studied in [19]. The
estimations of the errors of approximating by non-
polynomial splines can be obtained following the
method described in paper, [19]. A grid of ordered
nodes {xj} is given with a step h; = xj.; —x; on
[a,blia = xg< .. < x,=Dbn=1.

Approximation U(s) wusing  second-order
approximation basis splines of one variable on one
grid interval [xp,xr4q] 1S constructed in the
following form:

of

U(s) = u(xp) wi(s) + ulxgs1) wg41(8),
s € [Xp, X41]-

We assume that the support of the basis spline
wy (s) occupies two grid intervals:

supp wy = [Xp_1, Xp41]-

Suppose the functions ¢y(s),@,(s) form a
Chebyshev system on the interval [xp, xj41]. Basis
splines on the interval [xy, x4 1] are found from the
condition:

U(s) = u(s), u (s) = @o(s), 91(5).

Thus, we arrive at a system of approximation
identities.

0o () Wi () + Po (K1) Wi 1(8) = o (s),
01 (X)) 0 () + 1 (X4 1) Wi () = @1(5),
S € [Xp, Xe41]-

From here, we obtain the formulas for basis splines

©o(8)P1(Xp1) — ©1(8)Po(Xk41)

k(S = )P0 () — 1P Cras)
S € [Xp, Xp41],
_ 0o (8)P1(xx) — P1(S)po(xy)
wr1(8) =

01 ()P0 (Xe41) — 91 (xk+1)(p0(xk),
S € [xg, Xg41]-
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Next, we can obtain special cases of basis splines. If
©o(s) =1,¢1(s) = s, then we obtain formulas for
polynomial basis splines

S = Xk+1
———, S € [xxp41]
Proy — J Xk — Xk+1
we(s) =19 s — Xg-1 [ |
—————, SE[xp_1,x
X = Xg-1 by

a),f(s) =0 whens & [xXp_1, Xk41]-
In addition, we give the formula of w1 (s):

S — Xg

w]€+1(s) = , SE [xk'xk+1]-

Xp+1 — Xk

The plot of the polynomial basis splines has a
support consisting of two grid intervals and is
shown in Figure 1a. The error of the approximation

can be given by the relation, [19]:
1
u(s) = UG < gh® 1" lep )
If ¢y = sin(s), <p1—cos(s), then we obtain

formulas for the trigonometric basis spline:

Sin(s — Xy+1)

T

W \S) = S € | Xy, X

k( ) Sin(..xk(— xk+1))’ [ k» k+1];
sin(s — x,

Wis1(8) = s € [xp, Xp41]-

sin(Xg41 — %)’
wl(s) =0 whens & [xp_q1, Xps1]-

The support of the trigonometric basis spline
consists of two grid intervals. The plot of the
trigonometric basis spline is shown in Figure 1b.
The error of the approximation can be given by the
relation:
lu(s) = U()| < Kh? Il w +u" lcpe gy,
K = const.

If oo =1,9,(s) =e®, then we obtain formulas
for the exponential basis splines a)k , Wy +1(s) in
the following form:

p e — exk+1
(S) = — eXk+1’ s € [xk'xk+1];

e’ —e*k
wk+1(5) = oxr S € [x, Xg41]-

eXk+1 —
wiP(s) =0 whens & [xp_1, Xp41]-
The error of the approximation with the exponential

basis splines can be given by the relation, [19]:

lu(s) = U(s)| < Kh? Il w +u" lcpe gy,
K = const.
The plot of the exponential basis spline is shown in
Figure Ic.
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The error of the approximation can be given by the
relation:
lu(s) = U(s)| < Kh?e*e+1 |l u"" —u (TIPS P
K = const.

If @o=1¢.(5)=e"% then we obtain
formulas for the exponential basis splines in the

form:
=S _ e Xk+1

e
wi’(s) = % —orkes’ S € [Xr, Xk 41,
e—S _ e—xk

wit1(s) = p .’ SE [xr, g 41]-

—Xk+1 — @
wp®(s) =0 whens & [xj_q, Xp41]-

The error of the approximation can be given by the
relation:

lu(s) — U(s)| < Kh?exp(xi) Il u” = llgpey sy
K = const.

The plot of the exponential basis splines is shown in
Figure 1d.
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Fig. 1. The plots of different types of basis splines:
a) polynomial; b) trigonometric; c¢) exponential;
d) exponential.

Source: created by the authors

Let us present the results of the approximation of
some functions u(x) using polynomial and
nonpolynomial splines on [a,b] =[—1,1]. The
approximations were constructed on a uniform grid
ofnodes withh = (b — a)/n.

In Table 1 and Table 2, the actual values of
approximation errors are given. The maximum

absolute wvalues of the actual errors in the
approximation of the functions:
R = max max |u(x) — U(x)|
k=0,..,n—1 X€[xp,X}+1]

Table 1 shows the values of the actual errors R
when n = 20. Table 2 shows the values of the actual

errors R, n = 200. The calculations were performed
in the Maple system with Digits = 10.
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Table 1. Actual values of approximation errors of some

functions R obtained using polynomial and non-
polynomial splines whena = —1,b=1,n= 20

u(x) Qo =1, Qo =1, Qo =1, @o = sin(x),

o1 =x pr=¢e* | gpr=e | @ =cos(x)

1 0 0 0 0.13-1072
e~ 0.32:1072 | 0 0.65- 1072 0.65- 1072
e 0.32-1072 | 0.65-1072 | 0 0.65- 1072
X 0 0.13-1072 | 0.13-1072 0.12-1072
sin(x) 0.10-107% | 0.18-1072 | 0.18-1072 | 0.17-1071°
cos(x) 0.10-1072 | 0.18-1072 | 0.18- 1072 0.18-1071°
1 0.41-1072 | 0.44-1072 | 0.44-1072 0.41-1072
+ 25x2)71

Source: created by the authors

Table 2 Actual errors R obtained using polynomial and
non-polynomial splines when a = —1,b = 1, n = 200,

Digits=10

u(x) @ =1, o =1, Yo =1, @o = sin(x),

P1=x o1 =e" pr=e"" @1 = cos(x)

1 0 0 0 0.13-107*
e 0.33-10™* | 0 0.68-10~* | 0.68-10~*
e™® 0.33-107* | 0.68-10™* | 0 0.68-107*
x 0 0.13-10™* | 0.13-10™* | 0.12-107*
sin(x) 0.10-10™* | 0.18-107* | 0.18-10™* | 0.16-107%°
cos(x) 0.10-10™* | 0.18-10* | 0.18-107* | 0.18-107%°
a 0.62:107% | 0.63-1073 | 0.63-1072 | 0.61- 1073
+ 25x2)7!

Source: created by the authors

The results presented in Table 1 and Table 2 are
consistent with theoretical estimates of errors.

2.1  Method for approximation functions
of two variables

Now, we discuss the spline interpolation method for
approximation functions of two variables. Suppose a
continuous function of two variables is defined in a
rectangular region G, and the second derivative of
the function for each of these variables is bounded.
We begin by constructing a rectangular grid of
nodes in this region G.

A rectangular grid of ordered equidistant nodes {x;}
and {y;} is given with steps

hx = Xip1 — X, i = 0,...,n—1,
hy =Y~V j=0,..,m—1,

on a rectangular region G = [a, b] X [c,d]:

a=xg<x1<<xp=b, c=y; <y <+
<yn=d, nmz=1.

Suppose the values of the function u(xi,yj) are
given at the grid nodes. Suppose II;; denotes the
elementary parallelepiped (Figure 2):

i =[x, %i01) X [y, Vi4a)-
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In each elementary parallelepiped I1;; with vertices
at the points

(xi: Yj): (xi+1r3’j): (xi: Yj+1): (xi+1;3’j+1)

we construct the approximation U;;(x,y) with the
basis splines, using direct production of one-
dimensional basis functions w;(x) and w;(y)
according to the next rule:

Uij (6, y) = w00 y) + Uigq,j Qi (X, )
+ U j+1Q 41 (0 Y)
+ui+1,j+1Qi+1,j+1(x:Y);
x € [x, xi41], ¥ € [¥5, V41,
i=01,..,n—-1, j=01..,m-1,
where
Qij(x,y) = (A)L(X)(A)](y), i=01,..,n—-1, ]
=01,...m—-1
The plot of the polynomial basis splines of two
variables (a polynomial spline in the direction of the
axis X and a polynomial spline in the direction of
the axis Y) is given in Figure 3a. The plot of the
trigonometric basis splines of two variables (a
trigonometric spline in the direction of the axis X
and a trigonometric spline in the direction of the
axis Y) is given in Figure 3b.
y
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Fig. 2. The mesh and the elementary parallelepiped 7;;.
Source: created by the authors

(a) (b)

Fig. 3. The plots of the basis splines of two variables: a)
polynomial; b) trigonometric.
Source: created by the authors
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We denote the derivatives of a function of two
variables as follows:
0" f(x,y)

DT,S —_
f(x’y) axrays

Theorem. Suppose u € C2|I1;;]. For (x,y) € II;;
in the case of local polynomial approximations of
the first degree, we have the estimate:

|u(xry) - Ul](xry)|

1
212 2,0
< 5h2 1 D% u lin,

1
+§h32’ I D%*u ligjm,

Proof.

First, note that U;j(x,y) = u(x,y),if u=1,x,y,
and (x,y) €II;;. Expanding the functions
u(x,y),U;j(x,y) using the Taylor formula in the
neighborhood of the point (x;,y;), taking into
account the approximation identities for the case of
one variable, we obtain the error estimate specified
in the formulation of the theorem.

Note. Using a similar method for other variants of
approximations with the polynomial and non-

polynomial splines, we obtain the error estimate
O(hZ + h}) for (x,y) € I;;.

3 Application of splines to the solution
of the Fredholm integral equation of

the second kind

Next, for convenience, we consider a square region
G and the same number of nodes (n = m) in this
region, both along the X-axis and along the Y-axis.
Consider the Fredholm integral equation of the
second kind

b b
u(x,y) —f f K(x,y,s, t)u(s,t)dsdt = f(x,y),

(x,¥) € (Ia, b] X [a,b])
We suppose that the kernel K(x, y, s, t) and function
f(x,y) are the continuous functions.
Now we can represent the integral

b b
J. f K(x,y,s, t)u(s,t)dsdt
a a

as a sum of the following form:
n—-1n-1

Xi+1 (YVj+1
Z Zf f K(x;,y,s,t)u(s, t)dsdt .

i=0 j=0"*i Yj
Next, we replace the function u(s,t) with U(s,t).
Thus, we receive the following integral equation:

u(xb yk) +
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n-1n-1

Xi+1 Yj+1
zz f K(xy yi s, OU(s, )dsdt

i=0 j=0 Xi
—KMJO+R
where R is a remainder term.
Finally, we have to solve the system of equations

u(xy, yx) +
nointt Xit1 (Yj+1
Z Z f f K(x,,,5 t)U(s, dsdt
i=0 j=0 "%i Yj
= f(xu v,
Lkij=0,..n-—1.

During the solution, we have to calculate the
integrals

Vijap=
Xi+1 YVj+1

f f K(xl, Vi S t)Qi_m j+p(s, t)dsdt,

Xi Vj
a,B =01
The advantages of this method include the ease of
use of an adaptive non-uniform grid, and the ability
to apply different types of spline approximations

(exponential or trigonometric) along axis X or axis
Y.

3.1. The cubature method for solving integral
equations

The cubature method for solving integral equations
of two variables is well known. We assume that the
kernel and right-hand side are continuous functions.
We consider a multiple integral over a rectangular
region

| st yaxay = jb dx fb gCxy)dy.

a a
We can successively apply, for example, the
trapezoidal rule to the iterated integral. Applying the
quadrature rule to the inner integral, we obtain

n-1 b
Jjg(x,y)dxdy = Z a; f g(x;, y)dy + Ry,
i=0 a

a a
where R,, is the remainder term, a; is the quadrature
coefficient, x; are the nodes of the quadrature rule.
Next we get

fg(xl.y)dy Z big(xi,y;) + 1,

a
where 7;, is the remamder term b; is the quadrature

coefficient, y; are the nodes of the quadrature rule.
Then the integral

n-1n-1

ffg(x y)dxdy = ZZC” g(xl,y])+R

i=0 j=
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where CU = aibj,

n-1
R=R,+ Z a;ry, .

1=
We apply the above relations to the calculation of
integral equations of the second kind:

z(x,y) — f fK(x, y,s,t)z(s,t )dxdy = f(x,y).

a a

Here, we assume the continuity of the kernel and the
right-hand side. We take a grid of nodes (s;,t;))
where i,j = 0,1,...,n — 1. The integral is replaced
by cubature formulas for fixed x, y .

n-1n-1

z(x,y) — Z Z Cij K(x, Y, Si, tj)z(x, y)+R
j=0 i=0
= f(x, ).

Next, we take a grid of nodes (xp,yy) in the region
G,wherep, k=0, 1,.., n—1.
Here, we assume the continuity of the kernel and the
right-hand side. The integral is replaced by cubature
formulas for fixed x,y .

We obtain:
n-1n-1
z(Xp, Yi) — Z Z Cij K(xp,yk,si, tj)z(x, y)+R
j=0 i=0
= f(xp, Yi)-

Discarding the error, we obtain the equations for
approximately finding the solution to the integral

equation:
n-1n-1
Z Z Cl] K(xp:}/ktsut)zl] fpkt
j=0i=

where

Zpk ™ Z(xpfyk)-
Here we have a 4-index matrix, which we expand
into a 2-index matrix and a vector (for the right-
hand side). We expand the matrix (zpk) into a
column vector by assigning the second column to
the first, the third to the second, and so on for
pk =0,1,..,n—1. The indices (p,k) are
transformed into indices ¢ = p n + k , respectively.
Then g = 0, 1,..n%> — 1, and the matrix (Zpk) is
transformed into a vector Z = (z;), where z; =
Z(xp,yk).
Thus, we write the double sum as the product of a
matrix row and a vector Z of unknowns Zg, which
we represent as the vector of matrix unfolding (Zp k)
into a vector.
Next, we unfold the 4-index matrix K (xp, Yk, Si, t;)
into a regular matrix so that the indices (i,j)
correspond to the indices q of the vector z = (z;).
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From here, we obtain the matrix M = (Mg,):
qu = K( xp,yk, Si, t])ALB]
Then we have a system of linear algebraic equations
of the form:
z—Mz=F,
where vectors z = (Zq) and F = (Fq).

3.2. Spline method application
When using the spline method, we get the system of

equations
n-1n-1

Upk — z Z Cijuij = foi
i=0 j=0
where u;; = u(si, tj) at nodes.

The coefficients of the matrix C;; are as follows. For
all interior points of the region G, we have the
coefficients for u;1q j41:

Sit1 Lj+1

f f K(xp, Yi» ) Q11 j+1 (s, t)dsdt +

si tj

Si+2 Ej+1

| | KCoyie500i1ja(s 0dsde +

Siy1 tj
Si Ltz

f —[ K(xp,yk,s, t)'Qi+1j+1(S; t)det +

Si bt
Sit2 tj+z

|| KCoyi5000 (s 0dsde
Sit1 tjsa
For boundary points (but not corner points of the
region) G, we have relations of the form: For
example, the coefficient for u; ;,4 is as follows:
Sit1 bj+1
[ | kGy.5.0056 0dsdc +
si tj

Siv1 Cj+z

[ [ k@ys.00u6 00
Si by

The coefficient for u;,4  is as follows:
Si+1 Li+1
_[ f K(x,y,5,6)Qi41 j(s, t)dsdt +
st

Sita Cj+z

_[ J K(x,y,5,6)Q;41 j(s,t)dsdt.

Sit1 Ljga
The coefficients of the unknowns for the corner
nodes contain one integral term, for example, the
coefficient of ugy is the following:
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So to

f f K(x,y,s,t)Qq (s, t)dsdt .

So to
Next, using the method described above, we obtain
a system of linear algebraic equations.

Thus, we have the vector u = (u,), where u, is its
component and the index ¢ = pn + k. Here, the
change in index is as follows: ¢ = 0,1,...,n? — 1.
Denote A the matrix of the system of equations.
We obtain a system of equations of the form
Au=F.

The matrix A of the system of equations is filled.
Using the theorem on approximation error, we
obtain an estimate of the error in solving the integral
equation on an equidistant grid of nodes is as
follows O (h% + h3).
It is useful to find the condition number of matrix A
for various variants of the basis splines. As is well
known, the condition number is calculated as
follows

cond (A) =l AIIATI.
The condition numbers of the matrix are presented
in the numerical examples below.

4 Numerical experiments

In this section, we consider the results of applying
the spline method to solving integral equations from
some recently published papers.

Example 1. Consider the integral equation from

paper, [20]

1.1 1.1
2u(x,y) + f f eXty=s=ty(s, t)dsdt
o Jo

= 3.21e**Y,

where u (x, y) = exp (x + y) is the exact solution.
We take n = 4 and construct a set of nodes along
the X and Y axes, a total of 25 nodes.

We denote RU =u (xi, y]) — U(xl,y])

The following figures show the errors in the
solutions of the integral equation obtained in the
Maple program for different parameter Digits
values.

Figure 4, Figure 5, and Figure 6 show the errors of
the solution at points (xi,Ri j), when i,j =
0,1,2,3,4. Along axes Y, the errors of the solution
are given at point (x;, y;), along axes X the points x;
are given.

Figure 4 shows the errors when j = 1 (red), j = 2
(blue), and j = 3 (gold) points when using basis
polynomial splines, n =4, Digits=15.

Figure 5 shows the errors when n =4, Digits=15.
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Figure 6 shows the errors when n =8, Digits=20.

0.03 |
0.025 o
0.02] . .
0.015 & o
0.01 : ¢
0 0z 04 06 08 1

Fig. 4. The errors of the approximate solution at the
nodes when we use polynomial splines, n =4, Digits=15.
Source: created by the authors

0.03 ]
&
0.0251
] & &
0.02-
& @
0.015
4 o &
0.01° 3
0 02 0.4 0.6 08 1

Fig. 5. The errors of the approximate solution at the
nodes when we use polynomial splines, n = 4, Digits=5.
Source: created by the authors

0.003 -
0.0028
0.0026
0.0024 & ©
0.0022

0.002
0.0018 & e
0.0016 ©
0.0014-

0 01 0.2 0.3 0.4 05
Fig. 6. The errors of the approximate solution at the
nodes when we use polynomial splines, n=8, Digits=20,
cond(4) = 1740.
Source: created by the authors

Figure 7 shows the errors when j = 1 (red points),
j =2 (blue points), and j = 3 (gold points) when
using basis exponential splines exp(x), exp(—y),
when n =8, Digits=20. Figure 8 shows the errors
when j =1 (red points), j = 2 (blue points), and
j = 3 (gold points) when using basis exponential
splines exp(—x), exp(—y), when n =8, Digits=20.
Figure 9 shows the errors when j = 1 (red points),
j =2 (blue points), and j = 3 (gold points) when
using basis exponential splines exp(—x), exp(—Yy),
when n =8, Digits=15.
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0.003
0.0028
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Fig. 7. The errors of the approximate solution at the
nodes when we use exponential splines (exp(x) and
exp(—y), n =8, Digits=20, cond(4) = 1699.

Source: created by the authors
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Fig. 8. The errors of the approximate solution at the
nodes when we use exponential splines (exp(—x) and
exp(—y), n =8, Digits=20, cond(4) = 1702.
Source: created by the authors

2513 ¢
£+
Ze-13 ©
@ s
1.5&—13 | & &
le-131 .
5e_14 E T T T T T
0 02 04 06 08 1

Fig. 9. The errors of the approximate solution at the
nodes when we use exponential splines, n = 4, Digits=15.
Source: created by the authors

The maximum of the solution error is 0.18 X 1072
in paper, [20], when 25 nodes were used.
The maximum of the solution error is 0.81 x 107>
in paper, [20], when 100 nodes were used.

Our method gives the error of the solution 0.32 X
10~ when polynomial splines and 25 nodes were
used. But when we use the exponential splines, the
maximum error of the solution is 0.4 x 10712 when
25 nodes were used and Digits=15 in Maple.

Using a two-dimensional spline approximation, we
can quickly calculate the solution value at any point
in the solution domain.

Example 2. Consider the equation from paper, [20]
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11 14
2u(x,y) + f f cos(x +y —s — t)u(s, t)dsdt
o Jo
= f(xy),

where u(x,y) = sin(x + y) is the exact solution
and

1
flx,y) = 3 (—0.125sin(—x — y)

+ 0.25sin(2.2 —x — y)

— 0.125sin(4.4 — x — y)

+ 2.605sin(x + y)).
Figure 10 shows the errors when j = 1 (red), j = 2
(blue), and j = 3 (gold) points when using basis
polynomial splines. Figure 11 shows the errors
when j =1 (red points), j = 2 (blue points), and
j =3 (gold points) when using basis polynomial
splines.
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Fig. 10. The errors of the approximate solution at the
nodes when we use polynomial splines, n = 4.
Source: created by the authors
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Fig. 11. The errors of the approximate solution at the
nodes when we use trigonometrical splines, n = 4.
Source: created by the authors

The maximum of the solution error is 0.26 X
1073 when 25 nodes were used in the paper, [20].
The maximum of the solution error is 0.45 x
1073 when 100 nodes were used in the paper, [20].
Our method gives the error of the solution 0.37 x
1072 when polynomial splines and 25 nodes were
used. But when we use the trigonometrical splines,
the error of the solution is 0.7 x 1071* when 25
nodes and Digits=15 in Maple were used.

Example 3. Next, we solve an example from the
paper, [21]. In the paper, [21], an expansion method,
based on orthogonal polynomials, is developed to
find numerical solutions of two-dimensional linear
Fredholm integral equations.
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11

u(x,y) — f f(x sin(y) + sexp(t)) u(s, t)ds dt
-1-1
7
= x exp(—y) + 4x sin(y) — 3
where the exact solution is the following: u(x,y) =
xexp(—y) — 1.
Table 3 and Table 4 show the results of numerical
calculations in the MAPLE system. The columns
show the maximum error of the approximate
solution when using polynomial and non-
polynomial splines, as well as the condition
numbers of the system matrix.
The figures show the solution errors when using
polynomial and non-polynomial splines.
Figure 12 shows the solution errors when using
polynomial and exponential splines (with a negative
parameter), n = 4.
Figure 13 shows the solution errors when using
polynomial and exponential splines (with a positive
parameter), n = 4.
Figure 14 shows the solution errors when using
polynomial splines along both X and Y, n = 4.
Figure 15 shows the solution errors when using
polynomial and exponential splines (with a positive
parameter), n = 4, Digits=3.
Figure 16 shows the solution errors when using
polynomial splines along both X and Y, n =4,
Digits=5.

3e-141 3

© ¢ 2e-144

Iy o 1e-14+4 © ©

1 05 0] 05 1
1e-14- @

Fig. 12. The solution errors when using polynomial
and exponential splines (with a negative parameter),
n = 4, Digits=15.

Source: created by the authors
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Fig. 13. The solution errors when using polynomial
and exponential splines (with a negative parameter),
n = 4, Digits=5.
Source: created by the authors
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Fig. 14. The solution errors when using polynomial
and exponential splines (with a positive parameter),
n = 4, Digits=15.

Source: created by the authors
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Fig. 15. The solution errors when using polynomial
and exponential splines (with a positive parameter),
n = 4, Digits=3.

Source: created by the authors
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Fig. 16. The solution errors when using polynomial
splines along both X and Y, n = 4, Digits=5.
Source: created by the authors

The values of the condition numbers of a matrix
when applying polynomial splines in both directions
(pol(x) x pol(y)), polynomial splines along the X-
axis and exponential splines (exp(y)) along the Y-
axis (pol(x) X exp(y)), polynomial splines along
the X-axis and exponential splines (exp(—y)) along
the Y-axis (pol(x) X exp(—y)),

Table 3. Values of the condition numbers of the
matrix A (Examples 1,3, n = 4, 25 equations)
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pol(x) pol(x) pol(x)
X pol(y) X exp(y) X exp(=y)
Example 3 74 86 65
Digits=15
Example 3
Digits=5 74 86 65
Example 1
Digits=15 4 4
Example 1 4 4 4
Digits=5

Source: created by the authors

Table 4. Values of the condition numbers of the
matrix A (Example 1, n = 8, 81 equations)

pol(x) pol(x) pol(x)

X pol(y) X exp(y) X exp(=y)
Example 1 1740 1702 1699
Digits=20

Source: created by the authors

Table 3 and Table 4 show that the condition number
of the matrix grows with increasing number of grid
nodes.

4 Conclusion

This paper discusses the construction of a numerical
method for solving an integral equation from two
variables using local splines. The advantages of
solving integral equations using local polynomial
and non-polynomial splines include the ease of
using an adaptive non-uniform grid, as well as the
ability to wuse different types of spline
approximations, such as  exponential or
trigonometric, in each direction. Using appropriate
non-polynomial splines can significantly reduce the
solution error. Using a two-dimensional spline
approximation, one can quickly calculate the
solution values at any point in the solution domain.
In future papers, we will continue to explore the
application areas of spline approximations for
solving Fredholm integral equations. In the future,
we plan to discuss in more detail the issues of
stability and approximation for various non-
polynomial spline options in a two-dimensional
domain and in a three-dimensional domain.
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