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Abstract: In this paper is developed a mathematical framework for uncertainty quantification in energy
systems through Uncertainty Cost Functions (UCFs), in order to schedule the operation. We establish
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deriving exact expressions for expected penalty costs using measure-theoretic probability. The main results
include existence theorems for UCFs, closed-form solutions under specific distributional assumptions, and
optimal scheduling policy.
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1 Introduction: Foundations of b
Uncertainty Cost Functions 4 pucrmw,) =
The operation scheduling of power systems with dWs (2)
high penetration of renewable energies (solar and cP(Waw > W) = coP(Way < Wi)
wind) and electric yvehicles must use uncertainty Existence follows from coercivity:
cost functions, [, [2.], B, [4], [5}: They are useful limyyy. |00 UCF (W) = 00, 0
to handle the intermittency of primary energy, [6],
[7]. Here, we propose those functions. 1.1 Uncertainty Cost Framework
Definition 1 (Uncertainty Cost Framework). Let
Definition 1 (Uncertainty Cost Function). Let (Q, F,P) be a complete probability space equipped
(Q, F,P) be a probability space. For any sched- with:

uled power Wy € LY(Q, F,P) and available power
Wao € LY (Q, F,P), the Uncertainty Cost Function
is defined as equation E o Scheduled power parameter Wy € R

o Penalty operators Cy(Ws,Way) = cu(Way
UCF(WS) = E[CU(WCW - WS>+ +CO<WS - W‘w)(—{% Ws)+7 Co(Wsa Wav) = CO(WS - Wav)+

where ()T 1= max(x,0), and cy,c, are underes- The Uncertainty Cost FunctionEl is the Radon-
timate/overestimate cost coefficients respectively. Nikodym derivative, as equation

UCF(W,) =EF[C, + C,] =

o Power injection process Wy, € LY(2, F,P)

Theorem 2 (Existence of UCF Solutions). For

any JF-measurable random wvariable W, with /[CM(WM — WS)+ + co(Ws — Wav)+]d[P> (3)

E[|[Way|] < 00, and positive constants ¢, ¢, there Q

exists a unique_minimizer W3 € R for the UCF, Theorem 3 (Existence and Uniqueness of

18, 19], [19], [11]. Optimal Schedule). For P-integrable Wg, with
E[[Wa|] < 00 and ¢y, co > 0, there exists a unique

Proof. The UCF is convex as the sum of convex minimizer W € R equation g 18], )11]:

functions. By dominated convergence theorem, . )

continuous di?ferentiability followsgfrom equation Wy = arg %:gno UCF(Ws) (4)
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Proof. Step 1: Convexity

The penalty operators C,, C, are convex in W as

positive part functions. The expectation preserves

convexity by linearity of integratjon.
Step 2: Coercivity (equationsE and B)

For Wy — oc:

UCF(W,) >

B[ Ws — W] > co(Wa — E[Wa]) = 00 )

For Wy — 0:

UCF(W,) >

cuB[Way — W] > cy(E[Way| — Ws) = cu E[Woy)

—
=2
~—

Step 3: Strict Convezity
The derivative using Dominated Convergence
(equation ﬁ)

d
dW

(7)
is strictly increasing as P(W,, > W) decreases
monotonically. By Intermediate Value Theorem,
unique W/ exists where derivative vanishes. [

2 Probabilistic Foundations for

Scheduling in Microgrids

Lemma 1 (Change of Measure). Let W = g(X)
where, X _has PDF fx. Then for any measurable
h, [11], |14], [15] (equationeg):

E[r(W)]

/ﬁ@@»&quz/hmvwwa

(8)
where fiy(w) = fx (g7 (w))| 59~ (w)| when g is
monotonic.

2.1 Probabilistic Transformations

Lemma 2 (Measure-Theoretic Power Transfor-
mation). Given random variable X ~ Px and
Borel-measurable function g : R — R, the trans-

rmed measure Py = Px o g1 satisfies equation

(M4, f13)):
E [h(W)] = E™ [h(9(X))] Z/Rh(g(ﬂf))fx(x)d:v
9)

For diffeomorphic g with g=* differentiable (equa-
tion |10):

fw(w) = fx (g7 (w))

E-ISSN: 2224-2880
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Corollary 4 (Log-Normal Irradiance Transforma-
tion). For solar irradiance G ~ LogN(\, B?) and
power conversion Wpy = ¢(G), the photovoltaic
power measure satisfies equation ﬂ

exp (—
where:

o fwp, (w): Probability density function (PDF)
of the photovoltaic power Wpy evaluated at a
specific power output w.

(Inw — \)?
232

fWPV (w) = 1{(;5*1(11))}

(11)

1
wBV2r

o w: A specific value of photovoltaic power (in
Watts or per unit).

e X\: The mean of the natural logarithm of the
solar irradiance G. It is one of the shape pa-
rameters of the Log-Normal distribution for

G.

e (B: The standard deviation of the natural log-
arithm of the solar irradiance G. Its square
(B?) is the variance of the natural logarithm
of G, and it is the other shape parameter of
the Log-Normal distribution.

o ¢(G): The power conversion function that
translates solar irradiance G into photovoltaic
power Wpy . This function is piecewise
defined, accounting for different irradiance
regimes (e.g., non-linear behavior, cut-in and
cut-out points).

o ¢~ Y(w): The inverse of the power conversion
function, which takes a photovoltaic power
output w and returns the corresponding solar
trradiance G that would produce that power.

o leg-1(w)): An indicator function that ensures
the probability density is non-zero only for
physically achievable power outputs. It evalu-
ates to 1 if there exists a valid solar irradiance
G such that ¢(G) = w, and 0 otherwise. This
effectively defines the support of the PDF for
Wpy.

Corollary 5 (Rayleigh-Weibull Wind Power
Transformation). For wind speed v ~ Rayleigh(o)
with power conversion W, = 1(v), the wind power
measure satisfies equation :

(5o (-

w— k)2
2p20? > (12)
1[vi,vr) (wil(w)) +p7"5(w - WT)

fw, (w)

where:
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W,

V=4’

2 ,U2
c pomep (~) e (- )

o 1y, 0,) indicates support in the linear conver-
st0n Tegime

WT V;

V- —;

o Y(v) = pv+ Kk with p=

K=—

o 0(w — W,) represents Dirac measure at rated
power

2.2 Proof Methodology

Remark 6 (Change of Measure). Step 1: Ap-
ply Radon-Nikodym theorem to probability mea-

dw

sure Py = Px og~! Step 2: For monotonic g se
inverse function theorem to get the equatwn
d 4
dx = |—g " (w)|dw (13)

ﬁep 3: Substitute in expectation integral, equation
14:

E[L(W)] = / hg(@)) fx (a)de =

/h(w)fx(gl(w)) ‘;Ugl(w)‘dw (14)

Remark 7 (Measure-Theoretic Transformation).
Step 1: Define pushforward measure Py (A) =

Px (g (A)) Step 2: For Bm", apply change-
1

of-variables formula, equation

EPw [h] — /Q hogdPy = /R h(g(@)) fx ()

(15)
Step 3: For diffeomorphism g, use Jacobian trans-
formation, equation

fw(w) = fx (g~ (w))

Remark 8 (Solar Transformation). Step 1: De-
compose ¢(G) into piecewise regimes Step 2: For
each regime R;, compute equationﬁﬁ

|det Jg-1 (w)] (16)

A () = fo6]5) (w ]¢|R >\ a7)

Step@ Combine using indicator functions, equa-

tion
Z fi (w

Remark 9 (Wind Transformation). Stl: Han-

dle discrete components first, equation .'

fWPV 1¢(R ) (18)

Yo 2 2
— eV /20 dv

o2

pr=P(v € [vp,0,)) = /

v

(19)
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v dv

LR( ) d

Step 2: For linear regime v € [v;,v,), equation @
w dw w—r

2 (5)-
(20)

Step@ Combine measures using Dirac delta, equa-
tion

02 dw lv=

Jw, (w) = fii"(w) o, w, (w) +p8(w—Wy) (21)

Remark 10. The Dirac delta term é(w — W)
formally requires distributional lysis, but can
be rigorously treated as equation@?

/ h(w)d(w — Wy)dw = h(W,)  (22)

for test functions h € C°(R).

3 Uncertainty Quantification in
Hybrid Microgrids
3.1 Photovoltaic Uncertainty

Quantification
Remark 11 (Solar Regime Classification). Define

irradiance regimes:
o Sublinear Regime (SR): G € (0,R.] with
WPV(G) — Wpy. G2

G.R.
o Linear Regime (LR): G €
va(G) = WPVTG

(R, 00) with

Proposﬂzlon 1 (Sublinear Regime Density). For
the PV power density under SR is
( equatzon @)

1 wG, R,

SR(U)) (2 1 Wev,. )\)2
v 2w ﬁf 52
(23)
Proof. Apply Lemma 2.1 with ¢g(G) = IgPETG2
equation%
_1 o wG,R, i _1 _l G,R,.
(24)
Substitute into Radon-Nikodym derivative and
simplify. O

Proposition 2 (Linear Regime Density). For
W > Wge,, the PV power density under LR is
( equatzonP@)

WP Vor

1 B (In B — )2
NG A 25°
(25)

wh(w) =
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Theorem 12 (Photovoltaic UCF Decomposi-
tion). The total uncertainty cost decomposes into

regime-specific components, as shown in Equation
(-

UCFpy(W,) = UCFE(W,) + UCFLE(W,)

(26)
where each component satisfies:
WRc
UCFE(W,) = cu/ (w — W) f3 (w)dw
W,
(27)
UCFLIEwW,) =

Cu /OO (w — W) fF (w)dw
Whre
W
+¢o / (W — w) f3F2EE (w)dw
’ (28)

short-run component is defined in Equation
(RD), and the long-run component in Equation

Theorem 13 (Closed-Form UCF Solution). For
Ws € (0,Wge), the photovoltaic UCF adw@s a
(

closed-form solution as shown in Equation (R9):
UCFpy (W) =

) In W.G,R:. ) — 252
CUWPVTBZ)\—F?B o < Wevr IB

WsGr —
In fCe A)

5
_ﬂ2> (29)

Wind Energy Uncertainty
Quantification

Remark 14 (Wind Regime Classification). De-
fine wind speed regimes for turbine operation:

o Dead Zone (DZ): v € [0,v;) U [vo,00) with
Wy(v) =0

+ coWs® (

) In WeGe _ )\
_ COWPVTE)\—F[? /2(1) ( WPVTIB

3.2

o Linear Regime (LR): v €
W) =pv+k

[vi, vp)  with

o Saturation Regime (SR): v € [vp,v,) with
Wy (v) =W,

where p = % and Kk = —J/V%f)

E-ISSN: 2224-2880
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Proposition 3 (Wind Power Measure Decompo-
sition). The wind power_measure decomposes as
presented in Equation (e@) :

Pw = ppzdo + PLr + psrdw, (30)

where the prababilities ppz and psr are defined by
Equations (Bl)) and (@) respectively:

Ppz = 1 _ e—vf/202 + 6—1}3/202
v2/20% 6—03/202

(31)

PSR =€ (32)

Theorem 15 (Linear Regime Density). For W €
(k,W,), the power density under_the Linear
Regime (LR) is given by Equation (@) :

w— k)2
exp <—(202)> (33)

2p
Proof. Apply Lemma 2.1 with g(v) = pv+ k. The
inverse function and its derivative are shown in
Equation (B4):

w—K

f(w) = 57

w— K d

) =5

— 34
p 70! p (34)

Substitute these into the Rayleigh density f,(v) =
v e—v2 /202 n
o? ’

Theorem 16 (Wind UCF Decomposition). The
total wind uncertainty cost decomposes into com-
ponents for the Linear Regime (LR), Saturation
Regime (SR), and Dead Zone (DZ), as shown in
Equation (%) :

UCFy (W) = UCFER(W,)

+UCFSE (W) (35)
+UCFPZ(W,)
with the individual components defined by Equa-
tions (}@), 5@7), and (@U) respectively:
W,
UCFMR(W,) = ¢, / (w — W) R (w)dw
" (36)
UCF (W) = cupsp(W, — W) T (37)
UCFPZ(W,) = ¢, / Yo w) DZ (1) duw
0 (38)

Theorem 17 (Closed-Form Wind UCF). The
wind UCF admits closed-form solution pre-

sented in Equation (t@) :
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UCFw (W) = cupa\/g

() e (M)

+Cu(WT - Ws>pSR + CoWspDZ
o ()
2 po

where ® is the standard normal CDF.

Proof. Decompose equation @:

W,
/ (w — W) fF
Wy

:pa\/?[@(wr—ﬂ>_@<vvs—
2 po po

ﬁﬂ(@
. [efwrn)wpw

_ 64Wm>?/2p%1

(w)dw

The Dirac measures contribute pgr(W, — Ws) and
ppzWs. O

Corollary 18 (Optimal Wind Schedule). The op-
timal scheduled po W satisfies the condition
(o)

given in Equation

.. [1_¢(Ws —ﬁ)] _
po

<I><W8 —/Q) N
po

Proof. Differentiating the UCF and setting it to
zero yields Equation (42):

(41)

Co

PDz
Erwe)

d
s) — ul_F s)l— oF s) —
. (Ws) = cu[1=Fw (W) —coFw (Ws) = 0
(42)
where Fyy is the cumulative distribution function.
]

3.3 Electric Vehicle Uncertainty
Quantification

Corollary 19 (Gaussian Battery Power Transfor-
mation). For PEV battery power P, ~ N (i, ¢?),
the available power measure follows a Gaussian
distribution as given by Equation (@)

) (43)

b ( (pwgé)

fr.p) = S ex

E-ISSN: 2224-2880
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with the total_uncertainty cost functional defined
by Equation (@) :

UCFppy(Ps) = CuE[(Pe_Ps)+]+C0E[(PS_P€)+]
(44)

Theorem 20 (PEV Underestimate Cost). The

expected underestimate penalty cost,

u(Ps)],
can be expressed as shown in Equation ({5):

P,

E[C.(Ps)] = ¢y 2

CulP) [w( - -

(45)

where ¢ is the standard normal PDF and ® is its
CDF.

Proof. Using the measure transformation lemma,
the expectation integral can be evaluated as:

E[(P, — P,)*] = /Poo(p P, ~(p-1? 2"

d
¢W P

=¢<p<PS_“>+(u—Ps)¢ (M_PS

¢ ¢
This result is obtained via integration by parts and
standard normal identities. O

Theorem 21 (PEV Overestimate Cost). The ex-
pected overestimgte penalty cost, E[Co(Ps)], satis-
fies Equation (@) :

¢ ¢

(46)

Proof. Mirroring Theorem 5.1 (referring to the
previous theorem, which was 5.1 in your original
context) and utilizing the symmetry of the normal
distribution, we consider the integral:

E[Co(Ps)] = co [W <Ps - M) (P — )@ <Ps -

PS

M@—&M:/(&

—00

—p)fe.(p)dp

This integral yields the dual expression through
measure preservation. O

Theorem 22 (PEV UCF Closed-Form).
The total uncertainty cost function for PEV,
[@'FPEV(PS), combines as expressed in Equation

UCFpgv(Ps) =

(cu + co)dp (Psq;“> +cu(p — Py) < )
relp - e (2

(47)
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Corollary 23 (Optimal PEV Schedule). The op-
timal scheduled po P} satisfies the condition
stated in Equation @) :

Py — u)

cud® (LL_¢P> = co® ( 5

Proof. Differentiating UC Fpgy (Ps) with respect
to Ps and setting the result to zero gives:

(48)

Using the identity ®(—z) = 1 —
the proof and leads to Equation (|

@(}x) completeDs

Remark 24. For symmetric costs (c, = c,), the
optimal scheduled power is equal to the mean bat-
tery power: P; = p.

4 Main Results and Existence
Optimal Scheduling Policy

4.1 Solar Photovoltaic Generation

Corollary 25 (Solar UCF). For solar irradiance
G ~ Log-Normal(\, B) with the piecewise power
conversjon function for Wpy (G) defined in Equa-
tion (@) :

Wpy,.G?
e 0 <G <R,
Wrv(G) = {Wii;% G >R )
The expected components of the uncertainty t
function (UCE) are given by FEquations (ﬁ)
(E[Cu]) and (B1)) (E[C,)):
C InWs — A 2 2
cu _ s A —(InW,—X)?/28
5 |1 Ws)erf< 53 ) + Be
i (50)
C InWg — A\ 2 2
AL pwerf ( 55 ) B
) (51)
4.2 Wind Energy Generation

Corollary 26 (Wind UCF). For wind speed v ~
Rayleigh(o) with the power conversion function

E-ISSN: 2224-2880
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Wiy(v) defined piecewise in Equation (@) :

0 v<v; orv >,
Wyv)=qpv+r v, <v<u, (52)
W, v < v < Y,
The expected penalty costs, ich constitute the
wind UCF, satisfy Equation (b3):
W — 2 /0,2 2
E[UCF] = cu/ w2 :e_(w_”) 120°0% duy
w, PO

(53)

Wi e—Wf/20'2>

+CO (0-2
4.3 Electric Vehicles

Corollary 27 (PEV UCF). For PEV power P, ~
N (i, ¢?), the optimal scheduled power is_given by
the closed-form expression in Equation (@) :

Co — Cy

“) o

(7

W§=M+¢\/§erf1<

Co

5 Conclusion: Existence of

Optimal Scheduling Policy
Definition 28 (Optimal Scheduling Problem).
Given an uncertainty cost function UCF (W5), the
optimal scheduling problem is defined as finding the
W that minimizes the expected cost, as formulated
in Equation (@) :

{Cu(Wa’U = Wo)" + co(Ws — Wav>+]

(55)
where W is the convex set of feasible schedules, sqt-
isfying the constraints presented in Equation (@) :

Wi = argminE
Wsew

W = {W, € L*(Q, F,P)[Wpin < Ws < Winag a.5.}
(56)

Theorem 29 (Existence and Uniqueness of Opti-
mal Schedule). For any square-integrable available
power process Wa, € L2(Q0, F,P) with E[W2] <
00, and strictly positive cost coefficients ¢y, co > 0,
there exists a unique optimal schedule W} _ e W
solving the problem described in Equation (g}

Proof. Step 1: Convexity Preservation

The mapping Wy +— UCF (W) remains convex
over W, as evidenced by its second derivative in
Equation (TSj)

VEUCF(Wy) = (cu + co) fw,,(Ws) >0 ae.
(57)
Step 2: Weak Lower Semi-Continuity
For any weakly convergent sequence W) — W; in
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L?, the w lower semi-continuity holds as per
Equation (p§):

liminf UCF(W]') > UCF(W,)  (58)

This is established by Fatou’s lemma applied to
the positive penalty functions.

Step 3: Coercivity
The radial unboundedness condition is satisfied,
as indicated by Equation (b@)

UCF (W)

im > min(cy,c,) >0 99
IWlly2—o0 [[Wil|z2 ) 59)

By the Banach-Alaoglu theorem and strict con-
vexity, there exists a unique minimizer in the
weakly compact set W. O

Corollary 30 (Optimal Scheduling Formula).
The optimal schedule W} satisﬁc@the first-order

condition expressed in Equation (60):
clP(Way > W) = coP(Wy, < W) (60)

For a Gaussian Wy ~ N (11, 0?), this leads Elthe

closed-form solution presented in Equation (B1)):

Wi=p+ov2erf™! <co—cu> (61)

Co + Cy

Remark 31. This result generalizes to all distri-
butions through their cumulative distribution func-
tions, providing a universal scheduling rule modu-
lated by cost ratios, as shown in Equation (@3

Co

Fy,,(W{) = o T
(2 (¢}

(62)

Proposition 1 (Robustness to Distributional Un-
certainty). For an ambiguously distributed Wy,
within a Wasserstein ball Be(Py), the worst-case
optimal schedule W[ satisfies the inequality pre-
sented in Equation (63):
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