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Abstract: - The proposed approximation of a function of several variables is based on the direct product of local 
splines of one variable. The approximation is built on each elementary parallelepiped separately and is reduced 
to calculating the sum of the products of the function values and the basis splines. The use of non-polynomial 
basis splines with different properties in different directions allows us to obtain a qualitatively better 
approximation. Solving the Fredholm integral equation of the second kind of several variables is reduced to 
calculating the integrals of the product of the kernel and the basis splines and solving a system of linear 
algebraic equations. A comparison of the results of the numerical solution of integral equations by the proposed 
method and the results of applying other methods is given. 
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1 Introduction 
When studying various physical processes, 
mathematical linear or nonlinear models are 
constructed, based on linear or nonlinear differential 
equations, including partial differential equations. 
There is a need to develop new numerical methods 
for solving boundary value problems, the Cauchy 
problem (see, [1], [2], [3]). Particularly relevant in 
the development of numerical methods is the use of 
finite elements, [4], various types of wavelets, [5], 
[6], splines [6], [7], [8]. In many cases, solving 
boundary value problems and the Cauchy problem 
is reduced to solving an integral equation. Fredholm 
integral equations have applications in plasma 
physics, electrical engineering, [9], telegraph 
equations, [10], and in many other directions of 
applied physics and mathematics. Integral equations 
can be solved using numerical quadrature and 
cubature formulas. The numerical quadrature and 
cubature formulas are given, for example, in [11]. 
    Integral equations are a useful tool for a large 
number of modeling problems that arise in computer 
graphics, manipulations, aerodynamics, fracture 
mechanics, and electromagnetic scattering, [12], 
[13]. The historical development of integral 
equations is closely related to the solutions of 
boundary value problems. Generally, the boundary 

value problems of the differential equations are 
converted to integral equations, [14], [15]. For 
example, the Laplace equation of boundary 
conditions is reduced to a Fredholm integral 
equation of the second kind by the direct boundary 
element method, [15]. Nowadays, when solving 
linear Fredholm equations, calculation schemes are 
constructed in different ways, for example, by 
combining the meshless barycentric Lagrange 
interpolation functions and the Gauss-Legendre 
quadrature formula, [16]. In paper, [17], an 
algorithm is developed for solving two-dimensional 
linear Fredholm integral equations of the second 
kind by the integral mean value theorem. In the 
proposed numerical method, each element of the 
generated discrete matrix does not required to 
calculate integrals, and the approximate integral 
operator is convergent according to the collectively 
compact theory. In paper, [18], numerical solution 
methods for two-dimensional Fredholm integral 
equations of the second kind are considered. 
Suppose 𝑓(𝑥, 𝑦) and 𝐾(𝑥, 𝑦, 𝑠, 𝑡) are given 
continuous functions defined on 𝐷 =  [𝑎, 𝑏]  ×
 [𝑎, 𝑏]. In this paper, we consider the following 
linear integral equation. 
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𝑢(𝑥, 𝑦) − ∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡)𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡 = 𝑓(𝑥, 𝑦)
𝑏

𝑎

,
𝑏

𝑎

 

 

where 𝑢(𝑥, 𝑦) is an unknown function in 𝐷. 
 

 

2 Spline interpolation method 
2.1 Second-order splines of 

approximation with one variable 
The construction of local spline approximations of 
one variable has been studied in [19]. The 
estimations of the errors of approximating by non-
polynomial splines can be obtained following the 
method described in paper, [19]. A grid of ordered 
nodes {𝑥𝑗} is given with a step ℎ𝑗 = 𝑥𝑗+1 − 𝑥𝑗 on 
[𝑎, 𝑏]: 𝑎 =  𝑥0 <  …  <  𝑥𝑛 =  𝑏, 𝑛 ≥  1 . 
   Approximation 𝑈(𝑠) using second-order 
approximation basis splines of one variable on one 
grid interval [𝑥𝑘 , 𝑥𝑘+1] is constructed in the 
following form: 
 

𝑈(𝑠) = 𝑢(𝑥𝑘)𝜔𝑘(𝑠) + 𝑢(𝑥𝑘+1)𝜔𝑘+1(𝑠),  
  𝑠 ∈ [𝑥𝑘, 𝑥𝑘+1]. 

 

We assume that the support of the basis spline 
𝜔𝑘(𝑠) occupies two grid intervals: 
 

𝑠𝑢𝑝𝑝 𝜔𝑘 = [𝑥𝑘−1, 𝑥𝑘+1]. 
 

Suppose the functions 𝜑0(𝑠), 𝜑1(𝑠) form a 
Chebyshev system on the interval [𝑥𝑘 , 𝑥𝑘+1]. Basis 
splines on the interval [𝑥𝑘 , 𝑥𝑘+1] are found from the 
condition:  
 

𝑈(𝑠) = 𝑢(𝑠), 𝑢 (𝑠) = 𝜑0(𝑠), 𝜑1(𝑠). 
 

Thus, we arrive at a system of approximation 
identities. 
 

𝜑0(𝑥𝑘)𝜔𝑘(𝑠) + 𝜑0(𝑥𝑘+1)𝜔𝑘+1(𝑠) = 𝜑0(𝑠),

𝜑1(𝑥𝑘)𝜔𝑘(𝑠) + 𝜑1(𝑥𝑘+1)𝜔𝑘+1(𝑠) = 𝜑1(𝑠),

𝑠 ∈ [𝑥𝑘, 𝑥𝑘+1].

 

 
From here, we obtain the formulas for basis splines 
 

𝜔𝑘(𝑠) =
𝜑0(𝑠)𝜑1(𝑥𝑘+1) − 𝜑1(𝑠)𝜑0(𝑥𝑘+1)

𝜑1(𝑥𝑘+1)𝜑0(𝑥𝑘) − 𝜑1(𝑥𝑘)𝜑0(𝑥𝑘+1)
,   

 𝑠 ∈ [𝑥𝑘 , 𝑥𝑘+1], 

𝜔𝑘+1(𝑠) =
𝜑0(𝑠)𝜑1(𝑥𝑘) − 𝜑1(𝑠)𝜑0(𝑥𝑘)

𝜑1(𝑥𝑘)𝜑0(𝑥𝑘+1) − 𝜑1(𝑥𝑘+1)𝜑0(𝑥𝑘)
,   

 𝑠 ∈ [𝑥𝑘 , 𝑥𝑘+1]. 
 

Next, we can obtain special cases of basis splines. If 
𝜑0(𝑠) = 1, 𝜑1(𝑠) = 𝑠, then we obtain formulas for 
polynomial basis splines 
 

𝜔𝑘
𝑝(𝑠) = {

𝑠 − 𝑥𝑘+1

𝑥𝑘 − 𝑥𝑘+1
,     𝑠 ∈ [𝑥𝑘 , 𝑥𝑘+1],

𝑠 − 𝑥𝑘−1

𝑥𝑘 − 𝑥𝑘−1
,    𝑠 ∈ [𝑥𝑘−1, 𝑥𝑘],

 

       𝜔𝑘
𝑝(𝑠) = 0  when 𝑠 ∉  [𝑥𝑘−1, 𝑥𝑘+1]. 

In addition, we give the formula of 𝜔𝑘+1(𝑠): 
 

𝜔𝑘+1
𝑝 (𝑠) =

𝑠 − 𝑥𝑘

𝑥𝑘+1 − 𝑥𝑘
,    𝑠 ∈ [𝑥𝑘 , 𝑥𝑘+1]. 

 

The plot of the polynomial basis splines has a 
support consisting of two grid intervals and is 
shown in Figure 1a. The error of the approximation 
can be given by the relation, [19]: 

|𝑢(𝑠) − 𝑈(𝑠)| ≤
1

8
ℎ2 ∥ 𝑢′′ ∥𝐶[𝑥𝑘,𝑥𝑘+1]. 

If 𝜑0 = sin(𝑠), 𝜑1 = cos(𝑠), then we obtain 
formulas for the trigonometric basis spline: 
 

𝜔𝑘
𝑇(𝑠) =

sin(𝑠 − 𝑥𝑘+1)

sin(𝑥𝑘 − 𝑥𝑘+1)
,    𝑠 ∈ [𝑥𝑘 , 𝑥𝑘+1], 

𝜔𝑘+1
𝑇 (𝑠) =

sin(𝑠 − 𝑥𝑘)

sin(𝑥𝑘+1 − 𝑥𝑘)
,    𝑠 ∈ [𝑥𝑘 , 𝑥𝑘+1]. 

      𝜔𝑘
𝑇(𝑠) = 0  when 𝑠 ∉  [𝑥𝑘−1, 𝑥𝑘+1]. 

 

The support of the trigonometric basis spline 
consists of two grid intervals. The plot of the 
trigonometric basis spline is shown in Figure 1b.  
The error of the approximation can be given by the 
relation: 

|𝑢(𝑠) − 𝑈(𝑠)| ≤ 𝐾ℎ2 ∥ 𝑢 + 𝑢′′ ∥𝐶[𝑥𝑘,𝑥𝑘+1], 
𝐾 = const. 

    If 𝜑0 = 1, 𝜑1(𝑠) = 𝑒𝑠, then we obtain formulas 
for the exponential basis splines 𝜔𝑘

𝑒𝑝, 𝜔𝑘+1
𝑒𝑝 (𝑠) in 

the following form: 
 

𝜔𝑘
𝑒𝑝(𝑠) =

𝑒𝑠 − 𝑒𝑥𝑘+1

𝑒𝑥𝑘 − 𝑒𝑥𝑘+1
,    𝑠 ∈ [𝑥𝑘 , 𝑥𝑘+1], 

𝜔𝑘+1
𝑒𝑝 (𝑠) =

𝑒𝑠 − 𝑒𝑥𝑘

𝑒𝑥𝑘+1 − 𝑒𝑥𝑘
,    𝑠 ∈ [𝑥𝑘 , 𝑥𝑘+1]. 

         𝜔𝑘
𝑒𝑝(𝑠) = 0  when 𝑠 ∉  [𝑥𝑘−1, 𝑥𝑘+1]. 

The error of the approximation with the exponential 
basis splines can be given by the relation, [19]: 
 

|𝑢(𝑠) − 𝑈(𝑠)| ≤ 𝐾ℎ2 ∥ 𝑢 + 𝑢′′ ∥𝐶[𝑥𝑘,𝑥𝑘+1], 
𝐾 = const. 
The plot of the exponential basis spline is shown in 
Figure 1c.  
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The error of the approximation can be given by the 
relation: 
|𝑢(𝑠) − 𝑈(𝑠)| ≤ 𝐾ℎ2𝑒𝑥𝑘+1 ∥ 𝑢′′ − 𝑢 ∥𝐶[𝑥𝑘,𝑥𝑘+1], 
𝐾 = const. 
      If 𝜑0 = 1, 𝜑1(𝑠) = 𝑒−𝑠, then we obtain 
formulas for the exponential basis splines in the 
form: 

𝜔𝑘
𝑒𝑜(𝑠) =

𝑒−𝑠 − 𝑒−𝑥𝑘+1

𝑒−𝑥𝑘 − 𝑒𝑥𝑘+1
,    𝑠 ∈ [𝑥𝑘 , 𝑥𝑘+1], 

𝜔𝑘+1
𝑒𝑜 (𝑠) =

𝑒−𝑠 − 𝑒−𝑥𝑘

𝑒−𝑥𝑘+1 − 𝑒−𝑥𝑘
,    𝑠 ∈ [𝑥𝑘 , 𝑥𝑘+1]. 

        𝜔𝑘
𝑒𝑜(𝑠) = 0  when 𝑠 ∉  [𝑥𝑘−1, 𝑥𝑘+1]. 

The error of the approximation can be given by the 
relation: 
|𝑢(𝑠) − 𝑈(𝑠)| ≤ 𝐾ℎ2exp (𝑥𝑘) ∥ 𝑢′′ − 𝑢 ∥𝐶[𝑥𝑘,𝑥𝑘+1], 
𝐾 = const. 
 

The plot of the exponential basis splines is shown in 
Figure 1d. 

 
Fig. 1. The plots of different types of basis splines: 
 a) polynomial; b) trigonometric; c) exponential; 
 d) exponential.  
Source: created by the authors 

 
Let us present the results of the approximation of 
some functions 𝑢(𝑥) using polynomial and 
nonpolynomial splines on [𝑎, 𝑏] = [−1, 1]. The 
approximations were constructed on a uniform grid 
of nodes with ℎ =  (𝑏 −  𝑎)/𝑛.  
In Table 1 and Table 2, the actual values of 
approximation errors are given. The maximum 
absolute values of the actual errors in the 
approximation of the functions: 

𝑅̃ = max
𝑘=0,…,𝑛−1

max
𝑥∈[𝑥𝑘,𝑥𝑘+1]

|𝑢(𝑥) − 𝑈(𝑥)| 

Table 1 shows the values of the actual errors 𝑅̃ 
when 𝑛 = 20. Table 2 shows the values of the actual 
errors 𝑅̃, 𝑛 = 200. The calculations were performed 
in the Maple system with 𝐷𝑖𝑔𝑖𝑡𝑠 =  10.  

Table 1. Actual values of approximation errors of some 
functions 𝑅̃ obtained using polynomial and non-
polynomial splines when 𝑎 = −1, 𝑏 = 1, 𝑛 =  20 

𝑢(𝑥) 𝜑0 = 1,  
𝜑1 = 𝑥 

𝜑0 = 1, 
𝜑1 = 𝑒𝑥 

  

𝜑0 = 1, 
𝜑1 = 𝑒−𝑥  

𝜑0 = sin (𝑥),  
𝜑1 = cos (𝑥) 

1 0 0 0 0.13∙ 10−2 
𝑒𝑥 0.32∙ 10−2 0 0.65∙ 10−2 0.65∙ 10−2 
𝑒−𝑥 0.32∙ 10−2 0.65∙ 10−2 0 0.65∙ 10−2 
𝑥 0 0.13∙ 10−2 0.13∙ 10−2 0.12∙ 10−2 
sin (𝑥) 0.10∙ 10−2 0.18∙ 10−2 0.18∙ 10−2 0.17∙ 10−10 
cos (𝑥) 0.10∙ 10−2 0.18∙ 10−2 0.18∙ 10−2 0.18∙ 10−10 
(1
+ 25𝑥2)−1 

0.41∙ 10−2 0.44∙ 10−2 0.44∙ 10−2 0.41∙ 10−2 

Source: created by the authors 
 
Table 2 Actual errors 𝑅̃ obtained using polynomial and 
non-polynomial splines when 𝑎 = −1, 𝑏 = 1, 𝑛 = 200, 
Digits=10 

𝑢(𝑥) 𝜑0 = 1,  
𝜑1 = 𝑥 

𝜑0 = 1, 
𝜑1 = 𝑒𝑥 

  

𝜑0 = 1, 
𝜑1 = 𝑒−𝑥  

𝜑0 = sin (𝑥),  
𝜑1 = cos (𝑥) 

1 0 0 0 0.13∙ 10−4 
𝑒𝑥 0.33∙ 10−4 0 0.68∙ 10−4 0.68∙ 10−4 
𝑒−𝑥 0.33∙ 10−4 0.68∙ 10−4 0 0.68∙ 10−4 
𝑥 0 0.13∙ 10−4 0.13∙ 10−4 0.12∙ 10−4 
sin (𝑥) 0.10∙ 10−4 0.18∙ 10−4 0.18∙ 10−4 0.16∙ 10−10 
cos (𝑥) 0.10∙ 10−4 0.18∙ 10−4 0.18∙ 10−4 0.18∙ 10−10 
(1
+ 25𝑥2)−1 

0.62∙ 10−3 0.63∙ 10−3 0.63∙ 10−3 0.61∙ 10−3 

Source: created by the authors 

 
The results presented in Table 1 and Table 2 are 
consistent with theoretical estimates of errors.  
 
2.1 Method for approximation functions 

of two variables 
Now, we discuss the spline interpolation method for 
approximation functions of two variables. Suppose a 
continuous function of two variables is defined in a 
rectangular region 𝐺, and the second derivative of 
the function for each of these variables is bounded. 
We begin by constructing a rectangular grid of 
nodes in this region 𝐺. 
A rectangular grid of ordered equidistant nodes {𝑥𝑖} 
and {𝑦𝑗} is given with steps 
 

ℎ𝑥 = 𝑥𝑖+1 − 𝑥𝑖,   𝑖 = 0, … , 𝑛 − 1, 
ℎ𝑦 = 𝑦

𝑗+1
− 𝑦

𝑗
,   𝑗 = 0, … , 𝑚 − 1, 

 

on a rectangular region 𝐺 = [𝑎, 𝑏]  ×  [𝑐, 𝑑]: 
 

𝑎 = 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑛 = 𝑏,   𝑐 = 𝑦0 < 𝑦1 < ⋯
< 𝑦𝑚 = 𝑑,   𝑛, 𝑚 ≥ 1. 

 

Suppose the values of the function 𝑢(𝑥𝑖 , 𝑦𝑗) are 
given at the grid nodes. Suppose 𝛱𝑖𝑗 denotes the 
elementary parallelepiped (Figure 2): 

𝛱𝑖𝑗 = [𝑥𝑖 , 𝑥𝑖+1] × [𝑦𝑗 , 𝑦𝑗+1]. 
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In each elementary parallelepiped 𝛱𝑖𝑗 with vertices 
at the points 
 (𝑥𝑖, 𝑦𝑗), (𝑥𝑖+1, 𝑦𝑗), (𝑥𝑖, 𝑦𝑗+1), (𝑥𝑖+1, 𝑦𝑗+1)  
we construct the approximation 𝑈𝑖𝑗(𝑥, 𝑦) with the 
basis splines, using direct production of one-
dimensional basis functions 𝜔𝑖(𝑥) and 𝜔𝑗(𝑦) 
according to the next rule: 
 

𝑈𝑖𝑗(𝑥, 𝑦) = 𝑢𝑖𝑗Ω𝑖𝑗(𝑥, 𝑦) + 𝑢𝑖+1,𝑗Ω𝑖+1,𝑗(𝑥, 𝑦)

+ 𝑢𝑖,𝑗+1Ω𝑖,𝑗+1(𝑥, 𝑦)

+ 𝑢𝑖+1,𝑗+1Ω𝑖+1,𝑗+1(𝑥, 𝑦), 

𝑥 ∈ [𝑥𝑖, 𝑥𝑖+1],   𝑦 ∈ [𝑦𝑗 , 𝑦𝑗+1],    

𝑖 = 0,1, … , 𝑛 − 1, 𝑗 = 0,1, … , 𝑚 − 1, 

where 
Ω𝑖𝑗(𝑥, 𝑦) = 𝜔𝑖(𝑥)𝜔𝑗(𝑦),   𝑖 = 0,1, … , 𝑛 − 1,   𝑗

= 0,1, … , 𝑚 − 1. 
The plot of the polynomial basis splines of two 
variables (a polynomial spline in the direction of the 
axis 𝑋 and a polynomial spline in the direction of 
the axis 𝑌) is given in Figure 3a. The plot of the 
trigonometric basis splines of two variables (a 
trigonometric spline in the direction of the axis 𝑋 
and a trigonometric spline in the direction of the 
axis 𝑌) is given in Figure 3b. 

 
Fig. 2. The mesh and the elementary parallelepiped 𝛱𝑖𝑗 . 

Source: created by the authors 

 
Fig. 3. The plots of the basis splines of two variables: a) 

polynomial; b) trigonometric.  
Source: created by the authors 

 

We denote the derivatives of a function of two 
variables as follows: 

𝐷𝑟,𝑠𝑓(𝑥, 𝑦) =
𝜕𝑟+𝑠𝑓(𝑥, 𝑦)

𝜕𝑥𝑟𝜕𝑦𝑠
. 

 

Theorem. Suppose  𝑢 ∈ 𝐶2[𝛱𝑖𝑗]. For (𝑥, 𝑦) ∈ 𝛱𝑖𝑗 
in the case of local polynomial approximations of 
the first degree, we have the estimate: 
 

|𝑢(𝑥, 𝑦) − 𝑈𝑖𝑗(𝑥, 𝑦)|

≤
1

8
ℎ𝑥

2 ∥ 𝐷2,0𝑢 ∥𝐶[𝛱𝑖𝑗]

+
1

8
ℎ𝑦

2 ∥ 𝐷0,2𝑢 ∥𝐶[𝛱𝑖𝑗] 
Proof.  
First, note that 𝑈𝑖𝑗(𝑥, 𝑦) = 𝑢(𝑥, 𝑦), if 𝑢 = 1, 𝑥, 𝑦, 
and (𝑥, 𝑦) ∈ 𝛱𝑖𝑗. Expanding the functions 
𝑢(𝑥, 𝑦), 𝑈𝑖𝑗(𝑥, 𝑦) using the Taylor formula in the 
neighborhood of the point (𝑥𝑖, 𝑦𝑗), taking into 
account the approximation identities for the case of 
one variable, we obtain the error estimate specified 
in the formulation of the theorem.   
Note. Using a similar method for other variants of 
approximations with the polynomial and non-
polynomial splines, we obtain the error estimate  
𝑂(ℎ𝑥

2 + ℎ𝑦
2)  for (𝑥, 𝑦) ∈ 𝛱𝑖𝑗. 

  
 

3 Application of splines to the solution 

of the Fredholm integral equation of 

the second kind 
Next, for convenience, we consider a square region 
𝐺 and the same number of nodes (𝑛 = 𝑚) in this 
region, both along the 𝑋-axis and along the 𝑌-axis. 
Consider the Fredholm integral equation of the 
second kind 

𝑢(𝑥, 𝑦) − ∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡)𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡 = 𝑓(𝑥, 𝑦),
𝑏

𝑎

𝑏

𝑎

 

(𝑥, 𝑦) ∈ ([𝑎, 𝑏] × [𝑎, 𝑏]) 
We suppose that the kernel 𝐾(𝑥, 𝑦, 𝑠, 𝑡) and function 
𝑓(𝑥, 𝑦) are the continuous functions. 
Now we can represent the integral  

∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡)𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡
𝑏

𝑎

𝑏

𝑎

 

as a sum of the following form: 

∑ ∑ ∫ ∫ 𝐾(𝑥𝑙, 𝑦, 𝑠, 𝑡)𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡 .
𝑦𝑗+1

𝑦𝑗

𝑥𝑖+1

𝑥𝑖

𝑛−1

𝑗=0

𝑛−1

𝑖=0

 

Next, we replace the function 𝑢(𝑠, 𝑡) with 𝑈(𝑠, 𝑡). 
Thus, we receive the following integral equation: 

𝑢(𝑥𝑙, 𝑦𝑘) + 
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∑ ∑ ∫ ∫ 𝐾(𝑥𝑙 , 𝑦𝑘, 𝑠, 𝑡)𝑈(𝑠, 𝑡)𝑑𝑠𝑑𝑡
𝑦𝑗+1

𝑦𝑗

𝑥𝑖+1

𝑥𝑖

𝑛−1

𝑗=0

𝑛−1

𝑖=0

= 𝑓(𝑥𝑙 , 𝑦𝑘) + 𝑅, 
where 𝑅 is a remainder term. 
Finally, we have to solve the system of equations 

𝑢(𝑥𝑙 , 𝑦𝑘) + 

∑ ∑ ∫ ∫ 𝐾(𝑥𝑙, 𝑦𝑘, 𝑠, 𝑡)𝑈(𝑠, 𝑡)𝑑𝑠𝑑𝑡
𝑦𝑗+1

𝑦𝑗

𝑥𝑖+1

𝑥𝑖

𝑛−1

𝑗=0

𝑛−1

𝑖=0

= 𝑓(𝑥𝑙 , 𝑦𝑘), 
𝑙, 𝑘, 𝑖, 𝑗 = 0, . . . , 𝑛 − 1. 

During the solution, we have to calculate the 
integrals 
𝑉𝑖𝑗𝛼𝛽= 

∫ ∫ 𝐾(𝑥𝑙, 𝑦𝑘, 𝑠, 𝑡)Ω𝑖+𝛼 𝑗+𝛽(𝑠, 𝑡)𝑑𝑠𝑑𝑡
𝑦𝑗+1

𝑦𝑗

,
𝑥𝑖+1

𝑥𝑖

 

𝛼, 𝛽 = 0,1. 
The advantages of this method include the ease of 
use of an adaptive non-uniform grid, and the ability 
to apply different types of spline approximations 
(exponential or trigonometric) along axis 𝑋 or axis 
𝑌. 
 
3.1. The cubature method for solving integral 

equations 
The cubature method for solving integral equations 
of two variables is well known. We assume that the 
kernel and right-hand side are continuous functions.  
We consider a multiple integral over a rectangular 
region 

∬ 𝑔(𝑥, 𝑦)𝑑𝑥𝑑𝑦 = ∫ 𝑑𝑥 ∫ 𝑔(𝑥, 𝑦 )𝑑𝑦.

𝑏

𝑎

𝑏

𝑎 𝐺

 

We can successively apply, for example, the 
trapezoidal rule to the iterated integral. Applying the 
quadrature rule to the inner integral, we obtain 

∫ ∫ 𝑔(𝑥, 𝑦 )𝑑𝑥𝑑𝑦 = ∑ 𝑎𝑖 ∫ 𝑔(𝑥𝑖, 𝑦)𝑑𝑦 + 𝑅𝑛

𝑏

𝑎

𝑛−1

𝑖=0

𝑏

𝑎

𝑏

𝑎 

, 

where 𝑅𝑛 is the remainder term, 𝑎𝑖 is the quadrature 
coefficient, 𝑥𝑖 are the nodes of the quadrature rule. 
Next we get 

∫ 𝑔(𝑥𝑖 , 𝑦)𝑑𝑦 = ∑ 𝑏𝑗𝑔(𝑥𝑖, 𝑦𝑗)

𝑛−1

𝑗=0

+ 𝑟𝑛

𝑏

𝑎

, 

where 𝑟𝑛 is the remainder term, 𝑏𝑗 is the quadrature 
coefficient, 𝑦𝑗 are the nodes of the quadrature rule. 
Then the integral 

∫ ∫ 𝑔(𝑥, 𝑦 )𝑑𝑥𝑑𝑦 = ∑ ∑ 𝐶𝑖𝑗

𝑛−1

𝑗=0

𝑛−1

𝑖=0

𝑏

𝑎

𝑏

𝑎 

 𝑔(𝑥𝑖 , 𝑦𝑗) + 𝑅, 

where 𝐶𝑖𝑗 = 𝑎𝑖𝑏𝑗, 

𝑅 = 𝑅𝑛 + ∑ 𝑎𝑖𝑟𝑛

𝑛−1

𝑖=0

 . 

We apply the above relations to the calculation of 
integral equations of the second kind: 

𝑧(𝑥, 𝑦) − ∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡)𝑧(𝑠, 𝑡 )𝑑𝑥𝑑𝑦 =

𝑏

𝑎

𝑏

𝑎 

𝑓(𝑥, 𝑦). 

Here, we assume the continuity of the kernel and the 
right-hand side. We take a grid of nodes (𝑠𝑖, 𝑡𝑗) 
where 𝑖, 𝑗 =  0,1, . . . , 𝑛 − 1. The integral is replaced 
by cubature formulas for fixed 𝑥, 𝑦 . 

𝑧(𝑥, 𝑦) − ∑ ∑ 𝐶𝑖𝑗 𝐾(𝑥, 𝑦, 𝑠𝑖, 𝑡𝑗)𝑧(𝑥, 𝑦) + 𝑅

𝑛−1

𝑖=0

𝑛−1

𝑗=0

= 𝑓(𝑥, 𝑦). 
Next, we take a grid of nodes (𝑥𝑝, 𝑦𝑘) in the region 
𝐺, where 𝑝, 𝑘  0, 1, … , 𝑛 − 1. 
Here, we assume the continuity of the kernel and the 
right-hand side. The integral is replaced by cubature 
formulas for fixed 𝑥, 𝑦 .  
We obtain: 

𝑧(𝑥𝑝, 𝑦𝑘) − ∑ ∑ 𝐶𝑖𝑗 𝐾(𝑥𝑝, 𝑦𝑘 , 𝑠𝑖, 𝑡𝑗)𝑧(𝑥, 𝑦) + 𝑅

𝑛−1

𝑖=0

𝑛−1

𝑗=0

= 𝑓(𝑥𝑝, 𝑦𝑘). 
 
Discarding the error, we obtain the equations for 
approximately finding the solution to the integral 
equation: 

𝑧𝑝𝑘 − ∑ ∑ 𝐶𝑖𝑗 𝐾(𝑥𝑝, 𝑦𝑘 , 𝑠𝑖, 𝑡𝑗)𝑧𝑖𝑗 = 𝑓𝑝𝑘,

𝑛−1

𝑖=0

𝑛−1

𝑗=0

 

where  
𝑧𝑝𝑘  ≈ 𝑧(𝑥𝑝, 𝑦𝑘). 

Here we have a 4-index matrix, which we expand 
into a 2-index matrix and a vector (for the right-
hand side). We expand the matrix (𝑧𝑝𝑘) into a 
column vector by assigning the second column to 
the first, the third to the second, and so on for 
𝑝, 𝑘 =  0, 1, . . , 𝑛 − 1. The indices (𝑝, 𝑘) are 
transformed into indices 𝑞 = 𝑝 𝑛 + 𝑘 , respectively. 
Then 𝑞 =  0, 1, . . 𝑛2 − 1, and the matrix (𝑧𝑝𝑘) is 
transformed into a vector 𝑍 =  (𝑧𝑞), where 𝑧𝑞 =

 𝑧(𝑥𝑝, 𝑦𝑘). 
Thus, we write the double sum as the product of a 
matrix row and a vector 𝑍 of unknowns 𝑧𝑞, which 
we represent as the vector of matrix unfolding (𝑧𝑝𝑘) 
into a vector.  
Next, we unfold the 4-index matrix 𝐾(𝑥𝑝, 𝑦𝑘 , 𝑠𝑖, 𝑡𝑗) 
into a regular matrix so that the indices (𝑖, 𝑗) 
correspond to the indices q of the vector 𝑧 =  (𝑧𝑞).  
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From here, we obtain the matrix 𝑀 =  (𝑀𝑞𝑛): 
𝑀𝑞𝑛 =  𝐾( 𝑥𝑝, 𝑦𝑘 , 𝑠𝑖, 𝑡𝑗)𝐴𝑖𝐵𝑗 

Then we have a system of linear algebraic equations 
of the form:  

𝑧 − 𝑀 𝑧 = 𝐹 , 
where vectors 𝑧 =  (𝑧𝑞) and 𝐹 =  (𝐹𝑞). 
 
3.2. Spline method application 
When using the spline method, we get the system of 
equations 

𝑢𝑝𝑘 − ∑ ∑ 𝐶𝑖𝑗𝑢𝑖𝑗 = 𝑓𝑝𝑘

𝑛−1

𝑗=0

𝑛−1

𝑖=0

 

where  𝑢𝑖𝑗 ≈ 𝑢(𝑠𝑖, 𝑡𝑗) at nodes. 
 
The coefficients of the matrix 𝐶𝑖𝑗 are as follows. For 
all interior points of the region 𝐺, we have the 
coefficients for 𝑢𝑖+1 𝑗+1: 

∫ ∫ 𝐾(𝑥𝑝, 𝑦𝑘 ,

𝑡𝑗+1

𝑡𝑗

𝑠𝑖+1

𝑠𝑖

𝑠, 𝑡)Ω𝑖+1 𝑗+1(𝑠, 𝑡)𝑑𝑠𝑑𝑡 + 

∫ ∫ 𝐾(𝑥𝑝, 𝑦𝑘 ,

𝑡𝑗+1

𝑡𝑗

𝑠𝑖+2

𝑠𝑖+1

𝑠, 𝑡)Ω𝑖+1 𝑗+1(𝑠, 𝑡)𝑑𝑠𝑑𝑡 + 

∫ ∫ 𝐾(𝑥𝑝, 𝑦𝑘 ,

𝑡𝑗+2

𝑡𝑗+1

𝑠𝑖

𝑠𝑖

𝑠, 𝑡)Ω𝑖+1 𝑗+1(𝑠, 𝑡)𝑑𝑠𝑑𝑡 + 

∫ ∫ 𝐾(𝑥𝑝, 𝑦𝑘 ,

𝑡𝑗+2

𝑡𝑗+1

𝑠𝑖+2

𝑠𝑖+1

𝑠, 𝑡)Ω𝑖+1 𝑗+1(𝑠, 𝑡)𝑑𝑠𝑑𝑡. 

For boundary points (but not corner points of the 
region) 𝐺, we have relations of the form: For 
example, the coefficient for 𝑢𝑖 𝑗+1 is as follows: 

∫ ∫ 𝐾(𝑥, 𝑦,

𝑡𝑗+1

𝑡𝑗

𝑠𝑖+1

𝑠𝑖

𝑠, 𝑡)Ω𝑖 𝑗+1(𝑠, 𝑡)𝑑𝑠𝑑𝑡 + 

∫ ∫ 𝐾(𝑥, 𝑦,

𝑡𝑗+2

𝑡𝑗+1

𝑠𝑖+1

𝑠𝑖

𝑠, 𝑡)Ω𝑖 𝑗+1(𝑠, 𝑡)𝑑𝑠𝑑𝑡. 

The coefficient for 𝑢𝑖+1 𝑗  is as follows: 

∫ ∫ 𝐾(𝑥, 𝑦,

𝑡𝑗+1

𝑡𝑗

𝑠𝑖+1

𝑠𝑖

𝑠, 𝑡)Ω𝑖+1 𝑗(𝑠, 𝑡)𝑑𝑠𝑑𝑡 + 

∫ ∫ 𝐾(𝑥, 𝑦,

𝑡𝑗+2

𝑡𝑗+1

𝑠𝑖+2

𝑠𝑖+1

𝑠, 𝑡)Ω𝑖+1 𝑗(𝑠, 𝑡)𝑑𝑠𝑑𝑡. 

The coefficients of the unknowns for the corner 
nodes contain one integral term, for example, the 
coefficient of 𝑢00 is the following: 

∫ ∫ 𝐾(𝑥, 𝑦,

𝑡0

𝑡0

𝑠0

𝑠0

𝑠, 𝑡)Ω0 0(𝑠, 𝑡)𝑑𝑠𝑑𝑡 . 

Next, using the method described above, we obtain 
a system of linear algebraic equations. 
 
Thus, we have the vector 𝑢 =  (𝑢𝑞), where 𝑢𝑞 is its 
component and the index 𝑞 =  𝑝𝑛 +  𝑘. Here, the 
change in index is as follows: 𝑞 =  0,1, … , 𝑛2 − 1 .  
Denote 𝐴 the matrix of the system of equations.  
We obtain a system of equations of the form  

𝐴𝑢 = 𝐹. 
 The matrix 𝐴 of the system of equations is filled. 
Using the theorem on approximation error, we 
obtain an estimate of the error in solving the integral 
equation on an equidistant grid of nodes is as 
follows 𝑂(ℎ𝑥

2 + ℎ𝑦
2). 

It is useful to find the condition number of matrix A 
for various variants of the basis splines. As is well 
known, the condition number is calculated as 
follows 

𝑐𝑜𝑛𝑑 (𝐴) =∥ 𝐴 ∥∥ 𝐴−1 ∥ . 
The condition numbers of the matrix are presented 
in the numerical examples below. 
 
 
4 Numerical experiments 
In this section, we consider the results of applying 
the spline method to solving integral equations from 
some recently published papers. 
Example 1. Consider the integral equation from 
paper, [20] 

2𝑢(𝑥, 𝑦) + ∫ ∫ 𝑒𝑥+𝑦−𝑠−𝑡
1.1

0

𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡
1.1

0

= 3.21𝑒𝑥+𝑦,    

where 𝑢 (𝑥, 𝑦) =  exp (𝑥 +  𝑦) is the exact solution.  
We take 𝑛 = 4 and construct a set of nodes along 
the X and Y axes, a total of 25 nodes.  
We denote 𝑅𝑖𝑗 = 𝑢 (𝑥𝑖, 𝑦𝑗) − 𝑈(𝑥𝑖 , 𝑦𝑗).  
The following figures show the errors in the 
solutions of the integral equation obtained in the 
Maple program for different parameter Digits 
values.  
Figure 4, Figure 5, and Figure 6 show the errors of 
the solution at points (𝑥𝑖, 𝑅𝑖𝑗),  when 𝑖, 𝑗 =

0, 1, 2, 3, 4. Along axes 𝑌, the errors of the solution 
are given at point (𝑥𝑖 , 𝑦𝑗), along axes 𝑋 the points 𝑥𝑖 
are given.  
Figure 4 shows the errors when 𝑗 = 1 (red), 𝑗 = 2 
(blue), and 𝑗 = 3 (gold) points when using basis 
polynomial splines, 𝑛 =4, Digits=15.  
Figure 5 shows the errors when 𝑛 =4, Digits=15.  
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Figure 6 shows the errors when 𝑛 =8, Digits=20. 
 
 

 
Fig. 4. The errors of the approximate solution at the 

nodes when we use polynomial splines, 𝑛 =4, Digits=15. 
Source: created by the authors 

 

 
Fig. 5. The errors of the approximate solution at the 

nodes when we use polynomial splines, 𝑛 = 4, Digits=5. 
Source: created by the authors 

 

 
Fig. 6. The errors of the approximate solution at the 

nodes when we use polynomial splines, 𝑛=8, Digits=20, 
cond(𝐴) = 1740.  

Source: created by the authors 

 

Figure 7 shows the errors when 𝑗 = 1 (red points), 
𝑗 = 2 (blue points), and 𝑗 = 3 (gold points) when 
using basis exponential splines exp(𝑥), exp(−𝑦), 
when 𝑛 =8, Digits=20. Figure 8 shows the errors 
when 𝑗 = 1 (red points), 𝑗 = 2 (blue points), and 
𝑗 = 3 (gold points) when using basis exponential 
splines exp(−𝑥), exp(−𝑦), when 𝑛 =8, Digits=20. 
Figure 9 shows the errors when 𝑗 = 1 (red points), 
𝑗 = 2   (blue points), and 𝑗 = 3 (gold points) when 
using basis exponential splines exp(−𝑥), exp(−𝑦), 
when 𝑛 =8, Digits=15. 

 
Fig. 7. The errors of the approximate solution at the 
nodes when we use exponential splines (𝑒𝑥𝑝(𝑥) and 
𝑒𝑥𝑝(−𝑦), 𝑛 = 8, Digits=20, 𝑐𝑜𝑛𝑑(𝐴) = 1699.  
Source: created by the authors 

 

 
Fig. 8. The errors of the approximate solution at the 

nodes when we use exponential splines (exp(−𝑥) and 
exp(−𝑦), 𝑛 = 8, Digits=20, 𝑐𝑜𝑛𝑑(𝐴) = 1702.  

Source: created by the authors 

 

 
Fig. 9. The errors of the approximate solution at the 

nodes when we use exponential splines, 𝑛 = 4, Digits=15. 
Source: created by the authors 

 
The maximum of the solution error is 0.18 ×  10−2 
in paper, [20], when 25 nodes were used.  
The maximum of the solution error is 0.81 ×  10−5 
in paper, [20], when 100 nodes were used.  
 
    Our method gives the error of the solution 0.32 × 
10−1 when polynomial splines and 25 nodes were 
used. But when we use the exponential splines, the 
maximum error of the solution is 0.4 × 10−12 when 
25 nodes were used and Digits=15 in Maple. 
Using a two-dimensional spline approximation, we 
can quickly calculate the solution value at any point 
in the solution domain. 
Example 2. Consider the equation from paper, [20] 
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2𝑢(𝑥, 𝑦) + ∫ ∫ cos(𝑥 + 𝑦 − 𝑠 − 𝑡)𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡
1.1

0

1.1

0

= 𝑓(𝑥, 𝑦),    

where 𝑢(𝑥, 𝑦) = 𝑠in(𝑥 +  𝑦) is the exact solution 
and 

𝑓(𝑥, 𝑦) =
1

2
(−0.125sin(−𝑥 − 𝑦)

+ 0.25sin(2.2 − 𝑥 − 𝑦)

− 0.125sin(4.4 − 𝑥 − 𝑦)

+ 2.605sin(𝑥 + 𝑦)). 

Figure 10 shows the errors when 𝑗 = 1 (red), 𝑗 = 2 
(blue), and 𝑗 = 3 (gold) points when using basis 
polynomial splines. Figure 11 shows the errors 
when 𝑗 = 1 (red points), 𝑗 = 2 (blue points), and 
𝑗 = 3 (gold points) when using basis polynomial 
splines.   

 
Fig. 10. The errors of the approximate solution at the 
nodes when we use polynomial splines, 𝑛 = 4.  
Source: created by the authors 

 

 
Fig. 11. The errors of the approximate solution at the 
nodes when we use trigonometrical splines, 𝑛 = 4. 
Source: created by the authors 

 
The maximum of the solution error is 0.26 × 
10−3 when 25 nodes were used in the paper, [20]. 
The maximum of the solution error is 0.45 × 
10−3 when 100 nodes were used in the paper, [20].  
 Our method gives the error of the solution 0.37 × 
10−2 when polynomial splines and 25 nodes were 
used. But when we use the trigonometrical splines, 
the error of the solution is 0.7 × 10−14 when 25 
nodes and Digits=15 in Maple were used. 
Example 3. Next, we solve an example from the 
paper, [21]. In the paper, [21], an expansion method, 
based on orthogonal polynomials, is developed to 
find numerical solutions of two-dimensional linear 
Fredholm integral equations.  

 

𝑢(𝑥, 𝑦) − ∫ ∫(𝑥 sin(𝑦) + 𝑠 exp(𝑡)) 𝑢(𝑠, 𝑡)𝑑𝑠 𝑑𝑡

1

−1

1

−1

= 𝑥 exp(−𝑦) + 4𝑥 sin(𝑦) −
7

3
, 

where the exact solution is the following: 𝑢(𝑥, 𝑦) =
𝑥 exp(−𝑦) − 1. 
Table 3 and Table 4 show the results of numerical 
calculations in the MAPLE system. The columns 
show the maximum error of the approximate 
solution when using polynomial and non-
polynomial splines, as well as the condition 
numbers of the system matrix.  
The figures show the solution errors when using 
polynomial and non-polynomial splines.  
Figure 12 shows the solution errors when using 
polynomial and exponential splines (with a negative 
parameter), 𝑛 = 4.  
Figure 13 shows the solution errors when using 
polynomial and exponential splines (with a positive 
parameter), 𝑛 = 4.  
Figure 14 shows the solution errors when using 
polynomial splines along both 𝑋 and 𝑌, 𝑛 = 4. 
Figure 15 shows the solution errors when using 
polynomial and exponential splines (with a positive 
parameter), 𝑛 = 4, Digits=3.  
Figure 16 shows the solution errors when using 
polynomial splines along both 𝑋 and 𝑌, 𝑛 = 4, 
Digits=5. 

 
Fig. 12. The solution errors when using polynomial 
and exponential splines (with a negative parameter), 

𝑛 = 4,  Digits=15.  
Source: created by the authors 

 

 
Fig. 13. The solution errors when using polynomial 
and exponential splines (with a negative parameter), 

𝑛 = 4,  Digits=5.  
Source: created by the authors 
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Fig. 14. The solution errors when using polynomial 
and exponential splines (with a positive parameter), 

𝑛 = 4, Digits=15.  
Source: created by the authors 

 

 

 
Fig. 15. The solution errors when using polynomial 
and exponential splines (with a positive parameter), 

𝑛 = 4, Digits=3.  
Source: created by the authors 

 
 

 
Fig. 16. The solution errors when using polynomial 

splines along both 𝑋 and 𝑌, 𝑛 = 4, Digits=5.  
Source: created by the authors 

 
The values of the condition numbers of a matrix 
when applying polynomial splines in both directions 
(pol(𝑥) ×  pol(𝑦)), polynomial splines along the 𝑋-
axis and exponential splines (exp(𝑦)) along the 𝑌-
axis (pol(𝑥) ×  exp(𝑦)), polynomial splines along 
the 𝑋-axis and exponential splines (exp(−𝑦)) along 
the 𝑌-axis (pol(𝑥) ×  exp(−𝑦)), 
 
Table 3. Values of the condition numbers of the 
matrix 𝐴 (Examples 1,3, 𝑛 = 4, 25 equations) 

 pol(𝑥)
× pol(𝑦) 

pol(𝑥)  
× exp(𝑦) 

pol(𝑥)  
× exp(−𝑦) 

Example 3 

Digits=15 
74 86 65 

Example 3 
Digits=5 74 86 65 
Example 1 

Digits=15 4 4 4 
Example 1 

Digits=5 
4 4 4 

Source: created by the authors 

 

Table 4. Values of the condition numbers of the 
matrix 𝐴 (Example 1, 𝑛 = 8, 81 equations) 
 pol(𝑥)

× pol(𝑦) 
pol(𝑥)  
× exp(𝑦) 

pol(𝑥)  
× exp(−𝑦) 

Example 1 

Digits=20 
1740 1702 1699 

Source: created by the authors 

 

Table 3 and Table 4 show that the condition number 
of the matrix grows with increasing number of grid 
nodes. 
 

4 Conclusion 
This paper discusses the construction of a numerical 
method for solving an integral equation from two 
variables using local splines. The advantages of 
solving integral equations using local polynomial 
and non-polynomial splines include the ease of 
using an adaptive non-uniform grid, as well as the 
ability to use different types of spline 
approximations, such as exponential or 
trigonometric, in each direction. Using appropriate 
non-polynomial splines can significantly reduce the 
solution error. Using a two-dimensional spline 
approximation, one can quickly calculate the 
solution values at any point in the solution domain. 
In future papers, we will continue to explore the 
application areas of spline approximations for 
solving Fredholm integral equations. In the future, 
we plan to discuss in more detail the issues of 
stability and approximation for various non-
polynomial spline options in a two-dimensional 
domain and in a three-dimensional domain. 
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